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Questions to answer:

What is possible from lattice QCD regarding electro/photo-production?

How can lattice and experiment compare to each other?

What is the possibility/timescale for extending this to baryons?

What does lattice “need” from experiment?
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Access the excited spectrum of QCD

Test our understanding of QCD 

Probe the inner structure and shape of hadrons

Test the limits of the standard model

…

Importance



Why lattice?
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ū

u ⇡

⇡

ū
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QCD-stable states are generated exactly
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Why lattice?

QCD-stable states are generated exactly

QED/weak sector can be treated perturbatively or non-perturbatively

 Resonance are generated and decay
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Lattice QCD 

Lattice spacing:

Wick rotation [Euclidean spacetime]:  

Finite volume:

Quark masses:

tM ! itE

mq ! mphys.
q

Have we ‘mangled’ QCD too much?

} a ⇠ 0.1 fm



Finite vs. infinite volume spectrum

bound state

threshold

Im[s]

Re[s]

Infinite volume

s = E2
cm

first Riemann sheet Consider any QCD channel with definite 
quantum numbers:

angular momentum - J
parity - P
isospin - I
…



Finite vs. infinite volume spectrum

s = E2
cm

virtual 
bound state

Im[s]

Re[s]

second Riemann sheet

Infinite volume

narrow resonance

broad resonance



Finite vs. infinite volume spectrum

finite volume eigenstates

finite volume

“only a finite number of 
modes can exist in a 

finite volume”

no continuum of states
no cuts
no sheet structure
no resonances



Finite vs. infinite volume spectrum

finite volumeInfinite volume

both pictures are QCD

the connection is perhaps not obvious since we have 
historically been “confined” to thinking about 

infinite volume physics



Questions to answer:

What is possible from lattice QCD regarding electro/photo-production?

How can lattice and experiment compare to each other?

What is the possibility/timescale for extending this to baryons?

What does lattice “need” from experiment?
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FIG. 11. Phases and inelasticities of I =0 s wave and I =1p wave. The crosses are the points calculated from our
data. The horizontal bars of the crosses give size of bins used in the fit to the moments and cross section. The vertical
bars indicate the calculated error at a given mass. These errors are purely statistical and do not reflect possible sys-
tematic effects introduced by extrapolation procedure. The dots correspond to the elastic "down" and "up" solutions of
Baton, Laurens, and Reignier (Ref. 26). The open circles are the results of Baillon et al. (Ref. 27).

ancy is due either to non-n-exchange background
or to our crude estimate of the M7 cross section
(see Sec. III C).
With the parameters obtained from our fit we

can compute the phases and inelasticities. These
are tabulated in Table VI and shown in Figs. 11
and 12 for case 1 (see Table IV). We point out that
the given errors are computed by standard propa-
gation of error and reflect only the statistical er-
rors; they do not reflect the inherent uncertainties
in performing an extrapolation. They should be
considered only as an indication of the minimum
error in our computed values. How accurate our
results really are can only be ascertained by com-
parison with results of an experiment at different
energy with comparable statistics.
For the p-wave phase shift (6,') we obtain the

well-known Breit-Wigner shape (with 6,'=90 at
0.772 GeV, 5,'=45'at 0.703 GeV, and 5,'=135 at
0.863 GeV); the inelasticity (q,') is close to unity
within errors, although by 1.13 GeV it could be as

small as 0.8. The I =0 d-wave phase shift (6,')
around 1 GeV is larger than we would expect for
the f, meson alone. This wave also seems to be
quite inelastic (g,' = 0.80 at 1.070 GeV). This re-
sult has to be viewed with caution because it de-
pends strongly on what is assumed for the f-wave
inelasticity, and non- v-exchange background (or
absorption) may have a substantial effect on these
waves. The effect of the I =2 d wave (6', ) is small;
we can obtain a good fit by setting 5', =0 through-
out. The f-wave phase shift is small and negative
under the p and becomes positive past the wm

threshold. As indicated before, the obtained in-
elasticity is too small to be compatible with the
data in the inelastic channels; we believe that it
is simply acting as a parametrization of back-
ground (or a failure of the extrapolation). What
bearing various effects may have on our results
will be discussed in more detail in Sec. VII.
The most interesting results are the phase shift

and inelasticity of the I =0 s wave. The phase
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FIG. 1. Mass distributions for w+x n+p events (reaction 1) in 20-MeV bins. (a) ~'p mass distribution, all events
double counted; (b) x+n mass distribution, all events double counted; (c) w+n mass distribution with 6'+ selected
and ~t&@&0.4 GeV; (d) same as (c) but tt&at&0. 1 GeVt.

restricted sample of them later on (Sec. III C). After
the ~" selection we are left with the following:

(1') w'p-w'w d,", 32100 events, ~t» &0 4GeV', .
23400 events, t t~z, &0.1 GeV',

(2') w'p-K'K h", 682 events, t t~at &0.1 GeV',

(3') w'p-w'w w'w L", 2470 events,
~
t'q~ &0.1 GeV,

(4') w'p-w'w MMA", 9600 events,
]'~ &0.1 GeV',

(6') w'p-K'(K')A", 140 events, t~~a &0.1 GeV',
(6') w'p K'K'tt-", 63 events, t t~at &0.1 GeV'.
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FIG. 2. Mass distribution for K'K n+p events (reaction 2) in 30-MeV bins. (a) n+p mass distribution, all events;
(b) K'K mass distribution, all events; (c) K+K mass distribution with b++ selected and ~t&z, ~& 0.1 GeVt.
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Protopopescu et al. (1972)
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determining the spectrum is a science of 
its own, but lets assume it’s done properly



Lüscher formalism

poles satisfy: det[F�1(P,L) +M(P )] = 0

the most general two-particle quantization condition in a finite volume [RB (2014)]

scattering amplitudes

an exact mapping

finite volume 
two-particle spectrum

not an extrapolation

http://arxiv.org/abs/1401.3312


Wilson, RB, Dudek, Edwards & Thomas (2015)

Hadron Spectrum 
Collaboration
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det[F�1(P,L) +M(P )] = 0

Wilson, RB, Dudek, Edwards & Thomas (2015)
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HadSpec 
Collaboration
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ππ scattering
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Increasingly 
complex systems
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Some comments
Model independent, universal, 
parametrization-independent, and exact

det[F�1(P,L) +M(P )] = 0

RB (Jan 2014)
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Finite-volume Hamiltonian method for coupled channel

interactions in lattice QCD

Jia-Jun Wu,1 T.-S. H. Lee,1 A. W. Thomas,2, 3 and R. D. Young2, 3

1Physics Division, Argonne National Laboratory, Argonne, Illinois 60439, USA
2Special Research Center for the Subatomic Structure of Matter (CSSM),

School of Chemistry and Physics, University of Adelaide Adelaide 5005, Australia
3ARC Center of Excellence for Particle Physics at Terascale,

School of Chemistry and Physics, University of Adelaide Adelaide 5005, Australia

Abstract
Within a multi-channel formulation of ππ scattering, we investigate the use of the finite-volume

Hamiltonian approach to resolve scattering observables from lattice QCD spectra. The asymptotic

matching of the well-known Lüscher formalism encodes a unique finite-volume spectrum. Neverthe-
less, in many practical situations, such as coupled-channel systems, it is advantageous to interpolate
isolated lattice spectra in order to extract physical scattering parameters. Here we study the use

of the Hamiltonian framework as a parameterisation that can be fit directly to lattice spectra. We
find that with a modest amount of lattice data, the scattering parameters can be reproduced rather

well, with only a minor degree of model dependence.

PACS numbers: 12.38.Gc, 11.80.Gw
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From Extraction of Nucleon Resonances to LQCD

T.-S. H. Lee,1 Jia-Jun Wu,2 and Hiroyuki Kamano3

1Physics Division, Argonne National Laboratory, Argonne, Illinois 60439, USA
2Special Research Center for the Subatomic Structure of Matter (CSSM),

School of Chemistry and Physics, University of Adelaide Adelaide 5005, Australia
3Research Center for Nuclear Physics,

Osaka University, Ibaraki, Osaka 567-0047, Japan

Abstract
The intrinsic difficulties in extracting the hadron resonances from reaction data are illustrated

by using several exactly soluble ππ scattering models. The finite-volume Hamiltonian method is
applied to predict spectra using two meson-exchange Hamiltonians of πN reactions. Within a

three-channel model with πN , π∆ and σN channels, we show the advantage of the finite-volume
Hamiltonian method over the approach using the Lüscher formula to test Lattice QCD calculations
aimed at predicting nucleon resonances. We discuss the necessary steps for using the ANL-Osaka

eight-channel Hamiltonian to predict the spectra for testing the LQCD calculations for determining
the excited nucleon states up to invariant mass W = 2 GeV.

PACS numbers: 12.38.Gc, 11.80.Gw
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Finite-volume matrix Hamiltonian model for a ∆ → Nπ system

J. M. M. Hall,1 A. C.-P. Hsu,1 D. B. Leinweber,1 A. W. Thomas,1, 2 and R. D. Young1, 2

1Special Research Centre for the Subatomic Structure of Matter (CSSM),
School of Chemistry and Physics, University of Adelaide 5005, Australia

2ARC Centre of Excellence for Particle Physics at the Terascale,
School of Chemistry and Physics, University of Adelaide 5005, Australia

A matrix Hamiltonian model is developed to address the finite-volume effects appearing in studies of baryon
resonances in lattice QCD. The Hamiltonian model includes interaction terms in a transparent way and can be
readily generalized to address multichannel problems. The eigenvalue equation of the model is exactly solvable
and can be matched onto chiral effective field theory. The model is investigated in the case of ∆ → Nπ
scattering. A robust method for determining the resonance parameters from lattice QCD is developed. It involves
constraining the free parameters of the model based on the lattice spectrum in question. The method is tested
in the context of a set of pseudodata, and a picture of the model dependence is obtained by examining a variety
of regularization schemes in the model. A comparison is made with the Lüscher method, and it is found that
the matrix Hamiltonian method is equally robust. Both methods are tested in a more realistic scenario, where a
background interaction corresponding to direct Nπ ↔ Nπ scattering is incorporated into the pseudodata. The
resulting extraction of the resonance parameters associated with the ∆ baryon resonance provides evidence that
an effective field theory style of approach yields a successful realization of finite-volume effects in the context
of baryon resonances.

PACS numbers: 12.38.Gc 12.38.Aw 12.39.Fe

I. INTRODUCTION

The behaviour of the excited states of baryons represents an
important research topic in nuclear and particle physics. The
extraction of resonance parameters (e.g. masses and widths)
provides insight into the scattering behaviour of hadronic in-
teractions. Lattice QCD constitutes a principal tool for the
analysis of nonperturbative physics; however, observables
must be computed in a finite volume. Finite-volume models
of hadronic interactions represent a valuable avenue for inves-
tigating the intrinsic features of lattice QCD. They assist in the
interpretation of discrete eigenstates in relation to the asymp-
totic behaviour of the S matrix measured in experiments. Re-
cent advances in lattice QCD have enabled the extraction of
the lowest-lying excitation energies [1–5]. However, the ex-
traction of resonance parameters from multihadron interac-
tions presents an ongoing challenge for current research [6–
16].

In this article, a finite-volume matrix Hamiltonian model is
introduced, which is exactly solvable. A matrix is constructed,
and its entries are populated with energies corresponding
to different momentum states of the interaction channel(s).
The solution of the eigenvalue equation takes the form of a
one-loop renormalization formula for a bare resonance en-
ergy, reminiscent of finite-volume chiral effective field the-
ory (χEFT). The Hamiltonian can then be matched onto the
corresponding χEFT formula by choosing the form of the in-
teraction in the model. A property of the formalism is the abil-
ity to reproduce the “avoided level crossing” observed in lat-
tice QCD calculations, while also being able to reproduce the
appropriate continuum limit of χEFT. Thus the physical be-
haviour of the energy eigenvalues near a resonance due to the
mixing of the particle states can be estimated. Furthermore,
the Hamiltonian method lends itself to an intuitive generaliza-
tion in addressing multichannel problems, with the inclusion

of additional degrees of freedom, corresponding to the new
interactions.

The matrix Hamiltonian formalism is applied to ∆ → Nπ
decay, and its energy spectrum is generated for a range of
finite box sizes, L. A method for extracting the resonance
parameters from a lattice QCD spectrum is then postulated,
which involves fitting the free parameters of the model. The
method is tested by generating a set of pseudodata from the
model itself. The pseudodata are analysed with an alternative
version of the model and a selection of different regulariza-
tion parameters. This provides an indication of the model de-
pendence in correctly obtaining the resonance position. The
success of the identification of the phase shift is compared to
that of the Lüscher method [17]. This serves to establish a
benchmark for the Hamiltonian model in obtaining the reso-
nance position. It is found that the matrix Hamiltonian model,
as applied to ∆ → Nπ decay, is of comparable accuracy to
the Lüscher method.

II. SCATTERING THEORY FROM EFFECTIVE FIELD
THEORY

In continuum scattering theory, below inelastic thresholds,
amplitudes of the partial-wave decomposition of the wave-
function, which are complex valued, may be converted into
a real-valued number called the phase shift, δl(k), by exploit-
ing the conservation of angular momentum. The phase shift,
which depends on the orbital angular momentum l and ex-
ternal momentum k, is related to the total cross section of a

Other on-going efforts:
Model dependent
process-dependent 
only suitable for few partial waves
parametrization dependent
low-energy approximations
ignore spin 
ignore three-body 

…

you get the idea

Feb 2016

Nov 2014

May 2013
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E?
⇡⇡/MeV

m⇡ = 140 MeV

Ecm/MeV

Bolton, RB & Wilson (2015)

Comparing with experiment

First chiral extrapolation of a resonant amplitude 

det
⇥
F�1 +M (m⇡, {↵})

⇤
= 0

m⇡ = 236 MeV
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Quark-mass dependence of poles

Lin et al. (2009)
Dudek, Edwards & Thomas (2012)
Wilson, RB, Dudek, Edwards & Thomas (2015)
Bolton, RB & Wilson (2015)



Quark-mass dependence of poles

Advantage over experiment: 
heavy quarks make broad resonances bound
unambiguously track poles in complex plane  
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Matrix elements

2) Interpret matrix elements:

1) Access matrix elements:

C3pt.
2!1J = hO1(�t)J (t)O†

2(0)i �! h1��J ��2iLZ1Z
⇤
2e

�(�t�t)E1e�tE2 + · · ·

RB, Hansen & Walker-Loud (2014)
RB & Hansen  (2015)
RB & Hansen  (2015)
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1) Access matrix elements:

2) Interpret matrix elements:

known finite volume function

C3pt.
2!1J = hO1(�t)J (t)O†

2(0)i �! h1��J ��2iLZ1Z
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1) Access matrix elements:

2) Interpret matrix elements:

C3pt.
2!1J = hO1(�t)J (t)O†

2(0)i �! h1��J ��2iLZ1Z
⇤
2e

�(�t�t)E1e�tE2 + · · ·

finite volume matrix elements one-to-two transition amplitudes

��h2��J ��1iL
��2 = H R H

Matrix elements



πγ*-to-ππ
Exploratory πγ*-to-ππ/πγ*-to-ρ calculation:

 mπ = 391 MeV
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πγ*-to-ππ amplitude

elastic ππ amplitude
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elastic ππ amplitude
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Form factor at ρ pole
 Near the ρ-pole, the πγ*-to-ππ diverges

 The residue encodes the πγ*-to-ρ form factor
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Form factor at ρ pole
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Some comments
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only lattice calculation of a resonance 
form factor
all previous studies ignore resonant 
nature - it was not known how to 
these include…

Lattice QCD Evidence that the Λð1405Þ Resonance is an Antikaon-Nucleon Molecule

Jonathan M.M. Hall,1 Waseem Kamleh,1 Derek B. Leinweber,1,* Benjamin J. Menadue,1,2
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For almost 50 years the structure of the Λð1405Þ resonance has been a mystery. Even though it contains a
heavy strange quark and has odd parity, its mass is lower than any other excited spin-1=2 baryon. Dalitz and
co-workers speculated that it might be a molecular state of an antikaon bound to a nucleon. However, a
standard quark-model structure is also admissible. Although the intervening years have seen considerable
effort, there has been no convincing resolution. Here we present a new lattice QCD simulation showing that
the strange magnetic form factor of the Λð1405Þ vanishes, signaling the formation of an antikaon-nucleon
molecule. Together with a Hamiltonian effective-field-theory model analysis of the lattice QCD energy
levels, this strongly suggests that the structure is dominated by a bound antikaon-nucleon component. This
result clarifies that not all states occurring in nature can be described within a simple quark model
framework and points to the existence of exotic molecular meson-nucleon bound states.

DOI: 10.1103/PhysRevLett.114.132002 PACS numbers: 12.38.Gc, 12.39.Fe, 13.40.Gp, 14.20.Jn

The spectrum of hadronic excitations observed at accel-
erator facilities around the world manifests the fundamental
interactions of elementary quarks and gluons, governed by
the quantum field theory of quantum chromodynamics
(QCD). Understanding the complex emergent phenomena
of this field theory has captivated the attention of theoretical
physicists for more than four decades.
Of particular interest is the unusual nature of the lowest-

lying excitation of the Lambda baryon [1–8] the “Lambda
1405,” Λð1405Þ. The Lambda baryon is a neutral particle,
like the neutron, composed of the familiar up (u) and down
(d) quarks together with a strange quark (s).
For almost 50 years the structure of the Λð1405Þ

resonance has been a mystery. Even though it contains a
relatively massive strange quark and has odd parity, both of
which should increase its mass, it is, in fact, lighter than
any other excited spin-1=2 baryon. Identifying the explan-
ation for this observation has challenged theorists since its
discovery in the 1960s through kaon-proton [1] and pion-
proton production [2] experiments.
While the quantum numbers of the Λð1405Þ can be

described by three quarks, (uds), its totally unexpected
position in the spectrum has rendered its structure quite
mysterious [9]. Before the quark model had been estab-
lished, Dalitz and co-workers [10,11] speculated that it
might be a molecular state of an antikaon, K̄, bound to a
nucleon, N. Whereas the πΣ energy threshold is well below
the Λð1405Þ resonance position, the K̄N energy threshold
is only slightly above. A molecular K̄N bound state with a
small amount of binding energy presents an interesting

candidate for the structure of the Λð1405Þ. Although the
intervening years have seen enormous effort devoted to this
resonance [8–24], there has been no convincing resolution.
Herein, we present the very first lattice QCD calculation

of the electromagnetic form factors of the Λð1405Þ. This
calculation reveals the vanishing of the strange quark
contribution to the magnetic form factor of the Λð1405Þ
in the regime where the masses of the up and down quarks
approach their physical values. This result is very naturally
explained if the state becomes a molecular K̄N bound state
in that limit. When this observation is combined with a
Hamiltonian effective-field-theory analysis of the structure
of the state as a function of its light quark mass, which shows
K̄N dominance and a rapidly decreasing wave function
renormalization constant in the same limit, it constitutes
strong evidence that the Λð1405Þ is a bound K̄N molecule.
Our calculations are based on the 323 × 64 full-QCD

ensembles created by the PACS-CS collaboration [25],
made available through the International Lattice Data Grid
(ILDG) [26]. These ensembles provide a lattice volume of
ð2.90 fmÞ3 with five different masses for the light u and d
quarks and constant strange-quark simulation parameters.
We simulate the valence strange quark with a hopping
parameter (governing the strange quark mass) of
κs ¼ 0.136 65. This value reproduces the correct kaon
mass in the physical limit [27]. We use the squared pion
mass as a renormalization group invariant measure of the
quark mass. The lightest PACS-CS ensemble provides a
pion mass of 156 MeV, only slightly above the physical
value of 140 MeV realized in nature.

PRL 114, 132002 (2015) P HY S I CA L R EV I EW LE T T ER S
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3 APRIL 2015

0031-9007=15=114(13)=132002(5) 132002-1 © 2015 American Physical Society

No, there is no evidence yet from 
lattice QCD that this is in fact true!

light sector strange sector
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Questions to answer:

What is possible from lattice QCD regarding electro/photo-production?

How can lattice and experiment compare to each other?

What is the possibility/timescale for extending this to baryons?

What does lattice “need” from experiment?



What is possible from lattice QCD regarding electro/photo-production?

How can lattice and experiment compare to each other?

What is the possibility/timescale for extending this to baryons?

What does lattice “need” from experiment?

Questions to answer:

Why are baryons harder to study via lattice QCD?

  What are we actively doing towards this goal?



First things first
[no baryonic resonances from QCD, yet!]
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ū

u

d

First, we must calculate:

Before we study:



Challenges - three-body
Cannot ignore:
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obtaining FV spectrum 
is harder, but doable

had we had the spectrum, 
nobody knows what it means!

Sharpe, Hansen, RB

Robert



Challenges - 
more partial waves and mixing
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formally addressed -  RB (2014)

currently being implemented -  Jo & Dave Wilson



Expectations for the future
More mesons: reproducing calculation  using mπ~236 MeV, including coupled channels
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Expectations for the future
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Kinematic expectations for mπ~236 MeV, single volume L/as=32

Second volume, L/as=40, is underway

three amplitude/form factors:
GM1 - magnetic dipole
GE2 - electric quadrupole
GC - Coulomb quadrupole



Questions to answer:

What is possible from lattice QCD regarding electro/photo-production?

How can lattice and experiment compare to each other?

What is the possibility/timescale for extending this to baryons?

What does lattice “need” from experiment?



 Absolutely nothing: 

 Lattice QCD is fully predictive

 No inputs or approximations needed - [except quark masses] 

 Support:

 Shortage of people power!

 Need more people:

 developing: formalism, code, amplitude analysis, etc.

 join effort with JPAC for amp. analysis

 performing calculations, analysis, etc. 

 optimizing code

 Will need more computer capabilities 

What does lattice “need” from experiment?
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Questions to answer:

What is possible from lattice QCD regarding electro/photo-production?

How can lattice and experiment compare to each other?

What is the possibility/timescale for extending this to baryons?

What does lattice “need” from experiment?



Collective achievement/on-going efforts  

Numerical achievements:
First weakly coupled, two-channels
First resonant form-factor 
First chiral extrapolation of resonant amplitude
First strongly coupled, two/three-channels
TOP SECRET  

2014 
2015
2015
2016
under way

RB

RB

Formal achievements:
Coupled-channels
Meson electro/photo-production
Elastic resonant form-factors
Three-body - Sharpe, Hansen, RB

2012, 2014
2014, 2015
2015
under way

Code development - Robert
Analysis development [e.g., spin particles]- Jo & Dave Wilson

paving the way



The big picture!
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Lorentz decomposition:

ππ/ρ polarization ππ/ρ helicity

Approximations:
F-wave πγ*-to-ππ is ignored

kinematically and dynamically suppressed
contractions: 

Lorentz scalar

πγ*-to-ππ
(more details)
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πγ-to-ππ cross section
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m⇡ ⇡ 140 MeV

35

m⇡ ⇡ 400 MeV

non trivial quark-mass 
dependence!
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On determining correlation function
using small basis of operators 



Extracting the spectrum
Two-point correlation functions:

time=0 time=t

C2pt.
ab (t,P) ⌘ h0|Ob(t,P)O†

a(0,�P)|0i
=

X

n
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h0|etĤQCDOb(0,P)e�tĤQCD |n, Lihn, L|O†
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Extracting the spectrum
Two-point correlation functions:

C2pt.
ab (t,P) ⌘ h0|Ob(t,P)O†

a(0,�P)|0i =
X

n

Zb,nZ
†
a,ne

�Ent

 Diagonalize correlation function

 Use a large basis of operators with the same quantum numbers

Wilson, RB, Dudek, Edwards & Thomas (2015)
{30 operators

19 operators, J=1

6 operators, J=3

1 operator, J=4

1 operator

3 operators

correct spectrum!
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On the 𝛬(1405) spectrum

Noisy spectrum

missing ground state

found only one pole?

claim resonance is a KN molecule, but did not use KN operators?

where’s the width of the 𝛬(1405)? 

Hall, Kamleh, Leinweber, Menadue, Owen, Thomas & Young (2014)



claim resonance is a KN molecule, but did not use KN operators?

claim: finite volume matrix element of QED current equal infinite volume form factor

 only true for stable states

Ignore coupling with Σπ in analysis of form factor

for unstable states, the matrix element is not proportional to infinite volume form factor

Hall, Kamleh, Leinweber, Menadue, Owen, Thomas & Young (2014)

On the 𝛬(1405) form factor
light sector strange sector
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|h2|J |2iL| =
1p
L3

q
Tr [R WL,df R WL,df ]

Two-body maitre elements

h2|J |2iL = FV matrix element

R = R(P,L,M,
@M
@E2

)

WL,df = Wdf +M [G(L) · w] M
G(L) = FV function

w = single/stable particle form factor, e.g., N,⇡,K,. . .

W = infinite volume 2 + J ! 2 amplitude

this was reported, 
everything else was not

form factors are defined 
inside the residues of 

this amplitude
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considered in lattice QCD calculations. In a box with length
L, the momentum a particle can carry in any one dimension
is constrained to integer multiples of the lowest nontrivial
momentum 2π=L. In three dimensions, it is convenient to
introduce the integer n ¼ n2x þ n2y þ n2z, such that the
momenta available on the lattice are described by
kn ¼ 2π

ffiffiffi
n

p
=L. Full details of the translation of a

Hamiltonian of the form given above into a Hamiltonian
matrix on a finite spatial volume may be found in Ref. [4].
It has proven extremely useful in unravelling pieces of

the strong interaction puzzle to move beyond the physical
quark masses to the realm where they become larger. To
explore this regime we allow the bare mass m0 to vary
linearly with quark mass, so that (because m2

π ∼mq)
m0ðm2

πÞ ¼ m0jphys þ α0ðm2
π −m2

πjphysÞ. In the first in-
stance, α0 is estimated through a single parameter fit to
current lattice QCD results for the JP ¼ 1=2− nucleon
spectrum. The pion mass dependence of the ground state
nucleon mass, mNðm2

πÞ, is obtained via linear interpolation
between the lattice QCD results on the same size lattice.
The mass of the η meson is related to the pion mass
via m2

ηðm2
πÞ ¼ m2

ηjphys þ 1
3 ðm

2
π −m2

πjphysÞ.
The left-hand plot of Fig. 2 illustrates results from the

Hadron Spectrum Collaboration [15,16] (denoted JLab)
and Lang and Verduci [17]. These precise results are
obtained on the smaller of the two lattice volumes con-
sidered herein, with length L≃ 1.98 fm. The right-hand
plot illustrates lattice QCD results for lattice volumes with
length L ≈ 2.90 fm. Recent results from the Centre for the
Subatomic Structure of Matter (CSSM) lattice group in
Adelaide [18–21] are shown, along with the Cyprus
Collaboration’s results, obtained using the Athens model
independent analysis acheme [22]. Both groups provide
results for light pion masses ≃160 MeV. The two lowest-
lying odd-parity states from lattice QCD have an energy
similar to the noninteracting S-wave πN scattering thresh-
old. CSSM reports two more low-lying states typically split

by 100 MeV. The Cyprus Collaboration reports one state in
this regime with an energy consistent with the lower of the
two CSSM states.
The precision of the low-lying state observed by Lang

and Verduci on the 2 fm lattice highlights the different
method employed in their analysis. There the low-lying
scattering state was obtained by creating a meson-baryon
source in which the momentum of each hadron is projected
to zero. In all other cases, the hadrons have been created
using conventional smeared-source operators. To obtain the
low-lying state next to the noninteracting S-wave πN
scattering threshold, the CSSM Collaboration used five-
quark operators. All other states have been obtained
through the consideration of three-quark operators.
In solving the matrix Hamiltonian, the noninteracting

basis states mix to form eigenstates of the Hamiltonian.
These eigenstate energies are illustrated in Fig. 2 for lattice
lengths L≃ 1.98 (left) and 2.90 fm (right). Only one model
parameter has been adjusted in fitting 23 lattice energy
eigenstates over three levels on two volumes. The param-
eter α0 ¼ 0.96% 0.06 GeV−1, describing the quark-mass
dependence of the bare N& mass, was obtained from a
simultaneous fit of these data providing a χ2DOF ¼ 1.7. Of
particular note is the excellent agreement between the high-
precision first state reported by Lang and Verduci [17] and
the Hamiltonian model.
Because the majority of the states observed in the lattice

QCD simulations have their origin in three-quark operators,
we examine the eigenvectors of the Hamiltonian states to
identify states formed with a large component of the bare
basis state. Under the assumption that the three-quark
operators couple most strongly to this bare-state compo-
nent, one can then identify states in the matrix Hamiltonian
spectrum most likely associated with the states observed in
the lattice QCD simulations. In Fig. 2 we have indicated the
strength of the bare-state component through different line
types and colors. In both figures, the lattice QCD results
expected to be associated with resonant states are indeed

FIG. 2. The pion mass dependence of the L≃ 1.98 fm (left) and L≃ 2.90 fm (right) finite-volume energy eigenstates. The different
line types and colors indicate the strength of the bare basis state in the Hamiltonian model eigenvector.
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Drawing on experimental data for baryon resonances, Hamiltonian effective field theory (HEFT) is used
to predict the positions of the finite-volume energy levels to be observed in lattice QCD simulations of the
lowest-lying JP ¼ 1=2− nucleon excitation. In the initial analysis, the phenomenological parameters of the
Hamiltonian model are constrained by experiment and the finite-volume eigenstate energies are a
prediction of the model. The agreement between HEFT predictions and lattice QCD results obtained on
volumes with spatial lengths of 2 and 3 fm is excellent. These lattice results also admit a more conventional
analysis where the low-energy coefficients are constrained by lattice QCD results, enabling a determination
of resonance properties from lattice QCD itself. Finally, the role and importance of various components of
the Hamiltonian model are examined.
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Lattice QCD has proven remarkably successful in
reproducing the masses and many other properties of the
octet baryons, which are stable under the strong interaction.
In our ongoing quest to understand the structure of
hadronic systems in terms of QCD, the focus is now
shifting to excited states. Perhaps the greatest challenge is
that all states studied on a Euclidean space-time lattice are
stable eigenstates of the QCD Hamiltonian, subject to
periodic spatial boundary conditions. In contrast, the
resonant states revealed in experiments are neither stable
nor are they eigenstates of the QCD Hamiltonian. Rather,
they are often extremely short-lived, with multiple decay
modes. Clearly, one faces an enormous challenge when one
aims to use lattice QCD to study these states.
One powerful technique, introduced by Lüscher [1,2],

which has been widely used by the community, does
provide a robust link between the discrete energy levels
observed in lattice QCD and the scattering phase shifts
extracted from experiment. This method presents technical
complications when the resonance under study can decay
through more than one open channel. These complications
can be overcome and the resulting formalism has been
successfully applied in the coupled ππ and KK̄ system [3].
On the other hand, several groups have been led to explore
an alternative approach, which we label Hamiltonian
effective field theory (HEFT).
HEFT enables a quantitative examination of experimen-

tal observations such as resonance positions, partial decay
widths, scattering phase shifts, and inelasticities in terms of
a model built from hadronic degrees of freedom and their
interactions. While formulated in infinite volume, such
models have recently been applied to the analysis of the
hadronic excitation spectra observed in a small number of

finite-volume lattice QCD calculations [4,5], namely, the Δ
resonance [4] and the Λð1405Þ [5]. The former is a classical
case where a three-quark state is dressed by coupling to the
open πN channel, while the latter is far more complex and
illustrates some of the power of HEFT. In concert with a
lattice study of the individual quark flavor contributions to
the magnetic form factor of the baryon, the application of
HEFT led to a deeper understanding of the nature of this
resonance which has been mysterious for 50 years. That
study strongly suggested that the Λð1405Þ does not have a
significant three-quark component in its wave function;
rather, it is appropriately viewed as a K̄N bound state.
In this Letter we examine the nature of the first negative

parity excitation of the nucleon, the JP ¼ 1=2−N!ð1535Þ.
This state has been the subject of much speculation in the
literature [6–9], since it lies above the first positive parity
nucleon excited state (the Roper resonance at 1440 MeV),
unlike the expectation in the phenomenologically very
successful harmonic oscillator model. There have also
been suggestions that there may be a significant strange
quark component in this resonance, so it could be viewed as
a pentaquark. Such questions are central to the modern
study of resonances, and with its S-wave coupling to both
πN and ηN channels, this is an ideal case for study using
HEFT to analyze modern lattice data. Our study supports
the interpretation of the N!ð1535Þ as primarily a three-
quark excitation, with couplings to five-quark components.
The states most likely associated with the resonance have a
probability of about 50% to contain the bare baryon, at the
physical pion mass, in boxes with L≃ 2, 3 fm.
The HEFT used here introduces a bare state N!

0, which
may be thought of as a three-quark state that would be
stable in the absence of coupling to the πN and ηN
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Noisy spectrum

missing states

all, except Lang & Verduci, ignore Nπ, Nππ, Nη operators

requires experimental input to go from χ2/Ndof=4.6 to 1.7

mπL=2.68
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pentaquark:
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