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isoscalar meson resonances — tensors 2
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D-wave

coupled ππ, KK, ηη … scattering
__

bump at ~1250 in ππ 
bump at ~1500 in KK 

_

two resonances ?

qq quark model
_

“ ”

JP=2+
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isoscalar meson resonances — scalars 3

coupled ππ, KK, ηη … scattering
_

S-wave

resonance content … ?

JP=0+
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isoscalar meson resonances — scalars 4
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in some processes  
the dip is a peak
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resonance content ? 5

a rigorous definition — pole singularity in a partial-wave amplitude

— bound state: 

NN
e.g. deuteron Re[s]

Im[s]

— resonance: 

ππ
e.g. ρ meson Re[s]

Im[s]
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f2 resonances 6
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D-wave

ππ
Re[s]

Im[s]

KK
_

⤷ ππ 84%

⤷ KK 89%
_

branching fractions 
from the pole residues

JP=2+
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f0 resonances ? 7

ππ
Re[s]

Im[s]

KK
_

σ

f0(980)

f0(980) large coupling to KK
_
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other scalar mesons 8

broad, light σ(600) in ππ

narrow f0(980) in ππ at KK threshold
_

broad, light κ(800) in πK

narrow a0(980) in πη at KK threshold
_

I=0

I=0

I=½, S=1

I=1
… a flavor nonet ?
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other scalar mesons 9

broad, light σ(600) in ππ

narrow f0(980) in ππ at KK threshold
_

broad, light κ(800) in πK

narrow a0(980) in πη at KK threshold
_

qq quark model
_

without flavor mixing

I=0

I=0

I=½, S=1

I=1
… a flavor nonet ?
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other scalar mesons 10

broad, light σ(600) in ππ

narrow f0(980) in ππ at KK threshold
_

broad, light κ(800) in πK

narrow a0(980) in πη at KK threshold
_

qq quark model
_

without flavor mixing
e.g. JP=2+

I=0

I=0

I=½, S=1

I=1
… a flavor nonet ?
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other scalar mesons 11

broad, light σ(600) in ππ

narrow f0(980) in ππ at KK threshold
_

broad, light κ(800) in πK

narrow a0(980) in πη at KK threshold
_

qq quark model
_

without flavor mixing
e.g. JP=2+

I=0

I=0

I=½, S=1

I=1
… a flavor nonet ?

but not JP=0+

?
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other scalar mesons 12

broad, light σ(600) in ππ

narrow f0(980) in ππ at KK threshold
_

broad, light κ(800) in πK

narrow a0(980) in πη at KK threshold
_

qqqq quark model
__

hidden strangeness 
makes the f0, a0 heavier✔

✘
why so light, differing widths, 
proximity to KK accident ?

_

σ(600)
κ(800)

f0(980)
a0(980)
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scalar mesons 13

broad, light σ(600) in ππ

narrow f0(980) in ππ at KK threshold
_

broad, light κ(800) in πK

narrow a0(980) in πη at KK threshold
_ KK molecules ?}

_

… can these questions be explored in QCD ?

or some other explanation we’ve not thought of yet ?

?
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lattice QCD 14

compute two-point correlation functions

you’ve heard this a million times …

in this case: 

→ discrete cubic grid (probably irrelevant)

→ larger quark mass (helpful — makes pions heavier)

→ finite spatial volume (vital — tool for scattering)

to determine the discrete spectrum:
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lattice QCD 15

compute two-point correlation functions

to determine the discrete spectrum:

choice of meson-meson 
operators guided by  
non-interacting spectrum …

‘single-meson’

‘meson-meson’

operators Wick contractions
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finite-volume formalism 16

in the elastic case
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scattering matrix

finite-volume function

(for one partial wave)

actually more information  
in moving-frame spectra

I=1, JP=1−

ππ elastic

L/as = 32
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finite-volume formalism 17

phase-space

scattering matrix

finite-volume function

can also be applied in 
coupled-channel case more challenging

(plug into eqn. above & solve)

(multiple unknowns in the scattering matrix)

do a global fit to the spectrum with an amplitude parameterization …

(guarantee unitarity by using a K-matrix)
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finite-volume spectrum — I=0, G=+ 18
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finite-volume spectrum 19
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a K-matrix amplitude description 20
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+ Chew-Mandelstam phase-space

𝟀2/Ndof = 44.0/(57−8) = 0.90

too conservative 
systematic error  
estimation ?
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a K-matrix amplitude description 21
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a K-matrix amplitude description 22
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varying the amplitude parameterization 23
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20 variations 
(many more considered)

𝟀2/Ndof < 1.05
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varying the amplitude parameterization 24
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couplings from pole residue 25
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S-wave summary 26
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D-wave 27
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D-wave — amplitude variations 28
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D-wave — resonance couplings 29
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D-wave summary 30
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other scalar mesons ? 31

previously calculated coupled πη,KK I=1 scattering
_

0.18 0.19 0.20 0.21 0.22 0.23
24
20
16
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-0.04

 0
 0.16  0.20  0.24

sharp asymmetric peak 
at KK threshold

_

c.f. a0(980)

Phys.Rev. D93 094506 (2016)
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sheets ? 32

complex s-plane actually multi-sheeted

unitarity

square-root branch-point 
at each threshold

II III

IV Iππ

KK
Re[s]

Im[s]
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sheets ? 33

complex s-plane actually multi-sheeted

unitarity

square-root branch-point 
at each threshold

II III

IV Iππ

KK
Re[s]

Im[s]

IIl Iu

KK Re[kKK]

Im[kKK]

ππ

IIIlIVu

_
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sheets ? 34

IIl Iu

Re[kKK]

Im[kKK]

IIIlIVu

KK
_f0

a0

look very similar (in mass and couplings), but …

on different sheets ?
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‘explaining’ the sheet distribution 35

e.g. Flatté form

has poles

but larger phase-space  
for ππ than πη
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interpreting the sheet distribution ? 36

a pole on only sheet II or sheet IV ⇒ ‘molecular resonance’ ? explained to me by Adam, 
i’m still trying to understand …

II III

IV Iππ

KK
Re[s]

Im[s]
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interpreting the sheet distribution ? 37

Re[s]

Im[s]

IIl Iu

IIIlIVu

imagine no lower channel 
and binding dynamics in KK

_

KK
_

b.s.
Im[kKK] > 0

Re[s]

IIl Iu

IIIlIVu

KK
_

now ‘turn on’ the lower channel and allow a coupling to it 

II
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interpreting the sheet distribution ? 38

Re[s]

Im[s]

IIl Iu

IIIlIVu

imagine no lower channel 
and weaker attraction in KK

KK
_

v.b.s.
Im[kKK] < 0

now turn on the lower channel and allow a coupling to it 

Re[s]

IIl Iu

IIIlIVu

KK
_

_

IV
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interpreting the sheet distribution ? 39

on the other hand …  
an ‘ordinary’ resonance is expected to have ‘mirror’ poles:

e.g. Flatté form

has poles

Re[s]

IIl Iu

IIIlIVu
II

III
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poles on other sheets in the lattice calc ? 40

-0.08

-0.06

-0.04

-0.02

 0.02

 0.04

 0.06

 0.08

0.
12

0.
12

0.02

0.02

0.04

0.04

0.06

0.06

0.08

0.08

0.10

0.10

0.12

0.12

0.14

0.14

0.16

0.16

0.18

0.18

0.
14

0.
14

-0.08 -0.06 -0.04 -0.02  0.02  0.04  0.06  0.08
0.

16
0.

16

0.
18

0.
18

0.
20

0.
20

0.
22

0.
22

−

parameterization dependent 
distant poles on sheet III

-0.10

-0.05

0.05

0.10

-0.10 -0.05 0.05 0.10

-0.015

-0.010

-0.005

0.000

0.005

-0.050 -0.045 -0.040 -0.035 -0.030

f0 a0

looks more like  
one pole ⇒ ‘molecular resonance’ ?



JLab ‘cake’ seminar | 10.4.2017 | isoscalar mesons in QCD

summary — isoscalar mesons 41

first exploration of the lightest few isoscalar resonances in first-principles QCD
with unphysically heavy u,d quarks

tensors look ‘ordinary’

dominantly

dominantly

supports ‘OZI’ 
phenomenology

✔

✘

scalars are much more interesting

σ as stable bound-state below ππ threshold

f0 resonance close to KK threshold
_
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KK threshold region 42

_
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finite-volume Flatté 43
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finite-volume ‘dip-like’ 44

‘cartoon’ of f0(980) ?
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meson-meson ops are vital 45

0.10

0.15

0.20



JLab ‘cake’ seminar | 10.4.2017 | isoscalar mesons in QCD

quark mass evolution of σ 46

 0

 30

 60

 90

 120

 150

 180

 0.01  0.03  0.05  0.07  0.09  0.11  0.13

-1

-0.5

 0

 0.5

 1

-0.06 -0.03  0  0.03  0.06  0.09  0.12
-300

-200

-100

 0
 300

 −

 500  700  900



JLab ‘cake’ seminar | 10.4.2017 | isoscalar mesons in QCD

why is this case different ? 47

ππ
Re[s]

Im[s]

KK
_

σ

“left-hand cut”

f0(980)

left-hand cut is just 
as close as the σ pole

the real energy axis behaviour isn’t just dominated by a single (nearby) pole

left-hand cut related to crossing symmetry
e.g.

branch point at

but our amplitude 
parameterizations  
don’t include it !
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σ pole with changing quark mass 48
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• unitarized SU(3)F chiral perturbation theory NEBREDA & PELAEZ 
PRD81 054035 (2010) 

• resonance poles become 
 virtual bound states  
 somewhere near  
 mπ ~ 2.5 mπphys

• lowest mass v.b.s     
becomes a bound state 
somewhere slightly above 
mπ ~ 3.0 mπphys

“the exact mπ value when  
this happens is not very reliable”  

236 
MeV

391 
MeV

“fit I”
“fit II”
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f0(980) dip — peak 49

can even look different in ‘same’ process 

√sππ
1.0 GeV

π0π−

X π0

0.5 < −tX/mπ2 < 5.2

5.2 < −tX/mπ2 < 10.4

10 < −tX/mπ2 < 20

10 < −tX/mπ2 < 75

π− p→π0π0 n E852

X ~ π

other exchanges 
modify the production

S—wave
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‘local’ operator spectrum 50
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tetraquark operators 51

generic local diquark operator

generic local tetraquark operator

(+ C/G-parity symmetrisation …)

color reps.

spins JP = 0±, 1±

no assumptions made at this point about good/bad diquarks

( diquark construction just makes fermion antisymmetry manifest )

spins J ≤ 2

smeared quark fields, but otherwise local,  
certainly not sampling the whole lattice volume
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tetraquark operators — hidden charm I=1 52
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Gavin Cheung (Cambridge) 
arXiv:1709.01417 [hep-lat] 

Zc(‘3900’) ?


