
Nucleon Form Factors at Low and 
High Momenta.

David Richards 
Jefferson Laboratory

25th October 2017 
Cake Seminar 



Proton EM form factors
• Nucleon Pauli and Dirac Form Factors described in 

terms of matrix element of vector current
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EM Form factors - Expt
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2.2 Proton Form-Factor Ratio Measurements up to Q2= 12 GeV2 using Recoil Polarization

Introduction The experiment GEp (E12-07-109) was approved by PAC32 in August of 2007 and was
the experiment that provided the original motivation for the Super Bigbite Spectrometer. It will measure
the Sachs Form Factors ratio Gp

E/Gp
M of the proton using the polarization-transfer method in the reaction

p(�e, e��p). The polarization of the recoil proton will be measured using a large-acceptance spectrometer,
based on the Super Bigbite magnet, that will incorporate a double polarimeter instrumented with GEM
trackers and a highly-segmented hadron calorimeter.

The electron will be detected in coincidence by a electromagnetic calorimeter that is sometimes referred
to as “BigCal”. PAC35 allocated 45 days of beam time for the proposed measurement and recommended a
maximum value of Q2 = 12 GeV2.

These parameters were used to readjust the original plan of measurements which will be made at three
values of Q2 : 5, 8, and 12 GeV2 , while achieving an error in the ratio Gp

E/Gp
M of 0.07. The projected results

are shown in Fig 3, in which we show results from earlier Gp
Emeasurements, and the anticipated errors for the

present GEp experiment. The excellent precision that GEp will obtain even at 12 GeV2 is clearly evident.
Additional measurements at even higher values of Q2 will be evaluated after SBS commissioning.

Figure 3: Gp
E/Gp

M existing measurements and expected statistical accuracy for the GEp experiment. The
projected errors for the measurements made with the Super Bigbite Spectrometer are indicated by the filled
blue squares, corresponding to 45-day run with the recommended highest value of momentum transfer 12
GeV2.

Equipment A schematic representation of the experiment is shown in Fig. 4.

Nucleon Charge Radius

Cross zero
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Lattice QCD

• Generate an ensemble of gauge configurations  

• Calculate observable

Observables in lattice QCD are then expressed in terms of the path 
integral as
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Importance 
Sampling

Integrate out the Grassmann variables: 

where 
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Hadron Structure

Resolution of unity – insert states

C3pt(tsep, t; ~p, ~q) =
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1D Structure: EM Form Factors
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Hadron structure at nearly-
physical quark masses

Green et al (LHPC), Phys. Rev. D 90, 074507 (2014)

Wilson-clover lattices from BMW



Sea Quark Contributions
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J. Green, K. Orginos et al., Phys. 
Rev. D 92, 031501 (2015); Phys. Rev. 
D 95, 114502 (2017

Using Hierarchical Probing - A. 
Stathopoulos, J. Laeuchli, K. Orginos 
(2013)

Combination measured in expt



EM Form factors
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Green et al, arXiv:1404.40

Differing treatment of 
Excited states



Isgur-Wise Function and CKM matrix

Lattice

Extract Vcb if know 
intercept at zero recoil

UKQCD, L. Lellouch et al., Nucl. Phys. 
B444, 401 (1995), hep-lat/9410013

Calculate slope at zero recoil..



Moment Methods

• Introduce three-momentum projected three-point function

• Now take derivative w.r.t. k2
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whence

Odd moments vanish by symmetry

Bouchard, Chang, Orginos, Richards



Moment Methods - II

• Analogous expressions for two-point functions:
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Lowest coordinate-space moment ⇔ slope at zero 
momentum



Moment Methods - II

• Analogous expressions for two-point functions:

C2pt(t) =
X

~x

D
N b

t,~x

N
b

0,~0

E
e�ikxz

⇒
C

0
2pt(t) =

X

~x

�x

z

2k
sin (kx

z

)
D
N

b

t,~x

N

b

0,~0

E

⇒
lim
k

2!0
C

0
2pt(t) =

X

~x

�x

2
z

2

D
N

b

t,~x

N

b

0,~0

E
.

Lowest coordinate-space moment ⇔ slope at zero 
momentum



Lattice Details
• Two degenerate light-quark flavors, and strange quark 

set to its physical value
a ' 0.12 fm

m⇡ ' 400 MeV

Lattice Size : 243 ⇥ 64

• To gain control over finite-volume effects, replicate in z 
direction: 24⇥ 24⇥ 48⇥ 64



Two-point correlator
ln [C2pt(t, xz)]

Any polynomial 
moment in xz 
converges 

lnC2pt(t, xz)/C2pt(t, xz + 1)

“Effective mass”



Three-point correlator
ln [C3pt(t

0
, x

0
z)]

“Effective mass”

• Spatial moments push the peak of the correlator away from 
origin 

• Larger finite volume corrections compared to regular 
correlators



Fitting the data…

C3pt(t, t0) =
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Allow for multi-state contributions in the fit



Fitting - II
• Now look at the functional form of derivatives:
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Fitting - III

In practice we use multi-
exponential, Bayesian 
fits



F1 Form Factor



Nucleon Form Factors at High Momenta

Work in progress…
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2.2 Proton Form-Factor Ratio Measurements up to Q2= 12 GeV2 using Recoil Polarization

Introduction The experiment GEp (E12-07-109) was approved by PAC32 in August of 2007 and was
the experiment that provided the original motivation for the Super Bigbite Spectrometer. It will measure
the Sachs Form Factors ratio Gp

E/Gp
M of the proton using the polarization-transfer method in the reaction

p(�e, e��p). The polarization of the recoil proton will be measured using a large-acceptance spectrometer,
based on the Super Bigbite magnet, that will incorporate a double polarimeter instrumented with GEM
trackers and a highly-segmented hadron calorimeter.

The electron will be detected in coincidence by a electromagnetic calorimeter that is sometimes referred
to as “BigCal”. PAC35 allocated 45 days of beam time for the proposed measurement and recommended a
maximum value of Q2 = 12 GeV2.

These parameters were used to readjust the original plan of measurements which will be made at three
values of Q2 : 5, 8, and 12 GeV2 , while achieving an error in the ratio Gp

E/Gp
M of 0.07. The projected results

are shown in Fig 3, in which we show results from earlier Gp
Emeasurements, and the anticipated errors for the

present GEp experiment. The excellent precision that GEp will obtain even at 12 GeV2 is clearly evident.
Additional measurements at even higher values of Q2 will be evaluated after SBS commissioning.

Figure 3: Gp
E/Gp

M existing measurements and expected statistical accuracy for the GEp experiment. The
projected errors for the measurements made with the Super Bigbite Spectrometer are indicated by the filled
blue squares, corresponding to 45-day run with the recommended highest value of momentum transfer 12
GeV2.

Equipment A schematic representation of the experiment is shown in Fig. 4.

Q2 . 4.1 GeV2Q2 . 8.2 GeV2

Boosted interpolating operators

Lattice Challenges

Discretisation Uncertainties O(q2a2, | pia |2)

C2pt(t, ~p)/C�2(t) �! e�((EN (~p)�3m⇡/2)t)



Boosted Sources

Bali et al., Phys. Rev. D 93, 094515 (2016)

Replace quark field by spatially extended (smeared) quark field

 �! (1� �2r2/4N)N 



Construct matrix of correlators: different smearing radii

Variational Method

Delineate contributions using variational method: solve

Eigenvectors, with metric C(t0), are orthonormal and project onto the 
respective states

Subleading terms ➙ Excited states

C(t)v(N)(t, t0) = �N (t, t0)C(t0)v
(N)(t, t0).
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Baryon Operators

h0 | OJM | J 0,M 0i = ZJ�J,J 0�M,M 0

Starting point

Introduce circular basis: 

Straighforward to project to definite spin: J = 1/2, 3/2, 5/2

R.G.Edwards et al., arXiv:1104.5152



  Distillation for Baryons?

Perambulators

M. Peardon et al., PRD80,054506 (2009)

Measure matrix of correlation functions: 
C
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i

• Meson correlation functions N3 

• Baryon correlation functions N4
Severely constrains 
baryon lattice sizes



Nucleon Dispersion Relation



Isotropic Clover Production

 Add third lattice spacing: β = 6.5, a ∼0.06

ID ml � a (fm) M⇡ (MeV) L T M⇡L Split at Ntraj On Titan
C12 -0.2800 6.1 0.118 430 48 96 12.4 20000
C13 -0.2850 6.1 0.114 300 32 96 5.6 1762 - 2104
C13a -0.2850 6.1 0.114 300 32 96 5.6 1100 - 1870
C13b -0.2850 6.1 0.114 300 32 96 5.6 1000 - 2618
C13-W -0.2850 6.1 0.114 300 32 96 5.6 2108 - 3164
C13a-W -0.2850 6.1 0.114 300 32 96 5.6 1872 - 3564
C13b-W -0.2850 6.1 0.114 300 32 96 5.6 2620 - 3980

D4 -0.2350 6.3 0.085 400 32 64 5.5 5164
D5 -0.2390 6.3 0.081 310 32 64 4.0 6020 1000 - 6020
D6 -0.2416 6.3 0.080 210 48 96 3.7 2312 (a) 1000 - 2312
D6a -0.2416 6.3 0.080 210 48 96 3.7 1000 866 (a) 254 - 866
D6b -0.2416 6.3 0.080 210 48 96 3.7 1200 956 (a) 284 - 956
D7 -0.2416 6.3 0.080 210 64 128 4.9 1514 (a) 1112 - 1514
D7b -0.2416 6.3 0.080 210 64 128 4.9 700 640 (a) 330 - 640
D7c -0.2416 6.3 0.080 210 64 128 4.9 750 732 (a) 288 - 592
D7d -0.2416 6.3 0.080 210 64 128 4.9 800 762 (a) 328 - 736
D8 -0.2424 6.3 0.080 140 72 196 4.1 370 (b)



SUMMARY

• Controlling systematic uncertainties key at both low 
momenta and high momenta 

• Momentum methods for direct calculation of form factors 
• Can we get to high momenta? Exploring “distillation” for pion 

(see Bipasha)…


