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QCD is a key part of the Standard Model but quark 
confinement is a complication/interesting feature.

Some properties of hadrons can 
be very accurately measured and 
are calculable in lattice QCD -  
can test SM and determine 
parameters very accurately (1%).

ATLAS@LHC

Connecting observed hadron 
properties to those of quarks 
requires full nonperturbative 
treatment of Quantum 
Chromodynamics.
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Lattice QCD: fields defined on 4-d 
discrete space-(Euclidean) time. 
Lagrangian parameters: 

1) Generate sets of gluon fields for 
Monte Carlo integrn of Path Integral 
(inc effect of u, d, s, (c) sea quarks)
2) Calculate valence quark propagators 
and combine for “hadron correlators” . 
Fit for hadron masses and amplitudes
• Determine     to convert results in 
lattice units to  physical units. Fix        
from hadron mass

a
mq

a
• cost increases as               
and with statistics, volume.

*numerically extremely challenging*

↵s,mqa

a ! 0,mu/d ! phys



Darwin@Cambridge,  
part of UK’s £15m HPC facility 
for theoretical particle physics 
and astronomy

State-of-the-art commodity 
cluster: 9600 Intel Sandybridge 
cores, infiniband interconnect, 
fast switch and 2 Pbytes storage

Allows us to calculate 
quark propagators 
rapidly and store them 
for flexible re-use.

www.dirac.ac.uk

http://www.dirac.ac.uk


Quark formalisms
Many ways to discretise Dirac Lagrangian onto lattice. 
All should give same answers.  
Issues are: Discretisation errors at power 
                  Numerical speed of matrix inversion 
                  Chiral symmetry 
                  Quark doubling                       

an

We use Highly Improved Staggered Quarks (HISQ) for 
u, d, s and c. Also (with extrapolation) for b.   
Disc. errors                 . Numerically fast. Chiral symm. 
Some complications from doublers (‘tastes’).
For b quarks, also use NRQCD. Fast for b quarks at 
moderate a, disc. errors now            . Current normln  
perturbative, through  
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Example parameters for ‘2nd generation’ calculations now 
being done with staggered quarks.

real 
world

mass of u,d 
quarks

Volume:

mu,d ⇡ ms/10

mu,d ⇡ ms/27

“2nd generation” 
lattices inc. c 
quarks in sea

m⇡L > 3

HISQ = Highly 
improved 
staggered quarks -
very accurate 
discretisation 

135 MeV
m⇡0 =

E.Follana, et al, 
HPQCD, hep-lat/
0610092.

mu = md

= ml

other formalisms: clover (Fermilab), domain-wall, twisted-mass …
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Hadron correlation functions (‘2point functions’) give 
masses and decay constants. 

h0|H†(T )H(0)|0i =
X

n

Ane
�mnT

masses of all 
hadrons with 
quantum 
numbers of H|h0|H|ni|2

2mn

decay constant parameterises amplitude to annihilate - a 
property of the meson calculable in QCD. Can often relate 
to experimental decay rate. 1% accurate experimental info. 

for f  and m for many mesons! 
Need accurate determination 
from lattice QCD to match

QCD HH

=
f2
nmn

2
An =

large! A0e
�m0T
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Example (state-of-the-art) calculation R. Dowdall et al, HPQCD, 
1303.1670.

Extract meson mass and 
amplitude=decay constant 
from correlator for multiple 
lattice spacings and mu/d. 
Very high statistics (16,000 
samples of the correlator)

Convert decay constant 
to GeV units using       to 
fix relative lattice 
spacing. Very small 
discretisation errors.  
PCAC reln means no 
renormln factors needed. 
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The gold-plated meson spectrum 
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Experiment : weak decays
: em decays

Lattice QCD : predictions
: postdictions

Meson decay constants 
Parameterises hadronic information needed 
for annihilation rate to W or photon: � / f2

 2012
B ! ⇥�

1503.05762, 1408.5768,1302.2644, 1303.1670

decay constants of 
vector mesons now 
being pinned down 

0.5% accuracy from lattice QCD 
now : FNAL/MILC 1407.3772 
BES will improve expt. 

0.2% accurate
Vus

Vub VcsVcd

2% accurate
B(s) ! µ=µ�



Vector meson decay constants HPQCD 1312.5264,  1503.05762

fD⇤
s
/fDs = 1.10(2)

�(D⇤
s ! Ds�) = 0.066(26)keV

Br(D⇤
s ! `⌫) = 3.4(1.4)⇥ 10�5

We calculate: 
may be possible 
to see this?

RLO
s ¼ ð1þ δzLO · αsÞ

Φð0Þ
B%
s

Φð0Þ
Bs

ð12Þ

507 with δzLO values given in Table VII and the same values of
508 αs. Note the difference between δzLO and δz. Both
509 coefficients are small, but they have opposite sign. This
510 then compensates to some extent for the effect of the
511 current corrections and means that, comparing Rs and RLO

s
512 in Table VIII, we see now that the total effect of the current
513 correction terms in the ratio amounts to 7%–8%, somewhat
514 less than the naive estimate of 12%–15%. There is of course
515 an uncertainty on this estimate coming from missing α2s
516 terms in the renormalization. A similar procedure would be
517 needed to estimate accurately the effect of the hyperfine
518 term on the ratio Rq. However, because the hyperfine
519 interaction is embedded in the NRQCD Hamiltonian it is
520 automatically included in the perturbative matching calcu-
521 lation for the NRQCD currents and we do not have the z
522 coefficients without the hyperfine term included. Note that
523 the size of the hyperfine coefficient [c4 in Eq. (2)] is tested
524 through determination of the mass splitting between vector
525 and pseudoscalar mesons in [10].

526 B. f B%
s

527 Figure 1 plots the full results for Rs, the ratio of f
ffiffiffiffiffi
M

p
for

528 the B%
s and Bs mesons, obtained from Eq. (10) and given as

529 column 5 of Table VIII. Statistical errors in Rs are small,
530 less than 0.5%, so we see that the value for the ratio is

531clearly less than 1 and the dependence on the lattice spacing
532is small, but clear and unambiguous. To derive a physical
533result we need to fit this dependence, as discussed in Sec. II
534A, allowing for other systematic uncertainties from lat-
535tice QCD.
536The key sources of systematic error that need to be
537allowed for, by inclusion in our fit function, are the
538following.
539(i) Matching uncertainties—α2s .—The missing α2s co-
540efficient in the overall renormalization factor for the
541ratio of amplitudes of the NRQCD currents is
542potentially the largest source of uncertainty here.
543We can allow for this by simply taking a fractional
544error which is α2s ≈ 0.1 times a value for this
545coefficient. However, the value of α2s changes with
546the lattice spacing and the coefficient may also
547depend on amb, as the known one-loop coefficient
548δz does; see Table VII. Thus a better estimate is
549obtained by incorporating a factor to take account of
550this missing term into the fit. We write the factor as
551(1þ cα2s) and take c to have the form
552c1 × ð1þ c2δxm þ c3δx2mÞ, where c1 sets the overall
553allowed size of the coefficient and the δxm terms
554allow for dependence on amb. δxm ¼ ðamb −
5552.7Þ=1.5 varies from −0.5 to 0.5 over the range
556of amb values we use here [6].
557(ii) Matching uncertainties—αsΛ=mb.—We must also
558allow for missing αs terms that alter the normalization
559of the relativistic current corrections within the
560NRQCD current and/or include the matrix elements
561of additional current corrections that only appear first
562atOðαsΛ=mbÞ. Such corrections were included in our
563determination of fBs

and fB in [5] since they are

TABLE VIII. Results for ratios of amplitudes for vector and
pseudoscalar mesons on each ensemble as defined in the text.
Column 2 gives the unrenormalized ratio of amplitudes for the
B%
s=Bs including the current corrections, Runren

s ¼ ðΦð0Þ
B%
s
þ

Φð1Þ
B%
s
Þ=ðΦð0Þ

Bs
þ Φð1Þ

Bs
Þ Eq. (11). Column 3 gives the equivalent

quantity for the B%
l =Bl mesons. Column 4, RLO

s , gives renormal-
ized ratio from Eq. (12) but including only the leading-order
NRQCD currents Jð0Þ. Finally column 5 gives the renormalized
ratio of amplitudes including the current corrections. These
numbers are determined from Eq. (10) and plotted as the points
in Fig. 1. Rs ¼ ðfB%

s

ffiffiffiffiffiffiffiffiffi
MB%

s

p
Þ=ðfBs

ffiffiffiffiffiffiffiffiffi
MBs

p
Þ, correct through OðαsÞ

andOðΛ=mbÞ. Errors on the values are statistical only but include
correlations between vector and pseudoscalar meson correlation
functions.

Set Runren
s Runren

l RLO
s Rs

1 1.0215(25) 1.0205(59) 0.9243(24) 0.9854(26)
2 1.0206(36) 1.0038(73) 0.9247(34) 0.9858(36)
3 1.0196(26) 1.0106(97) 0.9232(25) 0.9850(27)

4 1.0006(19) 1.0001(90) 0.9098(19) 0.9760(21)
5 0.9965(17) 0.9899(71) 0.9067(18) 0.9741(20)
6 0.9967(8) 0.9854(97) 0.9071(11) 0.9744(12)

7 0.9775(14) 0.9734(23) 0.8916(16) 0.9678(17)

F1:1FIG. 1 (color online). Results for Rs, the ratio of B%
s to Bs decay

F1:2constants (multiplied by the square root of the mass ratio), plotted
F1:3against the square of the lattice spacing in fm2. Note the
F1:4magnified y-axis scale. The errors on the data points include
F1:5statistical and fitting errors. Blue filled squares are results on sets
F1:6with ml=ms ¼ 0.2, red filled circles sets with ml=ms ¼ 0.1 and
F1:7green filled triangles sets with physical ml. The gray shaded band
F1:8gives our physical result including all systematic errors discussed
F1:9in the text. The black dotted line marks the value 1.0.

B. COLQUHOUN et al. PHYSICAL REVIEW D 91, 000000 (XXXX)

8

fB⇤
s
/fBs = 0.953(23)

We also find: 

< 1  fB⇤
s

p
MB⇤

s

fBs

p
MBs

allows us to fix 
total width

can test  
HQET pert. matching 

uncty dominates



Further probes of hadron structure:  
form factors as functions of q2

Needs ‘3-point’ functions

2

TABLE I. The MILC gluon field ensembles (sets) used
here [20, 21]. The lattice spacing, a, is determined using
the w

0

parameter [23], and has a correlated 0.5% uncertainty
from the physical value of w

0

, fixed using f⇡ [3]. Set 1 will
be referred to “very coarse”, 2 as “coarse” and 3 as “fine”.
Columns 3, 4 and 5 give the sea quark masses in lattice units
(mu = md = ml). Ls and Lt are the lengths in lattice units
in space and time directions for each lattice. The number
of configurations that we have used in each set is given in
the seventh column. The final column gives the values of the
end-point of the 3-point function, T , in lattice units.

Set a/fm aml,sea ams,sea amc,sea Ls ⇥ Lt n
cfg

T
1 0.1509 0.00235 0.0647 0.831 32⇥48 1000 9,12,15
2 0.1212 0.00184 0.0507 0.628 48⇥64 1000 12,15,18
3 0.0879 0.0012 0.0363 0.432 64⇥96 223 16,21,26

to include quark-line disconnected contributions. The ex-
pectation from chiral perturbation theory [17] is for the
disconnected contribution to the form factor at q2 = 0
to be small but for the impact on the radius as defined
in eq. (1) to be substantial. Our results are very much
in line with expectations from chiral perturbation theory
and we are able to distinguish disconnected contributions
coming from u/d and s quark loops.

Section II describes how the lattice calculation is done
and gives details of the results. Our results are com-
pared to experiment, to chiral perturbation theory ex-
pectations, and to other lattice calculations in Section III
and Section IV gives our conclusions, looking forward to
improved calculations in future.

II. LATTICE CALCULATION

For the lattice QCD calculation we use the Highly Im-
proved Staggered Quark (HISQ) action [18], which has
been demonstrated to have very small discretisation er-
rors [3, 19]. We use gluon field configurations generated
by the MILC collaboration [20, 21] that include u, d, s
and c sea quarks using the HISQ action along with a fully
O(↵

s

a2) improved gluon action [22]. The ensembles that
we use here have light quark masses m

u

= m
d

= m
l

with m
l

and hence m
⇡

close to its physical value. The
parameters of the ensembles are given in Table I.

On these configurations we generate HISQ light quark
propagators with the same mass as that of the sea light
quarks. We use a local random wall source [3] and 4 time
sources per configuration for high statistics. The propa-
gators are combined into ⇡ meson correlation functions
(2-point correlators) that create a ⇡ meson at time 0 and
destroy it at time t0 and correlation functions that allow
for interaction with a current J at an intermediate time,
t, between a ⇡ meson source at 0 and sink at T (3-point
correlators). These are illustrated in Fig. 1. Results at
all t0(t) values are obtained for 2(3)-point functions and
we also use three values for T in the 3-point functions, so
that our fits can map out fully the t and T dependence
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FIG. 1. 2-point (top) and 3-point quark-line-connected (mid-
dle) and quark-line disconnected (bottom) correlators.

for improved accuracy. When J is a vector current we
need to consider only one 3-point diagram for the flavour
non-singlet ⇡. This is shown as the central diagram of
Fig. 1 in which the current J is inserted into one of the
legs of the 2-point function. We simply multiply by 2
to allow for its insertion into the other leg. The ‘dis-
connected diagram’ which is the product of a ⇡ 2-point
function and a closed quark loop coupled to J is shown
as the lower diagram of Fig. 1. This vanishes for vec-
tor J in the ensemble average because it is odd under
charge-conjugation [24]. For scalar J this diagram needs
to be included and di↵erent combinations of flavours of
quarks in the closed quark loop give rise to di↵erent form
factors.

The ⇡ mesons in our correlators are the Goldstone
mesons whose mass vanishes with m

l

. We ensure this by
using the local �

5

operator at source and sink. In stag-
gered quark parlance this is the �

5

⌦�
5

operator. For J we
use a symmetric 1-link point-split spatial vector current,
V
i

, or a local scalar current, S. A gluon field is included
in the vector current to make it gauge-covariant. Both
of these are ‘tasteless’ staggered quark operators (�

i

⌦ 1
and 1⌦ 1) and so can be used in a 3-point function with
the Goldstone meson at source and sink.

e.g. for pion to pion transition  
via vector current J

Need to calculate correlators  
for multiple T values and 
0<t<T and fit as a function  of 
t, T simultaneously with 2pt.

Normln of J must be fixed, e.g. 
here                  from charge cons.f+(0) = 1
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FIG. 2. Results for the ratio of the 3-point correlator con-
taining a vector current to the product of appropriate 2-point
correlators for the pion on fine ensemble set 3. The ratio for
the 3 di↵erent values of T are plotted as a function of t with a
⇡ of momentum zero on the left, and momentum ap = 0.0363
on the right. Note that this figure is to illustrate the quality
of our results; we do not use this ratio to extract ground-state
parameters. Instead we perform a simultaneous fit to multi-
ple exponentials for both the 2-point and 3-point correlators
as described in the text.

We work with several ⇡ meson spatial momenta by gen-
erating light quark propagators with a phase included on
the spatial gluon links. This is equivalent to introduc-
ing a phase into the boundary condition on the field [25],
which gives a momentum to the quark. This is referred
to as using ‘twisted boundary conditions’. As illustrated
in the central diagram of Fig. 1 we choose the spectator
quark in the 3-point function to have zero momentum
and give momenta p

1

and p
2

to the quarks that interact
with the current. Both momenta are chosen to be in the
(1, 1, 1) direction. By using various values of p

1

and p
2

we can obtain 3-point functions at several di↵erent small
values of squared 4-momentum transfer, q2.

A. Vector Form Factor

For the vector current case we have a set of 2-point and
3-point quark-line connected correlators at various values
of p

1

and p
2

on each ensemble. The quality of our results
is illustrated for one ensemble and set of momenta in
Figure 2. The 2-point and 3-point correlators are all fit
simultaneously using Bayesian methods [26] that allow
us to include the e↵ect of excited states, both ‘radial’
excitations and, because we are using staggered quarks,
opposite parity mesons that give oscillating terms. Since
the oscillating terms are absent for zero-momentum ⇡
mesons they are small here, but we nevertheless include
them in our fits. Having 3-point correlators from multiple
T values is also important in taking account of excited
states. Fitting multiple momenta simultaneously allows

us to take account of correlations between the correlators.
The fit form for the 2-point function with source at 0

and sink at t0 and spatial momentum, p, is:

C
2pt

(p, 0, t0) =
X

i

b2

i

(p)fn(E
i

(p), t0) + o.p.t.

fn(E, t) = e�Et + e�E(Lt�t). (2)

Opposite parity terms (o.p.t.) are similar to the terms
given explicitly above but with factors of (�1)t

0
/a. For

the 3-point function [27, 28]:

C
3pt

(p
1

, p
2

, 0, t, T ) =
X

i,j

⇥
b
i

(p
1

)fn(E
i

(p
1

), t)⇥

J
i,j

(p
1

, p
2

)b
j

(p
2

)fn(E
j

(p
2

), T � t)
⇤
+ o.p.t. (3)

Prior values and widths are taken as: ground-state en-
ergy, 10% width; splitting between ground-state and
excited energies, 650 MeV with 50% width; splitting
between ground-state and lowest oscillating state, 500
MeV with 50% width; amplitudes, 0.01(1.0) for normal
states and 0.01(0.5) for oscillating states; matrix ele-
ments, 0.01(1.0) for vector currents. We take the result
from a 6 exponential fit (with 6 oscillating exponentials)
to obtain the vector form factor.

The ground-state parameters are given by i = j = 0 in
eqs. (2) and (3) and are our key results. By matching to
a continuum correlator with a relativistic normalisation
of states and allowing for a renormalisation of the lattice
current, we see that the matrix elements between the
ground state mesons that we want to determine are given
by:

h⇡(p
1

)|J |⇡(p
2

)i = Z
p

4E
0

(p
1

)E
0

(p
2

)J
0,0

(p
1

, p
2

). (4)

The matrix element is related to the form factor for the
vector current via:

h⇡(p
1

)|V
i

|⇡(p
2

)i = f
+

(q2)(p
1

+ p
2

)
i

(5)

The vector matrix element can be normalised using the
fact that f

+

(0) = 1 for a conserved current (inserted in
either the quark or the antiquark legs in Fig. 1), and we
can therefore determine Z by demanding that condition
for our current. f

+

(0) is determined at q2 = 0 for spatial
V
i

by setting p
1

= p
2

6= 0.

1. Results

Table II gives results for the ⇡ energies and 2-point
amplitudes as a function of momentum. A good test of
discretisation errors is to determine the speed of light,
c2 from (E2 � m2)/p2. From Table II we see that c2

deviates from 1 at most by 2(1)% at the largest momenta.
Another test is to compare the scaling of amplitudes to
the expected 1/

p
E behaviour for a pseudoscalar. Again

we see good agreement, with deviations at most 3(1.5)%.

C3pt =
X

i,j

biJijbje
�Eite�Ej(T�t)

h⇡|Vµ|⇡i/(2Z
p

EiEj)



electromagnetic form factor at small q2

J. Koponen et 
al, HPQCD, 
1511.07382

Working at 
physical u/d 
quark masses 
on HISQ 
2+1+1 configs, 
lattice QCD 
raw results on 
top of 
experiment

� � e             scattering probes     electric charge distn⇡

S.R. A mendolia et al. / Pion electromagnetic form factor 
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Fig. 1. Data on the squared modulus of F~ for Itl < l ( G e V / c )  2 from the reactions: (a) electroproduc- 
tion [1]; (b) direct 7re scattering [2-4]; (c) inverse electroproduction [5]; and (d) e+e  - annihilation [6-9]. 

The horizontal bar (b) indicates the range of our experiment. 

determines the normalisation F.(0) = 1, and the mean square charge radius is given 
by: 

( r  2 )  = 6 .  d F J d t l t =  o . 

In the space-like and near time-like regions (t < 4m~) F~ is real for real t. For 
t > 4m~ it is complex with phase equal to that of the ~r~r P-wave scattering 
amplitude up to about t = 1 ( G e V / c )  2. 

The modulus of F,r is measured in a number of reactions and in fig. 1 we show 
some of the available data to illustrate the broad features and the experimental 
techniques used. A large range of time-like t has been investigated directly by e+e - 
colliding beam experiments. In the space-like region data up to 10 (GeV/c )  2 have 
been obtained indirectly, from a model-dependent analysis of pion electroproduc- 
tion measurements. 

The dominant feature of the data is the O (770) resonance, with a small structure 
close to its peak due to w --+ ~r~r interference. A model for F~ derived from a two 

244 masses is defined as
P

u;d;sðmq −mtuned
q Þ and values of

245 δmsea=ms;phys values for these ensembles are tabulated in
246 [30]. The values are all less than 0.05, but not zero because
247 of mistuning of the sea s quark mass.
248 The final logarithmic term in Eq. (7) comes from chiral
249 perturbation theory [4] and is the source of the divergence
250 in the radius as mπ → 0. We use it, rescaling the argument
251 of the logarithm so that it vanishes at the physical pion
252 mass, to make small adjustments for the fact that our u=d
253 quark masses are not exactly at their physical values (in fact
254 they are slightly too low). Λχ ¼ 1.16 GeV. Because we are
255 very close to the physical light quark mass point we do not
256 need to include further terms in a chiral perturbation theory
257 expansion since they will be negligible.
258 We apply the functional form of Eqs. (6) and (7) to our
259 result taking account of the correlations between results at
260 different values of q2 obtained on a given ensemble. The
261 fit has χ2=d:o:f: ¼ 0.9 and gives the physical result for
262 the electric charge radius of the π of hr2iV ¼
263 10.35ð46Þ GeV−2, or 0.403ð18Þ fm2.
264 We can also use the final logarithmic term in Eq. (7) to
265 estimate the impact of isospin and electromagnetic effects
266 by varying the value of mπ;phys used there. The physical
267 value of mπ corresponding to our lattice world in which u
268 and d quark masses are equal and there is no electromag-
269 netism is mπ0 ¼ 0.135 GeV [31], and we use this for our
270 central value above. The experimental results correspond to
271 mπþ ¼ 0.139 GeV and we substitute that for the physical
272 value in the logarithm to assess the uncertainty from the
273 fact that the real world has different u=d quark masses and
274 the quarks have electric charge. This gives an estimate for
275 the systematic uncertainty from isospin/electromagnetism
276 of 0.5%.
277 We must also include a systematic uncertainty from
278 working on lattices with finite spatial volume, albeit large.
279 Finite-volume effects are small on these lattices for the π

280mass and decay constant [3] and effects of similar size are
281expected in the form factor at fixed q2. Because the mean
282squared radius is defined from the small difference in
283values for the form factor as q2 moves away from zero
284(where the form factor is defined to be 1), a small effect on
285the form factor at nonzero q2 can become a significant
286effect on the radius. These effects can be estimated from
287chiral perturbation theory. Continuum chiral perturbation
288theory is a good guide here and we do not need staggered
289chiral perturbation theory because, as shown in [32],
290staggered quark taste effects which might be expected to
291affect π masses appearing in chiral loops in fact tend to
292cancel against associated hairpin diagrams. It turns out that
293this cancellation happens for a wide range of quantities
294(including decay constants and form factors) for a specific
295value of the hairpin coefficients that seems to be close to
296the value obtained in practice. We therefore use continuum
297analyses and specifically results from analyses that are
298relevant to our use of twisted boundary conditions [33,34]
299because this modifies the expected finite-volume depend-
300ence. From [33] the relative finite-volume effect in the
301vector squared radius varies in the range 1–1.5% for lattice
302sizes that we use in the range 4.8 to 5.8 fm for physical π
303masses. Note that the direction of the finite-volume effect is
304such that the radius would be larger in the infinite-volume
305limit. We do not make a correction for this but include an
306uncertainty of 1.5% for finite-volume effects.
307Our error budget for hr2iV is given in Table III. Adding
308the systematic uncertainties in quadrature as the second
309uncertainty gives our result:

hr2iðπÞV ¼ 0.403ð18Þð6Þ fm2 ð8Þ

310to be compared to 0.431ð10Þ fm2 from the experimental
311results of [1] using the same fit form. The Particle Data
312Group [35] gives a mean square radius from averaging over
313several experimental results of 0.452ð11Þ fm2.

314B. Scalar form factor

3151. Results for the connected contribution

316We begin by discussing our results for the connected
317contribution to the scalar form factor of the π. This is
318the result calculated from 3-point functions of the form

F3:1 FIG. 3. Lattice QCD results for the vector form factor on each
F3:2 ensemble compared directly to the experimental results from [1].
F3:3 Fit curves for both experiment and lattice QCD results are given
F3:4 to a “monopole” form.

TABLE III. Error budget for the mean square radii of the π, as a
percentage of the final answer. See the discussion in the text for a
description of each component.

hr2iV hr2iconnS hr2isinglet=octetS

Statistics/Fitting 4.5 5 7.5=8.5
Isospin/Electromagnetism 0.5 3 3
Finite volume 1.5 10 10
Total 4.8 12 13=14

3
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5

⇡

h⇡(p1)|Vµ|⇡(p2)i = f+(q
2)(p1 + p2)µ
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so that both the connected and disconnected contribu-
tions include uu + dd. Since we only have a calculation
of the disconnected pieces on coarse set 2 we use a simple
approach to determining the change in the mean square
radius, using a linear approximation to the form factor
over the small q2 range (0 to -0.0315 GeV2) covered by
the disconnected results. This has the advantage of mak-
ing clear how the disconnected contributions a↵ect the
result. They appear both in the value of the total form
factor at q2 = 0 which is used for the normalisation and
they contribute to the slope of the form factor in q2. As
discussed above, the e↵ect on the form factor at q2 = 0
is very small (1%) and the largest e↵ect comes from the
contribution to the slope. We have, comparing the form
factor at q2 to that at 0,

|q2|
6

hr2i =
|q2|
6

hr2i
conn

(1 + f
disc

(0)/f
conn

(0))�1 (16)

+
f
disc

(0) � f
disc

(q2)

f
conn

(0)
(1 + f

disc

(0)/f
conn

(0))�1.

The second term makes a large contribution to the mean
square radius because the change in the disconnected
contribution to the form factor over the range in q2 (de-
pending on the combination of flavours) is of the same
size as that of the connected contribution included in
hr2i

conn

. We find, for example, that the change in mean
square radius is 50(20)% for the singlet combination.

For the singlet and octet combinations we obtain:

hr2i(⇡)

S,singlet

= 0.506(38)(53) fm2, (17)

hr2i(⇡)

S,octet

= 0.431(38)(46) fm2.

Here the first error is statistical and comes from adding
in the disconnected contribution. The second error is sys-
tematic from electromagnetic/isospin and finite volume
e↵ects as discussed in Section II B 1 for the connected
scalar radius. The full error budget for the singlet/octet
radius is given in Table III.

For comparison with earlier work on configurations
that include only u and d quarks in the sea we can con-
struct a radius that corresponds to the form factor for a
uu + dd scalar current. We find

hr2i(⇡)

S,ud

= 0.481(37)(50) fm2. (18)

As eq. (16) makes clear, the results for the di↵erent
scalar radii are correlated. The di↵erences between them
are significant since a lot of the uncertainty cancels. For
example

hr2i(⇡)

S,singlet

� hr2i(⇡)

S,octet

= 0.075(20) fm2. (19)

We find the ordering:

hr2i(⇡)

S,singlet

> hr2i(⇡)

S,ud

> hr2i(⇡)

S,octet

> hr2i(⇡)

S,conn

. (20)

0.2 0.3 0.4 0.5 0.6

hr2⇡iv [fm2]

HPQCD

JLQCD
RBC/UKQCD
PACS-CS

Mainz
QCDSF
ETMC
JLQCD/TWQCD

MAMI ’99
NA7 ’86
Fermilab F2 ’82
Cornell ’78
Orsay ’78

nf = 2 + 1 + 1

nf = 2 + 1

nf = 2

expt.

FIG. 9. A summary of lattice QCD results for the mean
square electric charge radius of the ⇡ meson arranged by the
number of quark flavours included in the sea. The top result
is from this paper; those including u, d, and s quarks in the
sea (nf = 2 + 1) are from [9–11] and those including only
u and d quarks in the sea (nf = 2) are from [5–8]. Results
that include only one value of the lattice spacing have dotted
error bars. Experimental results are from [1, 41–44]. The
hashed vertical line gives the average from the Particle Data
Group [35].

III. DISCUSSION

Figure 9 compares the result obtained in this paper
for the mean square of the pion electric charge radius to
other lattice QCD calculations by RBC/UKQCD [11],
PACS-CS [10], the Mainz group [7], QCDSF [5],
ETMC [6] and JLQCD/TWQCD [8, 9], and to experi-
mental results [1, 41–44]. It should be noted that several
of these calculations include results at only one value of
the lattice spacing and error budgets are not complete in
all cases. A recent calculation by B. Owen et. al. [46]
used one lattice spacing and five di↵erent pion masses
down to 156 MeV but no chiral or continuum extrapola-
tion is given so the results are not included in the figure.

The calculation presented in this paper is the first one
that has been done at the physical pion mass — other
lattice QCD calculations have used heavier than physi-
cal pions. However, as Figure 9 shows, all lattice QCD
results agree well after extrapolation to zero lattice spac-
ing and physical pion mass. We see no di↵erence between
the lattice calculations using di↵erent sea quark content
(u and d only, u, d and s, or u, d, s and c quarks in the
sea) at this level of accuracy. In Figure 3 we compare the
shape of the electromagnetic form factor from our calcu-

hr2iV,NA7 = 0.431(10)fm2

At small q2 can fit pole:

hr2iV,lat = 0.403(18)(6)fm2

f+(q
2) =

1

1� q2/M2

M2 = 6/hr2i ⇡ M2
⇢

J. Koponen et al, HPQCD, 1511.07382



Meson form factors at high (space-like) q2

To ‘understand’ form factor want to map it experimentally 
and theoretically up to high q2 where perturbative QCD 
becomes valid. But where is this point?

�⇡

 
x

y

1� x

1� y

+ · · ·
!

�

⇤
⇡

EXPT: JLAB E12-06-101
Perturbative QCD: High q2 photon must be accompanied by 
high momentum gluon exchange
Q2 = �q2 ! 1

f+(q
2) = F⇡(Q

2) =
8⇡f2

⇡↵s(Q/2)

Q2

�����1 +
1X

n=2

a⇡n(Q/2)

�����

2

coeffs of 
expansion of 
distn amplitude 
in Gegenbauer 
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Enter lattice QCD …
J. Koponen et al, HPQCD, 1701.04250. !
See also: Bonnet et al, 0411028.

Need a formalism with small 
discretisation errors that is 
numerically fast. *HISQ* 

Instead of       use      
pseudoscalar made of s 
quarks for added speed.

⇡ ⌘s

       prevented from mixing 
with light states on lattice 
so not physical, but 
properties can be mapped 
out. 
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FIG. 3: Fit results for the ⇡, K, and ⌘s decay constants
as functions of the light-quark mass for three di↵erent lat-
tice spacings: 0.15 fm (top/blue), 0.12 fm (middle/green), and
0.09 fm (bottom/red). The data shown are from Table III,
with corrections for errors in the s masses, and for finite-
volume errors. The lines show our fit with the best-fit values
of the fit parameters. The dashed line is the a = 0 extrap-
olation, and the gray band shows our continuum results at
the physical light quark mass point with m` = (mu +md)/2.
The current experimental result for f⇡+

is also shown (black
point). Note that the three plots are against very di↵er-
ent scales in the vertical direction: the range covered in the
f⇡ plot is 10 times larger than that covered in the f⌘

s

plot.

the physical light quark mass limit (with the light-quark
mass equal to the u�d average). The fit is excellent with
a �

2 per degree of freedom of 0.42 (p-value 0.99), fitting
39 pieces of data. There are 61 parameters, each with a

FIG. 4: Fit results for fK/f⇡ evaluated at the physical light
quark mass limit, with m` = (mu+md)/2, for di↵erent lattice
spacings. The data shown are from Table III, with corrections
for errors in the quark masses, and for finite-volume errors.
The top curve and data are from our analysis using w

0

to set
the lattice spacing; the middle results are from our analysis
using r

1

instead of w
0

; and the bottom results are from our
analysis using

p
t
0

. The gray band shows the final result from
the w

0

analysis.

Bayesian prior. The final results are:

f

⇡

= 130.39(20) MeV f

K

+

/f

⇡

+ = 1.1916(21)

f

K

+ = 155.37(34) MeV f

⌘

s

/M

⌘

s

= 0.2631(11)

f

⌘

s

= 181.14(55) MeV M

2
⌘

s

/(2M

2
K

� M

2
⇡

) = 1.0063(64)

M

⌘

s

= 688.5(2.2) MeV f

⌘

s

/(2f

K

� f

⇡

) = 0.9997(17)

w0 = 0.1715(9) fm (18)

Clearly the result for f

⇡

contains no new information be-
yond the input value from experiment that was included
as a fit parameter. The K

+ results here are adjusted to
correct the valence light-quark mass, as discussed above.
We find that the K

+ decay constant is 0.27(7)% lower
than the decay constant for a kaon whose valence light-
quark’s mass equals the u�d average mass.

Error budgets for several of our results are presented
in Table V. Our fits are unchanged if we include addi-
tional higher-order chiral or a

2 corrections, beyond what
is discussed above. Omitting results from any one of our
configuration sets shifts the mean values by no more than
one standard deviation and usually much less. Omit-
ting results from the smallest lattice spacing (0.09 fm)
gives the same mean values but with standard deviations
that are 2.5 times larger. Omitting the most chiral re-
sults (m

s

/m

l

> 25) shifts the means by about 1/3 of a
standard deviation and increases the standard deviation
by 50%. These last two tests are evidence that our a

2 and
chiral extrapolations are stable and robust.

As a check of the ‘statistical+svdcut’ elements of the
error budget we repeated the analysis using correlator
results binned over many more adjacent configurations.
We used a bin size of 16 corresponding to 80 molecular
dynamics time units (64 or 96 on set 8 depending on

R. Dowdall et al, 
HPQCD, 1303.1670. 

M⌘s = 688.5(2.2)MeV

f⌘s = 181.14(55)MeV

⌘s



Work at two values of lattice spacing (0.12fm and 0.09fm) 
and two values of light sea quark mass (ms/5 and ms/10)

Use ‘twisted boundary 
conditions’ to insert 
momentum and test 
discretisation errors as a 
function of (pa)
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SUPPLEMENTAL MATERIALS

PARAMETERS OF THE FIT FUNCTION

We give below the values of the fitted parameters and
covariance matrix for the form factor shape in z-space
obtained as the continuum and chiral limit of our results.
From Eq.(6) in the main paper :

P�F (z) = 1 +
4X

i=1

Aiz
i (8)
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SUPPLEMENTAL MATERIALS

PARAMETERS OF THE FIT FUNCTION

We give below the values of the fitted parameters and
covariance matrix for the form factor shape in z-space
obtained as the continuum and chiral limit of our results.
From Eq.(6) in the main paper :

P�F (z) = 1 +
4X

i=1

Aiz
i (8)

For 3pt functions use  
Breit frame ~pi = �~pf
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Results - Can reach Q2 of 6 GeV2 for (pa)<0.6 
                Disc. and sea quark mass effects very small

3

small discretisation errors from the lattice spacing. We
work on gluon field configurations [34, 35] that include u,
d, s and c quarks in the sea using the HISQ formalism,
and also have a gluon action with small discretisation
errors [36]. On these configurations we study a pseu-
doscalar meson, the ⌘s, made with valence s quarks. In
lattice QCD we can prevent this particle from mixing
with other isospin zero mesons and then its properties
can be well determined [33]; its mass is 688.5(2.2) MeV
and decay constant 181.14(55) MeV. Here we determine
its vector form factor as a function of Q

2.
Table I gives the parameters of the gluon field config-

urations we use, with two values of the lattice spacing
and two values of the sea u/d quark mass (about twice
and five times the physical value). We tune the valence
s quark mass on each ensemble to obtain the correct ⌘s

mass. We calculate ⌘s 2-point functions with a range of
spatial momenta with magnitude in lattice units up to
0.6, given in Table I. These are implemented by using
the ‘twisted boundary condition’ method [37] and are al-
ways chosen to be in the (1,1,1) direction to minimise
discretisation e↵ects. We use ⌘s mesons made with the
local �

5

(Goldstone) operator; in staggered quark par-
lance this corresponds to spin-taste �

5

⌦ �

5

[29]. For our
3-point correlation functions we use a 1-link temporal
vector current with spin-taste �

0

⌦ 1.
We fit 2- and 3-point correlators simultaneously using

Bayesian methods [38] to constrain energies and ampli-
tudes when there are many fit parameters; fits are com-
bined on a given ensemble to determine the covariance
between results at di↵erent values of Q

2. The fit form
for the 2-point function is [32, 33]

C

2pt(~p, 0, t

0) =
X

i

b

2

i (p)f(Ei(p), t0) + o.p.t.

f(E, t) = e

�Et + e

�E(Lt�t)
. (3)

The HISQ action gives opposite parity terms (o.p.t.) for
⌘s mesons at non-zero momentum; they are similar to the
terms given explicitly above but with factors of (�1)t0/a.
The fit parameters are chosen to be the log of the ground-
state energy, E

0

, and the log of energy di↵erences be-
tween the (ordered) excitations, i. For the 3-point func-
tion in the Breit frame

C

3pt(~p, �~p, 0, t, T ) =
X

i,j

⇥
bi(p)f(Ei(p), t)⇥

Ji,j(Q
2)bj(p)f(Ej(p), T � t)

⇤
+ o.p.t. (4)

with t  T , enabling the ground-state matrix ele-
ment, J

00

, to be determined. For our kinematic set-up
F⌘s(Q

2) = J

00

(Q2)/J

00

(0) with the division by J

00

(0)
providing the normalisation of the lattice current.

We use priors of 800 ± 400 MeV for the energy split-
ting between successive excitations and prior widths on
amplitudes bi and Ji,j of at least 2 times the ground-state
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FIG. 3: Lattice QCD results for the vector form factor of
the ⌘s meson, multiplied by Q2 to focus on the large Q2 be-
haviour, plotted as a function of Q2. Results from coarse set 1
are given by blue crosses, coarse set 2 by blue bursts and fine
set 3 by red pluses. Error bars include statistical/fit errors and
uncertainties from the lattice spacing; they are correlated be-
tween points. The black dashed line and grey band (for ±1�)
give the physical-point curve derived from the fit discussed in
the text. The green dashed line marked ‘pole’ gives the pole
form (P�1

� ), for comparison. The orange dotted line marked
‘PQCD 1’ gives the asymptotic perturbative QCD prediction
and that marked ‘PQCD 2’ includes non-asymptotic correc-
tions to the distribution amplitude discussed in the text.

value. We take results from fits that include 6 exponen-
tials where ground-state values and their uncertainties
have stabilised. Results obtained for the form factor on
each ensemble are given in Table I and Q

2

F (Q2) is plot-
ted in Figure 3. Results on di↵erent ensembles lie almost
on top of each other, showing that e↵ects from discreti-
sation and di↵erent u/d masses are very small. Further
tests of discretisation e↵ects are reported in the supple-
mentary materials. Note that the fine lattices have larger
reach in Q

2 than the coarse.
To determine the form factor in the physical continuum

limit we must extrapolate in the lattice spacing and sea
u/d quark mass. We do this by a method which is now
standard for semileptonic weak form factors (see [40] for
a recent review), mapping the domain of analyticity in
t = q

2 onto the unit circle in z. Since z < 1 we can then
perform a power series expansion in z. We take [41]

z(t, t
cut

) =

p
t

cut

� t �
p

t

cutp
t

cut

� t +
p

t

cut

(5)

where t

cut

in our case is equal to 4M

2

K . We choose the
point that maps to z = 0 to be q

2 = 0, for simplicity;
this gives z

max

of 0.46 at Q

2 = 6GeV2, well below 1.
Rather than F (Q2) we work with P�(Q2)F (Q2), using
P�(Q2) = (1 + Q

2

/M

2

�). The product P�F has reduced
z-dependence because the inverse of P� is a good match
to the form factor at small Q

2 (the � meson being the

physical point limit of  
‘z-expansion’ fit

asymp. pert. 
QCD 

pert. QCD inc.  
�⇡(2GeV) =

[x(1� x)]0.52

Braun et al, 
1503.03656

F =
1

1 +Q2/M2
�

J. Koponen et 
al, HPQCD, 
1701.04250. 



z(t, tcut) =

p
tcut � t�

p
tcutp

tcut � t+
p
tcut

z-expansion
t = q2

tcut = 4M2
K

Maps t region into  
-1 < z < 1 

2 Flavor Physics and CP Violation Conference, Vancouver, 2006

Table I Maximum |z(t, t0)| throughout semileptonic

range with symmetrizing choice t0 = t+(1−
!

1 − t−/t+).

Process CKM element |z|max

π+ → π0 Vud 3.5 × 10−5

B → D Vcb 0.032

K → π Vus 0.047

D → K Vcs 0.051

D → π Vcd 0.17

B → π Vub 0.28

have about the form factors, following just from kine-
matics without dynamics. Pseudoscalar-pseudoscalar
transitions between “heavy-light”, nonsinglet mesons
are particularly simple and are the main focus. 3

Rigorous power-counting arguments provide the basis
for a powerful expansion based on analyticity. Sec-
tion 3 illustrates how the experimental data is simpli-
fied by making use of this expansion. In particular,
we find the remarkable conclusion that in terms of
standard variables, no semileptonic meson form fac-
tor has ever been observed to deviate from a straight
line. Given that the form factors are indistinguishable
from straight lines, if the shape of the semileptonic
spectrum is to provide insight on QCD, it must be
through the slope of the form factor; in fact, a clear
but unsolved question in QCD translates directly into
the numerical value of this slope in an appropriate
limit, as described in Section 4. Phenomenological
implications in the B → π system are considered in
Section 5. The methodology described here provides
a convenient framework in which to understand pre-
cisely what measurements in the charm system can,
and cannot, say that is relevant to the bottom sys-
tem, as discussed in Section 6. Section 7 outlines the
extension to pseudoscalar-vector transitions.

2. Analyticity and crossing symmetry

An oft-cited downside of old and well-known
dispersion-relation arguments is that the results are
too general, and do not make specific predictions for
detailed dynamics. In fact, precisely these properties
make them useful to the problem at hand—it is essen-
tial to make some statement on the possible functional
form of the form factors, yet we do not want to make
assumptions, explicit or implicit, on the dynamics.

The analytic structure of the form factors can be

3The nonsinglet restriction ensures that only a single topol-
ogy is relevant as in Figure 1.

zt

Figure 2: Mapping (3) of the cut t plane onto the unit
circle. The semileptonic region is represented by the blue
line.

investigated by standard means. 4 Let us focus on
the form factors for pseudoscalar-pseudoscalar transi-
tions, defined by the matrix element of the relevant
weak vector current, (q ≡ p − p′)

⟨L(p′)|V µ|H(p)⟩
= F+(q2) (pµ + p′µ) + F−(q2)qµ

= F+(q2)

"

pµ + p′µ −
m2

H − m2
L

q2
qµ

#

+F0(q
2)

m2
H − m2

L

q2
qµ . (1)

To ensure that there is no singularity at q2 = 0, the
form factors obey the constraint

F+(0) = F0(0) . (2)

Ignoring possible complications from anomalous
thresholds or subthreshold resonances, to be discussed
below, the form factors F (t = q2) can be extended
to analytic functions throughout the complex t plane,
except for a branch cut along the positive real axis,
starting at the point t = t+ [t± ≡ (mH ±mL)2] corre-
sponding to the threshold for production of real H̄L
pairs in the crossed channel. By a standard transfor-
mation, as illustrated in Figure 2, the cut t plane is
mapped onto the unit circle |z| ≤ 1,

z(t, t0) ≡
√

t+ − t −
√

t+ − t0√
t+ − t +

√
t+ − t0

, (3)

where t0 is the point mapping onto z = 0. The iso-
lation of the semileptonic region from singularities in
the t plane implies that |z| < 1 throughout this re-
gion. Choosing t0 = t+(1 −

!

1 − t−/t+) minimizes
the maximum value of |z|; for typical decays these
maximum values are given in Table I.

Since the form factor is analytic, it may be ex-
panded,

F (t) =
1

P (t)φ(t, t0)

∞
$

k=0

ak(t0)z(t, t0)
k , (4)

4For a general discussion, see e.g. [3]. For early work on
applications to semileptonic form factors, see [4, 5, 6, 7, 8, 9, 10].
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r=1

(1 +Q2/M2
�)F = 1 +

X

i
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i + Ci(a⇤)
4 +Di

�msea
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�Fit:

Further tests of pert. QCD underway: scaling with decay constant 
as change mass and ff of helicity-nonconserving scalar current. 



0.112 0.115 0.118 0.121
aMS(MZ,n f = 5)

HPQCD– j j this paper
ETMC 1310.3763

u,d,s,c sea
u,d,s sea

Basavov et al 1407.8437v2
HPQCD– j j 1004.4285
HPQCD–Wnm 1004.4285

JLQCD 1002.0371
PACS-CS 0906.3906

11

FIG. 7. Recent lattice QCD determinations of the QCD coupling
(nf = 5) evaluated at scale MZ . The gray band is the weighted
average of the results: 0.1185(4). We include our jj result for nf =
3 in the average, but not our new nf = 4 result since systematic
errors are correlated between the two results. The results shown here
come from this paper and [37–41].

In this paper, we have redone our earlier nf = 3 analysis [2]
using simulations with nf = 4 sea quarks: u, d, s and c. Our
new results,

mc(3 GeV, nf = 4) = 0.9851(63) GeV (52)
↵
MS

(MZ , nf = 5) = 0.11822(74), (53)

agree well with our earlier results of 0.986(6) GeV and
0.1183(7), suggesting that contributions from c quarks in
the sea are reliably estimated using perturbation theory (as
expected). Our c mass is about 1.8� lower than the re-
cent result from the ETMC collaboration, also using nf =

4 simulations but with a different method [36]: they get
mc(mc) = 1.348(42) GeV, compared with our nf = 4 re-
sult of 1.2715(95) GeV.

Our new result for the coupling (Eq. (53)) agrees with re-
sults from other collaborations, who use different methods
from us (and each other). Recent results (nf = 3 or 4) are
summarized in Fig. 7.

We updated our earlier nf = 3 analysis [32] of the ra-
tio mc/ms of quark masses using our nf = 4 data. This
is a relatively simple analysis of data from Table II. Our new
value is:

mc(µ, nf )

ms(µ, nf )

= 11.652(65). (54)

It agrees well with our previous result 11.85(16), but is much
more accurate. We compare our new result with others in
Fig. 8.

We obtain a new estimate for the s mass by combining our
new result for mc/ms with our new estimate of the c mass
(Eq. (52), converted from nf = 4):

ms(µ, nf = 3) =

(
93.6(8) MeV µ = 2GeV

84.7(7) MeV µ = 3GeV.
(55)

FIG. 8. Lattice QCD determinations of the ratio of the c and s quarks’
masses. The ratios come from this paper and references [32, 33, 36,
42, 43]. The gray band is the weighted average of the three nf = 4
results: 11.700(46).

75 80 85 90 95
ms(3GeV,n f = 3)

HPQCD this paper

ETMC 1403.4504
u,d,s,c sea

u,d,s sea

RBC/UKQCD 1411.7017

Durr et al 1011.2403

HPQCD 0910.3102

HPQCD (pert) 0511160

FIG. 9. Lattice QCD determinations of the MS s-quark mass
ms(3GeV, nf = 3) in MeV. These masses come this paper and
references [32, 36, 44–46] The gray band is the weighted average of
these results: 84.1(5)MeV.

This brings the error below 1% for the first time. Values for
ms(µ, nf = 4) are smaller by about 0.2 MeV. Our new result
agrees with our previous analysis and also with other recent
nf = 3 or 4 analyses:

ms(2 GeV) =

8
><

>:

92.4(1.5) MeV HPQCD [32],
99.6(4.3) MeV ETMC [36],
95.5(1.9) MeV Durr et al [44],

ms(3 GeV) = 81.64(1.17) MeV RBC/UKQCD [45].
(56)

We compare these nonperturbative results in Fig. 9, together
with an earlier perturbative determination from [46].

Finally, we have also updated our previous (nf = 3) non-

Quark masses and strong coupling constant  

Multiple lattice QCD 
methods now that agree to 
high accuracy

1408.4169

1403.4504

1511.09163

1408.4169

1408.4169

1606.08798

ghost-gluon
static potential

SF method

VPF

RI-SMOM

RI-MOM

RI-MOM

mc+mc/ms

latt, nf=4
1.2715(95) GeV

PDG

1410.3343

1004.4285



Muon anomalous magnetic moment

aµ =
g � 2

2
Measure using polarised muons circulating in E and  B 
fields. At a momentum where               terms cancel,  
difference between precession and cyclotron frequencies:

� ⇥ E

!a = � e

m
aµB

BNL result:
aexpt
µ

= 11659208.9(6.3)⇥ 10�10

E989 (FNAL) will 
reduce exptl uncty to 
1.6, starting 2017

~µ = g
e

2m
~S
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Blum et al, 
1301.2607

Standard Model theory expectations
Contributions 
from QED, 
EW and QCD 
interactions. 
QED 
dominates.  
QCD contribs  
start at 

Hadronic corrections to the muon g�2 from lattice QCD T. Blum

Table 1: Standard Model contributions to the muon anomaly. The QED contribution is through a5, EW
a2, and QCD a3. The two QED values correspond to different values of a , and QCD to lowest order (LO)
contributions from the hadronic vacuum polarization (HVP) using e+e� ! hadrons and t ! hadrons, higher
order (HO) from HVP and an additional photon, and hadronic light-by-light (HLbL) scattering.

QED 11658471.8845(9)(19)(7)(30)⇥10�10 [2]
11658471.8951(9)(19)(7)(77)⇥10�10 [2]

EW 15.4(2)⇥10�10 [5]
QCD LO (e+e�) 692.3(4.2)⇥10�10, 694.91(3.72)(2.10)⇥10�10 [3, 4]

LO (t) 701.5(4.7)⇥10�10 [3]
HO HVP �9.79(9)⇥10�10 [6]
HLbL 10.5(2.6)⇥10�10 [9]

The HVP contribution to the muon anomaly has been computed using the experimentally
measured cross-section for the reaction e+e� ! hadrons and a dispersion relation to relate the real
and imaginary parts of P(Q2). The current quoted precision on such calculations is a bit more than
one-half of one percent [3, 4]. The HVP contributions can also be calculated from first principles
in lattice QCD [8]. While the current precision is significantly higher for the dispersive method,
lattice calculations are poised to reduce errors significantly in next one or two years. These will
provide important checks of the dispersive method before the new Fermilab experiment. Unlike
the case for aµ(HVP), aµ(HLbL) can not be computed from experimental data and a dispersion
relation (there are many off-shell form factors that enter which can not be measured). While model
calculations exist (see [9] for a summary), they are not systematically improvable. A determination
using lattice QCD where all errors are controlled is therefore desirable.

In Sec. 2 we review the status of lattice calculations of aµ(HVP). Section 3 is a presentation
of our results for aµ(HLbL) computed in the framework of lattice QCD+QED. Section 4 gives our
conclusions and outlook for future calculations.

Z

W

Z
...

Figure 1: Representative diagrams, up to order a3, in the Standard Model that contribute to the muon
anomaly. The rows, from to top to bottom, correspond to QED, EW, and QCD. Horizontal solid lines
represent the muon, wiggly lines denote photons unless otherwise labeled, other solid lines are leptons,
filled loops denote quarks (hadrons), and the dashed line represents the higgs boson.

3

LO Hadronic vacuum polarisation (HVP) 
dominates uncertainty in SM result↵2

QED

flavour 
and CP 
conserving

aQED
µ = 11658471.885(4)⇥ 10�10

↵QED

2⇡
= 0.00116

aEW
µ = 15.4(2)⇥ 10�10

aE821
µ = 11659208.9(6.3)⇥ 10�10



aexpt
µ

� aQED

µ

� aEW

µ

= 721.7(6.3)⇥ 10�10

= aHV P
µ + aHOHV P

µ + aHLBL
µ + anew physics

µ

Hadronic (and other) contributions = EXPT - QED - EW

Focus on lowest order hadronic vacuum polarisation,  
so assume: 

aHLbL
µ = 10.5(2.6)⇥ 10�10

aHOHV P
µ = �8.85(9)⇥ 10�10 NLO+NNLO

aHV P,no new physics
µ = 719.8(6.8)⇥ 10�10

Kurz et al, 
1403.6400



Lattice calculation of HVP,LO

µ

q

q
Analytically continue to Euclidean q2.

aHV P,i
µ =

↵

⇡

Z 1

0
dq2f(q2)(4⇡↵e2i )⇧̂i(q

2)
Blum, hep-lat/
0212018

connected contribution for flavour i
f(q2) divergent function with scale set by  mµ

⇧̂(q2) = ⇧(q2)�⇧(0)

HPQCD method: time-moments of vector JJ 
correlators give expansion around q2=0

G

n

⌘
X

t,~x

t

n

Z

2
V

hJj(~x, t)Jj(0)i ⇧̂(q2) =
1X

k=1

qk⇧k

⇧k = (�1)k+1 G2k+2

(2k + 2)!

J J

Chakraborty et al, 
HPQCD, 1403.1778

replace with 
[2,2] Padé



Test on STRANGE contribution
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FIG. 4: Lattice QCD results for the connected contribution to
the muon anomaly aµ from vacuum polarization of s quarks.
Results are for three lattice spacings, and two light-quark
masses: m

lat
` = ms/5 (lower, blue points), and m

lat
` = m

phys
`

(upper, red points). The dashed lines are the corresponding
values from the fit function, with the best-fit parameter val-
ues: ca2 = 0.29(13), csea = �0.020(6) and cval = �0.61(4).
The gray band shows our final result, 53.41(59)⇥10�10, with
m

lat
` = m

phys
` , after extrapolation to a = 0.

TABLE III: Error budgets for connected contributions to the
muon anomaly aµ from vacuum polarization of s and c quarks.

a

s
µ a

c
µ

Uncertainty in lattice spacing (w0, r1): 1.0% 0.6%
Uncertainty in ZV : 0.4% 2.5%

Monte Carlo statistics: 0.1% 0.1%
a

2 ! 0 extrapolation: 0.1% 0.4%
QED corrections: 0.1% 0.3%

Quark mass tuning: 0.0% 0.4%
Finite lattice volume: < 0.1% 0.0%
Padé approximants: < 0.1% 0.0%

Total: 1.1% 2.7%

mistuning of the sea and valence light-quark bare masses:

�xsea ⌘
X

q=u,d,s

m

sea
q

� m

phys
q

m

phys
s

(9)

�x

s

⌘ m

val
s

� m

phys
s

m

phys
s

. (10)

For our lattices with physical u/d sea masses �xsea is very
small. a

2 errors from staggered ‘taste-changing’ e↵ects
will remain and they are handled by c

a

2 . The four fit
parameters are a

2
µ

, c

a

2 , csea and cval; we use the following
(broad) Gaussian priors for each:

a

s

µ

= 0 ± 100 ⇥ 10�10

c

a

2 = 0(1) csea = 0(1) cval = 0(1). (11)

Our final result for the connected contribution for

TABLE IV: Contributions to aµ from s and c quark vacuum
polarization. Only connected parts of the vacuum polariza-
tion are included. Results, multiplied by 1010, are shown for
each of the Padé approximants.

Quark [1, 0]⇥ 1010 [1, 1]⇥ 1010 [2, 1]⇥ 1010 [2, 2]⇥ 1010

s 57.63(67) 53.28(58) 53.46(59) 53.41(59)
c 14.58(39) 14.41(39) 14.42(39) 14.42(39)

s quarks to g � 2 is:

a

s

µ

= 53.41(59) ⇥ 10�10
. (12)

The fit to [2, 2] Padé results from all 10 of our configu-
ration sets is excellent, with a �

2 per degree of freedom
of 0.22 (p-value of 0.99). In Fig. 4 we compare our fit
with the data from configurations with m

s

/m

`

equal 5
and with the physical mass ratio.
The error budget for our result is given in Table III.

The dominant error, by far, comes from the uncertainty
in the physical value of the Wilson flow parameter w0,
which we use to set the lattice spacings. We estimate the
uncertainty from QED corrections to the vacuum polar-
ization to be of order 0.1% from perturbation theory [20],
suppressed by the small charge of the s quark. Our re-
sults show negligible dependence (< 0.1%) on the spatial
size of the lattice, which we varied by a factor of two. Also
the convergence of successive orders of Padé approximant
indicates convergence to better than 0.1%; results from
fits to di↵erent approximants are tabulated in Table IV.
Note that the a

2 errors are quite small in our analysis.
This is because we use the highly corrected HISQ dis-
cretization of the quark action. Our final (a = 0) result
is only 0.6% below our results from the 0.09 fm lattices
(sets 9 and 10). The variation from our coarsest lattice to
a = 0 is only 1.8%. We compared this with results from
the clover discretization for quarks, which had finite-a
errors in excess of 20% on the coarsest lattices.
Finally we also include results for c quarks in Tables III

and IV. These are calculated from the moments (and er-
ror budget) published in [20]. Our final result for the con-
nected contribution to the muon anomaly from c-quark
vacuum polarization is:

a

c

µ

= 14.42(39) ⇥ 10�10
. (13)

The dominant source of error here is in the determination
of the Z

V

renormalization factors. This error could be
substantially reduced by using the method we used for
the s-quark contribution [26].

III. DISCUSSION/CONCLUSIONS

The ultimate aim of lattice QCD calculations of
a

µ,HVP is to improve on results from using, for exam-
ple, �(e+e

� ! hadrons) that are able to achieve an un-
certainty of below 1%. We are not at that stage yet.

HISQ valence quarks on 
MILC 2+1+1 HISQ 
configs. Local Jv - 
nonpert. Zv.
multiple a (fixed by w0), 
ml (inc. phys.), volumes. 
Tune s from 

aHV P,s
µ = 53.41(59)⇥ 10�10

⌘s up to (5.8fm)3

aHV P,c
µ = 14.4(4)⇥ 10�10

Also

aHV P,b
µ = 0.27(4)⇥ 10�10

NRQCD
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FIG. 2: Our results for the connected u/d contribution to
aHVP,LO
µ as a function of the u/d quark mass (expressed as

its deviation from the physical value in units of the s quark
mass). The lower curve shows our uncorrected data; the up-
per curve includes correction factors discussed in the text
and is used to obtain the final result. Data come from sim-
ulations with lattice spacings of 0.15 fm (purple triangles),
0.12 fm (blue circles), and 0.09 fm (red squares). The gray
bands show the ±1� predictions of our model (Eq. (7)) after
fitting it to the data. The �2 per degree of freedom was 0.9
and 0.6 for the upper and lower fits, respectively.

our 10 ensembles to a function of the form

a

HVP,LO
µ

✓
1 + c`

�m`

⇤
+ cs

�ms

⇤
+ c̃`

�m`

m`
+ ca2

(a⇤)2

⇡

2

◆

(6)

where �mf ⌘ mf � m

phys
f , and ⇤ ⌘ 5ms is of order the

QCD scale (0.5GeV). The fit parameters have the fol-
lowing priors:

c` = 0(1) cs = 0.0(3) c̃` = 0.00(3) ca2 = 0(1) (7)

together with prior 600(200) ⇥ 10�10 for a

HVP,LO
µ . This

fit corrects for mis-tuned quark masses, higher-order cor-
rections to the ⇡

+
⇡

� contribution, and the finite lattice
spacing. More details are given in the supplementary
materials.

Our final result from the fit for the connected contri-
bution from u/d quarks is a

HVP,LO
µ = 598(6)(8) ⇥ 10�10,

where the first error comes from the lattice calculation
and fit and the second is due to missing contributions
from QED and isospin breaking (mu 6= md), each of
which we estimate to enter at the level of 1% of the u/d

piece of a

HVP,LO
µ . These estimates are supported by more

detailed studies: The key isospin breaking e↵ect of ⇢� !

mixing is estimated in [36] to make a 3.5 ⇥ 10�10 contri-
bution (0.6%) and the QED e↵ect of producing a hadron
polarization bubble consisting of ⇡

0 and � is estimated
in [37] to make a 4.6 ⇥ 10�10 contribution (0.8%). The
leading contributions to our final uncertainty are listed
in Table III.

TABLE III: Error budget for the connected contributions
to the muon anomaly aµ from vacuum polarization of u/d
quarks.

aHVP,LO
µ (u/d)

QED corrections: 1.0%
Isospin breaking corrections: 1.0%

Staggered pions, finite volume: 0.7%
Valence m` extrapolation: 0.4%

Monte Carlo statistics: 0.4%
Padé approximants: 0.4%

a2 ! 0 extrapolation: 0.3%
ZV uncertainty: 0.4%
Correlator fits: 0.2%

Tuning sea-quark masses: 0.2%
Lattice spacing uncertainty: < 0.05%

Total: 1.8%

DISCUSSION/CONCLUSIONS

Adding results from our earlier analyses [14, 26], the
connected contributions to a

HVP,LO
µ are:

a

HVP,LO
µ

��
conn.

⇥ 1010 =

8
>>><

>>>:

598(11) from u/d quarks

53.4(6) from s quarks

14.4(4) from c quarks

0.27(4) from b quarks

(8)

We combine these results with our recent estimate [27]
of the contribution from disconnected diagrams involving
u, d and s quarks. We take this as 0(9) ⇥ 10�10 to ob-
tain an estimate for the entire contribution from hadronic
vacuum polarization:

a

HVP,LO
µ = 666(6)(12) ⇥ 10�10 (9)

This agrees well with the only earlier u/d/s/c lat-
tice QCD result, 674(28) ⇥ 10�10 [13], but has errors
from the lattice calculation reduced by a factor of four.
It also agrees with earlier non-lattice results (⇥1010):
694.9(4.3) [5], 690.8(4.7) [6], and 681.9(3.2) [7] and
687.2(3.5) [8]. These are separately more accurate than
our result but the spread between them is comparable to
our uncertainty.

It is also useful to compare our result to the ex-
pectation from experiment. Assuming there is no new
physics beyond the Standard Model, experiment requires
a

HVP,LO
µ to be 720(7) ⇥ 10�10. This value is obtained

by subtracting from experiment the accepted values of
QED [38], electroweak [39], higher order HVP [5, 40] and
hadronic light-by-light contributions [41]. It is roughly
3.5� away from our result (Eq. (9)), but we need signif-
icantly smaller theoretical errors before we can make a
case for new physics.

From Table III we see that uncertainties can be re-
duced by improving the calculation of the quark-line dis-
connected contribution [28, 42] and from new simulations

UP/DOWN contribution
Much noisier and sensitive to u/d mass. Use

New Issues for 1% Precision for u/d case

• Correlators much noisier: Use data-fit hybrid correlator to 
control noise at large t:  
 
 

for t* = 1.5fm  (=            so 70% result from Gdata)
 (same results to within ±σ/4 with 0.75fm).

G(t) =

®
Gd�t�(t) for t  t�

Gfit(t) for t > t� from multi-exponential fit

from Monte Carlo

6/m⇢

• 80% of light quark vacuum polarization contribution is from 
the ρ meson pole ⇒ finite-volume error (from coupling to      ) 

in ρ mass and decay constant have significant impact on g-2. 
Need to understand        thoroughly on lattice. 

⇡⇡

• ππ loop contribution is about 10% of total and highly 
sensitive to mπ (contribution roughly proportional  
to 1/mπ2) and finite volume. For staggered quarks introduces 
extra discretisation artefacts from different taste     mesons.  ⇡

⇢

t⇤ = 1.5fm = 6/m⇢ so 70% of result from Gdata

Must correct 
for finite vol. 
effects in 
contribn using 
scalar QED 
(7%)

⇡⇡

⇧j

(mlatt

⇢

/mexpt

⇢

)2j
Rescale by

to reduce u/d mass effects.

mu = md Chakraborty et 
al, HPQCD, 
1601.03071



598(11) u/d
53.4(6) s
14.4(4) c
0.27(4) b

aHVP,LO
µ ⇥ 10�10

Total 666(6)(12)

add syst from 
disc. diags 
(1.5%) in quad

Combining numbers for a total 

640 650 660 670 680 690 700 710 720 730

a
HVP,LO
µ × 1010

no new physics

Jegerlehner
1511.04473
Benayoun et al
1507.02943
Hagiwara et al
1105.3149
Jegerlehner et al
1101.2872

ETMC
1308.4327

HPQCD
this paper

3.5� discrepancy with no new physics

Chakraborty et al, HPQCD, 
1601.03071

results using
�(e+e� ! hadrons)



• Lattice QCD calculations now on ‘2nd generation’ 
gluon configs with charm in the sea and            at physical 
value (so no extrapoln).  

mu,d

Conclusion

• Gold-plated hadron masses and decay constants provide 
stringent tests of QCD/SM.

www.physics.gla.ac.uk/HPQCD

• Accurate quark mass determinations being tested with 
multiple methods
• sub-1% uncertainties on lattice QCD calculations for 
HVP contribution to        are within sight.  aµ

• NEW calculation of light meson electromagnetic form 
factor up to Q2 = 6 GeV2 shows behaviour inconsistent 
with asymptotic pert. QCD. Further calc. underway …

http://www.dirac.ac.uk
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mc/ms

Mass ratio direct from lattice QCD using same formalism 
for both quarks (HISQ). Not possible to connect heavy and 
light masses without lattice. 

 HPQCD, 1408.4169

HISQ
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FIG. 4. Results for the MS c mass and coupling from nf = 4 fits
that treat perturbative coefficients beyond order N as fit parameters,
with priors specified by Eq. (24). The gray bands and dashed lines
indicate the means and standard deviations of our final results, which
correspond to N = 3.

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
(am0c)

2

11.6
11.8
12.0
12.2
12.4
12.6
12.8

m
c/

m
s

FIG. 5. The ratio of the c and s quark masses as a function of the
squared lattice spacing (in units of the bare c mass). The data come
from simulations at lattice spacings of 0.15, 0.12, 0.09 and 0.06 fm,
after tuning the s and c masses to reproduce physical values for the ⌘s
and ⌘c masses on each ensemble. The errors for the data points are
highly correlated, as they come primarily from uncertainties in w0,
m⌘s , and m⌘c . The red dashed line shows our fit, which has a �2 per
degree of freedom of 0.21 for 9 degrees of freedom (p-value of 0.99).
The black dashed line and gray band show the mean value and stan-
dard deviation for our result extrapolated to zero lattice spacing.

III. mc/ms FROM nf = 4

As discussed above (Section II A), we can use lattice QCD
to extract ratios of MS quark masses completely nonperturba-
tively [32], since ratios of quark masses are scheme and scale

independent: for example,

m
0c

m
0s

����
lat

=

mc(µ, nf )

ms(µ, nf )

����
MS

+ O((amc)
2↵s). (42)

While ratios of light-quark masses can be obtained from chiral
perturbation theory, only lattice QCD can produce nonpertur-
bative ratios involving heavy quarks. These ratios are very
useful for checking mass determinations that rely upon per-
turbation theory, as illustrated in [2]. They also allow us to
leverage precise values of light-quark masses from very accu-
rately determined heavy-quark masses.

In [32] we used nonperturbative simulations, with nf = 3

sea quarks, to determine the s quark’s mass from the c quark’s
mass and the ratio mc/ms. We repeat that analysis here, but
now for nf = 4 sea quarks, using the tuned values of the bare
s and c masses for each of our lattice ensembles: amtuned

0s and
amtuned

0c in Table II, respectively. We expect

amtuned

0c

amtuned

0s

=

mc

ms

 
1 + hm

�msea

uds

ms
+ ha2,m

�msea

uds

ms

✓
mc

⇡/a

◆
2

+h
1

↵s(⇡/a)

✓
mc

⇡/a

◆
2

+

Na2X

j=2

hj

✓
mc

⇡/a

◆
2j
1

A ,

(43)

where again we ignore �msea

c and �m2 dependence since they
are negligible. We fit the data from Table II using this formula
with the following fit parameters and priors:

hm = 0 ± 0.1, ha2,m = 0 ± 0.1, (44)
h
1

= 0 ± 6, hj = 0 ± 2 (j > 1). (45)

The extrapolated value mc/ms is also a fit parameter. We set
Na2

= 5, but get identical results for any Na2 � 2.
The result of this fit is presented in Fig. 5, which shows

the a2 dependence of the lattice results. The sensitivity of our
new results to a2 is about half what we saw in our previous
analysis. Our new fit is excellent and gives a final result for
the mass ratio of:

mc(µ, nf )

ms(µ, nf )

= 11.652(65). (46)

The leading sources of error in this result are listed in Ta-
ble IV. These are dominated by statistical errors and uncer-
tainty in the ⌘s mass. Many other potential sources of error,
such as uncertainties in the lattice spacing, largely cancel in
the ratio.

Note that the discussion in Appendix A and Eq. (A19),
in particular, imply that the leading effect of mistuned sea-
quark masses cancels in ratios of quark masses. This is sub-
stantiated by our fit which makes parameter hm negligibly
small (�0.0080(34)). Setting hm = 0 shifts our result for
mc/ms by only �/7.

Our result is a little more than a standard deviation lower
than the recent result, 11.747(19)

�
+59

�43

�
, computed by the Fer-

milab/MILC collaboration (using many of the same configu-
rations we use) [33]. Our analysis uses a different scheme for

mc

ms
= 11.652(65)
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FIG. 7. Recent lattice QCD determinations of the QCD coupling
(nf = 5) evaluated at scale MZ . The gray band is the weighted
average of the results: 0.1185(4). We include our jj result for nf =
3 in the average, but not our new nf = 4 result since systematic
errors are correlated between the two results. The results shown here
come from this paper and [37–41].

In this paper, we have redone our earlier nf = 3 analysis [2]
using simulations with nf = 4 sea quarks: u, d, s and c. Our
new results,

mc(3 GeV, nf = 4) = 0.9851(63) GeV (52)
↵
MS

(MZ , nf = 5) = 0.11822(74), (53)

agree well with our earlier results of 0.986(6) GeV and
0.1183(7), suggesting that contributions from c quarks in
the sea are reliably estimated using perturbation theory (as
expected). Our c mass is about 1.8� lower than the re-
cent result from the ETMC collaboration, also using nf =

4 simulations but with a different method [36]: they get
mc(mc) = 1.348(42) GeV, compared with our nf = 4 re-
sult of 1.2715(95) GeV.

Our new result for the coupling (Eq. (53)) agrees with re-
sults from other collaborations, who use different methods
from us (and each other). Recent results (nf = 3 or 4) are
summarized in Fig. 7.

We updated our earlier nf = 3 analysis [32] of the ra-
tio mc/ms of quark masses using our nf = 4 data. This
is a relatively simple analysis of data from Table II. Our new
value is:

mc(µ, nf )

ms(µ, nf )

= 11.652(65). (54)

It agrees well with our previous result 11.85(16), but is much
more accurate. We compare our new result with others in
Fig. 8.

We obtain a new estimate for the s mass by combining our
new result for mc/ms with our new estimate of the c mass
(Eq. (52), converted from nf = 4):

ms(µ, nf = 3) =

(
93.6(8) MeV µ = 2GeV

84.7(7) MeV µ = 3GeV.
(55)

10.5 11.0 11.5 12.0 12.5
mc/ms

HPQCD 0910.3102

ETMC 1010.3659

ETMC 1403.4504

MILC 1407.3772

HPQCD this paper

Durr 1108.1650

u,d,s,c sea

u,d,s sea

u,d sea

FIG. 8. Lattice QCD determinations of the ratio of the c and s quarks’
masses. The ratios come from this paper and references [32, 33, 36,
42, 43]. The gray band is the weighted average of the three nf = 4
results: 11.700(46).

FIG. 9. Lattice QCD determinations of the MS s-quark mass
ms(3GeV, nf = 3) in MeV. These masses come this paper and
references [32, 36, 44–46] The gray band is the weighted average of
these results: 84.1(5)MeV.

This brings the error below 1% for the first time. Values for
ms(µ, nf = 4) are smaller by about 0.2 MeV. Our new result
agrees with our previous analysis and also with other recent
nf = 3 or 4 analyses:

ms(2 GeV) =

8
><

>:

92.4(1.5) MeV HPQCD [32],
99.6(4.3) MeV ETMC [36],
95.5(1.9) MeV Durr et al [44],

ms(3 GeV) = 81.64(1.17) MeV RBC/UKQCD [45].
(56)

We compare these nonperturbative results in Fig. 9, together
with an earlier perturbative determination from [46].

Finally, we have also updated our previous (nf = 3) non-

Good consistency 
between different lattice  
actions
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B and Bs are fit separately; priors used in the fit are
described in [11]. The amplitudes and energies from the

fits are given in Tables IV and V. a3/2⇥(0)
q is the matrix

element of the leading current J (0)
0 and a3/2⇥(1)

q that of

J (1)
0 and J (2)

0 , whose matrix elements are equal at zero
meson momentum. Notice that the statistical errors in
⇥ do not increase on the physical point lattices, because
they have such large volumes.

We take two approaches to the analysis. The first is
to perform a simultaneous chiral fit to all our results for
⇥,⇥s,⇥s/⇥ and MBs � MB using SU(2) chiral pertur-
bation theory. The second is to study only the physical
u/d mass results as a function of lattice spacing.

For the chiral analysis we use the same formula and
priors for MBs � MB as in [11]. Pion masses used in
the fits are listed in Table V and the chiral logarithms,
l(M2

�), include the finite volume corrections computed
in [18] which have negligible e⇤ect on the fit. For the
decay constants the chiral formulas, including analytic
terms up to M2

� and the leading logarithmic behaviour,
are (see e.g. [19]):

⇥s = ⇥s0(1.0 + bsM
2
�/�

2
⇥) (5)

⇥ = ⇥0

�
1.0 + bl

M2
�

�2
⇥

+
1 + 3g2

2�2
⇥

�
�3

2
l(M2

�)

⇥⇥
(6)

The coe⇧cients of the analytic terms bs, bl are given
priors 0.0(1.0) and ⇥0,⇥s0 have 0.5(5). To allow for
discretisation errors each fit formula is multiplied by
(1.0 + d1(�a)2 + d2(�a)4), with � = 0.4 GeV. We ex-
pect discretisation e⇤ects to be very similar for ⇥ and ⇥s

and so we take the di to be the same, but di⇤ering from
the di used in the MBs �MB fit. Since all actions used
here are accurate through a2 at tree-level, the prior on
d1 is taken to be 0.0(3) whereas d2 is 0.0(1.0). The di are
allowed to have mild mb dependence as in [11]. The ratio
⇥s/⇥ is allowed additional light quark mass dependent
discretisation errors that could arise, for example, from
staggered taste-splittings.

Error % �Bs/�B MBs �MB �Bs �B

EM: 0.0 1.2 0.0 0.0
a dependence: 0.01 0.9 0.7 0.7
chiral: 0.01 0.2 0.05 0.05
g: 0.01 0.1 0.0 0.0
stat/scale: 0.30 1.2 1.1 1.1
operator: 0.0 0.0 1.4 1.4
relativistic: 0.5 0.5 1.0 1.0
total: 0.6 2.0 2.0 2.1

TABLE VI: Full error budget from the chiral fit as a per-
centage of the final answer.

The results of the decay constant chiral fits are plot-
ted in Figs. 1 and 2. Extrapolating to the physical
point appropriate to ml = (mu + md)/2 in the absence
of electromagnetism, i.e. M� = M�0 , we find ⇥Bs =

0.00 0.05 0.10 0.15 0.20 0.25
M2

⇥/M2
�s

1.14

1.16

1.18

1.20

1.22

1.24

1.26

(
f B

s�
M
B s
)/
(
f B
�
M
B
)

Physical point

Set 1
Set 2
Set 3
Set 4

Set 5
Set 6
Set 7
Set 8

FIG. 1: Fit to the decay constant ratio �Bs/�B . The fit
result is shown in grey and errors include statistics, and chi-
ral/continuum fitting.
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�s
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f B
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M
B q

(G
eV

)3
/2

fB
�
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fBs
�
MBs

Physical point

Set 1
Set 2
Set 3
Set 4

Set 5
Set 6
Set 7
Set 8

FIG. 2: Fit to the decay constants �Bs and �B . Errors on the
data points include statistics/scale only. The fit error, in grey,
includes chiral/continuum fitting and perturbative errors.

0.520(11) GeV3/2, ⇥B = 0.428(9) GeV3/2, ⇥Bs/⇥B =
1.215(7). For MBs �MB we obtain 86(1) MeV, in agree-
ment with the result of [11].
Figs 3 and 4 show the results of fitting MBs � MB

and decay constants from the physical point ensembles
only, and allowing only the mass dependent discretisation
terms above. The results are ⇥Bs = 0.515(8) GeV3/2,
⇥B = 0.424(7) GeV3/2, ⇥Bs/⇥B = 1.216(7) and MBs �
MB = 87(1) MeV. Results and errors agree well between
the two methods and we take the central values from the
chiral fit as this allows us to interpolate to the correct
pion mass.
Our error budget is given in Table VI. The errors that

are estimated directly from the chiral/continuum fit are
those from statistics, the lattice spacing and g and other
chiral fit parameters. The two remaining sources of error
in the decay constant are missing higher order corrections
in the operator matching and relativistic corrections to
the current. We estimate the operator matching error by
allowing in our fits for an amb-dependent �2

s correction to
the renormalisation in Eq. 4 with prior on the coe⇧cient
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a2 (fm)
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M
B s
�
M
B
(M
eV
)

Physical point

Set 3
Set 6

Set 8
PDG

FIG. 3: Fit to the mass di⇥erence MBs � MB on the three
physical point ensembles only. Errors on data points include
statistics and scale, the fit error is shown in grey. An elec-
tromagnetic correction of -1(1) MeV has been applied to the
lattice results and the fit to allow comparison with experi-
ment.
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FIG. 4: Fit to the decay constants �Bs and �B on the
three physical point ensembles only. Errors on the data
points include statistics/scale only. The fit error includes chi-
ral/continuum fitting and perturbative errors.

of 0.0(2) i.e. ten times the size of the one-loop correction,
z0. This error cancels in the ratio fBs/fB . We also al-

low for �2
s corrections multiplying J (1,2)

0 with coe⌃cient

0.0(1.0). The matrix element of J (1)
0 is about 10% of J (0)

0
from Table IV. Missing current corrections at the next or-
der in 1/mb will be of size (�QCD/mb)

2 ⇧ 0.01 which we
take as an error. Finally, we estimated in [11] that to
correct for missing electromagnetic e⇤ects, MBs � MB

should be shifted by -1(1) MeV.
Using the PDG masses MBl = (MB0 + MB±)/2 =

5.27942(12) GeV and MBs = 5.36668(24) GeV [20] to
convert ⇥q to fBq our final results are:

fB = 0.186(4) GeV (7)

fBs = 0.224(5) GeV

fBs/fB = 1.205(7)

MBs �MB = 85(2) MeV.

For the B meson decay constant we need to distinguish
between fBd and fBu . Since sea quark mass e⇤ects are
much smaller than valence mass e⇤ects we simply do
this by extrapolating ⇥Bs and ⇥B to values of M2

� cor-
responding to fictitious mesons made purely of u or d
quarks using mu/md = 0.48(10) [20]. This gives:

fBs/fB+ = 1.217(8) ; fBs/fB0 = 1.194(7)

fB+ = 0.184(4) GeV ; fB0 = 0.188(4) GeV (8)

IV. CONCLUSIONS

Our results agree with but improve substantially on
two earlier results using nonrelativistic approaches for the
b quark and multiple lattice spacing values on Nf = 2+1
ensembles using asqtad sea quarks. These were: fBs =
228(10) MeV, fBs/fB = 1.188(18) (NRQCD/HISQ) [14]
and fBs = 242.0(9.5) MeV and fBs/fB+ = 1.229(26)
(Fermilab/asqtad) [21]. We also agree well (within the
2% errors) with a previous result for fBs of 225(4) MeV
obtained using a relativistic (HISQ) approach to b quarks
on very fine Nf = 2 + 1 lattices [22]. Our simultaneous
determination of MBs � MB to 2% agrees with experi-
ment (87.4(3) MeV [20]).
We can determine new lattice ‘world-average’ error-

weighted values by combining our results in Eq. 7 with
the independent results of [21] and [22] since e⇤ects from
c sea quarks, which they do not include, should be neg-
ligible [23]. The world averages are then: fBs = 225(3)
MeV and fBs/fB+ = 1.218(8) giving fB+ = 185(3) MeV.
These allow for significant improvements in predictions

for SM rates. For example, updating [24] with the world-
average for fBs above and our result for fB0 (Eq. 8) we
obtain:

Br(Bs ⌅ µ+µ�) = 3.17± 0.15± 0.09⇥ 10�9

Br(Bd ⌅ µ+µ�) = 1.05± 0.05± 0.05⇥ 10�10 (9)

where the second error from fBq has been halved and is
no longer larger than other sources of error such as V ⇥

tbVtq.
Note that this is the flavor-averaged branching fraction
at t = 0; the time-integrated result would be increased
by 10% in the Bs case (to 3.47(19) ⇥ 10�9) to allow for
the width di⇤erence of the two eigenstates [25, 26]. The
current experimental results [27] for Bs ⌅ µ+µ� agree
with this prediction.
From the world-average fB+ above we also obtain the

Standard Model rate:

1

|Vub|2
Br(B+ ⌅ ⌅⇤) = 6.05(20), (10)

with 3% accuracy. Calculations of matrix elements for
Bs/B mixing with physical u/d quarks are now under-
way.
Acknowledgements We are grateful to the MILC col-
laboration for the use of their gauge configurations and
to B. Chakraborty, J. Koponen and P. Lepage for useful
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Use 2+1+1 configs with 
u/d down to physical 
values + improved 
NRQCD
meson mass difference  
correct to 2%

Bs to B decay constant 
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constants to 2%



B, Bs decay constant 
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come from experiment, but there are two complications
that result from simplifications in the simulations. The
first is that the simulation does not include electromag-
netism. The second is that mu = md in the simulation,
while in reality mu = 0.48(10)md [1].

The most appropriate pion mass for f�+ is the
neutral-pion mass (134.9766(6) MeV [1]). All ⇥ mesons
would have this mass in a world without electromag-
netism—our simulations, for example—up to very small
(quadratic) corrections from the u�d mass di⇥erence.
These corrections are estimated at 0.32(20)MeV for M�+

in [27]. For our purposes, it is su⌅cient to take 0.32MeV
as the uncertainty in the pion mass, and ignore the dis-
tinction between charged and neutral pions:

Mphys
� = 134.98(32)MeV (15)

This pion mass corresponds in our simulation to a
light-quark mass of m⌅ = (mu + md)/2. The corre-
sponding kaon mass is one for an s⌥ meson. This is the
root-mean-square average of the K+ and K0 masses with
additional small corrections for electromagnetism:

(Mphys
K )2 ⇥ 1

2

�
(M2

K+ +M2
K0)

�(1 +�E)(M
2
�+ �M2

�0)
⇥
. (16)

�E would be zero if electromagnetic e⇥ects in the K sys-
tem mirrored those of the ⇥. In fact it is closer to 1.
Recent lattice calculations [28–30] that include electro-
magnetic e⇥ects give values in the region 0.6-0.7. We
take �E = 0.65(50) to conservatively encompass these
results and this gives

Mphys
K = 494.6(3)MeV. (17)

Tuning the pion mass to Mphys
� and the kaon mass to

Mphys
K in our fits sets the strange-quark mass to its phys-

ical value, and the light-quark mass to the average m⌅ of
the u and d masses. This light-quark mass is correct, to
within our errors, for the valence quarks in the pion, and
for sea quarks in all three mesons.

This tuning is not correct, however, for the
K+’s valence light-quark, which is a u quark, with
mass 0.65(9)m⌅. This di⇥erence produces a small but
significant downward shift in fK+ . To compute the cor-
rected K+ decay constant, we evaluate our fit formulas
with a pion mass given by

⇤
0.65(9)Mphys

� , while adjust-
ing the kaon mass so that 2M2

K � m2
� is unchanged (to

leave the s-quark mass unchanged). These adjustments
are made only for the valence-quark masses in the K+;
the valence-quark masses in the pion and �s, as speci-
fied by Mphys

� and Mphys
K , are left unchanged, as are the

sea-quark masses in each of the mesons.

D. Fit Results

We fit w0 times each of the decay constants and each
�s mass in Table III to the formulas above, as functions

0.1805
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FIG. 2: Fit results for the ⇥, K, and �s decay constants
as functions of the light-quark mass for three di�erent lat-
tice spacings: 0.15 fm (top/blue), 0.12 fm (middle/green), and
0.09 fm (bottom/red). The data shown are from Table III,
with corrections for errors in the s masses, and for finite-
volume errors. The lines show our fit with the best-fit values
of the fit parameters. The dashed line is the a = 0 extrap-
olation, and the gray band shows our continuum results at
the physical light quark mass point with m⇤ = (mu +md)/2.
The current experimental result for f⇥+ is also shown (black
point). Note that the three plots are against very di�er-
ent scales in the vertical direction: the range covered in the
f⇥ plot is 10 times larger than that covered in the f�s plot.

of the pion and kaon masses and w0. We also fit the
experimental value for f�+ = 130.4(2)MeV to our for-
mula evaluated at the physical pion and kaon masses,
Eqs. (15, 17)). These fits are all done simultaneously
using the same parameters for the fit functions in each
case, and including the correlations between ⇥, K and �s
results discussed in Section II.
The results for the decay constants, as a function of the

light-quark mass, are shown in Figure 2. For each decay

Vus/Vud

`

Annihilation of             to W 
allows CKM element 
determination given decay 
constants from lattice QCD

K/�

* results at physical u/d quark masses* 
                   HISQ 2+1+1 configs fK/f�

�(K+ ! ⇤�)

�(⇥+ ! ⇤�)

|Vus|fK+

|Vud|f�+

= 0.27598(35)Br(K+)(25)EM

expt for

fK+

f�+
from lattice gives CKMR.Dowdall et 

al, HPQCD:
1303.1670

= mu,d/ms
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Set mca
⇣

GV
4

Z2a2

⌘1/2 ⇣
GV

6
Z2a4

⌘1/4 ⇣
GV

8
Z2a6

⌘1/6 ⇣
GV

10
Z2a8

⌘1/8

1 0.622 0.5399(1) 1.2162(1) 1.7732(1) 2.2780(1)
2 0.63 0.5339(1) 1.2054(1) 1.7581(1) 2.2584(1)
2 0.66 0.5135(1) 1.1692(1) 1.7081(1) 2.1941(1)
3 0.617 0.5434(1) 1.2223(1) 1.7817(1) 2.2888(1)
4 0.413 0.7586(1) 1.6351(1) 2.3887(2) 3.0952(2)
5 0.273 1.0681(1) 2.2705(2) 3.3454(3) 4.3601(4)
6 0.193 1.4323(3) 3.0397(5) 4.4990(7) 5.8738(8)

TABLE IV: Results in lattice units for time moments of the
J/⇤ correlator as defined in eq. (10). We give results for n=4,
6, 8 and 10.

(GV
4 )1/2 (GV

6 )1/4 (GV
8 )1/6 (GV

10)
1/8

(amc)
2 extrapolation 0.18 0.18 0.16 0.16

statistics 0.05 0.04 0.03 0.03
lattice spacing 0.32 0.51 0.43 0.30
sea quark extrapolation 0.14 0.13 0.12 0.12
M�c tuning 0.15 0.18 0.17 0.16
Z 1.23 0.61 0.41 0.31
electromagnetism 0.3 0.2 0.1 0.05
Total (%) 1.3 0.9 0.7 0.5

TABLE V: Complete error budget for the time moments of
the J/⇤ correlator as a percentage of the final answer.

Re+e� = ⌃(e+e� � hadrons)/⌃pt [22, 23]. The values,
extracted from experiment by [22] and appropriately nor-
malised for the comparison to ours, are:

(M exp
1 4!/(12⇧2e2c))

1/2 = 0.3142(22)GeV�1

(M exp
2 6!/(12⇧2e2c))

1/4 = 0.6727(30)GeV�1

(M exp
3 8!/(12⇧2e2c))

1/6 = 1.0008(34)GeV�1

(M exp
4 10!/(12⇧2e2c))

1/8 = 1.3088(35)GeV�1. (12)

Our results from lattice QCD have approximately double
the error of the experimental values but together these
results provide a further test of QCD to better than 1.5%.

C. �(J/⇤ � �⇥c)

The radiative decay of the J/⌥ meson to the ⌅c re-
quires the emission of a photon from either the charm
quark or antiquark and a spin-flip, so it is an M1 transi-
tion. Because it is sensitive to relativistic corrections this
rate is hard to predict in nonrelativistic e⇥ective theories
and potential models (see, for example, [24, 25]) Here
we use a fully relativistic method in lattice QCD with
a nonperturbatively determined current renormalisation
and so none of these issues apply. In addition, of course,
the lattice QCD result is free from model-dependence.
The quantity that parameterises the nonperturbative

QCD information (akin to the decay constant of the pre-
vious section) is the vector form factor, V (q2), where q2

is the square of the 4-momentum transfer from J/⌥ to
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0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

(n
th

m
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1/
(n
�

2)
(G

eV
�

1 )

n = 4

n = 6

n = 8

n = 10

FIG. 4: Results for the 4th, 6th, 8th and 10th time moments
of the charmonium vector correlator shown as blue points and
plotted as a function of lattice spacing. The errors shown (the
same size or smaller than the points) include (and are domi-
nated by) uncertainties from the determination of the current
renormalization factor, Z, that are correlated between the
points. The data points have been corrected for c quark mass
mistuning and sea quark mass e⇥ects, but the corrections are
smaller than the error bars (the value for the deliberately
mistuned c mass on set 2 is not shown). The blue dashed
line with grey error band displays our continuum/chiral fit.
Experimental results determined from Re+e� (eq. (12)) are
plotted as the black points at the origin o⇥set slightly from
the y-axis for clarity.

⌅c. The form factor is related to the matrix element of
the vector current between the two mesons by:

⇥⌅c(p⇥)|c⇥µc|J/⌥(p)⇤ = 2V (q2)

(MJ/⌃ +M⌅c)
�µ�⇥⇤p⇥�p⇥⇤J/⌃,⇤

(13)
Note that the right-hand-side vanishes unless all the vec-
tors are in di⇥erent directions. Here we use a normalisa-
tion for V (q2) appropriate to a lattice QCD calculation
in which the vector current is inserted in one c quark line
only and the quark electric charge (2e/3) is taken as a
separate factor. The decay rate is then given by [8]:

�(J/⌥ � ⌅c⇥) = �QED
64|q|3

27(M⌅c +MJ/⌃)2
|V (0)|2, (14)

where it is the form factor at q2 = 0 that contributes be-
cause the real photon is massless. |q| is the corresponding
momentum of the ⌅c in the J/⌥ rest-frame.

Charm contribution to 

V V

Subtract u,d,s with pert. th. to 
isolate charm contribution.  
Calculate inverse-s-moment:

Mn �
Z

ds

sn+1
Rc(s)

Lattice calcln:

‘expt’ 

G. Donald et al, HPQCD,1208.2855

 from J. Kuhn et al, 
hep-ph/0702103

Mn =
X

t

tnG(t)
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Figure 3: R(s) for different energy intervals around the charm threshold region. The
solid line corresponds to the theoretical prediction, the uncertainties obtained from the
variation of the input parameters and of µ are indicated by the dashed curves. The inner
and outer error bars give the statistical and systematical uncertainty, respectively.

bottom case are obvious.
Below 3.73 GeV only u, d and s quarks are produced. To allow for a smooth transition

6

R = �(e+e� ! hadrons)/�pt
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FIG. 2: Our results for the connected u/d contribution to
aHVP,LO
µ as a function of the u/d quark mass (expressed as

its deviation from the physical value in units of the tuned s
quark mass). The lower curve shows our uncorrected data;
the upper curve includes correction factors discussed in the
text and is used to obtain the final result. Data come from
simulations with lattice spacings of 0.15 fm (purple triangles),
0.12 fm (blue circles), and 0.09 fm (red squares). The gray
bands show the ±1� predictions of our model (Eq. (7)) after
fitting it to the data. The dotted lines show the results from
the fitting function for each lattice spacing (colored as above)
and extrapolated to zero lattice spacing (black). The �2 per
degree of freedom was 0.9 and 0.6 for the upper and lower
fits, respectively.

Our corrected results are plotted in Figure 2, together
with the results without corrections (labeled “raw”). The
corrected results are nearly independent of m

`

, as ex-
pected. Residual dependence comes from other hadronic
channels in the vacuum polarization beyond the ⇡

+
⇡

�

and ⇢ contributions. The corrected results also show
smaller a

2 and volume dependence, as is particularly
clear from the points for �m

`

/m

s

just above 0.05.
The final step in our analysis is to fit the corrected

results from our 10 ensembles to a function of the form

a

HVP,LO
µ

✓
1 + c

`

�m

`

⇤
+ c

s

�m

s

⇤
+ c̃

`

�m

`

m

`

+ c

a

2
(a⇤)2

⇡

2

◆

(6)

where �mf ⌘ mf � m

phys
f , and ⇤ ⌘ 5m

s

is of order the
QCD scale (0.5GeV). The fit parameters have the fol-
lowing priors:

c

`

= 0(1) c

s

= 0.0(3) c̃

`

= 0.00(3) c

a

2 = 0(1) (7)

together with prior 600(200)⇥10�10 for a

HVP,LO
µ

. This fit
corrects for mis-tuned quark masses and the finite lattice
spacing. More details are given in the supplements.

Our final result from the fit for the connected contri-
bution from u/d quarks is a

HVP,LO
µ

= 598(6)(8) ⇥ 10�10,
where the first error comes from the lattice calculation
and fit and the second is due to missing contributions

TABLE III: Error budget for the connected contributions
to the muon anomaly aµ from vacuum polarization of u/d
quarks.

aHVP,LO
µ (u/d)

QED corrections: 1.0%
Isospin breaking corrections: 1.0%

Staggered pions, finite volume: 0.7%
Noise reduction (t⇤): 0.5%

Valence m` extrapolation: 0.4%
Monte Carlo statistics: 0.4%

Padé approximants: 0.4%
a2 ! 0 extrapolation: 0.3%

ZV uncertainty: 0.4%
Correlator fits: 0.2%

Tuning sea-quark masses: 0.2%
Lattice spacing uncertainty: < 0.05%

Total: 1.9%

from QED and isospin breaking (m
u

6= m

d

), each of
which we estimate to enter at the level of 1% of the u/d

piece of a

HVP,LO
µ

. These estimates are supported by more
detailed studies: The key isospin breaking e↵ect of ⇢�!

mixing is estimated in [36] to make a 3.5⇥ 10�10 contri-
bution (0.6%) and the QED e↵ect of producing a hadron
polarization bubble consisting of ⇡

0 and � is estimated
in [37] to make a 4.6 ⇥ 10�10 contribution (0.8%). The
leading contributions to our final uncertainty are listed
in Table III.

DISCUSSION/CONCLUSIONS

Adding results from our earlier analyses [14, 27], the
connected contributions to a

HVP,LO
µ

are:

a

HVP,LO
µ

��
conn.

⇥ 1010 =

8
>>><

>>>:

598(11) from u/d quarks

53.4(6) from s quarks

14.4(4) from c quarks

0.27(4) from b quarks

(8)

We combine these results with our recent estimate [28] of
the contribution from disconnected diagrams involving u,
d and s quarks, taking this as 0(9)⇥ 10�10. This agrees
with, but has a more conservative uncertainty than, the
value obtained in [29]. We then obtain an estimate for the
entire contribution from hadronic vacuum polarization:

a

HVP,LO
µ

= 666(6)(12)⇥ 10�10 (9)

This agrees well with the only earlier u/d/s/c lattice
QCD result, 674(28) ⇥ 10�10 [13], but has errors from
the lattice calculation reduced by a factor of four. It
also agrees with earlier non-lattice results using exper-
imental data, ranging from (⇥1010): 694.9(4.3) [5] to
681.9(3.2) [7]. These are separately more accurate than


