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tral function m#

4 Im$N(t)/t2 of Ref. %23&. It has been deter-
mined on the basis of the ##→N̄N s-wave amplitude f!

0 (t)
%18& and ##-scattering data tied together with Roy equa-
tions, etc. %see Eq. !3" in Ref. %23&&. One observes a substan-

tial improvement when including the next-to-leading order
c1,2,3 term and the two-loop contributions. The major effect
comes evidently from the large isoscalar ##NN-contact
couplings, in particular from c3. The height of the peak at
t!5m#

2 is, however, still underestimated by about 20% in
the two-loop approximation. Higher order ##-rescattering
effects, etc., are necessary in order to close this remaining
gap. Given the pattern in Fig. 3, one can expect significant
effects !in the right direction" already from the two-loop dia-
grams with one vertex proportional to the !numerically large"
second-order low-energy constants c1,2,3,4 . Note that com-
plete calculations of elastic #N scattering to chiral order
four, which include the pertinent one-loop diagrams with one
c1,2,3,4 vertex, have recently been performed in Ref. %33& us-
ing the heavy baryon framework and in Ref. %34& employing
the so-called infrared regularization scheme of fully relativ-
istic baryon chiral perturbation theory. For comparison, simi-
lar deficiencies of the two-loop approximation of chiral per-
turbation theory have been observed in Ref. %35& for the
imaginary parts of the pion scalar and charge form factors.
Next, we show in Fig. 4 the spectral function ImGE

V(t) of
the isovector electric form factor of the nucleon weighted
with 1/t2. The dashed-dotted line gives the one-loop result,
Eq. !7". The dashed line includes in addition the c4 /M term
in Eq. !10" and the full line includes, furthermore, the two-
loop contributions, Eqs. !12" and !15". The upper dotted line
corresponds to the empirical isovector electric spectral func-
tion ImGE

V(t)/t2 of Ref. %18&. Modulo a kinematical factor
Q3/8M!t , it is determined by the product of the ##→N̄N
p-wave amplitude f!

1 (t) %18& and the !timelike" pion charge
form factor measured in the reaction e!e"→#!#" %see Eq.
!7" in Ref. %22&&. In the case of the isovector electric spectral
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FIG. 3. The spectral function Im $N(t) of the isoscalar scalar
form factor of the nucleon multiplied with m#

4 /t2. The dashed-
dotted line gives the one-loop result, Eq. !5". The dashed line in-
cludes in addition the c1,2,3 term in Eq. !9" and the full line includes,
furthermore, the two-loop contributions, Eqs. !11" and !14". The
upper dotted line shows the empirical spectral function m#
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FIG. 4. The spectral function ImGE
V(t) of the isovector electric

form factor of the nucleon divided by t2. The dashed-dotted line
gives the one-loop result, Eq. !7". The dashed line includes in ad-
dition the c4 /M term in Eq. !10" and the full line includes, further-
more, the two-loop contributions, Eqs. !12" and !15". The upper
dotted line shows the empirical spectral function ImGE

V(t)/t2 of
Ref. %18&.
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FIG. 5. The spectral function ImGM
V (t) of the isovector mag-

netic form factor of the nucleon divided by t2. The dashed-dotted
line gives the one-loop result, Eq. !8". The dashed line includes in
addition the c4 term in Eq. !10" and the full line includes, further-
more, the two-loop contributions, Eqs. !13" and !16". The upper
dotted line shows the empirical spectral function ImGE

V(t)/t2 of
Ref. %18&.
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h
�µF1(t) +

i�µ⌫q⌫

2mN
F2(t)

i
u(p0, s0)

GE(t) = F1(t) +
t

4m2
N

F2(t) GM (t) = F1(t) + F2(t) GV,S
E,M ⌘ 1

2
(Gp

E,M ⌥Gn
E,M )

Jµ(x) ⌘
X

q=u,d,...

eq q̄(x)�µq(x)

O�(x) ⌘ m̂
X

q=u,d,...

q̄(x)q(x)

Im�(t) =
3kcm

4
p
t(m2

N � t/4)
�⇤
⇡(t)f

0
+(t) ImGV

{E,M}(t) =
k3cm

{mN ,
p
2}
p
t
F ⇤
⇡ (t)f

1
{+,�}(t)

Form Factor

PW⇡⇡ ! N̄N

⇡

PW⇡⇡ ! N̄N

Form Factor⇡

t-channel s-channel t-channel

fJ
±

t
F⇡

t�⇡

Nucleon Form Factors in DIχEFT 6/26

�(t)

Gi(t)

�⇡

F⇡
fJ
±Im[ ]



•We use unitarity to find a convenient representation

J. M. Alarcón (JLab)

Im�(t) =
3kcm

4
p
t(m2

N � t/4)
�⇤
⇡(t)f

0
+(t) Im�(t) =

3kcm
4
p
t(m2

N � t/4)
|�⇡(t)|2

f0
+(t)

�⇡(t)

ImGV
{E,M}(t) =

k3cm
{mN ,

p
2}
p
t
|F⇡(t)|2

f1
±(t)

F⇡(t)
ImGV

{E,M}(t) =
k3cm

{mN ,
p
2}
p
t
F ⇤
⇡ (t)f

1
±(t)

[Frazer and Fulco, Phys. Rev. 117, 1609 (1960)]

Nucleon Form Factors in DIχEFT 7/26

Form factors and their analytic structure



•We use unitarity to find a convenient representation

J. M. Alarcón (JLab)

Im�(t) =
3kcm

4
p
t(m2

N � t/4)
�⇤
⇡(t)f

0
+(t) Im�(t) =

3kcm
4
p
t(m2

N � t/4)
|�⇡(t)|2

f0
+(t)

�⇡(t)

ImGV
{E,M}(t) =

k3cm
{mN ,

p
2}
p
t
|F⇡(t)|2

f1
±(t)

F⇡(t)
ImGV

{E,M}(t) =
k3cm

{mN ,
p
2}
p
t
F ⇤
⇡ (t)f

1
±(t)

J0
+

J1
±

[Frazer and Fulco, Phys. Rev. 117, 1609 (1960)]

Nucleon Form Factors in DIχEFT 7/26

Form factors and their analytic structure



•We use unitarity to find a convenient representation

•The spectral function is factorized into two parts:

J. M. Alarcón (JLab)

Im�(t) =
3kcm

4
p
t(m2

N � t/4)
�⇤
⇡(t)f

0
+(t) Im�(t) =

3kcm
4
p
t(m2

N � t/4)
|�⇡(t)|2

f0
+(t)

�⇡(t)

ImGV
{E,M}(t) =

k3cm
{mN ,

p
2}
p
t
|F⇡(t)|2

f1
±(t)

F⇡(t)
ImGV

{E,M}(t) =
k3cm

{mN ,
p
2}
p
t
F ⇤
⇡ (t)f

1
±(t)

J0
+

J1
±

[Frazer and Fulco, Phys. Rev. 117, 1609 (1960)]

Nucleon Form Factors in DIχEFT 7/26

Form factors and their analytic structure



•We use unitarity to find a convenient representation

•The spectral function is factorized into two parts:
•     : Only left hand cut, free of ππ re-scattering        Calculable in ChEFT.

J. M. Alarcón (JLab)

Im�(t) =
3kcm

4
p
t(m2

N � t/4)
�⇤
⇡(t)f

0
+(t) Im�(t) =

3kcm
4
p
t(m2

N � t/4)
|�⇡(t)|2

f0
+(t)

�⇡(t)

ImGV
{E,M}(t) =

k3cm
{mN ,

p
2}
p
t
|F⇡(t)|2

f1
±(t)

F⇡(t)
ImGV

{E,M}(t) =
k3cm

{mN ,
p
2}
p
t
F ⇤
⇡ (t)f

1
±(t)

J0
+

J1
±

[Frazer and Fulco, Phys. Rev. 117, 1609 (1960)]

JJ
±

Nucleon Form Factors in DIχEFT 7/26

Form factors and their analytic structure



•We use unitarity to find a convenient representation

•The spectral function is factorized into two parts:
•     : Only left hand cut, free of ππ re-scattering        Calculable in ChEFT.
•     : Contains the ππ re-scattering        Experiment, dispersion theory, 
LQCD.

J. M. Alarcón (JLab)

Im�(t) =
3kcm

4
p
t(m2

N � t/4)
�⇤
⇡(t)f

0
+(t) Im�(t) =

3kcm
4
p
t(m2

N � t/4)
|�⇡(t)|2

f0
+(t)

�⇡(t)

ImGV
{E,M}(t) =

k3cm
{mN ,

p
2}
p
t
|F⇡(t)|2

f1
±(t)

F⇡(t)
ImGV

{E,M}(t) =
k3cm

{mN ,
p
2}
p
t
F ⇤
⇡ (t)f

1
±(t)

J0
+

J1
±

[Frazer and Fulco, Phys. Rev. 117, 1609 (1960)]

F⇡

JJ
±

Nucleon Form Factors in DIχEFT 7/26

Form factors and their analytic structure



•We use unitarity to find a convenient representation

•The spectral function is factorized into two parts:
•     : Only left hand cut, free of ππ re-scattering        Calculable in ChEFT.
•     : Contains the ππ re-scattering        Experiment, dispersion theory, 
LQCD.

•We calculate      with ChEFT.

J. M. Alarcón (JLab)

Im�(t) =
3kcm

4
p
t(m2

N � t/4)
�⇤
⇡(t)f

0
+(t) Im�(t) =

3kcm
4
p
t(m2

N � t/4)
|�⇡(t)|2

f0
+(t)

�⇡(t)

ImGV
{E,M}(t) =

k3cm
{mN ,

p
2}
p
t
|F⇡(t)|2

f1
±(t)

F⇡(t)
ImGV

{E,M}(t) =
k3cm

{mN ,
p
2}
p
t
F ⇤
⇡ (t)f

1
±(t)

J0
+

J1
±

[Frazer and Fulco, Phys. Rev. 117, 1609 (1960)]

F⇡

JJ
±

Nucleon Form Factors in DIχEFT 7/26

Form factors and their analytic structure

JJ
±



•We use unitarity to find a convenient representation

•The spectral function is factorized into two parts:
•     : Only left hand cut, free of ππ re-scattering        Calculable in ChEFT.
•     : Contains the ππ re-scattering        Experiment, dispersion theory, 
LQCD.

•We calculate      with ChEFT.
•LO          Born Terms + Contact Terms (from        )

J. M. Alarcón (JLab)

Im�(t) =
3kcm

4
p
t(m2

N � t/4)
�⇤
⇡(t)f

0
+(t) Im�(t) =

3kcm
4
p
t(m2

N � t/4)
|�⇡(t)|2

f0
+(t)

�⇡(t)

ImGV
{E,M}(t) =

k3cm
{mN ,

p
2}
p
t
|F⇡(t)|2

f1
±(t)

F⇡(t)
ImGV

{E,M}(t) =
k3cm

{mN ,
p
2}
p
t
F ⇤
⇡ (t)f

1
±(t)

J0
+

J1
±

[Frazer and Fulco, Phys. Rev. 117, 1609 (1960)]

F⇡

JJ
±

Nucleon Form Factors in DIχEFT 7/26

Form factors and their analytic structure

JJ
±

⇡N



•We use unitarity to find a convenient representation

•The spectral function is factorized into two parts:
•     : Only left hand cut, free of ππ re-scattering        Calculable in ChEFT.
•     : Contains the ππ re-scattering        Experiment, dispersion theory, 
LQCD.

•We calculate      with ChEFT.
•LO          Born Terms + Contact Terms (from        )
•NLO         Contact Terms (from       , subtracting contribution of t-
channel resonances from the      [Bernard, Kaiser and Meißner, NPA 615 (1997)])

J. M. Alarcón (JLab)

Im�(t) =
3kcm

4
p
t(m2

N � t/4)
�⇤
⇡(t)f

0
+(t) Im�(t) =

3kcm
4
p
t(m2

N � t/4)
|�⇡(t)|2

f0
+(t)

�⇡(t)

ImGV
{E,M}(t) =

k3cm
{mN ,

p
2}
p
t
|F⇡(t)|2

f1
±(t)

F⇡(t)
ImGV

{E,M}(t) =
k3cm

{mN ,
p
2}
p
t
F ⇤
⇡ (t)f

1
±(t)

J0
+

J1
±

[Frazer and Fulco, Phys. Rev. 117, 1609 (1960)]

F⇡

JJ
±

Nucleon Form Factors in DIχEFT 7/26

Form factors and their analytic structure

JJ
±

⇡N
⇡N

ci



•We use unitarity to find a convenient representation

•The spectral function is factorized into two parts:
•     : Only left hand cut, free of ππ re-scattering        Calculable in ChEFT.
•     : Contains the ππ re-scattering        Experiment, dispersion theory, 
LQCD.

•We calculate      with ChEFT.
•LO          Born Terms + Contact Terms (from        )
•NLO         Contact Terms (from       , subtracting contribution of t-
channel resonances from the      [Bernard, Kaiser and Meißner, NPA 615 (1997)])
•N2LO partially included         One unknown coefficient for each     .

J. M. Alarcón (JLab)

Im�(t) =
3kcm

4
p
t(m2

N � t/4)
�⇤
⇡(t)f

0
+(t) Im�(t) =

3kcm
4
p
t(m2

N � t/4)
|�⇡(t)|2

f0
+(t)

�⇡(t)

ImGV
{E,M}(t) =

k3cm
{mN ,

p
2}
p
t
|F⇡(t)|2

f1
±(t)

F⇡(t)
ImGV

{E,M}(t) =
k3cm

{mN ,
p
2}
p
t
F ⇤
⇡ (t)f

1
±(t)

J0
+

J1
±

[Frazer and Fulco, Phys. Rev. 117, 1609 (1960)]

F⇡

JJ
±

Nucleon Form Factors in DIχEFT 7/26

Form factors and their analytic structure

JJ
±

⇡N
⇡N

ci
JJ
±



•     is used to reconstruct the spectral functions up to t < 1GeV2
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•     is used to reconstruct the spectral functions up to t < 1GeV2

•Electromagnetic FF: Since t >1 GeV2 is far away from the space-like 
region, we parametrize the contribution from this region by an 
effective pole       :

J. M. Alarcón (JLab)
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•     is used to reconstruct the spectral functions up to t < 1GeV2

•Electromagnetic FF: Since t >1 GeV2 is far away from the space-like 
region, we parametrize the contribution from this region by an 
effective pole       :

•We fix the free parameters by imposing: 

J. M. Alarcón (JLab)
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•     is used to reconstruct the spectral functions up to t < 1GeV2

•Electromagnetic FF: Since t >1 GeV2 is far away from the space-like 
region, we parametrize the contribution from this region by an 
effective pole       :

•We fix the free parameters by imposing: 
•Electromagnetic FF                 

J. M. Alarcón (JLab)
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Form factors and their analytic structure
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•     is used to reconstruct the spectral functions up to t < 1GeV2

•Electromagnetic FF: Since t >1 GeV2 is far away from the space-like 
region, we parametrize the contribution from this region by an 
effective pole       :

•We fix the free parameters by imposing: 
•Electromagnetic FF  
•Scalar FF                

J. M. Alarcón (JLab)
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Form factors and their analytic structure
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•Higher order cor rec t ions a re 
important for t > 0.2 GeV2.
•Error bands shown correspond to the 
uncertainties in the LECs.
•Systematic errors are inferred from 
the difference between NLO and NLO
+pN2LO.

J. M. Alarcón (JLab)

[1] Höhler, in Landolt-Börnstein, 9b2, ed. H. Schopper (Springer, Berlin,1983)

[1]
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Form factors and their analytic structure
[J. M. Alarcón, C. Weiss, PRC 96 (2017)] 

[J. M. Alarcón, C. Weiss, 1710.06430; in preparation] 
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•Pion scalar FF
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•Pion scalar FF
•No direct determination from experimental information
•Dispersion Theory        ππ phase shifts
•LQCD
•We take the dispersive result from 
 [A. Celis, V. Cirigliano and E. Passemar, PRD 89 (2014)]
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 [A. Celis, V. Cirigliano and E. Passemar, PRD 89 (2014)]
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•Pion scalar FF
•No direct determination from experimental information
•Dispersion Theory        ππ phase shifts
•LQCD
•We take the dispersive result from 
 [A. Celis, V. Cirigliano and E. Passemar, PRD 89 (2014)]

  
•Pion EM FF
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•Pion scalar FF
•No direct determination from experimental information
•Dispersion Theory        ππ phase shifts
•LQCD
•We take the dispersive result from 
 [A. Celis, V. Cirigliano and E. Passemar, PRD 89 (2014)]

  
•Pion EM FF     related to e+e-    ππ cross sections

•Related to measured quantities.
•Dispersion Theory      ππ phase shifts.
•LQCD
•We use the GS parametrization of 

   [Lorenz, Hammer, Meißner,EPJ A 48 (2012)]
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 [A. Celis, V. Cirigliano and E. Passemar, PRD 89 (2014)]

  
•Pion EM FF     related to e+e-    ππ cross sections

•Related to measured quantities.
•Dispersion Theory      ππ phase shifts.
•LQCD
•We use the GS parametrization of 

   [Lorenz, Hammer, Meißner,EPJ A 48 (2012)]
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Spectral Functions



J. M. Alarcón (JLab)

[1] Hoferichter, Ditsche, Kubis, Meißner, JHEP 063 (2012)
[2] Belushkin, Hammer and Meißner, PRC 75 (2007)
[3] Hoferichter, Kubis, Ruiz de Elvira, Hammer, Meißner EPJA 
52 (2016)
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[J. M. Alarcón, C. Weiss, PRC 96 (2017)] 

[J. M. Alarcón, C. Weiss, in preparation] 
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•Comparison with respect to the old results

J. M. Alarcón (JLab)
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•Conclusions:
•Brute force calculations are hopeless.
•Non-perturbative effects are visible 
in the near-threshold region.
•Based on unitarity one achieves a 
factorization suitable for perturbative 
calculations.
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Scalar Form Factor



J. M. Alarcón (JLab)

[1] Gasser, Leutwyler, Sainio, PLB 253 260-264, [2] Hoferichter, Klos, Menéndez, Schwenk PRD 94 (2016)
[3] Gasser, Leutwyler, Sainio, PLB 253 252-259, [4] Hoferichter, Ditsche, Kubis, Meißner, JHEP 1206 (2012)
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[J. M. Alarcón, C. Weiss, PRC 96 (2017)] 
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Electromagnetic Form Factor



J. M. Alarcón (JLab)

•To compute the EM form factors of proton and neutron, we need 
the isoscalar component as well.
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•To compute the EM form factors of proton and neutron, we need 
the isoscalar component as well.
•One cannot apply the same approach as in the isovector case.
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J. M. Alarcón (JLab)

•To compute the EM form factors of proton and neutron, we need 
the isoscalar component as well.
•One cannot apply the same approach as in the isovector case.
•We parametrize the isoscalar spectral function through the 
exchange in the narrow with approximation + higher mass pole     . 
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•To compute the EM form factors of proton and neutron, we need 
the isoscalar component as well.
•One cannot apply the same approach as in the isovector case.
•We parametrize the isoscalar spectral function through the 
exchange in the narrow with approximation + higher mass pole     .
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J. M. Alarcón (JLab)

•To compute the EM form factors of proton and neutron, we need 
the isoscalar component as well.
•One cannot apply the same approach as in the isovector case.
•We parametrize the isoscalar spectral function through the 
exchange in the narrow with approximation + higher mass pole     .

 

•We fix the couplings by imposing the charge and radii sum rules:
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•Reconstructing the form factors with 
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LO NLO NLO+N2LO LQCD [12] Exp. [13–41]

hr2Eip (fm2) (1.31, 1.59) (1.25 , 1.62) (0.73 , 1.02) 0.589(39)(33) (0.71 , 0.77)

hr2M ip (fm2) (1.26 , 1.50) (1.27 , 1.54) – 0.506(51)(42) (0.60 , 0.76)

hr2Ein (fm2) (-0.64 , -0.37) (-0.68 , -0.30) (-0.08, 0.21) -0.038(34)(6) -0.12

hr2M in (fm2) (1.24 , 1.59) ( 1.25, 1.65) – 0.586(58)(75) (0.77, 0.79)

TABLE III: Mean square charge and magnetic radius of the nucleon.
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Note that while for proton an neutron, the magnetic
radii are normalized to the magnetic moment, this is not
the case for the isovector and isoscalar components.

The improvement provided by the DI-ChEFT ap-
proach, is then necessary to give a reliable estimation of
the isovector component of the lowest moments, which is
the dominant component of the higher order moments.

In Tables ??,??,?? and ?? we show separately the re-
sults for the isovector and isoscalar components of the
derivatives of the form factors up to the fourth order.
The first thing to notice is that, even though the isoscalar
contribution (and its uncertainty) is not negligible in the
second derivative, its e↵ect decreases as the order of the
derivative increases. This is simply because the isoscalar
component starts getting sizable contributions at ener-
gies around the ! mass, while the isovector contribution
starts already at the ⇡⇡ threshold (see Ref. [7] for a de-
tailed discussion). This increasing weight of the near-
threshold region with the order of the moments, sup-
press the model dependence coming from the isoscalar
component, and reduces the importance of the higher or-
der corrections of the spectral function as higher order
derivatives are considered. In Tables ?? and ?? we sum-
marize the results for the moments. There, one sees how
both, the uncertainty (coming mostly from the isoscalar
component) and the importance of higher order correc-
tions (that a↵ect the higher energy part of the spectral
function) decrease as the order of the moment increases.

Evaluating this dispersive integral, we find the follow-
ing values for the derivatives of GE

D. Nucleon electromagnetic form factors

(Comments regarding our extraction of the FF though
dispersion theory)

Dispersion theory allows us write

GV
E

LO NLO NLO+N2LO

hr4i( fm4) 1.82 (1.72, 1.86) (0.97, 0.99)

hr6i( fm6) 9.88 (9.54, 10.03) (7.00, 7.07)

hr8i( fm8) 139.77 (137.41, 140.96) (119.08, 119.59)

GS
E

hr4i( fm4) (0.43, 0.75)

hr6i( fm6) (1.15, 1.96)

hr8i( fm8) (5.26, 8.82)

GV
M

LO NLO

hr4i( fm4) 6.48 (5.81, 6.20)

hr6i( fm6) 38.18 (35.27, 39.75)

hr8i( fm8) 567.95 (537.73, 584.18)

GS
M

hr4i( fm4) (0.32, 1.07)

hr6i( fm6) (0.89, 2.73)

hr8i( fm8) (4.13, 12.12)

TABLE IV: Moments of Gn
M .

GE,M (t) =
1

⇡

Z 1

4M2
⇡

dt0
ImGE,M (t0)

t0 � t
. (11)

Since the charge and magnetic moment of the nucleons
are known, and the isovector contribution to the charge
radii are well constrained, we impose two subtraction in
the isovector component of (12) and one subtraction in
the isoscalar one in order give more weight to the near-
threshold region with respect to the higher energy ones.

We reconstruct the form factors using the following
dispersive representation
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Note that while for proton an neutron, the magnetic
radii are normalized to the magnetic moment, this is not
the case for the isovector and isoscalar components.

The improvement provided by the DI-ChEFT ap-
proach, is then necessary to give a reliable estimation of
the isovector component of the lowest moments, which is
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tailed discussion). This increasing weight of the near-
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component, and reduces the importance of the higher or-
der corrections of the spectral function as higher order
derivatives are considered. In Tables ?? and ?? we sum-
marize the results for the moments. There, one sees how
both, the uncertainty (coming mostly from the isoscalar
component) and the importance of higher order correc-
tions (that a↵ect the higher energy part of the spectral
function) decrease as the order of the moment increases.

Evaluating this dispersive integral, we find the follow-
ing values for the derivatives of GE

D. Nucleon electromagnetic form factors

(Comments regarding our extraction of the FF though
dispersion theory)

Dispersion theory allows us write
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Since the charge and magnetic moment of the nucleons
are known, and the isovector contribution to the charge
radii are well constrained, we impose two subtraction in
the isovector component of (12) and one subtraction in
the isoscalar one in order give more weight to the near-
threshold region with respect to the higher energy ones.

We reconstruct the form factors using the following
dispersive representation

Figure 2: (ADD MORE DATA POINTS) Predicted Q

2 dependence of the electromagnetic form factors of the nucleon. They are compared to the parametrization
by Ye et al. (black solid line), Ref. [? ], the LQCD determination by the ETM Collaboration determination (green points), Ref. [? ], and the experimental results of
Ref. [? ] (black points).
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hr2i (fm2) ( 0.70059, 0.767638 ) ( -0.079362, -0.14641) (0.688927, 0.764926 ) (0.740108, 0.775516)
hr4i (fm4) (1.47274, 1.6019) (-0.635304, -0.506146 ) (1.67591, 1.78208) (2.04528, 2.04238)
hr6i (fm6) (8.51876, 8.96183) ( -6.10983, -5.66675) ( 11.525, 11.5793 ) ( 15.2307,15.6446 )
hr8i ( 102 fm8) ( 1.26893, 1.29627 ) ( -1.1587 , -1.13137 ) ( 1.83446, 1.8822 ) ( 2.59672, 2.69128 )
hr10i (103 fm10) ( 3.93325, 3.96482 ) ( -3.86593, -3.83435 ) ( 5.70736, 5.90496 ) ( 8.27382, 8.58060 )
hr12i (105 fm12) ( 2.04126, 2.04851 ) ( -2.03856, -2.03131 ) ( 2.90303, 3.00426 ) ( 4.23250, 4.38216 )
hr14i (107 fm14) ( 1.55741,1.56055 ) ( -1.55921, -1.55608 ) ( 2.15788, 2.2296 ) ( 3.14973, 3.2547 )
hr16i (109 fm16) ( 1.62407, 1.62627 ) ( -1.62604, -1.62384 ) ( 2.19083, 2.25977 ) ( 3.19849, 3.2992 )
hr18i (1011 fm18) ( 2.20993, 2.21213 ) ( -2.21208, -2.20988 ) ( 2.90451, 2.99138 ) ( 4.24059, 4.36742 )
hr20i (1013 fm20) ( 3.79638, 3.79932 ) ( -3.79931, -3.79637 ) ( 4.86668, 5.00572 ) ( 7.1054, 7.30839 )
hr22i (1015 fm22) ( 8.02806, 8.03303 ) ( -8.03303, -8.02805 ) ( 10.0498, 10.3254 ) ( 14.6728, 15.0751 )
hr24i (1018 fm24) ( 2.04816, 2.0492 ) ( -2.0492, -2.04816 ) ( 2.50674, 2.57297 ) ( 3.65986, 3.75657 )
hr26i (1020 fm26) ( 6.2013, 6.20392 ) ( -6.20392, -6.2013 ) ( 7.42878, 7.61858 ) ( 10.8461, 11.1232 )
hr28i (1023 fm28) ( 2.19784, 2.19862 ) ( -2.19862, -2.19784 ) ( 2.57979, 2.64371 ) ( 3.76652, 3.85985 )
hr30i (1025 fm30) ( 9.01228 ,9.01504 ) ( -9.01504, -9.01228 ) ( 10.3756, 10.6255 ) ( 15.1485, 15.5134 )
hr32i (1028 fm32) ( 4.23296, 4.23408 ) ( -4.23408, -4.23296 ) ( 4.78424, 4.89654 ) ( 6.98505, 7.149 )
hr34i (1031 fm34) ( 2.25753, 2.25805 ) ( -2.25805, -2.25753 ) ( 2.50708, 2.56453 ) ( 3.66037, 3.74423 )
hr36i (1034 fm36) ( 1.35667, 1.35695 ) (-1.35695, -1.35667 ) ( 1.48157, 1.51477 ) ( 2.16311, 2.21158 )
hr38i (1036 fm38) ( 9.12487, 9.12649 ) ( -9.12649, -9.12487 ) ( 9.80638, 10.0215 ) ( 14.3174, 14.6315 )
hr40i (1039 fm40) ( 6.82748, 6.82856 ) ( -6.82856 , -6.82748) ( 7.22562, 7.38104 ) ( 1.05495, 1.07764 )

Table 3:
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Note that while for proton an neutron, the magnetic
radii are normalized to the magnetic moment, this is not
the case for the isovector and isoscalar components.

The improvement provided by the DI-ChEFT ap-
proach, is then necessary to give a reliable estimation of
the isovector component of the lowest moments, which is
the dominant component of the higher order moments.

In Tables ??,??,?? and ?? we show separately the re-
sults for the isovector and isoscalar components of the
derivatives of the form factors up to the fourth order.
The first thing to notice is that, even though the isoscalar
contribution (and its uncertainty) is not negligible in the
second derivative, its e↵ect decreases as the order of the
derivative increases. This is simply because the isoscalar
component starts getting sizable contributions at ener-
gies around the ! mass, while the isovector contribution
starts already at the ⇡⇡ threshold (see Ref. [7] for a de-
tailed discussion). This increasing weight of the near-
threshold region with the order of the moments, sup-
press the model dependence coming from the isoscalar
component, and reduces the importance of the higher or-
der corrections of the spectral function as higher order
derivatives are considered. In Tables ?? and ?? we sum-
marize the results for the moments. There, one sees how
both, the uncertainty (coming mostly from the isoscalar
component) and the importance of higher order correc-
tions (that a↵ect the higher energy part of the spectral
function) decrease as the order of the moment increases.

Evaluating this dispersive integral, we find the follow-
ing values for the derivatives of GE
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(Comments regarding our extraction of the FF though
dispersion theory)
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1

⇡

Z 1

4M2
⇡

dt0
ImGE,M (t0)

t0 � t
. (11)

Since the charge and magnetic moment of the nucleons
are known, and the isovector contribution to the charge
radii are well constrained, we impose two subtraction in
the isovector component of (12) and one subtraction in
the isoscalar one in order give more weight to the near-
threshold region with respect to the higher energy ones.

We reconstruct the form factors using the following
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Figure 2: (ADD MORE DATA POINTS) Predicted Q

2 dependence of the electromagnetic form factors of the nucleon. They are compared to the parametrization
by Ye et al. (black solid line), Ref. [? ], the LQCD determination by the ETM Collaboration determination (green points), Ref. [? ], and the experimental results of
Ref. [? ] (black points).
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hr2M ip (fm2) (1.26 , 1.50) (1.27 , 1.54) – 0.506(51)(42) (0.60 , 0.76)

hr2Ein (fm2) (-0.64 , -0.37) (-0.68 , -0.30) (-0.08, 0.21) -0.038(34)(6) -0.12

hr2M in (fm2) (1.24 , 1.59) ( 1.25, 1.65) – 0.586(58)(75) (0.77, 0.79)

TABLE III: Mean square charge and magnetic radius of the nucleon.

GE(Q
2) = 1� hr2Ei

3!
Q2 +

hr4Ei
5!

Q4 � hr6Ei
7!

Q6 +
hr8Ei
9!

Q8 + . . . (9)

GM (Q2)

µN
= 1� hr2M i

3!
Q2 +

hr4M i
5!

Q4 � hr6M i
7!

Q6 +
hr8M i
9!

Q8 + . . . (10)

Note that while for proton an neutron, the magnetic
radii are normalized to the magnetic moment, this is not
the case for the isovector and isoscalar components.

The improvement provided by the DI-ChEFT ap-
proach, is then necessary to give a reliable estimation of
the isovector component of the lowest moments, which is
the dominant component of the higher order moments.

In Tables ??,??,?? and ?? we show separately the re-
sults for the isovector and isoscalar components of the
derivatives of the form factors up to the fourth order.
The first thing to notice is that, even though the isoscalar
contribution (and its uncertainty) is not negligible in the
second derivative, its e↵ect decreases as the order of the
derivative increases. This is simply because the isoscalar
component starts getting sizable contributions at ener-
gies around the ! mass, while the isovector contribution
starts already at the ⇡⇡ threshold (see Ref. [7] for a de-
tailed discussion). This increasing weight of the near-
threshold region with the order of the moments, sup-
press the model dependence coming from the isoscalar
component, and reduces the importance of the higher or-
der corrections of the spectral function as higher order
derivatives are considered. In Tables ?? and ?? we sum-
marize the results for the moments. There, one sees how
both, the uncertainty (coming mostly from the isoscalar
component) and the importance of higher order correc-
tions (that a↵ect the higher energy part of the spectral
function) decrease as the order of the moment increases.

Evaluating this dispersive integral, we find the follow-
ing values for the derivatives of GE

D. Nucleon electromagnetic form factors

(Comments regarding our extraction of the FF though
dispersion theory)

Dispersion theory allows us write

GV
E

LO NLO NLO+N2LO

hr4i( fm4) 1.82 (1.72, 1.86) (0.97, 0.99)

hr6i( fm6) 9.88 (9.54, 10.03) (7.00, 7.07)

hr8i( fm8) 139.77 (137.41, 140.96) (119.08, 119.59)

GS
E

hr4i( fm4) (0.43, 0.75)

hr6i( fm6) (1.15, 1.96)

hr8i( fm8) (5.26, 8.82)

GV
M

LO NLO

hr4i( fm4) 6.48 (5.81, 6.20)

hr6i( fm6) 38.18 (35.27, 39.75)

hr8i( fm8) 567.95 (537.73, 584.18)

GS
M

hr4i( fm4) (0.32, 1.07)

hr6i( fm6) (0.89, 2.73)

hr8i( fm8) (4.13, 12.12)

TABLE IV: Moments of Gn
M .

GE,M (t) =
1

⇡

Z 1

4M2
⇡

dt0
ImGE,M (t0)

t0 � t
. (11)

Since the charge and magnetic moment of the nucleons
are known, and the isovector contribution to the charge
radii are well constrained, we impose two subtraction in
the isovector component of (12) and one subtraction in
the isoscalar one in order give more weight to the near-
threshold region with respect to the higher energy ones.

We reconstruct the form factors using the following
dispersive representation

Figure 2: (ADD MORE DATA POINTS) Predicted Q

2 dependence of the electromagnetic form factors of the nucleon. They are compared to the parametrization
by Ye et al. (black solid line), Ref. [? ], the LQCD determination by the ETM Collaboration determination (green points), Ref. [? ], and the experimental results of
Ref. [? ] (black points).
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hr2i (fm2) ( 0.70059, 0.767638 ) ( -0.079362, -0.14641) (0.688927, 0.764926 ) (0.740108, 0.775516)
hr4i (fm4) (1.47274, 1.6019) (-0.635304, -0.506146 ) (1.67591, 1.78208) (2.04528, 2.04238)
hr6i (fm6) (8.51876, 8.96183) ( -6.10983, -5.66675) ( 11.525, 11.5793 ) ( 15.2307,15.6446 )
hr8i ( 102 fm8) ( 1.26893, 1.29627 ) ( -1.1587 , -1.13137 ) ( 1.83446, 1.8822 ) ( 2.59672, 2.69128 )
hr10i (103 fm10) ( 3.93325, 3.96482 ) ( -3.86593, -3.83435 ) ( 5.70736, 5.90496 ) ( 8.27382, 8.58060 )
hr12i (105 fm12) ( 2.04126, 2.04851 ) ( -2.03856, -2.03131 ) ( 2.90303, 3.00426 ) ( 4.23250, 4.38216 )
hr14i (107 fm14) ( 1.55741,1.56055 ) ( -1.55921, -1.55608 ) ( 2.15788, 2.2296 ) ( 3.14973, 3.2547 )
hr16i (109 fm16) ( 1.62407, 1.62627 ) ( -1.62604, -1.62384 ) ( 2.19083, 2.25977 ) ( 3.19849, 3.2992 )
hr18i (1011 fm18) ( 2.20993, 2.21213 ) ( -2.21208, -2.20988 ) ( 2.90451, 2.99138 ) ( 4.24059, 4.36742 )
hr20i (1013 fm20) ( 3.79638, 3.79932 ) ( -3.79931, -3.79637 ) ( 4.86668, 5.00572 ) ( 7.1054, 7.30839 )
hr22i (1015 fm22) ( 8.02806, 8.03303 ) ( -8.03303, -8.02805 ) ( 10.0498, 10.3254 ) ( 14.6728, 15.0751 )
hr24i (1018 fm24) ( 2.04816, 2.0492 ) ( -2.0492, -2.04816 ) ( 2.50674, 2.57297 ) ( 3.65986, 3.75657 )
hr26i (1020 fm26) ( 6.2013, 6.20392 ) ( -6.20392, -6.2013 ) ( 7.42878, 7.61858 ) ( 10.8461, 11.1232 )
hr28i (1023 fm28) ( 2.19784, 2.19862 ) ( -2.19862, -2.19784 ) ( 2.57979, 2.64371 ) ( 3.76652, 3.85985 )
hr30i (1025 fm30) ( 9.01228 ,9.01504 ) ( -9.01504, -9.01228 ) ( 10.3756, 10.6255 ) ( 15.1485, 15.5134 )
hr32i (1028 fm32) ( 4.23296, 4.23408 ) ( -4.23408, -4.23296 ) ( 4.78424, 4.89654 ) ( 6.98505, 7.149 )
hr34i (1031 fm34) ( 2.25753, 2.25805 ) ( -2.25805, -2.25753 ) ( 2.50708, 2.56453 ) ( 3.66037, 3.74423 )
hr36i (1034 fm36) ( 1.35667, 1.35695 ) (-1.35695, -1.35667 ) ( 1.48157, 1.51477 ) ( 2.16311, 2.21158 )
hr38i (1036 fm38) ( 9.12487, 9.12649 ) ( -9.12649, -9.12487 ) ( 9.80638, 10.0215 ) ( 14.3174, 14.6315 )
hr40i (1039 fm40) ( 6.82748, 6.82856 ) ( -6.82856 , -6.82748) ( 7.22562, 7.38104 ) ( 1.05495, 1.07764 )

Table 3:
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•Charge and magnetization densities reveal the the spatial 
distribution of charge and magnetization inside the nucleon.
•For relativistic system as the nucleon is necessary to project into 
the transverse plane to avoid any ambiguity.

•The input necessary to compute the densities can be taken from 
experimental data (parametrizations) or theory.
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Prelminary
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Nucleon Densities

•Charge Densities

•Magnetization Densities
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[J. M. Alarcón, C. Weiss, in preparation] 
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Summary and Conclusions



•Through unitarity, it is possible to find a representation suited for 
ChEFT        Predictions of the Nucleon Form factors.
•The results improve previous ChEFT calculations and are 
competitive with dispersion theory calculations.
•EM FFs have a much complex structure that what it seems. 
•DIχEFT implements the constrains that allow to reconstruct the 
FFs with its full complexity:

•Analyses of FF data.
•Two photon exchange corrections to e-p scattering.

•Results used to understand “Proton Radius Puzzle” (PRad).
•Learn about the partonic structure of the nucleon.
•New promising method to compute nucleon matrix elements from 
first principles (EM tensor, D-term, extension to G-parity odd, …).

J. M. Alarcón (JLab)

Summary and Conclusions
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Gp,n
E,M (t) =

1

⇡

Z 1

4M2
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dt0
ImGp,n

E,M (t0)

t0 � t� i0+
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•Reconstructing the form factors with 

[J. M. Alarcón, C. Weiss, in preparation] 
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•Comparison with respect to the old results
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[T. Bauer, J. Bernauer, S. Scherer, PRC 86 (2012)]
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Is lowest reduced chi-squared cred
2 the answer?

If not, why not?

Are there systematic problems with the MAMI data?

J.A & C.W arXiv 1710.06430

Clearly: P&P prediction 0.6(3) = No Go 

I. Sick & D. Trautmann: 2.01(5) PRC 2017 
M. Distler: 2.6 fm4

Note the Re vs <r4>e correlation !!

(Courtesy of Marko Horbatsch)

Talk by Marko Horbatsch (JLab, 12/8/2017)
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(Courtesy of Marko Horbatsch)

Talk by Marko Horbatsch (JLab, 12/8/2017)

Is it consistent for the higher moments ?

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

0

2

4

6

8

10

R4m [fm4]

R
6 e

[fm
6 ]

J.A & C.W arXiv 1710.06430

C.P & A.P

C.P & A.P

Nucleon Form Factors in DIχEFT



•We study the naturalness of the isovector moments by defining:

•If the integral were dominated by a certain region   , the ratio           
would be given by the average of         over this region.
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