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Resonant  two-body fo rces  a re  shown to give r i s e  to a s e r i e s  of levels  in t h r e e - p a r t i c l e  s y s t e m s .  The 
nu mber  of such levels  may be very large.  Poss ib i l i ty  of the exis tence  of such levels in s y s t e m s  of three  
a - p a r t i c l e s  (12C nucleus) and three  nucleons (3ti) is d i scussed .  

The  r a n g e  of n u c l e o n - n u c l e o n  f o r c e s  r o i s  
known  to be  c o n s i d e r a b l y  s m a l l e r  t han  the  
s c a t t e r i n g  l e n g t s  a. T h i s  f ac t  i s  a c o n s e q u e n c e  of 
the  r e s o n a n t  c h a r a c t e r  of n u c l e o n - n u c l e o n  f o r c e s .  
A p a r t  f r o m  t h i s ,  m a n y  o t h e r  f o r c e s  in  n u c l e a r  
p h y s i c s  a r e  r e s o n a n t .  The  a i m  of t h i s  l e t t e r  i s  to 
e x p o s e  an  i n t e r e s t i n g  e f f e c t  of r e s o n a n t  f o r c e s  in 
a t h r e e - b o d y  s y s t e m .  N a m e l y ,  f o r  a ' " r  o a 
s e r i e s  of bound  l e v e l s  a p p e a r s .  In a c e r t a i n  c a s e ,  
the  n u m b e r  of l e v e l s  m a y  b e c o m e  in f in i t e .  

Le t  us  e x p l i c i t l y  f o r m u l a t e  t h i s  r e s u l t  in  the  
s i m p l e s t  c a s e .  C o n s i d e r  t h r e e  s p i n l e s s  n e u t r a l  
p a r t i c l e s  of e q u a l  m a s s ,  i n t e r a c t i n g  t h r o u g h  a 
p o t e n t i a l  gV(r). At c e r t a i n  g = go two p a r t i c l e s  
ge t  bound  in t h e i r  f i r s t  s - s t a t e .  F o r  v a l u e s  of g 
c l o s e  to go ,  the  t w o - p a r t i c l e  s c a t t e r i n g  l e n g t h  a 
i s  l a r g e ,  and  i t  i s  t h i s  r e g i o n  of g t h a t  we s h a l l  
con f ine  o u r s e l f  to. The  t h r e e - b o d y  c o n t i n u u m  
b o u n d a r y  i s  s h o w n  in the  f i g u r e  by c r o s s - h a t c h i n g .  
The  e f f e c t  we a r e  d r a w i n g  a t t e n t i o n  to i s  the  f o l -  
lowing .  As  g g r o w s ,  a p p r o a c h i n g  go ,  t h r e e - p a r -  

-~1 ~ 

Fig. 1. 

g<g. g>g, 

The level  spec t rum of three  neutra l  spinless  
par t i c les .  The scale is not indicative.  

t i c l e  bound  s t a t e s  e m e r g e  one a f t e r  the  o t h e r .  At 
g = go ( in f in i t e  s c a t t e r i n g  l eng th)  t h e i r  n u m b e r  i s  
i n f in i t e .  As  g g r o w s  on b e y o n d  go, l e v e l s  l e a v e  
in to  c o n t i n u u m  one a f t e r  the  o t h e r  ( s ee  fig.  1). 

The  n u m b e r  of l e v e l s  i s  g i v e n  by the  e q u a t i o n  

N ~ 1 l n ( j a l / r o )  (1) 
7T 

All  the  l e v e l s  a r e  of the  0 + kind;  c o r r e s p o n d i n g  
wave  funcLions  a r e  s y m m e t r i c ;  the  e n e r g i e s  
EN .~ 1/r o2 (we u s e ~ = m  = 1); the  r a n g e  of t h e s e  
bound  s t a t e s  i s  m u c h  l a r g e r  t han  r o. 

We wan t  to s t r e s s  tha t  t h i s  p i c t u r e  is  va l id  f o r  
a ,-, r o. T h r e e - b o d y  l e v e l s  a p p e a r i n g  at  a ~ r o 
o r  wi th  e n e r g i e s  E ~ 1 / r  2 a r e  not  c o n s i d e r e d .  

T h e  p h y s i c a l  c a u s e  of the  e f f ec t  i s  in the  
e m e r g e n c e  of e f f e c t i v e  a t t r a c t i v e  l o n g - r a n g e  
f o r c e s  of r a d i u s  a in  the  t h r e e - b o d y  s y s t e m .  We 
c an  d e m o n s t r a t e  t ha t  they  a r e  of the  1/1~ 2 kind;  
R 2 = r 2 2  + r 2 3  + r 2 1 .  T h i s  f o r m  i s  v a l i d  f o r R  2: 
r o. Wi th  a ~ o0 the  n u m b e r  of l e v e l s  b e c o m e s  in -  
f i n i t e  a s  in the  c a s e  of two p a r t i c l e s  i n t e r a c t i n g  
wi th  a t t r a c t i v e  1 / r  2 p o t e n t i a l .  

Our  r e s u l t  m a y  be  c o n s i d e r e d  a s  a g e n e r a l i z a -  
t i on  of T h o m a s  t h e o r e m  [1]. A c c o r d i n g  to the  
l a t t e r ,  when  g--~ g o '  t h r e e  s p i n l e s s  p a r t i c l e s  do 
h a v e  a bound  s t a t e .  We a s s e r t  t ha t  in f ac t  t h e r e  
a r e  m a n y  s u c h  s t a t e s ,  and  f o r  g = go  t h e i r  n u m -  
b e r  i s  i n f in i t e .  

Note  t ha t  the  e f f e c t  d o e s  not  d e p e n d  on the  
f o r m  of t w o - b o d y  f o r c e s  - i t  i s  only  t h e i r  r e s o n a n t  
c h a r a c t e r  t h a t  we r e q u i r e .  

F r o m  eq. (1) one  f i n d s  t ha t  the  m a g n i t u d e  of the  
s c a t t e r i n g  l e n g t h  at  w h i c h  (N+ 1)s t  l e v e l  a p p e a r s  
i s  a p p r o x i m a t e l y  e~ t i m e s  ( ~ 2 2  t i m e s )  l a r g e r  
t h a n  t ha t  f o r  Nth  one.  T h u s ,  if we a s s u m e  tha t  
the  t h r e e - b o d y  g r o u n d  s t a t e  a p p e a r s  at  a ~ t o ,  
the  f i r s t  e x c i t e d  l e v e l  f r o m  t h i s  0 + - s e r i e s  wi l l  
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• Two body interaction 
• At  
• Three-body bound states 

gV (r)

g = g0, scattering length a � r

# ⇠ 1

⇡
ln

✓
|a|
r

◆

geometrical scaling

A+D

A+A+A

between
1

ma2
and

1

mr2
Efimov, PLB33, 563 (1970)
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Why does it happen?
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Cold Atom Experiments
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experimental data for the two Efimov resonances are shown 
in figure 10. This is so far the most convincing experimental 
evidence of Efimov states of identical bosons, according to 
definition 1 of section 2.1.5.

Bound-state spectroscopy. Before the evidence of Efimov 
states through three-body and two-body losses, the asso-
ciation of three colliding atoms in an Efimov trimer was 
theoretically proposed [143]. Such an association, although 
different from the original proposal, could be achieved 
experimentally and allowed the direct spectroscopy of Efi-
mov trimers. Although the first demonstration was done with 
three distinguishable atoms (see section 2.3.5), the associa-
tion of three bosons into an Efimov trimer was later achieved 

with lithium-7 atoms in the group of Khaykovich [144]. The 
experiment consists in driving a transition between three 
colliding atoms and the underlying Efimov trimer state by 
applying a radio-frequency (rf) modulation of the magnetic 
field. When the frequency of the modulation matches the 
energy difference between the energy of the colliding atoms 
and the trimer energy, the three atoms are associated in tri-
mers, resulting in a loss of the atoms from the imaged cloud. 
The resonance could be seen as a small dip in the number of 
atoms as the frequency of the modulation is varied, on the 
shoulder of a broader dip due to the association of two atoms 
into a dimer.

2.1.8. Prospects for observation in condensed matter. Most 
studies of Efimov physics have been done in the fields of 
nuclear physics and atomic physics, but recently there have 
been works seeking the possibility of Efimov physics in other 
physical systems. Here, we present the current prospects for 
quantum spin systems [145, 146] and excitons [147].

2.1.8.1. Efimov states in quantum spin systems. Quantum spin 
systems have constituted an important and active field of research 
in condensed matter physics for more than 70 years. They have 
been been used with some success to explain and predict vari-
ous magnetic phenomena in insulating solids. A quantum spin 
system is a system of spins fixed on the sites of a lattice, which 
can interact with each other through an exchange interaction. 
Depending on the geometry of the lattice, spatial dimension, 
and the sign and the spatial extent of the exchange interaction, 
quant um spin systems can exhibit various magnetic phases.

When the ground state of a quantum spin system shows 
a non-trivial magnetic phase, such as the ferromagnetic or 
anti-ferromagnetic phases, the symmetry of the Hamiltonian 
is spontaneously broken. The Nambu–Goldstone theorem 
dictates that there must exist gapless low-energy excitations, 
called magnons, in such broken-symmetry systems. For a fer-
romagnet system, the magnons have the dispersion relation 

k k2( )ε ∝  [148]. This dispersion is similar to that of a non-
relativistic particle in the vacuum.

From this similarity between the magnons and the non-
relativistic particles, Nishida and co-workers [14] have 
sought the possibility of finding Efimov states in a ferro-
magetic quantum spin system. To achieve the resonant-
interaction condition (2.4) necessary for the appearance of 
the Efimov states, they considered the Heisenberg model in 
three spatial dimensions with an anisotropic exchange cou-
pling and the single-ion anisotropy. These terms originate 
from the anisotropy in the lattice and the crystal field effect 
that are present in real materials described by quantum spin 
systems. In the presence of these terms, the magnons no 
longer behave as independent quasi-particles, and start to 
interact. This interacting problem is greatly simplified from 
the fact that the number of magnons is a conserved quantity 
in the anisotropic Heisenberg model. It is therefore justi-
fied to consider the few-body problem for magnons with a 
well-defined number of magnons. Nishida and co-workers 
have shown by analytically solving the two-body problem 

Figure 10. Efimov resonances in an ultra-cold gas of caesium-133 
atoms in their lowest hyperfine state, whose scattering length is 
varied by applying a magnetic field on the order of 800 gauss 
(adapted from [39]). The resonances appear as peaks in the 
three-body recombination rate as a function of scattering length. 
The experimental data of [39] is shown with different colours 
corresponding to different data sets, all taken at a temperature of 
about 10 nK. The data around the first resonance is fitted by the 
zero-temperature universal formula (2.52) with a−  =  −51.0(0.6) 
nm and 0.10 1( )η = . The formula predicts a second resonance at 
a 22.7 51 1158= × − = −  nm. The second resonance was observed 
at a  =  −1068(63) nm, corresponding to a factor 21(1.3) indicated 
by the arrow. The height of the peak is much smaller than the 
zero-temperature prediction, due to the saturation effect of finite 
temperature [135, 136], indicated by the horizontal dotted line for 
10 nK.

Rep. Prog. Phys. 80 (2017) 056001

5

atom loss in Cs-133

Naidon and  Endo review paper Rep. Prog. Phys. 80,56001 (2017)

He-4 trimers

Kunitski et al. Science 348, 551 (2015)

Kraemer et al. Nature 440, 315 (2006)



• Triton binding energy ~ 8.5 MeV, deeper state ~ 4.4 GeV. 

Forget that!  
• Coulomb force — introduces new scale. Only very light 

systems

Nuclear Systems?

However, neutron-deuteron scattering does have a virtual state 
Girard and Fuda (1979), Adhikari and Torreao (1983)
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Neutron-Deuteron Virtual State

p cot � =

�1/a+ rp2/2 + · · ·
p2 + p20

van Oers & Seagrave (1967):

Pole at p2 = �p20 ⇠ �100 MeV

2

Shallow virtual state B~ 0.5  MeV

7

Data: Ref. [1] and [2] in Phys. Lett. 562 (1967) 
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Virtual State as Efimov Level?

!

1. Achieve unitarity theoretically (not feasible experimentally) 
• Want a model-independent method 
• Universally applicable 

2. Model-independent description of shallow virtual state 
• Derive the modified ERE below deuteron breakup

|a| ! 1, r ! 0Accumulation of 3-body Efimov levels near unitarity:

For first task: use pionless EFT that produces triton and virtual state as    

    “the fundamental theory”  to generate “data”

For second task: formulate a low energy theory with fundamental 

deuteron fields (a halo EFT)



EFT: the long and short of it
• Identify degrees of freedom 

!

!

• Determine     from data (elastic, inelastic) 

• EFT :   ERE +  currents + relativistic corrections

Hide UV ignorance- short distance IR explicit- long distance

Not just Ward-Takahashi identity

L = c0 O
(0) +c1 O

(1) +c2 O
(2) + · · ·

cn

expansion in 

power counting

9



⇡Pionless EFT   —      EFT

iA(p) =
2⇡

µ

i

p cot �0 � ip
=

2⇡

µ

i

�1/a+

r
2p

2
+ · · ·� ip

⇡ �2⇡

µ

i

1/a+ ip


1 +

rp2/2

1/a+ ip
+ · · ·

�

nucleon-nucleon scattering

,   for a ~ 1/p >> r

Example: neutron-proton scattering 
1S0 : a =� 23.8 fm, r = 2.73 fm,
3S1 : a =+ 5.42 fm, r = 1.75 fm.
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• Non-relativistic nucleons 
• Short ranged interaction — point-like interaction

+ +

−C0

+ · · ·

iA(p) =
�i

1
C0

+ i µ
2⇡p

) C0 ⇠ 2⇡a

µ

Construct     EFT⇡

Weinberg ’90!
Bedaque, van Kolck ’97!
Kaplan, Savage, Wise ’98 

1/a ⇠ p ⇠ Q ⌧ 1/r ⇠ ⇤ ⇠ m⇡

power-counting C0 ⇠ 1/Q

3S1

11

Chen, Rupak, Savage (1999)
single fine-tuning (rho-pion physics)
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Phillips, Rupak, Savage (1999)
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Neutron-Deuteron Scattering

Tnd Tnd

Tnd

= +

+ +

= + + + ...

3-nucleon coupling  
                     — limit cycle, Wilson (1971) 

             — Phillips line (1968)

dimer-formulation (auxiliary field)

C0 $ g2

�

h0(�) ⇠� 4

�2

sin
⇥
s0 ln(�/�⇤)� tan�1(s0)

⇤

sin
⇥
s0 ln(�/�⇤) + tan�1(s0)

⇤ ,

s0 ⇡1.0062

Bedaque, Hammer, van Kolck 
Nucl. Phys. A 676, 357 (2000)
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Limit Cycle, Phillips line
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Numerical result

Analytical form

Bedaque, Rupak, Grießhammer, Hammer 
Nucl. Phys. A 714, 589 (2003)
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LO EFT

NLO EFT

NNLO EFT

⇡

⇡

⇡

Neutron-Deuteron in pionless EFT 

pionless EFT Input

LO : �, as, a3

NLO : LO + rt, rs

NNLO : NLO + B3

Next proceed to derive a theory with fundamental deuteron 
fields below breakup

Bedaque, Rupak, Grießhammer, 
Hammer (2003)

NLO: S. König, J. Vanesse
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Phase Shift
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Halo EFT and modified ERE 

L =n†[i@0 +
r2

2mN
]n+ d†a[i@0 +

r2

2md
]da +

2X

i=1

 (i)†[�i + ci(i@0 +
r2

2M
)] (i)

+
2X

i=1

r
2⇡

µ
[ (i)† �ap

3
nda + h. c.],

Introduce two auxiliary fields!

iTt(p) =
2⇡

µ

i

�
h

1
�1+c1p2/(2µ) +

1
�2

i�1
� ip

=

2⇡

µ

i

p cot � � i

neutron-deuteron amplitude:

p20 =2µ
�1 +�2

c1
,

1

a
=

�1�2

�1 +�2
, �2

r
=2µ

�1 +�2

c1�2
,

Generate modified ERE: calculate as a 2-body amplitude
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• Breakdown scale Λ set by deuteron breakup momentum 
• Zero of T-matrix at Q 
• Virtual state momentum א 

Initially:  Q2 ⇠ 100 MeV2 ⌧ @2 ⇠ 900 MeV2 ⌧ ⇤2 ⇠ 2500 MeV2

As we tune the pionless EFT, Q2  gets smaller, changes sign and  
approaches Λ2 and exceeds it.

We define: �t ⌘ gt� ⇡ 45.7gt MeV, �s ⌘ gs/as = �8.3gs MeV

Approach unitarity as: 

Power-counting has to account for the varying relative size of Q2  

(and other fine tunings) 

Halo EFT Power-Counting 

(gs = 0, gt ! 0)
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Power-Counting Continued
Consider 3 intervals

0.7 . gt . 1 : small a ⇠ Q2/(@⇤2), large r ⇠ ⇤2/(@Q2)

small shape parameter

0.3 . gt . 0.7 : large a ⇠ r ⇠ 1/@

�2 � �1 and still c2 ⌧ c1

�1 ⇠ �2 and c2 ⌧ c1

Second auxiliary field decouples: regular ERE

0.1 . gt . 0.3 : large a ⇠ 1/@ and r . 1/⇤

Q & ⇤

Familiar unitary limit EFT with a single auxiliary field

Continue on?
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Phase Shift Again
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Virtual, Bound and  Resonance States
Look at analytic structure of the S-matrix

St(p) =e2i�(p) = 1 +

i2p

p cot � � ip
= 1 + i

µp

⇡
Tt(p) = 1 +

i2p
�1/a+rp2/2

p2+p2
0

� ip

=� (p+ i⇡1)(p+ i⇡2)(p+ i⇡3)

(p� i⇡1)(p� i⇡2)(p� i⇡3)

Interpretation of the three poles in halo EFT:

⇡1 + ⇡2 + ⇡3 =� r

2
p20, ⇡1⇡2 + ⇡2⇡3 + ⇡3⇡1 =� p20, ⇡1⇡2⇡3 =� p20

a

⇡3 � ⇤3rd root not relevant as

1st root is the shallow virtual state

2nd root on positive imaginary axis … triton? 
No, a redundant pole.
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Redundant Pole

We look at the residue of the S-matrix near the poles

Normalization of bound and virtual states

|N1|2 = iR1 =
2⇡1(⇡2

1 � p20)

(⇡1 � ⇡2)(⇡1 � ⇡3)
,

|N2|2 = iR2 =
2⇡2(⇡2

2 � p20)

(⇡2 � ⇡1)(⇡2 � ⇡3)
< 0.

St(p) ⇠
X

i

Ri

p� i⇡i
+ regular pieces,

⇡2 > 0 is called a redundant/shadow pole
 Ma, Phys. Rev. 69, 668 (1946) 
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Virtual State to Efimov Level
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Efimov Levels
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Conclusions

• Efimov level emerged from the n-d virtual state near unitarity 
• Model-independent analysis using a halo EFT 
• Claim the mechanism for emergence of Efimov levels is universal 

• Atomic systems 
• lattice QCD at unphysical quark masses 

• radiative capture in n-d, p-d system for Big Bang Nucleosynthesis


