S-matrix approach to 2 and 3 hadron interactions

Adam Szczepaniak, Indiana University/Jefferson Lab

Outline

* Opportunities and challenges in hadron
spectroscopy

 Amplitudes from S-matrix analysis: 2-to-2
scattering 1-to-3 decays : how virtual
exchanges become real

* Three particle scattering : the framework
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How Hadrons Emerge from QCD

» Experimental or lattice signatures 2, [ | .
(real axis data: cross section bumps | |\
and dips, energy levels) 14 o

0.5 I 1.5

* Theoretical signatures (complex
plane singularities: poles, cusps) —_—

* What is the interpretation
(constituent quarks, molecules, ...) ?

Hybrids

Reaction amplitudes .
U

Mesonic-Molecules

Tetraquarks
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3pion challenge
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Signatures of new, unusual light resonances
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* At low-t exotic wave production compatible with one pion exchange
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Signatures of unusual heavy quark resonances
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Amplitude signatures
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Other effects can be The “interesting stuff” happens on unphysical
"generated” exchanges sheets. When singularities are close to the

v forces” () physical region rapid variations in amplitudes

(cross sections) appear
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Anatomy of resonances

ImFE ‘!
, V(R) e
Violates \‘ ER’ FR
Lp, LR Causlaity
Infin?te amplitude (violates unitarity)
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B, o | ReE
O Eg, Ty
When strength of interactions The only place for bound

IS reduces bound states

stets pole to migrate is
become resonances

onto an unphysical sheet
connected to the open
channel branch point
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S-matrix formalism to 3 hadron interactions

Properties of reaction amplitudes are determined by
Causality: Reaction amplitudes are smooth (analytical)
functions of kinematical variables with singularities
reflecting existence of constraints (laws)

Unitarity: Determines singularities.
Crossing: Dynamical relations: reaction amplitudes In

the exchange channel (forces) are analogous to
amplitude in the direct channel (resonance)
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2-to0-2 scattering

. /S' A(s,t) = (20 + 1)ay(s) Pi(z)
t N\

Analysis of ai(s) mcgdel dependent: Testing hypothesis

 Dispersion realtion (Analiticity) » Unitarity ...
1 I / < / . 2 /
CL[(S) — Bz(S) + —/ dS/ 777;&[(8 ) _ \a(s + ZE)_| '0(8 )
T Jir S — S ...iImplies a relation

between Re ajand Im a

B from cross channel interactions. Given B, (e.g. for elastic Trr scattering it
can be related to ai(s)’s. Unitarity “converts” a dispersion relation to an
integral equation (eg Roy eq.) for the partial waves). Solution is non unique
— there are resonances/bound states not constrained by “exchange forces”
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Real axis vs complex plane

To look for poles need to continue though the unitary cut

ai(s) = Bils) + 1 [ ds

T s’ — s

l

a;’(s) = a;(s) + 2iIma;(s)

* (All) that is needed is an analytical continuation of the phase shift (ai(s) on
the real axis)

* |[n a typical application of Roy eq., Im a; does not correspond to limit of an
analytical function. Thus what is quoted is not the “true pole” (but the
probably a value close to it)
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Beyond 2 particle production Khuri-Treiman (KT) model

()5 - %\ES *j[ ; "r\

~r — 4 «~ ¢ Isobars are not partial
2 L s “  waves. They are model
amplitudes with direct
Or in decay channel channels branch points

only

—:%{‘\/S »«L\\gz(;c ,‘,%M

* Isobars to be determined in terms of 2-to-2 >% KH 53
scattering amplitude and a coupling, g to the -
production channel (g=1)

(s)
- unitarity : t-channel process acts as a \ 8 g
“driving” term for s-channel isobar
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KT equations

e

Isobar amplitudes have only the
normal threshold singularities

ol M) = f(5) + f(s) [ TP

/
tTﬂ- S_S

b(s, M*) :/_1 dza(t(s,z, M*), M?)
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KT equations

“Triangle singularity”

e (s
m ; @w?m .

Isobar amplitudes have only the
normal threshold singularities

ol M) = f(5) + f(s) [ TP

/
tTﬂ- S_S

b(s, M*) :/_1 dza(t(s,z, M*), M?)
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KT equations

“Triangle singularity”

e e (=),

Isobar amplitudes have only the

T )
. . B T TR R R TV
normal threshold singularities

ol M) = f(5) + f(s) [ TP

/
s S — S

b(s, M*) :/_1 dza(t(s,z, M*), M?)
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o(yp — J/wp) ARBITRARY UNITS

Pentaquark as a triangle singularity ?
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3-to-3 amplitude from a 2-to-2 (1-to-3) KT model

T(o',M?*,0) = B(c',M?,0)

—I—/da”B(J/,MZ,J”)T(U”,M2)T(J”,M2,(7)
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Relation to other approaches
OIS DING
D~
T'(q,p;s) = B(q,p;s) — /(QU lS)Tkgtig)T(l p; s)

Tg_>3(()'/7 S, 0‘) — Z _1 — T(i)B(S) o [B(S)]g//,g

o'’ 40,0

M. Mai et al. (JPAC) “@ vs Chew-Madelstam” phase

|.Aitchison (Khuri-Treiman) R space (properly removes

H.Hammer et al. (EFT) unphysical singularities from @ )

T 1

* Reproduces 3-to-3 unitarity on the real axis only - K1(s) —ip(s)

* Analyticity in sub-channel variables ? T — ! :
KH(s) = 7 [ ds' 555

Next step is to derive the proper
dispersive representation
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3-to-3 scattering from dispersion relations

(N /4,
Y

Special thanks to Andrew Jackura .‘%
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Workflow
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Unitarity
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Workflow
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Workflow

e )
r 2
Unitarity ™A Multiple variables —
\ Y Isobar approximation
I 4 y
e )
. r . 2
Analyticity \ Isobars/Partial Waves —
- v / complicated analytical
~ N g properties )

Dispersion Relations
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r )
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Workflow

r a
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Unitarity ™A Multiple variables —
\ Y Isobar approximation
I 4 y
- a
. r . D
Analyticity \ Isobars/Partial Waves —
- v / complicated analytical
~ N g properties )
Dispersion Relations
\4 Solution via N/D
r a
N y
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3-to-3 elastic scattering 1

Consider the elastic scattering of the 3—3 system /23—=123, where
1, 2, and 3 are distinguishable particles

The S-matrix 1s decomposed as

{p'} S {p}) = {p'H{p}) —
+3 ) 8(p) — py)(2m)*dW(Q) — Q) F;({p', p})

J

Completely Disconnected

- Disconnected

i 7j(27r)45(4) (P"— P)A({p',p}) T Connected

SO == 0 e

Fi({p’,p};) A({p’,p})
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Unitarity relations
1=57S = 2Im(F+ A) = (F + A)TP.S.(F + A)

Disconnected 2—2 Unitarity Relation

2Im F;({p’,p};) = p2(0;) / Qi 77 ({p", p'};)Fi({p", p}))

Connected 3—3 Unitarity Relation

Gm A({p’,p}) = / dp dplydp} (2m)*6™ (P" — P) A*({p”,p’})«‘l({p”,p})\
37 o) [ a2 ("B AR PHO — o)

k
3" o) [ Ao A (" B DF (" B}l — o)

+22mb(ugn — mi) F({p", p'H) F (", 1))
K J?;:ﬁkk /
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Unitarity relations

Disconnected 2—2 Unitarity Relation

p;‘1 Dj p;-l
21m _

p;é Pj, p;2

Dj < Pj Dy

Connected 3—3 Unitarity Relation

12 b1 P

b2 —= p/Z

2Im p

eff on Lab

S
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Dj, Dj
p;.; Dy,
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p1

P
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Too many variables ...

3—3 amplitudes depend on 8 independent variables. One representation 1s

- 2J + 1 7
Final CMS Plane 2k W\ A({p/, p}) — Z 2 Ai’A({E})Dg\’g\(R)
" 7 A\ 8T / /
Invariant energies Euler angles

{E} — {0/17 O-éa 8701702}

A choice of 0’s selects an
1sobar e.g. 0’11s the inv.
mass squared of (23)
subsystem

Initial CMS Plane
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Isobar-particle scattering

Assume that the amplitude can be expanded into Isobar Amplitudes

AP, p}) = > Awi({P's P}ks)

Two particles interact before
interacting with spectator

Pj

Pjs

Sum over all allowed isobars
Infinite sum analytically continued accounts for
singularities in the other two 0 variables
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Isobar-particle scattering

Assume that the amplitude can be expanded into Isobar Amplitudes
AP, p}) = > Awi({P's P}ks)
il
/ Jm ax \Rtf::ti::e

./4 — Z All(()'i, S, tll; O’l)YJ*/A/(Qll)YJ)\(Ql>
J'N TN

Jmaa:

+- Z Az1 (09, 8,t21,02) - -

Like in a KT model, adding truncated sums of particle-
1sobar amplitudes leads to a complicated sub-channel
energy dependence (but with only normal threshold

K branch points) /
P
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Isobar-particel amplitude unitarity relations

These are coupled equations for each Aj;

Factorizes the sub-energy rescattering

1 ~ 1
‘Akj‘(o-;w Sy tjk? Uj) — Dk(allc) ’Akj(0-€7 o tjk;j) Dj (O_j)
/ Still sub-energy dependence
2—2 Rescattering

Ay (0t 8,t11,01)

— fl(ai)flll(all,S,tll,al)fl(al) f] (O-]) — N] (O-J)/DJ (O-])
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Isobar-particel amplitude unitarity relations

These are coupled equations for each Aj;

Ay (0t 8,t11,01)

= fi(o)) A1 (0, s,t11,01) f1(07)
_|_
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Isobar-particel amplitude unitarity relations

These are coupled equations for each Aj;

Ay (0t 8,t11,01)

= fi(o)) A1 (0, s,t11,01) f1(07)
_|_

/

P}, &
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Isobar amplitude unitarity relatons

. N /
Need to associate [mAz‘j (gi’ S7uij70'j)
with discontinuities across individual variables
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From real axis (unitarity) to the complex plane

We can split the imaginary part into discontinuities across all variables

Need to be careful on which direction we approach the real axis from the

complex planes

. -+ / T
21 Im Akj(gka S7tjk7ujk7 O-J) — AO‘% Akj(8+7tjk+7ujk+7 Uj-|-)

L+ — X I iE
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N /
+ AS Ak] (O-k_a tjk_|_7 ujk_|_7 O-j_|_
N /
T Atjk Akj (O s 8-, Ujk 1,03
1 /
T Aujk Apj (), 5= tjk _, K

)
)
)
)

1 /
=+ AO‘j Akj(gk_a S—, tjk_a Ujk _




From real axis (unitarity) to the complex plane

We can split the imaginary part into discontinuities across all variables

Need to be careful on which direction we approach the real axis from the

complex planes

Gor J # k, have to worry about singularities in ujx from \ jkisO j_|_)
One Particle Exchange (OPE)
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Single variable discontinuity reactions

&, &j

\ — — /

Dl Dj

& &

—_— - — —

Pl Dj

& &

T =3 — =

7é
. - e | T Will turn this into an S—channeD
Py,

. ) ' cut via Partial Wave Projection
Aujk = 7 u]k - u]k(o-k787 Z,]k70-,])J

P, pj
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Partial wave projection

We now want to consider partial wave projections of the amplitude

To simplify the expressions, let’s consider the case for J = 0, and spin-0
1sobars

+1

ij(O',/c,S,O'j) — / dzjk Akj(gl,msvtjk(sazjk)vo-j)
—1

We can proceed to project out the discontinuities

Note : The off-diagonal ( j # k ) amplitudes have a subtlety because of the
OPE amplitude
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One particle exchange

Partial wave projection of the OPE
term gives an extra cut in the

complex s-plane P,

Exchange Mass

+1 d
/ Az 5(Ujk(sazjk) _m%jk))

~1
28
A/2(s, 05, m?))\l/Q(s, o, M)

Pja

O(s — s"e(st7) —s)

K Non-zero in Dalitz region

A s
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Triangle singularities

Kinematics may require deformation of dispersive contours

Ay Cor(05 5 01) = ipa(o12 )Ny (014) / dot! D (05" )Cas (05, 5 )

. . . . & &
Fix s, 03', investigate contour in 0 e D Q- f«@/
v p; "7 4’ T

C has only normal threshold branch points

, 1 (S——m1)? R 1 R R /
631(03—78—701+) - do = pQ(O)Nl(U)b(J78_7US—)
s 0 — 014

(1)
Oth
A

Must deform contour
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Summary

 Existing 3 particle scattering amplitudes may
have spurious singularities — analyticity not
enforced.

* Proposed framework: unitarity + analyticity
(only normal thresholds in particle-isobar
amplitudes) — dispersion relations + short
range inputs — N/D equations — amplitudes !
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