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Introduction
• PDFs are defined on the light cone 

• OPE: moments of PDFs are local matrix elements 
computable in LQCD 

• Problem: Power divergent mixing due to breaking of 
O(4) down to H(4) due to the lattice regulator 

• Can we compute them in Euclidean LQCD 
calculations? 

• Yes if we can overcome several difficulties
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We will not directly address the issue of renormalization of quasi PDFs [15], which lies beyond the scope of this
work. We will however, propose one possible approach to determining finite quasi PDFs in the continuum limit that
arises naturally in the context of our discussion. The practical implementation of this idea is work in progress.

Throughout this work we focus on flavor non-singlet unpolarized quasi and light-front PDFs. The extension to po-
larized quasi PDFs is straightforward. The flavor singlet case introduces additional mixing with the gluon distribution,
but the principles are similar.

We start by revisiting the definitions of the light-front and quasi PDFs in Section II. We then analyze the relation
between the bare PDFs and quasi PDFs in Section III and extend this discussion to the renormalized distribution
functions in Section IV. In Section V we propose a method for determining quasi PDFs on the lattice in a way that
guarantees finite distributions in the continuum. We present our summary and conclusions in Section VI.

II. DISTRIBUTION FUNCTIONS

In the following discussion, when we use the term “bare” we mean finite matrix elements determined with some
regulator at finite cuto↵. We leave the regulator implicit in this discussion, although one can have in mind dimensional
regularization if desired. These bare matrix elements require renormalization in some scheme before one can remove
the cuto↵ (or, on the lattice, take the continuum limit). This usage follows that the extensive discussions of light-front
PDFs in, for example, [3, 20]. Throughout the following we assume quarks are massless and ignore complications
arising from the correct treatment of heavy flavors, a subject of continued study for light-front PDFs (for reviews,
see, for example, [21–23]).

A. Bare PDFs

We denote bare light-front PDFs by f
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Here T is the time-ordering operator,  
j

is a quark field of flavor j, and the subscript C indicates that the vacuum
expectation value has been subtracted (in other words, only connected contributions are included). The operator
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with P the path-ordering operator, g0 the QCD bare coupling, and A

µ = A
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the SU(3) gauge potential with
generator T
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We define the moments of bare PDFs as
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where the second equality follows from the relation of the quark to anti-quark PDFs
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which holds for the bare distributions if the quark and anti-quarks fields are classical, or quantized using light-front
quantization [20].
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We can relate these bare moments, a(n)0 , to matrix elements of twist-2 operators via
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We leave the indices j and N implicit for the moments a(n)0 to avoid a proliferation of indices. Here the bare twist-2
operators are
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In these expressions the braces denote symmetrization; Dµ is the symmetric covariant derivative; �a are SU(2) flavor
matrices; and the subtraction of the trace terms ensures that the operator transforms irreducibly under SU(2)L ⌦
SU(2)R. I do not think there are ⇤2

QCD/P
2 corrections in the case of light-cone PDFs (??) The corrections of

order ⇤2
QCD/P

2 stem from higher-twist contributions and are usually neglected in the deep inelastic region: many
discussions of PDFs and moments focus on the leading twist approximation, in which case the PDFs are referred to
as “leading twist” or “twist-two” PDFs. In the following we will work in the leading twist approximation for the
light-front PDFs and neglect these higher-order corrections.

B. Bare quasi PDFs

We start with the bare matrix element
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which, being dimensionless, depends only on dimensionless combinations of scales. The subscript C indicates that
disconnected contributions to this matrix element have been removed. We define the quasi PDF [11, 12] as
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where ⇠ is a dimensionless parameter that can be interpreted as the longitudinal momentum fraction of the parton in
the nucleon N . Similarly, the anti-quark quasi distribution is defined through the matrix element
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III. RELATING BARE DISTRIBUTIONS

We discuss the relation between quasi and light-front PDFs by examining the Mellin moments of these distribution,
and using the connection between Mellin moments and matrix elements of local operators, which are twist-two in the
case of light-front PDFs [24]. For the quasi PDFs, the local operators corresponding to the Mellin moments do not
have a well-defined twist, but can be related to twist-two operators through a kernel function that removes target-mass
corrections [13, 16].

We connect the Mellin moments of the quasi PDF to matrix elements of local operators in the following way.
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We now substitute this expression into the definition of the quasi PDF, Equation (9), and integrate the resulting
expression over the full range of ⇠. In contrast to the light-front PDF, this range extends from negative to positive
infinity, giving

Z 1

�1
d⇠ q (0)

j/N

(⇠,⇤QCD/Pz

,MN/Pz

)
���
Az=0

= h

(0)(0,⇤QCD/Pz

,MN/Pz

)
���
Az=0

. (13)

Here we have used the relation �(zP
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) = �(z)/P
z

, for P
z

> 0. We see that the first Mellin moment of the quasi PDF
is directly expressible in terms of the Euclidean matrix element of a local operator.

We extend this argument to arbitrary moments of quasi PDFs by considering derivatives of the quasi distribution
with respect to the spatial separation z [3]. Inverting the Fourier transform in Equation (9), we have
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Defining the bare moments of the quasi PDF, b(0)
n

, as

b

(0)
n

(⇤QCD/Pz

,MN/Pz

) =

Z 1

�1
d⇠ ⇠n�1

q

(0)
j/N

(⇠,⇤QCD/Pz

,MN/Pz

) , (17)

and substituting the definition of the matrix element h(0), given in Equation (8), into Equation (16), we obtain
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We restore gauge invariance by invoking the principle of minimal coupling to obtain our final expression for the
moments of quasi PDFs in terms of Euclidean matrix elements of local operators:
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The appearance of �i �D
z

in this expression corresponds to the fact that the symmetric derivatives of Equation (7)
are given by the di↵erence of the right and left derivatives. The left derivatives therefore come with an extra minus
sign relative to the symmetric derivative.

The local operators that appear in the matrix element on the right hand side of this expression are not twist-
two operators: they are not symmetric and traceless. The discrepancy between these matrix elements and matrix
elements of twist-two operators are given by corrections that appear at O(M2

N/P
2
z

) [13, 16] and correspond to target
mass corrections [25, 26]. Although the appropriate interpretation of PDFs in the presence of these target mass
corrections is subtle [27], for our purposes it is su�cient that these non-leading corrections can be absorbed by
writing [13, 16]
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and substituting the definition of the matrix element h(0), given in Equation (8), into Equation (16), we obtain
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We restore gauge invariance by invoking the principle of minimal coupling to obtain our final expression for the
moments of quasi PDFs in terms of Euclidean matrix elements of local operators:
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The appearance of �i �D
z

in this expression corresponds to the fact that the symmetric derivatives of Equation (7)
are given by the di↵erence of the right and left derivatives. The left derivatives therefore come with an extra minus
sign relative to the symmetric derivative.

The local operators that appear in the matrix element on the right hand side of this expression are not twist-
two operators: they are not symmetric and traceless. The discrepancy between these matrix elements and matrix
elements of twist-two operators are given by corrections that appear at O(M2

N/P
2
z

) [13, 16] and correspond to target
mass corrections [25, 26]. Although the appropriate interpretation of PDFs in the presence of these target mass
corrections is subtle [27], for our purposes it is su�cient that these non-leading corrections can be absorbed by
writing [13, 16]
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We now substitute this expression into the definition of the quasi PDF, Equation (9), and integrate the resulting
expression over the full range of ⇠. In contrast to the light-front PDF, this range extends from negative to positive
infinity, giving

Z 1

�1
d⇠ q (0)

j/N

(⇠,⇤QCD/Pz

,MN/Pz

)
���
Az=0

= h

(0)(0,⇤QCD/Pz

,MN/Pz

)
���
Az=0

. (13)

Here we have used the relation �(zP
z

) = �(z)/P
z

, for P
z

> 0. We see that the first Mellin moment of the quasi PDF
is directly expressible in terms of the Euclidean matrix element of a local operator.

We extend this argument to arbitrary moments of quasi PDFs by considering derivatives of the quasi distribution
with respect to the spatial separation z [3]. Inverting the Fourier transform in Equation (9), we have
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Applying derivatives with respect to the displacement z, we obtain
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Evaluating these derivatives at z = 0 leads to
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We restore gauge invariance by invoking the principle of minimal coupling to obtain our final expression for the
moments of quasi PDFs in terms of Euclidean matrix elements of local operators:
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The appearance of �i �D
z

in this expression corresponds to the fact that the symmetric derivatives of Equation (7)
are given by the di↵erence of the right and left derivatives. The left derivatives therefore come with an extra minus
sign relative to the symmetric derivative.

The local operators that appear in the matrix element on the right hand side of this expression are not twist-
two operators: they are not symmetric and traceless. The discrepancy between these matrix elements and matrix
elements of twist-two operators are given by corrections that appear at O(M2

N/P
2
z

) [13, 16] and correspond to target
mass corrections [25, 26]. Although the appropriate interpretation of PDFs in the presence of these target mass
corrections is subtle [27], for our purposes it is su�cient that these non-leading corrections can be absorbed by
writing [13, 16]
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We now substitute this expression into the definition of the quasi PDF, Equation (9), and integrate the resulting
expression over the full range of ⇠. In contrast to the light-front PDF, this range extends from negative to positive
infinity, giving
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Here we have used the relation �(zP
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) = �(z)/P
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, for P
z

> 0. We see that the first Mellin moment of the quasi PDF
is directly expressible in terms of the Euclidean matrix element of a local operator.

We extend this argument to arbitrary moments of quasi PDFs by considering derivatives of the quasi distribution
with respect to the spatial separation z [3]. Inverting the Fourier transform in Equation (9), we have
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Evaluating these derivatives at z = 0 leads to

✓�i
P

z

@

@z

◆
n�1

h

(0)(zP
z

,⇤QCD/Pz

,MN/Pz

)

����
z=0

=

Z 1

�1
d⇠ ⇠n�1

q

(0)
j/N

(⇠,⇤QCD/Pz

,MN/Pz

) . (16)

Defining the bare moments of the quasi PDF, b(0)
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and substituting the definition of the matrix element h(0), given in Equation (8), into Equation (16), we obtain
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We restore gauge invariance by invoking the principle of minimal coupling to obtain our final expression for the
moments of quasi PDFs in terms of Euclidean matrix elements of local operators:
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The appearance of �i �D
z

in this expression corresponds to the fact that the symmetric derivatives of Equation (7)
are given by the di↵erence of the right and left derivatives. The left derivatives therefore come with an extra minus
sign relative to the symmetric derivative.

The local operators that appear in the matrix element on the right hand side of this expression are not twist-
two operators: they are not symmetric and traceless. The discrepancy between these matrix elements and matrix
elements of twist-two operators are given by corrections that appear at O(M2

N/P
2
z

) [13, 16] and correspond to target
mass corrections [25, 26]. Although the appropriate interpretation of PDFs in the presence of these target mass
corrections is subtle [27], for our purposes it is su�cient that these non-leading corrections can be absorbed by
writing [13, 16]
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removing the gauge fixing:

Operators are not traceless… corrections

b(0)n = a(0)n

�
1 +O(M2

N/P 2
z ) +O(⇤2

QCD/P 2
z )
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Mass corrections 
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We now substitute this expression into the definition of the quasi PDF, Equation (9), and integrate the resulting
expression over the full range of ⇠. In contrast to the light-front PDF, this range extends from negative to positive
infinity, giving
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Here we have used the relation �(zP
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) = �(z)/P
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, for P
z

> 0. We see that the first Mellin moment of the quasi PDF
is directly expressible in terms of the Euclidean matrix element of a local operator.

We extend this argument to arbitrary moments of quasi PDFs by considering derivatives of the quasi distribution
with respect to the spatial separation z [3]. Inverting the Fourier transform in Equation (9), we have
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and substituting the definition of the matrix element h(0), given in Equation (8), into Equation (16), we obtain

b

(0)
n

(⇤QCD/Pz

,MN/Pz

)
���
Az=0

=
1

2Pn

z

⌧
P

z

����


 

j

(z)�
z

⇣
�i �@ n�1

z

⌘
�

a

2
 

j

(0)

�

z=0

����Pz

�

C

, (18)

We restore gauge invariance by invoking the principle of minimal coupling to obtain our final expression for the
moments of quasi PDFs in terms of Euclidean matrix elements of local operators:
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The appearance of �i �D
z

in this expression corresponds to the fact that the symmetric derivatives of Equation (7)
are given by the di↵erence of the right and left derivatives. The left derivatives therefore come with an extra minus
sign relative to the symmetric derivative.

The local operators that appear in the matrix element on the right hand side of this expression are not twist-
two operators: they are not symmetric and traceless. The discrepancy between these matrix elements and matrix
elements of twist-two operators are given by corrections that appear at O(M2

N/P
2
z

) [13, 16] and correspond to target
mass corrections [25, 26]. Although the appropriate interpretation of PDFs in the presence of these target mass
corrections is subtle [27], for our purposes it is su�cient that these non-leading corrections can be absorbed by
writing [13, 16]
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Can be done exactly on the PDF
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rely on large momentum to remove higher twist effects 



Renormalization

7

A. How to deal with large momentum scale Pz

COMMENT: This is not a writeup for a paper. It is just laying down my thoughts.... If we come to agreement
about the content then we should consider how to incorporate all this to the main text

Defining a renormalized PDF in the presence of a large P
z

momentum scale which has to be sent to infinity in order
to recover light-cone PDFs is tricky and needs some care. In fact all nontrivial results arise from the interplay of the
renormalization scale µ and the momentum scale P

z

and some cut o↵ ⇤ that has to be used in order to regularize the
theory. If the cut o↵ is implemented by a lattice then addition complication arise that perhaps we can avoid by using
gradient flow ideas and taking the continuum limit. One way to define a renormalized quasi PDF is by renormalizing
its moments first. The connection to the light cone PDF can also be done through the moments. Here for simplicity
I will consider flavor non-singlet moments so that we avoid issues with mixing. Extending to the more general case
should be straight forward.

Starting from the bare quasi-pdf we have established that
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where ⇤ is the cut o↵ imposed by the regulator. However, the moments of the renormalized light-cone PDFs are
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I have removed the index j/N from the lefthand side because we do not care to distinguish di↵erent partons here. I
now define the ratio
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On dimensional grounds Z

n

has to have the dependence given above as it is a dimensionless quantity that depends
on dimensionfull parameters. We can now consider expanding in ⇤

QCD

/P

z

and M

N

/P

z

(or explicitly correcting for
this one) and keeping the leading term.
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If I now introduce a kernel function Z(x, µ/P
z

,⇤/P
z

) whose Mellin moments are given by
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then we can write the relation between a quasi-PDF and the PDF through an Mellin convolution
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The above equation establishes a relation that Ji and collaborators have already stated as the relation between
quasi-PDFs and light cone PDFs.

1. DGLAP equation for the matching kernel

Ignoring mixing between quark flavors and gluons (i.e. looking at the non-singlet distributions) the PDFs satisfy
the DGLAP equation that describes their scale dependence. This equation reads:
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where P (z) is a function whose moments are the anomalous dimensions of the moments of the PDFs and ↵

s

(µ) is
the strong coupling constant.
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(37)

Need to determine  Z

Perturbative computations exist (Ji, Qiu, …
Can we compute Z non-perturbatively?

Three scales: Momentum, cut-off, renormalization scale

Alternatively (Qiu et. al.): 
1. Define a renormalized quasi-PDF (at finite Pz) 
2. Match the renormalized quasi-PDF to PDFs 

Z is short distance quantity independent of external states
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