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Duality and QCD
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Operator product expansion

τ

matrix elements of operators
       with specific “twist”

(a) (b) (c)

τ = 2 τ > 2

de Rujula, Georgi, Politzer
Ann. Phys. 103, 315 (1975)

expand moments of structure functions
in powers of 1/Q2

Carlson & Mukhopadhyay
PRD 41, 2343 (1990)
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Duality          suppression of higher twists

Duality and QCD

Operator product expansion

expand moments of structure functions
in powers of 1/Q2

If moment      independent of Q≈
2

higher twist terms            smallA(τ>2)
n

“global duality”

Carlson & Mukhopadhyay
PRD 41, 2343 (1990)
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on average, nonperturbative interactions between
quarks and gluons are not dominant (at these scales)

Total higher twist is “small” at scales Q2 ∼ O(1 GeV2)

Duality and QCD

nontrivial interference between resonances
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is duality an accident?

Can we understand the resonance-scaling (parton)
relation dynamically, at quark level?

For simple (toy) quark model with spin-flavor symmetric 
wave function

low energy
coherent scattering from quarks dσ ∼

(

∑

i

ei

)2

dσ ∼

∑

i

e
2

i

high energy
incoherent scattering from quarks

how can square of a sum become sum of squares?
For duality, these must be equal...

5



e.g. for toy model of two quarks bound in a harmonic 
oscillator potential, structure function given by

F (ν,q2) ∼

∑

n

∣

∣G0,n(q2)
∣

∣

2
δ(En − E0 − ν)

Dynamical cancellations

charge operator                           excites
∝ (e1 + e2)

2

∝ (e1 − e2)
2

Σi ei exp(iq · ri)

odd  partial waves with strength 
even partial waves with strength

resulting structure function
F (ν,q2) ∼

∑

n

{

(e1 + e2)
2 G2

0,2n
+ (e1 − e2)

2 G2
0,2n+1

}

if states degenerate, cross terms              cancel when 
averaged over nearby even and odd parity states 

(∼ e1e2)

Close & Isgur, PLB 509, 81 (2001)
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duality is realized by summing over at least one 
complete set of even and odd parity resonances

in NR Quark Model, even & odd parity states generalize
to 56 (L=0) and 70 (L=1) multiplets of spin-flavor SU(6)

Dynamical cancellations

Close & WM,  PRC 68, 035210 (2003)
PRC 79, 055202 (2009)

Close & Isgur, PLB 509, 81 (2001)

of squares of form factors, FN→R(q!
2), describing the transi-

tions from the nucleon to excited states R,

F1!" ,q! 2#$%
R

!FN→R!q! 2#!2&!ER!EN!"#, !2#

where EN and ER are the energies of the ground state and

excited state, respectively. In terms of photoabsorption cross

sections !or W boson absorption cross sections for neutrino

scattering#, the F1 structure function is proportional to the
sum '1/2"'3/2 , with '1/2(3/2) the cross section for total
boson-nucleon helicity 1/2 !3/2#. The spin-dependent g1
structure function, on the other hand, corresponds to the dif-

ference '1/2!'3/2 .
Resonance excitation and deep inelastic scattering in gen-

eral involve both electric and magnetic multipoles. Excita-

tion in a given partial wave at Q2#0 involves a complicated
mix of these. However, as Q2 grows one expects the mag-

netic multipole to dominate over the electric, even by Q2

$0.5 GeV2 in specific models (7,11). Furthermore, recent
phenomenological analyses of electromagnetic excitations of

negative parity resonances suggest that for the prominent

D13 resonance the ratio of helicity-1/2 to helicity-3/2 ampli-

tudes is consistent with zero beyond Q2*2 GeV2 (17),
which corresponds to magnetic dominance. This dominance

of magnetic, or spin flip, interactions at large Q2 for N*
excitation matches the dominance of such spin flip in deep

inelastic scattering. For instance, the polarization asymmetry

A1#g1 /F1 is positive at large Q
2, whereas A1$0 if electric

interactions were prominent (18). Thus in the present analy-
sis we assume that the interaction with the quark is domi-

nated by the magnetic coupling. In this approximation the F1
and F2 structure functions are simply related by the Callan-

Gross relation, F2#2xF1 , independent of the specific mod-
els we use for the structure functions themselves.

The relative photoproduction strengths of the transitions

from the ground state to the 56" and 70! are summarized in

Table I for the F1 and g1 structure functions of the proton

and neutron. For generality, we separate the contributions

from the symmetric and antisymmetric components of the

ground state nucleon wave function, with strengths + and , ,
respectively. The SU!6# limit corresponds to +#, . The co-
efficients in Table I assume equal weights for the 56" and

70
! multiplets (7). Similarly, neutrino-induced transitions to

excited states can be evaluated (8), and the relative strengths
are displayed in Table II for the proton and neutron. Because

of charge conservation, only transitions to decuplet !isospin-
3
2 ) states from the proton are allowed. !Note that the overall
normalizations of the electromagnetic and neutrino matrix

elements in Tables I and II are arbitrary.#
Summing over the full set of states in the 56" and 70!

multiplets leads to definite predictions for neutron and proton

structure function ratios,

Rnp#
F1
n

F1
p , !3#

R"#
F1

"p

F1
"n
, !4#

and polarization asymmetries,

A1
N#

g1
N

F1
N , !5#

A1
"N#

g1
"N

F1
"N
, !6#

for N#p or n. In particular, for +#, one finds the classic
SU!6# quark-parton model results (19):

Rnp#
2

3
, A1

p#
5

9
, A1

n#0 (SU!6 #) , !7#

for electromagnetic scattering, and

TABLE I. Relative strengths of electromagnetic N→N* transitions in the SU!6# quark model. The
coefficients + and , denote the relative strengths of the symmetric and antisymmetric contributions of the
SU!6# ground state wave function. The SU!6# limit corresponds to +#, .

SU!6# representation 2
8(56") 4

10(56") 2
8(70!) 4

8(70!) 2
10(70!) Total

F1
p 9,2 8+2 9,2 0 +2 18,2"9+2

F1
n (3,"+)2/4 8+2 (3,!+)2/4 4+2 +2 (9,2"27+2)/2

g1
p 9,2 !4+2 9,2 0 +2 18,2!3+2

g1
n (3,"+)2/4 !4+2 (3,!+)2/4 !2+2 +2 (9,2!9+2)/2

TABLE II. As in Table I, but for neutrino-induced N→N* transitions.

SU!6# representation 2
8(56") 4

10(56") 2
8(70!) 4

8(70!) 2
10(70!) Total

F1
"p 0 24+2 0 0 3+2 27+2

F1
"n (9,"+)2/4 8+2 (9,!+)2/4 4+2 +2 (81,2"27+2)/2

g1
"p 0 !12+2 0 0 3+2 !9+2

g1
"n (9,"+)2/4 !4+2 (9,!+)2/4 !2+2 +2 (81,2!9+2)/2

SYMMETRY BREAKING AND QUARK-HADRON DUALITY . . . PHYSICAL REVIEW C 68, 035210 !2003#

035210-3

(anti) symmetric component of ground state wave functionλ (ρ) =

“local duality”
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cat’s ears diagram  (4-fermion higher twist ~        )    1/Q2

∝
�

i �=j

ei ej ∼
� �

i

e2
i

�2
−

�

i

e2
i

coherent incoherent

Accidental cancellations of charges?

should not hold for neutron!

proton

neutron

HT ∼ 1 −
�
2× 4

9
+

1

9

�
= 0 !

HT ∼ 0 −
�

4

9
+ 2× 1

9

�
�= 0

S. Brodsky  (2000)

here duality in proton is a coincidence
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duality is not accidental, but a general feature of 
resonance-scaling transition!

Neutron:  the smoking gun
F
2

Malace et al., PRL 104, 102001 (2010) duality violations < 10%
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How to build up a scaling structure 
function from           transitions?γ∗NN∗

Earliest attempts predate QCD

e.g. harmonic oscillator spectrum
including states with spin = 1/2, ..., n+1/2
(n even:  I = 1/2,    n odd:  I = 3/2)

M2
n = (n+ 1)Λ2

at large Q   magnetic coupling dominates2

Gn(Q
2) =

µn

(1 +Q2r2/M2
n)

2 r2 ≈ 1.41

in Bjorken limit, z ≡ M2
n/Q

2�
n −→

�
dz ,

F2 ∼ (ω� − 1)1/2(µ2
1/2 + µ2

3/2)

� ∞

0
dz

z3/2(1 + r2/z)−4

z + 1− ω� + Γ2
0z

2

scaling function of  ω� = ω +M2/Q2 (ω = 1/x)

Domokos et al., PRD 3, 1184 (1971)
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How to build up a scaling structure 
function from           transitions?γ∗NN∗

Earliest attempts predate QCD

e.g. harmonic oscillator spectrum
including states with spin = 1/2, ..., n+1/2
(n even:  I = 1/2,    n odd:  I = 3/2)

M2
n = (n+ 1)Λ2

Γn → 0in             limit

cf.  Drell-Yan-West relation

F2 ∼ (µ2
1/2 + µ2

3/2)
(ω� − 1)3

(ω� − 1 + r2)4

similar behavior found in many other models
Einhorn, PRD 14, 3451 (1976)   (‘t Hooft model)
Greenberg, PRD 47, 331 (1993)   (NR scalar quarks in HO potential)
Pace, Salme, Lev, PRC 57, 2655 (1995)   (relativistic HO with spin)
Isgur et al., PRD 64, 054005 (2001)   (transition to scaling)
....

G(Q2) ∼
�

1

Q2

�m

⇐⇒ F2(x) ∼ (1− x)2m−1

Domokos et al., PRD 3, 1184 (1971)
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How to build up a scaling structure 
function from           transitions?γ∗NN∗

More recent phenomenological analyses at finite Q2

additional constraints from threshold behavior at
and asymptotic behavior at 

q → 0

Q2 → ∞
�
1 +

ν2

Q2

�
FR
2 = Mν

�
|GR

+|2 + 2|GR
0 |2 + |GR

−|2
�
δ(W 2 −M2

R)

21 isospin-1/2 & 3/2 resonances (with mass < 2 GeV)

��GR
±(Q

2)
��2 =

��GR
±(0)

��2
�

|�q|
|�q|0

Λ
�2

Q2 + Λ�2

�γ1 �
Λ2

Q2 + Λ2

�m±

��GR
0 (Q

2)
��2 = C2

�
Q2

Q2 + Λ��2

�2a
q20
|�q|2

�
|�q|
|�q|0

Λ
�2

Q2 + Λ�2

�γ2 �
Λ2

Q2 + Λ2

�m0

m+,0,− = 3, 4, 5

in           limit,x → 1

F2(x) ∼ (1− x)m+

Davidovsky & Struminsky,
Phys. Atom. Nucl. 66, 1328 (2003)
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How to build up a scaling structure 
function from           transitions?γ∗NN∗

More recent phenomenological analyses at finite Q2

valence-like structure of dual function suggests
“two-component duality”:

Freund, PRL 20, 235 (1968) 
Harari, PRL 20, 1395 (1969)

valence (Reggeon exchange) dual to resonances

sea (Pomeron exchange) dual to background F (sea)
2 ∼ x−0.08

F (val)
2 ∼ x0.5

Davidovsky & Struminsky,
Phys. Atom. Nucl. 66, 1328 (2003)

      T. Londergan
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Open questions

mostly unexplored territory

Role of nonresonant background in “resonance” 
cancellations?

large-N  ?  HQET?

quark models give insights into emergence of
“scaling” behavior from resonances

c

Definitions of duality
which moments (C-N, Nachtmann)?
which structure functions
(resonance region vs. LT,  or total low-W vs. high-W)?

Is there a QCD-based understanding of local duality?
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Open questions

Why does “local elastic duality” work at all?

F el
1 = Mτ G2

M δ

�
ν − Q2

2M

�

Ent, Keppel & Niculescu
PRD 64, 038302 (2001)

� 1

ξth

dξ ξn−2 F1(ξ, Q
2) =

ξn0
4− 2ξ0

G2
M (Q2)
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