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The goal is to estimate:

E[O] =

∫
dna P(a|data) O(a)

V[O] =

∫
dna P(a|data) [O(a)− E[O]]2

O=∆q,Dh
q , ...

√
V [O] = 1σ

a → PDF/FF parameters

P(a|data) ∝ L(data|a)π(a)

L(data|a) ∝ exp
(
−1

2χ
2(a)

)
χ2(a) =

∑
i

(
Di−Ti(a)

δDi

)2
π(a) →priors. i.e

∏
i θ(ai − a0i )
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The goal is to estimate:

E[O] =

∫
dna P(a|data) O(a)

V[O] =

∫
dna P(a|data) [O(a)− E[O]]2

Monte Carlo methods

P(a|data)→{ak}

E[O] ≈ 1
N

∑
kO(ak)

V[O] ≈ 1
N

∑
k[O(ak)− E[O]]2

Maximum Likelihood

Maximize P(a|data)→a0

E[O] ≈ O (a0)

V[O] ≈hessian, ∆χ2 envelope,...



Theory of fitting

4 / 18

The goal is to estimate:

E[O] =

∫
dna P(a|data) O(a)

V[O] =

∫
dna P(a|data) [O(a)− E[O]]2

Monte Carlo methods

P(a|data)→{ak}

E[O] ≈ 1
N

∑
kO(ak)

V[O] ≈ 1
N

∑
k[O(ak)− E[O]]2

Maximum Likelihood

Maximize P(a|data)→a0

E[O] ≈ O (a0)

V[O] ≈hessian, ∆χ2 envelope,...



Iterative Monte Carlo analysis (IMC)

5 / 18

sampler priors

fit

fit

fit

posteriors



Iterative Monte Carlo analysis (IMC)

5 / 18

sampler priors

fit

fit

fit

posteriors

original data

pseudo
data

training
data

fit

parameters from
minimization steps

validation
data

validation

posterior

as initial
guess

prior



Iterative Monte Carlo analysis (IMC)

5 / 18

sampler priors

fit

fit

fit

posteriors

original data

pseudo
data

training
data

fit

parameters from
minimization steps

validation
data

validation

posterior

as initial
guess

prior

Chi-squared function

N
(e)
i = 1−

∑
k

r
(e)
k
β
(e)
k,i

D(e)
i

χ
2
(a) =

∑
e

∑
i

D(e)
i N

(e)
i − T (e)

i

α
(e)
i N

(e)
i

2

+
∑
k

(
r
(e)
k

)2

D(e)
i and T

(e)
i : the data and theory points

α
(e)
i =

√
σ2

uncorr + σ2
corr

β
(e)
k,i : correlated systematic uncertainties

r
(e)
k : Hyperparameters



Iterative Monte Carlo analysis (IMC)

5 / 18

sampler priors

fit

fit

fit

posteriors

original data

pseudo
data

training
data

fit

parameters from
minimization steps

validation
data

validation

posterior

as initial
guess

prior

Use traditional anzat
xf(x) = Nxa(1− x)b(1 + c

√
x+ dx)

Keep all the parameters free.
No assumptions on the exponents

Avoid over-fitting by Cross-Validation

Iterative procedure
→ Adaptive MC integration (like in Vegas)

Robust estimation of uncertainties
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SIA theory calculated at NLO in pQCD

We use all existing SIA data

z > 0.05 for data at Q 'Mz

z > 0.1 for data for low energy data

We only fit Dh
q+ = Dh

q +Dh
q̄ and Dh

g

Template function → T(z;a) = M zα(1−z)β∫ 1
0
dz z1+α(1−z)β

For pions

Dπ+

u+ = Dπ+

d+ = T(z;aπud) + T(z;a′πud)

Dπ+

s+, c+, b+, g = T(z;aπs, c, b, g)

For kaons

DK+

s+ = T(z;aKs ) + T(z;a′Ks )

DK+

u+ = T(z;aKu ) + T(z;a′Ku )

DK+

d+, c+, b+, g = T(z;aKd, c, b, g)
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experiment observable Q pions kaons
(GeV) Ndat norm. χ2 Ndat norm. χ2

ARGUS inclusive 9.98 35 1.024 (1.058) 51.1 (55.8) 15 1.007 8.5
Belle inclusive 10.52 78 0.900 (0.919) 37.6 (21.7) 78 0.988 10.9
BaBaR inclusive 10.54 39 0.993 (0.948) 31.6 (70.7) 30 0.992 4.9
TASSO inclusive 12-44 29 (∗) 37.0 (38.8) 18 (∗) 14.3
TPC inclusive 29.00 18 1 36.3 (57.8) 16 1 47.8

uds tag 29.00 6 1 3.7 ( 4.6)
b tag 29.00 6 1 8.7 ( 8.6)
c tag 29.00 6 1 3.3 ( 3.0)

HRS inclusive 29.00 2 1 4.2 ( 6.2) 3 1 0.3
TOPAZ inclusive 58.00 4 1 4.8 ( 6.3) 3 1 0.9
OPAL inclusive 91.20 22 1 33.3 (37.2) 10 1 6.3

u tag 91.20 5 1.203 (1.203) 6.6 ( 8.1) 5 1.185 2.1
d tag 91.20 5 1.204 (1.203) 6.1 ( 7.6) 5 1.075 0.6
s tag 91.20 5 1.126 (1.200) 14.4 (11.0) 5 1.173 1.5
c tag 91.20 5 1.174 (1.323) 10.7 ( 6.1) 5 1.169 13.2
b tag 91.20 5 1.218 (1.209) 34.2 (36.6) 4 1.177 10.9

ALEPH inclusive 91.20 22 0.987 (0.989) 15.6 (20.4) 18 1.008 6.1
DELPHI inclusive 91.20 17 1 21.0 (20.2) 27 1 3.9

uds tag 91.20 17 1 13.3 (13.4) 17 1 22.5
b tag 91.20 17 1 41.9 (42.9) 17 1 9.1

SLD inclusive 91.28 29 1.002 (1.004) 27.3 (36.3) 29 0.994 14.3
uds tag 91.28 29 1.003 (1.004) 51.7 (55.6) 29 0.994 42.6
c tag 91.28 29 0.998 (1.001) 30.2 (40.4) 29 1.000 31.7
b tag 91.28 29 1.005 (1.005) 74.6 (61.9) 28 0.992 134.1

TOTAL: 459 599.3 (671.2) 391 395.0
χ2/Ndat =1.31 (1.46) χ2/Ndat =1.01
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The Chi-squared is centered around 2 as expected from
data resampling



π analysis (χ2/Nnpts = 1.31)
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Convergence attained with
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Similar behavior of unfavored Dπ
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d+

In contrast the Dπ
g and DK

g behave differently

The charm and bottom FFs become compatible at large–z

Favored Dπ
u+ and DK

s+ have similar shape at large–z
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Overall similar behavior at large-z

JAM DK
s+ is more compatible with DSS. This might clarify the

∆s puzzle.



Summary and outlook

SIA data
New study of SIA data including recent Belle and BaBar data
New extraction of fragmentation functions
The setup for combined pol DIS, SIA and pol SIDIS is ready!

JAMLIB
JAM SPDFs and FFs are available at github
Python, Fortran and LHAPDF interfaces provided
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http://www.github.com/JeffersonLab/JAMLIB


JAM for public
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http://www.jlab.org/theory/jam
http://www.github.com/JeffersonLab/JAMLIB

