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Outline

Role of perturbative term

Some details on NLO calculation
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SIDIS at small and large qT

3 / 21

qT & Q

Ph

Coll. Factorization

qT ∼ m

Ph

TMD Factorization



Physics at different qT
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Why collinear term is important

TMD term
- contains TMD PDFs and TMD FFs
- describes intrinsic structure of nucleons
- process independent

Collinear term
- Calculable in pQCD
- process dependent
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Role of collinear term
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Theory designed for fragmentation of the struck
quark (current fragmentation)
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Role of collinear term
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Are all the data in the current region?

- Need to isolate a current region to apply TMD
factorization.
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Role of collinear term
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What to do with data not in the current region?

- No problem for large enough qT — collinear
factorization
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FO at O(αs)
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TMD and FO cross
section in SIDIS. P.

Nadolsky, etal (1999)



O(αs) and O(α2
s)
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Perturbative cross
section in SIDIS. A.
Daleo, etal (2004)
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O(αs) and O(α2
s)
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Kinematical reason: with extra radiations, it is
more likely to produce low energy jets at the

central rapidity region.



Calculation of hard scattering coefficients

12 / 21

dΓ

dxdydzdP 2
T

=
2π2α2

EM

Q4y(1− ε)

[
Q2(y2 − 2y + 2)gµνWµν

+ 4x2(y2 − 6y + 6 + 4ε(y − 1))pµpνWµν

]
(y =

Q2

xs
)

gµνWµν =

∫
|M |2 dPS3(z, P 2

T ) ≡ dσ

dzdP 2
T

or change to Mandelstam’s variables

dσ

dudt
≡
∫
|M |2 dPS3(u, t),

dσ

dzdP 2
T

=
dσ

dudt

∣∣∣∣ ∂(u, t)

∂(z, P 2
T )

∣∣∣∣
similar definitions are used for pµpνWµν



Calculation of hard scattering coefficients
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dσ

dudt
=

∫
dξdζ

dσ̂

dudt
f(ξ)d(ζ)

dσ(1)

dudt
+
dσ(2)

dudt
+ . . . =

∫
dξdζ

(
dσ̂(1)

dudt
+
dσ̂(2)

dudt
+ . . .

)
× (f (0)(ξ) + f (1)(ξ) + . . .)(d(0)(ζ) + d(1)(ζ) + . . .)

dσ̂(1)

dudt
=
dσ(1)

dudt

dσ̂(2)

dudt
=
dσ(2)

dudt
−
∫
dξ
dσ(1)

dudt
f (1)(ξ)−

∫
dζ
dσ(1)

dudt
d(1)(ζ)

. . .



Calculation of hard scattering coefficients
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f (0)(ξ) = δ(1− ξ)

d(0)(ζ) = δ(1− ζ)

f (1)MS
qq (ξ) = CF

(
1 + ξ2

(1− ξ)+
+

3

2
δ(1− ξ)

)(
−1

ε
− ln 4π + γE + ln

(
M2

µ2

))

d(1)MS
qq (ζ) = f (1)MS

qq (ζ)

. . .



Calculation of hard scattering coefficients
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dσ̂(1)

dudt
:

dσ̂(2)

dudt
: + . . .

+ + + . . .

− − + . . .



Three particle phase space
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p

q

k1

k2

k3

s ≡ (p+ q)2

ti ≡ (q − ki)2

ui ≡ (p− ki)2

sij ≡ (ki + kj)
2

i, j = 1, 2, 3

u1 ≡ u
t1 ≡ t

PS3 =

∫
dnk1

(2π)n−12E1

dnk2
(2π)n−12E2

dnk3
(2π)n−12E3

×(2π)nδ(n)(p+ q − k1− k2− k3)

n = 4− 2ε

In the CM frame of k2 + k3,

k2 = E2(1, . . . , cos θ2 sin θ1, cos θ1)

k3 = E2(1, . . . ,− cos θ2 sin θ1,− cos θ1)

the above phase space simplifies
to∫

−1

128(s+Q2)Γ(1− 2ε)

(
16π2(s+Q2)2

s23u(st+Q2s23)

)ε
× sin1−2ε θ1 sin−2ε θ2dθ1dθ2dudt



Partial fraction
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p

q

k1

k2

k3

s ≡ (p+ q)2

ti ≡ (q − ki)2

ui ≡ (p− ki)2

sij ≡ (ki + kj)
2

i, j = 1, 2, 3

u1 ≡ u
t1 ≡ t

Need to reduce the number of Mandelstam
variables in each term in the squared matrix
element to less than two. Example:

u2
u3t22s13

Apply the relation u1 = t2 − u3 − s13 to get

u2
u3t22s13

=
u2

u3t22s13

t2 − u3 − s13
u1

= − u2
s13t22u1

− u2
t22u3u1

+
u2

s13t2u3u1
u2

s13t2u3u1
= − u2

s13t2u21
+

u2
s13u3u21

− u2
t2u3u21



Partial fraction
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p

q

k1

k2

k3

s ≡ (p+ q)2

ti ≡ (q − ki)2

ui ≡ (p− ki)2

sij ≡ (ki + kj)
2

i, j = 1, 2, 3

u1 ≡ u
t1 ≡ t

There are six relevant variables: t2,t3,
u2,u3,s12,s13. (s23 is constrained by the
momentum conservation
s+ u+ t = −Q2 + s23). Four relations
between them

t1 + t2 + t3 + s+ 2Q2 = 0

u1 + u2 + u3 + s+Q2 = 0

s12 = s+ t3 + u3 +Q2

s13 = s+ t2 + u2 +Q2

reduce the number of independent variables
to two. Therefore any variable in
numerator can be expressed in terms of the
two variables in denominator.

u2
u3t22s13

Apply the relation u1 = t2−u3− s13 to get

u2
u3t22s13

=
u2

u3t22s13

t2 − u3 − s13
u1

= − u2
s13t22u1

− u2
t22u3u1

+
u2

s13t2u3u1
u2

s13t2u3u1
= − u2

s13t2u21
+

u2
s13u3u21

− u2
t2u3u21



Phase space integration
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∫ π

0
dθ1 sin1−2ε θ1

∫ π

0
dθ2 sin−2ε θ2

× 1

(1− cos θ1)j(1− cos θ1 cosχ− sin θ1 cos θ2 sinχ)l

= 2π
Γ(1− 2ε)

Γ(1− ε)2
2−j−lB(1− ε− j, 1− ε− l)2F1

(
j, l, 1− ε, cos2

χ

2

)
(Van Neervan 1985)

If the variables in integrand depend on momentum of
massive particles, e.g. t2 or t3, the above identity

cannot be used.



Procedure
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Calculation of FO term at NLO (e.g.                       ) ggqq

Infrared safe hard 
scattering coefficients 

Counter cross sections with 
collinear poles 

Infrared unsafe 
cross section 

with all infrared 
poles 

Virtual 
corrections for 2 
to 2 processes 
(e.g.                  ) 
with soft poles 

gqq

Choose variables and 
simplify phase space 

Partial fractioning and 
integrate over the gluon 

momenta 

evaluate the squared 
amplitude. Include ghost if 

needed 
2 to 2 LO cross section 

Define factorization 
scheme for parton 
target PDFs (FFs) 



Status
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dσ̂(1)

dudt
:

dσ̂(2)

dudt
: almost + . . .

+ + + . . .

− − + . . .


