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Wick rotation [Euclidean spacetime]:  
Monte Carlo sampling

quark masses: 
lattice spacing:
finite volume

La
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Dµ = ( ((L/a)3 ⇥ (T/a)

mq ! mphys.
q

Lattice QCD 



tM ! �itEWick rotation [Euclidean spacetime]:  
Monte Carlo sampling

quark masses: 
lattice spacing:
finite volume

a ⇠ 0.03� 0.15 fm

mq ! mphys.
q

 Never free!
No asymptotic states!
No scattering!

Lattice QCD 



tM ! �itEWick rotation [Euclidean spacetime]:  
Monte Carlo sampling

quark masses: 
lattice spacing:
finite volume

a ⇠ 0.03� 0.15 fm

mq ! mphys.
q

 no continuum of states:
no cuts
no sheet structure
no resonances

FV spectrum

Lattice QCD 
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The isoscalar, scalar and tensor sectors
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iM = + + + · · ·

Two-body scattering 
Unitarity using all orders perturbation theory:

non-perturbative kernel including 
all diagrams not shown…

“yep, the left hand cut is there”

{ }
{

+ + · · ·+ + · · ·+

IR limit of QCD, only interested in 
hadronic d.o.f.
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Unitarity using all orders perturbation theory:



iM = + + + · · ·

+...=
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K-matrix

+ + · · ·PV

Two-body scattering 
Unitarity using all orders perturbation theory:
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Two-body scattering 
Unitarity using all orders perturbation theory:
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Re[s]

Sheet II

resonancesR = (ER � i
2�R)

2

= iK 1

1� i⇢K



Consider the finite-volume two-particle correlator (E~2m):

+ + · · ·V V VC2pt.
L (P ) =

Two-particle in finite volume
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Consider the finite-volume two-particle correlator (E~2m):

V �1

F replaces 𝜌

C2pt.
L (P ) =

=
1

L3

X

k

iB2

(2!k)2
i

E � 2!k
+ “smooth”

= (iB)

 "
1

L3

X

k

�
Z

d3k

(2⇡)3

#
1

(2!k)2
i

E � 2!k + i✏

!
(iB) + i✏ integral

⌘ [iB] iF [iB] + i✏ integral

Two-particle in finite volume

+



 Lüscher (1986, 1991)
 Rummukainen & Gottlieb (1995)

 Kim, Sachrajda, & Sharpe/Christ, Kim & Yamazaki (2005)

 Feng,  Li, &  Liu (2004); Hansen & Sharpe / RB & Davoudi (2012) 

 RB (2014) 

V �1

+ + · · ·V V V

= C1(P ) + + · · ·+

“smooth”= +A
i

F�1 +MB†

poles satisfy: det[F�1(P,L) +M(P )] = 0

Consider the finite-volume two-particle correlator (E~2m):

V �1 V �1

C2pt.
L (P ) =

Two-particle in finite volume



Multi-channel systems - the cutting edge!

ππ, KK, ηη [isoscalar]:             RB, Dudek, Edwards, Wilson - PRL (2017)
                                                      RB, Dudek, Edwards, Wilson - PRD (2018)

Kπ, Kη:                                       Dudek, Edwards, Thomas, Wilson - PRL (2015)
                                                      Wilson, Dudek, Edwards, Thomas - PRD (2015)

πη, KK:                                       Dudek, Edwards, Wilson - PRD (2016)
Dπ, Dη, DsK:                              Moir, Peardon, Ryan, Thomas, Wilson - JHEP (2016)
ππ, KK        [isovector]:            Wilson, RB, Dudek, Edwards, Thomas  - PRD (2015)

spec

 the necessary formalism for doing coupled-channel scattering of  

 to date, the Hadron Spectrum collaboration is the only one to have 
extracted coupled-channel scattering amplitude information from QCD

Feng, Li, &  Liu (2004) [inelastic scalar bosons]
Hansen & Sharpe / RB & Davoudi (2012)  [moving inelastic scalar bosons]
RB (2014)  [general 2-body result]



 Above 2mK, there is not a one-to-one correspondence

 In general, must constrain (1/2) [N2  + N] functions of energy 
 Need that many energy levels at the same energy
 Alternatively, parametrize scattering amplitude and do a global fit

Coupled-channels analysis 

Feng, Li, &  Liu (2004),
Hansen & Sharpe / RB & Davoudi (2012)

det


F�1
⇡⇡ +M⇡⇡,⇡⇡ M⇡⇡,KK

M⇡⇡,KK F�1
KK

+MKK,KK

�
= 0



Coupled-channels analysis 
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Coupled-channels analysis 
 D-wave above 2mπ, 2mK, and 2m𝜂

 Ansatz 
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Tensor and scalar nonets
 First complete determination of the scalar and tensor nonets from LQCD :

f0

�

0 +

�
̄0

a+0a00a�0

ππ, KK, ηη:             RB, Dudek, Edwards - PRL (2017)
  RB, Dudek, Edwards - PRD (2017)

Kπ, Kη:                    Dudek, Edwards, Thomas, Wilson - PRL (2015)
                    Wilson, Dudek, Edwards, Thomas - PRD (2015)

πη, KK:                    Dudek, Edwards, Wilson - PRD (2016)
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Scalar nonets



Scattering of spinning particles - 𝜌𝜋 scattering

⇡

⇡

⇢

⇢

Woss, Thomas, Dudek, Edwards, Wilson (2018)

the formalism: RB (2014)  

 first and only calculation:

𝜌𝜋 scattering in I=2                                                                       

Woss, Thomas, Dudek, Edwards, Wilson (2018)

(3S1,
3D1)(3S1,

3D1)

Woss



Structure of states:

elastic form 
factors +

=

+

+...

|niQCD = c0 + c1 + c2 + c3 + c4 + · · ·

finite-volume
matrix 

elements +

=

+

+...

electroweak 
amplitudes

? ? ?

??
?

?

?

Wilson  OrtegaBaroni Hansen



Structure of states:

elastic form 
factors +

=

+

+...

finite-volume
matrix 

elements +

=

+

+...

electroweak 
amplitudes

partial wave 
amplitudes

finite-volume  
spectrum

Beyond two particles

 RB & Davoudi (2013)
 Hansen & Sharpe (2014, ’15)
 Hammer, Pang, Rusetsky (2017)

Mai, Doring (2017,’18)
RB, Hansen & Sharpe (2016,’18)



EdwardsDudek Wilson

RyanJoóWinter Thomas

Peardon

The team and some references

Hansen

Sharpe

Meson Spectrum 

JHEP05 021 (2013)
PRD88 094505 (2013) 
JHEP07 126 (2011) 
PRD83 111502 (2011) 
PRD82 034508 (2010) 
PRL103 262001 (2009) 

Baryon Spectrum

PRD91 094502 (2015)
PRD90 074504 (2014) 
PRD87 054506 (2013) 
PRD85 054016 (2012) 
PRD84 074508 (2011) 

Scattering

 arXiv:1802.05580
arXiv:1708.06667
PRL118 022002 (2017)
JHEP011 1610 (2016)
PRD93 094506 (2016)
PRD92 094502 (2015) 
PRD91 054008 (2015) 
PRL113 182001 (2014) 
PRD87 034505 (2013) 
PRD86 034031 (2012) 
PRD83 071504 (2011) 

Electroweak 

PRD93 114508 (2016)
PRL115 242001 (2015) 
PRD91 114501 (2015) 
PRD90 014511 (2014) 

Techniques

JHEP 1711 (2017)
PRD85 014507 (2012)
PRD80 054506 (2009) 
PRD79 034502 (2009) 

Formalism

arXiv:1803.04169 (2018)
PRD95 074510 (2017)
PRD94 013008 (2016)
PRD92 074509 (2015) 
PRD91 034501 (2015) 
PRD89 074507 (2014) 

more numerical - Europemore numerical - JLab more formal

Woss

Baroni

Ortega

http://arxiv.org/abs/arXiv:1802.05580




det[F�1(EL, L) +M(EL)] = 0

resonance
partial wave 
amplitudes

FV spectrum

 Lüscher (1986, 1991) [elastic scalar bosons]

 Rummukainen & Gottlieb (1995) [moving elastic scalar bosons]

 Kim, Sachrajda, & Sharpe/Christ, Kim & Yamazaki (2005) [QFT derivation]

 Feng,  Li, &  Liu (2004) [inelastic scalar bosons]

 Bernard, Lage, Meißner, Rusetski (2011) [Twisted BCs]

 Hansen & Sharpe / RB & Davoudi (2012)  [moving inelastic scalar bosons]

 RB (2014)  [general 2-body result]

EL = finite volume spec.

L = finite volume

F = known function

M = scattering amp.

Scattering amplitudes



Coupled-channels analysis 
 D-wave above 2mπ, 2mK, and 2m𝜂

 Ansatz 

34 energy levels�2/Ndof =
28.9

34� 9
= 1.15

Kij(s) =
g(1)i g(1)j

m2
1 � s

+
g(2)i g(2)j

m2
2 � s

+ �ij
�⌘⌘ 6= 0

�ij = 0 otherwise
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Warning: four-body ops and dynamics neglected 
in extraction and analysis of spectrum. 

🤔

𝜌𝜌 molecule?


