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Explosion of many-body methods using microscopic input
Ab initio (new and enhanced
methods; microscopic NN+3NF)

Stochastic: GFMC/AFDMC (new:
with local EFT); lattice EFT
Diagonalization: IT-NCSM
Coupled cluster (CCSD(T),
CR-CC(2,3), Bogoliubov, . . . )
IM-SRG (In-medium similarity
renormalization group)
Self-consistent Green’s function
Many-body perturbation theory

Shell model (usual: empirical inputs)

Effective interactions from
coupled cluster, IM-SRG

Density functional theory

Microscopic input, e.g., through
density matrix expansion



Do we really need all of these methods?

Compare to lattice QCD: Are all the
different lattice actions needed?

clover quarks on anisotropic lattices
(mass spectrum)

domain wall quarks (chiral
symmetry)

highly improved staggered quarks
(high-precision extrapolations)

and more!

Answer: yes!

Complementary strengths

Cross-check results

Identify theory error bars

A frame from an animation illustrating the
typical four-dimensional structure of
gluon-field configurations used in
describing the vacuum properties of QCD.



Oxygen chain with 3 methods [from H. Hergert et al. (2013)]

H. Hergert - The Ohio State University -  “Nuclear Structure & Reactions: Experimental and Ab Initio Theoretical Perspectives”, TRIUMF, 02/19/2014
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Phys. Rev. Lett. 110, 242501 (2013)

Results: Oxygen Chain

• reference state: number-projected Hartree-Fock-Bogoliubov 
vacuum (pairing correlations)

• consistent results from different many-body methods

NN + 3N-ind.

exp.

Hergert&et&al.,&PRL&110,&242501&(2013)&&
&

In-medium SRG, importance-truncated NCSM, coupled cluster

Same Hamiltonian =⇒ test for consistency between methods

Impact of three-nucleon force (3NF) on dripline

Need precision experiment and theory



Hoyle state from lattice chiral EFT [E. Epelbaum et al.]

Triple-α resonance in 12C

Low-resolution (coarse) lattice

Suited to adjust to clusters

Order-by-order improvement:
LO =⇒ NLO =⇒ N2LO

[Also high-precision GFMC!]

�Nuclear Lattice Effective Field Theory 

Borasoy, E.E., Krebs, Lee, Meißner, Eur. Phys. J. A31 (07)  105,
                                                           Eur. Phys. J. A34 (07)  185,
                                                           Eur. Phys. J. A35 (08)  343,
                                                           Eur. Phys. J. A35 (08)  357,
               E.E., Krebs, Lee, Meißner, Eur. Phys. J A40 (09)  199,
                                                           Eur. Phys. J A41 (09)  125,
                                                           Phys. Rev. Lett 104 (10)  142501, 
                                                           Eur. Phys. J. 45 (10) 335,
                                                           Phys. Rev. Lett. 106 (11) 192501,
   E.E., Krebs, Lähde, Lee, Meißner   Phys. Rev. Lett. 109 (12) 252501,
                                                           Phys. Rev. Lett. 110 (13) 112502,
                                                           arXiv:1303.4856

The Collaboration:  E.E., Hermann Krebs (Bochum), Timo Lähde (Jülich), Dean Lee (NC State),
                                  Ulf-G. Meißner (Bonn/Jülich), Gautam Rupak (Mississippi State) 
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Epelbaum, Krebs, Lee, UGM, Phys. Rev. Lett. 106 (2011) 192501
Viewpoint: Hjorth-Jensen, Physics 4 (2011) 38

Nuclear Physics from Lattice Simulations – Ulf-G. Meißner – EMMI, May 10, 2012 · ◦ � < ∧ � > � •

energies. As before the error bars in Table II are 1 standard
deviation estimates which include both Monte Carlo sta-
tistical errors and uncertainties due to extrapolation at large
Euclidean time. Systematic errors due to omitted higher-
order interactions can be estimated from the size of cor-
rections from OðQ0Þ to OðQ2Þ and from OðQ2Þ to OðQ3Þ.
In Fig. 1 we show lattice results used to extract the excited
state energies at leading order. For each excited state we
plot the logarithm of the ratio of the projection amplitudes,
ZðtÞ=Z0þ1

ðtÞ, at leading order. Z0þ1
ðtÞ is the ground state

projection amplitude, and the slope of the logarithmic
function at large t gives the energy difference between
the ground state and the excited state.

As seen in Table II and summarized in Fig. 2, the NNLO
results for the Hoyle state and spin-2 state are in agreement
with the experimental values. While the ground state and
spin-2 state have been calculated in other studies
[10,11,13], these results are the first ab initio calculations
of the Hoyle state with an energy close to the phenomeno-
logically important 8Be-alpha threshold. Experimentally
the 8Be-alpha threshold is at $84:80 MeV, and the lattice
determination at NNLO gives $86ð2Þ MeV. We also note

the energy level crossing involving the Hoyle state and the
spin-2 state. The Hoyle state is lower in energy at LO but
higher at NLO. One of the main characteristics of the NLO
interactions is to increase the repulsion between nucleons
at short distances. This has the effect of decreasing the
binding strength of the spinless states relative to higher-
spin states. We note the 17 MeV reduction in the ground
state binding energy and 12 MeV reduction for the Hoyle
state while less than half as much binding correction for the
spin-2 state. This degree of freedom in the energy spectrum
suggests that at least some fine-tuning of parameters is
needed to set the Hoyle state energy near the 8Be-alpha
threshold. It would be very interesting to understand which
fundamental parameters in nature control this fine-tuning.
At the most fundamental level there are only a few such
parameters, one of the most interesting being the masses of
the up and down quarks [23,24].
Our comments on the binding energies at LO would also

suggest that the nuclear wavefunctions at LO are probably
somewhat too compact for the spinless states. We check for
this explicitly by computing the proton-proton radial dis-
tribution function fppðrÞ. Using any given proton as a
reference point, the function fppðrÞ is proportional to the
probability of finding a second proton at a distance r. For
macroscopic liquids the radial distribution function is nor-
malized to 1 at asymptotically large distances. In our finite
system we instead normalize the integral of fppðrÞ over all
space to equal 1$ Z$1, where Z is the total number of
protons. In Fig. 3 we show the radial distribution function
fppðrÞ at Euclidean time t ¼ 0:08 MeV$1 for the ground
state (A), Hoyle state (B), and the Jz ¼ 0 (C) and Jz ¼ 2
(D) projections of the spin-2 state. The yellow bands
denote 1 standard deviation error bars.

TABLE II. Lattice results for the low-lying excited states of
12C. For comparison the experimentally observed energies are
shown. All energies are in units of MeV.

0þ2 2þ1 , Jz ¼ 0 2þ1 , Jz ¼ 2

LO [OðQ0Þ] $94ð2Þ $92ð2Þ $89ð2Þ
NLO [OðQ2Þ] $82ð3Þ $87ð3Þ $85ð3Þ
IBþ EM [OðQ2Þ] $74ð3Þ $80ð3Þ $78ð3Þ
NNLO [OðQ3Þ] $85ð3Þ $88ð3Þ $90ð4Þ
Experiment $84:51 $87:72
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FIG. 1 (color online). Extraction of the excited states of 12C
from the time dependence of the projection amplitude at LO. The
slope of the logarithm of ZðtÞ=Z0þ1

ðtÞ at large t determines the

energy relative to the ground state.

Experiment
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FIG. 2 (color online). Summary of lattice results for the
carbon-12 spectrum and comparison with the experimental val-
ues. For each order in chiral EFT labeled on the left, results are
shown for the ground state (blue circles), Hoyle state (red
squares), and the Jz ¼ 0 (open black circles) and Jz ¼ 2 (filled
black circles) projections of the spin-2 state.

PRL 106, 192501 (2011) P HY S I CA L R EV I EW LE T T E R S
week ending
13 MAY 2011

192501-3



Hoyle state from lattice chiral EFT [E. Epelbaum et al.]

Triple-α resonance in 12C

Low-resolution (coarse) lattice

Suited to adjust to clusters

Order-by-order improvement:
LO =⇒ NLO =⇒ N2LO

[Also high-precision GFMC!]
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�The Hoyle state

4

TABLE III: Lattice results at leading order and experimen-
tal values for the root-mean-square charge radius and the
quadrupole moments for 12C.

LO Experiment

r(0+
1 ) [fm] 2.2(2) 2.47(2) [26]

r(2+
1 ) [fm] 2.2(2) �

Q(2+
1 ) [e fm2] 6(2) 6(3) [27]

r(0+
2 ) [fm] 2.4(2) �

r(2+
2 ) [fm] 2.4(2) �

Q(2+
2 ) [e fm2] �7(2) �

TABLE IV: Lattice results at leading order and experimen-
tal values for electromagnetic transitions involving the even-
parity states of 12C.

LO Experiment

B(E2, 2+
1 ! 0+

1 ) [e2 fm4] 5(2) 7.6(4) [29]

B(E2, 2+
1 ! 0+

2 ) [e2 fm4] 1.5(7) 2.6(4) [29]

B(E2, 2+
2 ! 0+

1 ) [e2 fm4] 2(1) �
B(E2, 2+

2 ! 0+
2 ) [e2 fm4] 6(2) �

m(E0, 0+
2 ! 0+

1 ) [e fm2] 3(1) 5.5(1) [17]

moments of the two spin-2 states reflects the oblate shape
of the 2+

1 state and prolate shape of the 2+
2 state.

The leading order results for the electromagnetic tran-
sitions among the even-parity states of 12C are shown in
Table IV. The definitions for these quantities can be
found in Ref. [28]. The agreement with available ex-
perimental values is reasonable. The lattice results at
leading order have a tendency to be somewhat smaller
than experimental values. This presumably reflects the
greater binding energies and smaller radii of the nuclei at
leading order. We also predict electromagnetic decays
involving the 2+

2 state that may be measured experimen-
tally in the near future.

In summary we have presented ab initio lattice cal-
culations which show the structure of the Hoyle state
and find evidence for a low-lying spin-2 rotational ex-
citation. For the ground state and first spin-2 state,
we find mostly a compact triangular configuration of al-
pha clusters. For the Hoyle state and second spin-2
state, we find a bent-arm or obtuse triangular config-
uration of alpha clusters. We have calculated charge
radii, quadrupole moments, and electromagnetic transi-
tions among the low-lying even-parity states of 12C at
leading order. All of the results are in reasonable agree-
ment with experimental values. More work is still needed
such as calculations using smaller lattice spacings. How-
ever these results provide a deeper understanding of the
structure and rotations of the Hoyle state starting from
first principles.
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[1] E. J. Öpik, Proc. Roy. Irish Acad. A54, 49 (1951).
[2] E. E. Salpeter, Astrophys. J. 115, 326 (1952).
[3] E. E. Salpeter, Ann. Rev. Nucl. Sci. 2, 41 (1953).
[4] F. Hoyle, Astrophys. J. Suppl. 1, 121 (1954).
[5] C. Cook, W. A. Fowler, C. C. Lauritsen, and T. Laurit-

sen, Phys. Rev. 107, 508 (1957).
[6] H. Morinaga, Phys. Rev. 101, 254 (1956).
[7] A. Tohsaki, H. Horiuchi, P. Schuck, and G. Ropke, Phys.

Rev. Lett. 87, 192501 (2001).
[8] M. Freer et al., Phys. Rev. C 80, 041303 (2009).
[9] S. Hyldegaard et al., Phys. Rev. C 81, 024303 (2010).

[10] W. R. Zimmerman, N. E. Destefano, M. Freer, M. Gai,
and F. D. Smit, Phys. Rev. C 84, 027304 (2011).

[11] M. Itoh et al., Phys. Rev. C 84, 054308 (2011).
[12] F. Smit, F. Nemulodi, Z. Buthelezi, J. Carter, R. Fearick,

et al. (2012), 1206.4217.
[13] E. Epelbaum, H. Krebs, D. Lee, and U.-G. Meißner,

Phys. Rev. Lett. 106, 192501 (2011).
[14] R. Roth, J. Langhammer, A. Calci, S. Binder,

and P. Navratil, Phys.Rev.Lett. 107, 072501 (2011),
1105.3173.

[15] C. Forssen, R. Roth, and P. Navratil (2011), 1110.0634.
[16] M. Chernykh, H. Feldmeier, T. Ne�, P. von Neumann-

Cosel, and A. Richter, Phys. Rev. Lett. 98, 032501
(2007).

[17] M. Chernykh, H. Feldmeier, T. Ne�, P. von Neumann-
Cosel, and A. Richter, Phys. Rev. Lett. 105, 022501
(2010), 1004.3877.

[18] E. Epelbaum, H.-W. Hammer, and U.-G. Meißner, Rev.
Mod. Phys. 81, 1773 (2009).

[19] H. M. Müller, S. E. Koonin, R. Seki, and U. van Kolck,
Phys. Rev. C61, 044320 (2000).

[20] D. Lee, B. Borasoy, and T. Schäfer, Phys. Rev. C70,
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NLO �77(3) �74(3) �72(3) �70(3)

NNLO �92(3) �89(3) �85(3) �83(3)

Exp �92.16 �87.72 �84.51 �82(1)

Figure 7: Left panel: Lattice results of Ref. [83] for the ener-
gies of low-lying even-parity states of 12C compared to exper-
imental values (in units of MeV). Right panel: “Survivability
bands” of carbon-oxigen based life obtained from lattice sim-
ulations of Ref. [84] as explained in the text.
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The crucial quantity that controls the production rate is the energy � of the Hoyle state relative to
the triple-alpha threshold which is experimentally known to be � = 397.47(18) keV. Changing �
by an amount of ±100 keV results in a strong reduction of the formation of 12C and 16O in the
universe making the emergence of carbon-based life impossible. It is, therefore, very interesting
to investigate how this seemingly fine-tuned quantity depends on the fundamental constants of
nature such as mq. We have studied the sensitivity of � to variations of mq within nuclear lattice
simulations in Ref. [84]. Fig. 7 shows the survivability bands of carbon-based life under 1% and
5% changes of mq. Here, Ās,t ⇥ (⇤a�1

1S0,3S1/⇤M⇥)Mphys
⇥

denote the slope of the inverse NN S-wave
scattering lengths as functions of the pion mass. These quantities can, in principle, be computed
in lattice-QCD. The data point in the right panel of Fig. 7 corresponds to the recent N2LO results
of Ref. [28] for chiral extrapolations of a�1

1S0,3S1 shown in Fig. 3. These findings suggest that the
formation of carbon and oxygen in our universe would survive a ⇤ 2% change in the light quark
mass.
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tice spacing a = 1.97 fm and total length L = 12 fm. In
the time direction, we use lattice time step at = 1.32 fm
and vary the propagation time Lt to extrapolate to the
limit Lt � ⇥. The nucleons are treated as point-like
particles on lattice sites, and interactions due to the ex-
change of pions and multi-nucleon operators are gener-
ated using auxiliary fields. Lattice e⌅ective field theory
was originally used to calculate the many-body proper-
ties of homogeneous nuclear and neutron matter [19, 20].
Since then the properties of several atomic nuclei have
been investigated [21, 22]. A recent review of the liter-
ature can be found in Ref. [23].

Euclidean time propagation is used to project on to
low-energy states of our interacting system. Let H be
the Hamiltonian. For any initial quantum state ⇤, the
projection amplitude is defined as the expectation value⌦
e�Ht

↵
�
. For large Euclidean time t, the exponential

operator e�Ht enhances the signal of low-energy states.
Energies can be determined from the exponential decay
of these projection amplitudes. The first few time steps
and last few time steps are evaluated using a simpler
Hamiltonian HSU(4) based upon Wigner’s SU(4) symme-
try for protons and neutrons [24]. This Hamiltonian is
computationally inexpensive and is used as a low-energy
filter before starting the main calculation. This tech-
nique is described in Ref. [23].

In Table I we present lattice results for the ground
state energies of 4He and 8Be up to NNLO. The method
of calculation is nearly the same as that described in
Ref. [13, 22, 25]. The higher-order corrections are com-
puted using perturbation theory. The coe⇧cients of
the nucleon-nucleon interactions are set by fitting to low-
energy scattering data. In our calculations the NNLO
corrections correspond with three-nucleon forces. A de-
tailed description of the interactions at each order can
be found in Ref. [25]. We have used the triton binding
energy and the weak axial vector current to fix the low-
energy constants cD and cE entering the three-nucleon
interaction.

In comparison with the calculations in Ref. [13], some
improvements have been made using higher-derivative
lattice operators which eliminate the overbinding of the
leading order action when calculating larger nuclei such
as 16O. The details of this improved action will be dis-
cussed in a forthcoming publication. The error bars in
Table I are one standard deviation estimates which in-
clude both Monte Carlo statistical errors and uncertain-
ties due to extrapolation at large Euclidean time. We
see that the binding energy results for 4He and 8Be at
NNLO are in agreement with experimental values.

In our projection Monte Carlo calculations we use a
larger class of initial and final states than considered in
previous work. For the calculation of 4He we use an
initial state with four nucleons, each at zero momentum.
For the calculation of 8Be we use the same initial state
as 4He, but then apply creation operators after the first

TABLE I: Lattice results and experimental values for the
ground state energies of 4He and 8Be. All energies are in
units of MeV.

4He 8Be

LO [O(Q0)] �28.0(3) �57(2)

NLO [O(Q2)] �24.9(5) �47(2)

NNLO [O(Q3)] �28.3(6) �55(2)

Experiment �28.30 �56.50
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FIG. 1: Lattice results for the 12C spectrum at leading order.
In Panel I we show results from three di⇤erent initial states, A,
B, and �, each approaching the ground state energy. In Panel
II we show results starting from three other initial states, C,
D, and ⇥. These trace out an intermediate plateau at energy
about 7 MeV above the ground state.

time step to inject four more nucleons at zero momentum.
The analogous process is done to extract four nucleons
before the last step. This injection and extraction pro-
cess of nucleons at zero momentum helps to eliminate
directional biases caused by initial and final state mo-
menta.

We make use of many di⌅erent initial and final states
to probe the structure of the 12C states. In all of the 12C
states investigated here we measure four-nucleon correla-
tions by calculating the expectation value of �4, where �
is the total nucleon density. We find strong four-nucleon
correlations consistent with the formation of alpha clus-
ters. In Fig. 1 we present lattice results for the energy
of 12C at leading order versus Euclidean projection time
t. For each of the initial states A, B, C, and D, we
start with delocalized nucleon standing waves and use a
strong attractive interaction in HSU(4) to allow the nu-
cleons to self-organize into a nucleus. For initial states
� and ⇥, we use alpha cluster wavefunctions to recover
the same states found using initial states A, B, C, and D.
For these calculations, the interaction in HSU(4) is not as
strong and the projected states retain their original alpha
cluster character.

In Panel I, we show results from three di⌅erent initial
states, A, B, and �, each approaching the ground state

3

FIG. 2: This shows initial state �, a wavefunction consisting
of three alpha clusters formed by Gaussian packets centered
on the vertices of a compact triangle. There are a total of 12
equivalent orientations of this configuration.

energy, �96(2) MeV. For initial state A, we start with
four nucleons each at zero momentum, apply creation
operators after the first time step to inject four more
nucleons at rest, and then inject four more nucleons at
rest after the second time step. The reverse process
is used to extract nucleons for final state A. The same
scheme is used for initial state B, though the interactions
in HSU(4) used are not as strongly attractive as those for
A.

For initial state �, we use a wavefunction consisting
of three alpha clusters as shown in Fig. 2. The alpha
clusters are formed by Gaussian packets centered on the
vertices of a compact triangle. In order to construct
eigenstates of total momentum and lattice cubic rota-
tions, we consider all possible translations and rotations
of the initial state. There are a total of 12 equivalent
orientations of this configuration. We do not find fast
convergence to the ground state when starting from any
other configuration of alpha clusters. From this we con-
clude that the alpha cluster configurations in Fig. 2 have
the strongest overlap with the 0+

1 ground state of 12C.
The fact that it is an isosceles right triangle rather than
an equilateral triangle is just an artifact of the lattice
spacing.

In Panel II of Fig. 1 we show leading-order energies
for three di⇤erent initial states, C, D, and ⇥, each ap-
proaching an intermediate plateau at �89(2) MeV. If
Euclidean time is taken to infinity, these curves eventu-
ally approach the ground state energy like the curves in
Panel I. However it is clear that a di⇤erent state is first
being formed which is not the ground state. We identify
the 0+ state in this plateau region as the 0+

2 Hoyle state.
The common thread connecting each of the initial states
C, D, and ⇥, is that each produces a state which has an
extended or prolate geometry. This is in contrast to the
oblate triangular configuration in Fig. 2.

For initial state C, we take four nucleons at rest, four
with momenta (2�/L, 2�/L, 2�/L), and four with mo-
menta (�2�/L,�2�/L,�2�/L). For initial state D,
we use a similar configuration with four at rest, four
with momenta (2�/L, 2�/L, 0), and four with momenta
(�2�/L,�2�/L, 0). For initial state ⇥, we use a set
three alpha clusters formed by Gaussian packets centered
on the vertices of a bent-arm or obtuse triangular con-

FIG. 3: This shows initial state ⇥, a wavefunction consisting
of three alpha clusters formed by Gaussian packets centered
on the vertices of a bent-arm or obtuse triangular configura-
tion. There are a total of 24 equivalent orientations of this
configuration.

TABLE II: Lattice results for the low-lying even-parity states
of 12C compared with the experimental results in units of
MeV.

0+
1 2+

1 (E+) 0+
2 2+

2 (E+)

LO [O(Q0)] �96(2) �94(2) �89(2) �88(2)

NLO [O(Q2)] �77(3) �74(3) �72(3) �70(3)

NNLO [O(Q3)] �92(3) �89(3) �85(3) �83(3)

Experiment �92.16 �87.72 �84.51

�82.6(1) [8, 10]

�82.32(6) [11]

�81.1(3) [9]

figuration as shown in Fig. 3. There are a total of 24
equivalent orientations of this configuration. We do not
find the same plateau starting from other configurations
of alpha clusters. We conclude that the configurations
in Fig. 3 have the strongest overlap with the 0+

2 Hoyle
state of 12C.

We use the same multi-channel method developed in
Ref. [13] to find a spin-2 excitation above the ground state
as well as a spin-2 excitation above the Hoyle state. In
both cases we are taking the E+ representation of the cu-
bic rotation group on the lattice. We show the results for
the binding energies of the low-lying even-parity states of
12C in Table II. We find that the binding energies at
NNLO are in agreement with experimental values.

In Table III we present results at leading order for the
root-mean-square charge radius and quadrupole moment
of the even-parity states of 12C. We also show experi-
mental values where available. In this study we compute
electromagnetic moments only at leading order. We note
that moments such as the charge radius for resonances
above threshold are dependent on boundary conditions
used to regulate the continuum-state asymptotics of the
wavefunction. We avoid this problem because all of the
low-lying states are bound at leading order. One expects
that as the higher-order corrections push the binding en-
ergies closer to the triple alpha threshold, the correspond-
ing radii will increase accordingly. A detailed study of
these resonances as a function of finite volume size will
be investigated in future work. We find good agreement
with the experimental value for the 2+

1 quadrupole mo-
ment. The di⇤erence in signs for the electric quadrupole
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FIG. 2: This shows initial state �, a wavefunction consisting
of three alpha clusters formed by Gaussian packets centered
on the vertices of a compact triangle. There are a total of 12
equivalent orientations of this configuration.

energy, �96(2) MeV. For initial state A, we start with
four nucleons each at zero momentum, apply creation
operators after the first time step to inject four more
nucleons at rest, and then inject four more nucleons at
rest after the second time step. The reverse process
is used to extract nucleons for final state A. The same
scheme is used for initial state B, though the interactions
in HSU(4) used are not as strongly attractive as those for
A.

For initial state �, we use a wavefunction consisting
of three alpha clusters as shown in Fig. 2. The alpha
clusters are formed by Gaussian packets centered on the
vertices of a compact triangle. In order to construct
eigenstates of total momentum and lattice cubic rota-
tions, we consider all possible translations and rotations
of the initial state. There are a total of 12 equivalent
orientations of this configuration. We do not find fast
convergence to the ground state when starting from any
other configuration of alpha clusters. From this we con-
clude that the alpha cluster configurations in Fig. 2 have
the strongest overlap with the 0+

1 ground state of 12C.
The fact that it is an isosceles right triangle rather than
an equilateral triangle is just an artifact of the lattice
spacing.

In Panel II of Fig. 1 we show leading-order energies
for three di⇤erent initial states, C, D, and ⇥, each ap-
proaching an intermediate plateau at �89(2) MeV. If
Euclidean time is taken to infinity, these curves eventu-
ally approach the ground state energy like the curves in
Panel I. However it is clear that a di⇤erent state is first
being formed which is not the ground state. We identify
the 0+ state in this plateau region as the 0+

2 Hoyle state.
The common thread connecting each of the initial states
C, D, and ⇥, is that each produces a state which has an
extended or prolate geometry. This is in contrast to the
oblate triangular configuration in Fig. 2.

For initial state C, we take four nucleons at rest, four
with momenta (2�/L, 2�/L, 2�/L), and four with mo-
menta (�2�/L,�2�/L,�2�/L). For initial state D,
we use a similar configuration with four at rest, four
with momenta (2�/L, 2�/L, 0), and four with momenta
(�2�/L,�2�/L, 0). For initial state ⇥, we use a set
three alpha clusters formed by Gaussian packets centered
on the vertices of a bent-arm or obtuse triangular con-

FIG. 3: This shows initial state ⇥, a wavefunction consisting
of three alpha clusters formed by Gaussian packets centered
on the vertices of a bent-arm or obtuse triangular configura-
tion. There are a total of 24 equivalent orientations of this
configuration.

TABLE II: Lattice results for the low-lying even-parity states
of 12C compared with the experimental results in units of
MeV.

0+
1 2+

1 (E+) 0+
2 2+

2 (E+)

LO [O(Q0)] �96(2) �94(2) �89(2) �88(2)

NLO [O(Q2)] �77(3) �74(3) �72(3) �70(3)

NNLO [O(Q3)] �92(3) �89(3) �85(3) �83(3)

Experiment �92.16 �87.72 �84.51

�82.6(1) [8, 10]

�82.32(6) [11]

�81.1(3) [9]

figuration as shown in Fig. 3. There are a total of 24
equivalent orientations of this configuration. We do not
find the same plateau starting from other configurations
of alpha clusters. We conclude that the configurations
in Fig. 3 have the strongest overlap with the 0+

2 Hoyle
state of 12C.

We use the same multi-channel method developed in
Ref. [13] to find a spin-2 excitation above the ground state
as well as a spin-2 excitation above the Hoyle state. In
both cases we are taking the E+ representation of the cu-
bic rotation group on the lattice. We show the results for
the binding energies of the low-lying even-parity states of
12C in Table II. We find that the binding energies at
NNLO are in agreement with experimental values.

In Table III we present results at leading order for the
root-mean-square charge radius and quadrupole moment
of the even-parity states of 12C. We also show experi-
mental values where available. In this study we compute
electromagnetic moments only at leading order. We note
that moments such as the charge radius for resonances
above threshold are dependent on boundary conditions
used to regulate the continuum-state asymptotics of the
wavefunction. We avoid this problem because all of the
low-lying states are bound at leading order. One expects
that as the higher-order corrections push the binding en-
ergies closer to the triple alpha threshold, the correspond-
ing radii will increase accordingly. A detailed study of
these resonances as a function of finite volume size will
be investigated in future work. We find good agreement
with the experimental value for the 2+

1 quadrupole mo-
ment. The di⇤erence in signs for the electric quadrupole

2

tice spacing a = 1.97 fm and total length L = 12 fm. In
the time direction, we use lattice time step at = 1.32 fm
and vary the propagation time Lt to extrapolate to the
limit Lt � ⇥. The nucleons are treated as point-like
particles on lattice sites, and interactions due to the ex-
change of pions and multi-nucleon operators are gener-
ated using auxiliary fields. Lattice e⌅ective field theory
was originally used to calculate the many-body proper-
ties of homogeneous nuclear and neutron matter [19, 20].
Since then the properties of several atomic nuclei have
been investigated [21, 22]. A recent review of the liter-
ature can be found in Ref. [23].

Euclidean time propagation is used to project on to
low-energy states of our interacting system. Let H be
the Hamiltonian. For any initial quantum state ⇤, the
projection amplitude is defined as the expectation value⌦
e�Ht

↵
�
. For large Euclidean time t, the exponential

operator e�Ht enhances the signal of low-energy states.
Energies can be determined from the exponential decay
of these projection amplitudes. The first few time steps
and last few time steps are evaluated using a simpler
Hamiltonian HSU(4) based upon Wigner’s SU(4) symme-
try for protons and neutrons [24]. This Hamiltonian is
computationally inexpensive and is used as a low-energy
filter before starting the main calculation. This tech-
nique is described in Ref. [23].

In Table I we present lattice results for the ground
state energies of 4He and 8Be up to NNLO. The method
of calculation is nearly the same as that described in
Ref. [13, 22, 25]. The higher-order corrections are com-
puted using perturbation theory. The coe⇧cients of
the nucleon-nucleon interactions are set by fitting to low-
energy scattering data. In our calculations the NNLO
corrections correspond with three-nucleon forces. A de-
tailed description of the interactions at each order can
be found in Ref. [25]. We have used the triton binding
energy and the weak axial vector current to fix the low-
energy constants cD and cE entering the three-nucleon
interaction.

In comparison with the calculations in Ref. [13], some
improvements have been made using higher-derivative
lattice operators which eliminate the overbinding of the
leading order action when calculating larger nuclei such
as 16O. The details of this improved action will be dis-
cussed in a forthcoming publication. The error bars in
Table I are one standard deviation estimates which in-
clude both Monte Carlo statistical errors and uncertain-
ties due to extrapolation at large Euclidean time. We
see that the binding energy results for 4He and 8Be at
NNLO are in agreement with experimental values.

In our projection Monte Carlo calculations we use a
larger class of initial and final states than considered in
previous work. For the calculation of 4He we use an
initial state with four nucleons, each at zero momentum.
For the calculation of 8Be we use the same initial state
as 4He, but then apply creation operators after the first

TABLE I: Lattice results and experimental values for the
ground state energies of 4He and 8Be. All energies are in
units of MeV.

4He 8Be

LO [O(Q0)] �28.0(3) �57(2)

NLO [O(Q2)] �24.9(5) �47(2)

NNLO [O(Q3)] �28.3(6) �55(2)

Experiment �28.30 �56.50
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FIG. 1: Lattice results for the 12C spectrum at leading order.
In Panel I we show results from three di⇤erent initial states, A,
B, and �, each approaching the ground state energy. In Panel
II we show results starting from three other initial states, C,
D, and ⇥. These trace out an intermediate plateau at energy
about 7 MeV above the ground state.

time step to inject four more nucleons at zero momentum.
The analogous process is done to extract four nucleons
before the last step. This injection and extraction pro-
cess of nucleons at zero momentum helps to eliminate
directional biases caused by initial and final state mo-
menta.

We make use of many di⌅erent initial and final states
to probe the structure of the 12C states. In all of the 12C
states investigated here we measure four-nucleon correla-
tions by calculating the expectation value of �4, where �
is the total nucleon density. We find strong four-nucleon
correlations consistent with the formation of alpha clus-
ters. In Fig. 1 we present lattice results for the energy
of 12C at leading order versus Euclidean projection time
t. For each of the initial states A, B, C, and D, we
start with delocalized nucleon standing waves and use a
strong attractive interaction in HSU(4) to allow the nu-
cleons to self-organize into a nucleus. For initial states
� and ⇥, we use alpha cluster wavefunctions to recover
the same states found using initial states A, B, C, and D.
For these calculations, the interaction in HSU(4) is not as
strong and the projected states retain their original alpha
cluster character.

In Panel I, we show results from three di⌅erent initial
states, A, B, and �, each approaching the ground state
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tice spacing a = 1.97 fm and total length L = 12 fm. In
the time direction, we use lattice time step at = 1.32 fm
and vary the propagation time Lt to extrapolate to the
limit Lt � ⇥. The nucleons are treated as point-like
particles on lattice sites, and interactions due to the ex-
change of pions and multi-nucleon operators are gener-
ated using auxiliary fields. Lattice e⌅ective field theory
was originally used to calculate the many-body proper-
ties of homogeneous nuclear and neutron matter [19, 20].
Since then the properties of several atomic nuclei have
been investigated [21, 22]. A recent review of the liter-
ature can be found in Ref. [23].

Euclidean time propagation is used to project on to
low-energy states of our interacting system. Let H be
the Hamiltonian. For any initial quantum state ⇤, the
projection amplitude is defined as the expectation value⌦
e�Ht

↵
�
. For large Euclidean time t, the exponential

operator e�Ht enhances the signal of low-energy states.
Energies can be determined from the exponential decay
of these projection amplitudes. The first few time steps
and last few time steps are evaluated using a simpler
Hamiltonian HSU(4) based upon Wigner’s SU(4) symme-
try for protons and neutrons [24]. This Hamiltonian is
computationally inexpensive and is used as a low-energy
filter before starting the main calculation. This tech-
nique is described in Ref. [23].

In Table I we present lattice results for the ground
state energies of 4He and 8Be up to NNLO. The method
of calculation is nearly the same as that described in
Ref. [13, 22, 25]. The higher-order corrections are com-
puted using perturbation theory. The coe⇧cients of
the nucleon-nucleon interactions are set by fitting to low-
energy scattering data. In our calculations the NNLO
corrections correspond with three-nucleon forces. A de-
tailed description of the interactions at each order can
be found in Ref. [25]. We have used the triton binding
energy and the weak axial vector current to fix the low-
energy constants cD and cE entering the three-nucleon
interaction.

In comparison with the calculations in Ref. [13], some
improvements have been made using higher-derivative
lattice operators which eliminate the overbinding of the
leading order action when calculating larger nuclei such
as 16O. The details of this improved action will be dis-
cussed in a forthcoming publication. The error bars in
Table I are one standard deviation estimates which in-
clude both Monte Carlo statistical errors and uncertain-
ties due to extrapolation at large Euclidean time. We
see that the binding energy results for 4He and 8Be at
NNLO are in agreement with experimental values.

In our projection Monte Carlo calculations we use a
larger class of initial and final states than considered in
previous work. For the calculation of 4He we use an
initial state with four nucleons, each at zero momentum.
For the calculation of 8Be we use the same initial state
as 4He, but then apply creation operators after the first

TABLE I: Lattice results and experimental values for the
ground state energies of 4He and 8Be. All energies are in
units of MeV.

4He 8Be

LO [O(Q0)] �28.0(3) �57(2)

NLO [O(Q2)] �24.9(5) �47(2)

NNLO [O(Q3)] �28.3(6) �55(2)

Experiment �28.30 �56.50
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FIG. 1: Lattice results for the 12C spectrum at leading order.
In Panel I we show results from three di⇤erent initial states, A,
B, and �, each approaching the ground state energy. In Panel
II we show results starting from three other initial states, C,
D, and ⇥. These trace out an intermediate plateau at energy
about 7 MeV above the ground state.

time step to inject four more nucleons at zero momentum.
The analogous process is done to extract four nucleons
before the last step. This injection and extraction pro-
cess of nucleons at zero momentum helps to eliminate
directional biases caused by initial and final state mo-
menta.

We make use of many di⌅erent initial and final states
to probe the structure of the 12C states. In all of the 12C
states investigated here we measure four-nucleon correla-
tions by calculating the expectation value of �4, where �
is the total nucleon density. We find strong four-nucleon
correlations consistent with the formation of alpha clus-
ters. In Fig. 1 we present lattice results for the energy
of 12C at leading order versus Euclidean projection time
t. For each of the initial states A, B, C, and D, we
start with delocalized nucleon standing waves and use a
strong attractive interaction in HSU(4) to allow the nu-
cleons to self-organize into a nucleus. For initial states
� and ⇥, we use alpha cluster wavefunctions to recover
the same states found using initial states A, B, C, and D.
For these calculations, the interaction in HSU(4) is not as
strong and the projected states retain their original alpha
cluster character.

In Panel I, we show results from three di⌅erent initial
states, A, B, and �, each approaching the ground state
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15]. The method has later been applied to atoms and
molecules [12, 16] and recently to 56Ni [17] and 48Ca [18].
The ab initio results of Ref. [18] are in good agreement
with (e, e′p) data for spectroscopic factors from Ref. [19]
and also show that the configuration space needed for the
incorporation of long-range (surface) correlations is much
larger than the space that can be utilized in large-scale
shell-model diagonalizations. In Ref. [20], the FRPA was
employed to calculate proton scattering on 16O and ob-
tain results for phase shifts and low-lying states in 17F.
However, the properties of the self-energy at larger scat-
tering energies which are now of great interest for the
developments of DOM potentials was not addressed. In
particular, one may expect to extract useful information
regarding the functional form of the DOM from a study
of the self-energy for a sequence of calcium isotopes. It
is the purpose of the present work to close this gap. We
have chosen in addition to 40Ca and 48Ca also to include
60Ca, since the latter isotope was studied with a DOM
extrapolation in Refs. [8, 9]. Some preliminary results of
these FRPA calculations for spectroscopic factors were
reported in Ref. [14] but the emphasis in the present work
is on the properties of the microscopically calculated self-
energies. The resulting analysis is intended to provide
a microscopic underpinning of the qualitative features of
empirical optical potentials. Additional information con-
cerning the degree and form of the non-locality of both
the real and imaginary parts of the self-energy will also
be addressed because it is of importance to assess the
current local implementations of the DOM method.

In Sec. II A we introduce some of the basic properties
for the analysis of the self-energy. The ingredients of the
FRPA calculation are presented in Sec. II C. The choice
of model space and realistic nucleon-nucleon (NN) inter-
action are discussed in Sec. III. We present our results
in Sec. IV and finally draw conclusions in Sec. V.

II. FORMALISM

In the Lehmann representation, the one-body Green’s
function is given by

gαβ(E) =
∑

n

⟨ΨA
0 |cα|ΨA+1

n ⟩⟨ΨA+1
n |c†

β|ΨA
0 ⟩

E − (EA+1
n − EA

0 ) + iη

+
∑

k

⟨ΨA
0 |c†

β|ΨA−1
k ⟩⟨ΨA−1

k |cα|ΨA
0 ⟩

E − (EA
0 − EA−1

k ) − iη
, (1)

where α, β, ..., label a complete orthonormal basis set

and cα (c†
β) are the corresponding second quantization

destruction (creation) operators. In these definitions,

|ΨA+1
n ⟩, |ΨA−1

k ⟩ are the eigenstates, and EA+1
n , EA−1

k
the eigenenergies of the (A ± 1)-nucleon isotope. The
structure of Eq. (1) is particularly useful for our pur-
poses. At positive energies, the residues of the first term,
⟨ΨA+1

n |c†
α|ΨA

0 ⟩, contain the scattering wave functions for
the elastic collision of a nucleon off the |ΨA

0 ⟩ ground state,

while at negative energies they give information on fi-
nal states of the nucleon capture process. Consequently,
the second term has poles below the Fermi energy (EF )
which carry information about the removal of a nucleon
and therefore clarify the structure of the target state |ΨA

0 ⟩
itself. Green’s function theory provides a natural frame-
work for describing physics both above and below the
Fermi surface in a consistent manner.

The propagator (1) can be obtained as a solution of
the Dyson equation,

gαβ(E) = g
(0)
αβ (E) +

∑

γδ

g(0)
αγ (E)Σ⋆

γδ(E) gδβ(E) , (2)

in which g(0)(E) is the propagator for a free nucleon
(moving only with its kinetic energy). Σ⋆(E) is the irre-
ducible self-energy and represents the interaction of the
projectile (ejectile) with the target nucleus. Feshbach,
developed a formal microscopic theory for the optical po-
tential already in Ref. [21, 22] by projecting the many-
body Hamiltonian on the subspace of scattering states.
It has been proven that if Feshbach’s theory is extended
to a space including states both above and below the
Fermi surface, the resulting optical potential is exactly
the irreducible self-energy Σ⋆(E) [23] (see also Ref. [24]
and Ref. [25] for a shorter demonstration).

The above equivalence with the microscopic optical po-
tential is fundamental for the present study, since the
available knowledge from calculations based on Green’s
function theory can be used to suggest improvements of
optical models. In particular, in the DOM, the dispersion
relation obeyed by Σ⋆(E) is used to reduce the number of
parameters and to enforce the effects of causality. Thus
the DOM potentials can also be thought of as a repre-
sentation of the nucleon self-energy.

A. Self-Energy

For a J = 0 nucleus, all partial waves (ℓ, j, τ) are
decoupled, where ℓ,j label the orbital and total angu-
lar momentum and τ represents its isospin projection.
The irreducible self-energy in coordinate space (for ei-
ther a proton or a neutron) can be written in terms of
the harmonic-oscillator basis used in the FRPA calcula-
tion, as follows:

Σ⋆(x, x′; E) =
∑

ℓjmjτ

Iℓjmj (Ω, σ)

×
[ ∑

na,nb

Rnaℓ(r)Σ
⋆
ab(E)Rnbℓ(r

′)

]
(Iℓjmj (Ω

′, σ′))∗, (3)

where x ≡ r, σ, τ . The spin variable is represented by
σ, n is the principal quantum number of the harmonic
oscillator, and a ≡ (na, ℓ, j, τ) (note that for a J = 0 nu-
cleus the self-energy is independent of mj). The standard
radial harmonic-oscillator function is denoted by Rnℓ(r),

2

15]. The method has later been applied to atoms and
molecules [12, 16] and recently to 56Ni [17] and 48Ca [18].
The ab initio results of Ref. [18] are in good agreement
with (e, e′p) data for spectroscopic factors from Ref. [19]
and also show that the configuration space needed for the
incorporation of long-range (surface) correlations is much
larger than the space that can be utilized in large-scale
shell-model diagonalizations. In Ref. [20], the FRPA was
employed to calculate proton scattering on 16O and ob-
tain results for phase shifts and low-lying states in 17F.
However, the properties of the self-energy at larger scat-
tering energies which are now of great interest for the
developments of DOM potentials was not addressed. In
particular, one may expect to extract useful information
regarding the functional form of the DOM from a study
of the self-energy for a sequence of calcium isotopes. It
is the purpose of the present work to close this gap. We
have chosen in addition to 40Ca and 48Ca also to include
60Ca, since the latter isotope was studied with a DOM
extrapolation in Refs. [8, 9]. Some preliminary results of
these FRPA calculations for spectroscopic factors were
reported in Ref. [14] but the emphasis in the present work
is on the properties of the microscopically calculated self-
energies. The resulting analysis is intended to provide
a microscopic underpinning of the qualitative features of
empirical optical potentials. Additional information con-
cerning the degree and form of the non-locality of both
the real and imaginary parts of the self-energy will also
be addressed because it is of importance to assess the
current local implementations of the DOM method.

In Sec. II A we introduce some of the basic properties
for the analysis of the self-energy. The ingredients of the
FRPA calculation are presented in Sec. II C. The choice
of model space and realistic nucleon-nucleon (NN) inter-
action are discussed in Sec. III. We present our results
in Sec. IV and finally draw conclusions in Sec. V.

II. FORMALISM

In the Lehmann representation, the one-body Green’s
function is given by

gαβ(E) =
∑

n

⟨ΨA
0 |cα|ΨA+1

n ⟩⟨ΨA+1
n |c†

β|ΨA
0 ⟩

E − (EA+1
n − EA

0 ) + iη

+
∑

k

⟨ΨA
0 |c†

β|ΨA−1
k ⟩⟨ΨA−1

k |cα|ΨA
0 ⟩

E − (EA
0 − EA−1

k ) − iη
, (1)

where α, β, ..., label a complete orthonormal basis set

and cα (c†
β) are the corresponding second quantization

destruction (creation) operators. In these definitions,

|ΨA+1
n ⟩, |ΨA−1

k ⟩ are the eigenstates, and EA+1
n , EA−1

k
the eigenenergies of the (A ± 1)-nucleon isotope. The
structure of Eq. (1) is particularly useful for our pur-
poses. At positive energies, the residues of the first term,
⟨ΨA+1

n |c†
α|ΨA

0 ⟩, contain the scattering wave functions for
the elastic collision of a nucleon off the |ΨA

0 ⟩ ground state,

while at negative energies they give information on fi-
nal states of the nucleon capture process. Consequently,
the second term has poles below the Fermi energy (EF )
which carry information about the removal of a nucleon
and therefore clarify the structure of the target state |ΨA

0 ⟩
itself. Green’s function theory provides a natural frame-
work for describing physics both above and below the
Fermi surface in a consistent manner.

The propagator (1) can be obtained as a solution of
the Dyson equation,

gαβ(E) = g
(0)
αβ (E) +

∑

γδ

g(0)
αγ (E)Σ⋆

γδ(E) gδβ(E) , (2)

in which g(0)(E) is the propagator for a free nucleon
(moving only with its kinetic energy). Σ⋆(E) is the irre-
ducible self-energy and represents the interaction of the
projectile (ejectile) with the target nucleus. Feshbach,
developed a formal microscopic theory for the optical po-
tential already in Ref. [21, 22] by projecting the many-
body Hamiltonian on the subspace of scattering states.
It has been proven that if Feshbach’s theory is extended
to a space including states both above and below the
Fermi surface, the resulting optical potential is exactly
the irreducible self-energy Σ⋆(E) [23] (see also Ref. [24]
and Ref. [25] for a shorter demonstration).

The above equivalence with the microscopic optical po-
tential is fundamental for the present study, since the
available knowledge from calculations based on Green’s
function theory can be used to suggest improvements of
optical models. In particular, in the DOM, the dispersion
relation obeyed by Σ⋆(E) is used to reduce the number of
parameters and to enforce the effects of causality. Thus
the DOM potentials can also be thought of as a repre-
sentation of the nucleon self-energy.

A. Self-Energy

For a J = 0 nucleus, all partial waves (ℓ, j, τ) are
decoupled, where ℓ,j label the orbital and total angu-
lar momentum and τ represents its isospin projection.
The irreducible self-energy in coordinate space (for ei-
ther a proton or a neutron) can be written in terms of
the harmonic-oscillator basis used in the FRPA calcula-
tion, as follows:

Σ⋆(x, x′; E) =
∑

ℓjmjτ

Iℓjmj (Ω, σ)

×
[ ∑

na,nb

Rnaℓ(r)Σ
⋆
ab(E)Rnbℓ(r

′)

]
(Iℓjmj (Ω

′, σ′))∗, (3)

where x ≡ r, σ, τ . The spin variable is represented by
σ, n is the principal quantum number of the harmonic
oscillator, and a ≡ (na, ℓ, j, τ) (note that for a J = 0 nu-
cleus the self-energy is independent of mj). The standard
radial harmonic-oscillator function is denoted by Rnℓ(r),

[CB,!M.Hjorth:Jensen,!Pys.!Rev.!C79,!064313!(2009);!CB,!Phys.!Rev.!LeI.!103,!202502!(2009)]!

Sh
ab(!) =

1

⇡
Im gab(!)

One-body Greens function (or propagator)
gab(ω) describes the motion of
quasi-particles and quasi-holes

Contains all the structure information probed
by nucleon transfer

Imaginary (absorptive) part of gab(ω) is
the spectral function

Nucleon elastic scattering�

EF�

A+1�

A:1�

E�

mean:field� resonances!
beyond!mean:field�

The irreducible self-energy is a nucleon-nucleus optical 
potential [see e.g. Mahaux and Sartor, Adv. Nucl. Phys. 20, (1991)] 
 
 
 
 
 
 
 
 
 
 
 
" This provides consistent overlaps and scattering 
wave functions 
 



Confronting theory and experiment to both driplines

Precision mass measurements test
impact of chiral 3NF

Proton rich [Holt et al. (2012)]

Neutron rich [Gallant et al. (2012)]

Many new tests possible!

Exciting advances for neutron-rich nuclei  

3N forces key to explain 24O as heaviest oxygen isotope 
Otsuka, Suzuki, Holt, Schwenk, Akaishi, Phys. Rev. Lett. 105, 032501 (2010). 

 

predicted increased binding for neutron-rich calcium 

 
confirmed in precision Penning trap exp. 

5! and 3! deviation in 51,52Ca from AME 
TITAN collaboration + Holt, Menendez, Schwenk, submitted. 

 

Impact on global predictions? 
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Confronting theory and experiment to both driplines

Precision mass measurements test
impact of chiral 3NF

Proton rich [Holt et al. (2012)]

Neutron rich [Gallant et al. (2012)]

Many new tests possible!

Exciting advances for neutron-rich nuclei  

3N forces key to explain 24O as heaviest oxygen isotope 
Otsuka, Suzuki, Holt, Schwenk, Akaishi, Phys. Rev. Lett. 105, 032501 (2010). 

 

predicted increased binding for neutron-rich calcium 

 
confirmed in precision Penning trap exp. 

5! and 3! deviation in 51,52Ca from AME 
TITAN collaboration + Holt, Menendez, Schwenk, submitted. 

 

Impact on global predictions? 
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Non-empirical shell model [from J. Holt]

Solving the Nuclear Many-Body Problem 

Assume filled core 

Active nucleons occupy  
valence space 

- “sd”-valence space 

Interaction and energies of valence space orbitals from original Vlow k 
This alone does not reproduce experimental data 

0s 

0p 

0f,1p 

0g,1d,2s 

0h,1f,2p 

Nuclei understood as many-body system starting from closed shell, add nucleons 
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Solving the Nuclear Many-Body Problem 

Assume filled core 

Active nucleons occupy  
valence space 

- “sd”-valence space 

Interaction and energies of valence space orbitals from original Vlow k 
This alone does not reproduce experimental data – allow explicit breaking of core 

Strong interactions with core 
generate effective interaction 
between valence nucleons 

Hjorth-Jensen, Kuo, Osnes (1995) 
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Nuclei understood as many-body system starting from closed shell, add nucleons 



Non-empirical shell model [from J. Holt]

Solving the Nuclear Many-Body Problem 

Assume filled core 

Active nucleons occupy  
valence space 

- “sd”-valence space 

Interaction and energies of valence space orbitals from original Vlow k 
This alone does not reproduce experimental data – allow explicit breaking of core 

Strong interactions with core 
generate effective interaction 
between valence nucleons 

Hjorth-Jensen, Kuo, Osnes (1995) 

Effective two-body matrix elements 
Single-particle energies (SPEs) 

0s 

0p 

0f,1p 

0g,1d,2s 

0h,1f,2p 

Nuclei understood as many-body system starting from closed shell, add nucleons 



Chiral 3NFs meet the shell model [from J. Holt]

Normal-ordered 3N: contribution to valence neutron interactions 
3N Forces for Valence-Shell Theories 
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      more neutron added to (c)

(c) 3-body interaction

O core16

Effective two-body Effective one-body 

Combine with microscopic NN: eliminate empirical adjustments 
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ab  V3N ,eff a'b' = "ab
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#  V3N "a'b'
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a  V3N ,eff a' =
1
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GFMC: Calculating observables in light nuclei
Green’s Function Monte Carlo (GFMC)
energies are accurate but lowest-order
theory of one-body currents (blue)
disagrees with experiment (black)

Including two-nucleon currents based
on EFT (red) improves all predictions!

Magne&c(Moments(

Electromagne,c-Transi,ons-

Note: not fully consistent yet!



Combining structure and reactions [P. Navratil et al.]

Resonating Group Method + NCSM:

4 
!!"!#$%&'#((((((!

Lawrence Livermore National Laboratory 

Ab initio NCSM/RGM Formalism  
S. Quaglioni & P. Navrátil, Phys. Rev. Lett. 101, 092501 (2008); Phys. Rev. C 79, 044606 (2009) 

!! Ab initio calculations for reactions and clustering in nuclei 

!! Constructs integration kernels (! projectile-target potentials) starting from  

•! NCSM wave functions  

•! NN(+NNN) interactions 

!! Solves: 

The Resonating Group Method correctly accounts for:  !
1) the interaction (Hamiltonian kernel) and the Pauli principle !
(Norm kernel) between clusters and 2) all the available channels!

Ultimate Goal: 3! " 12C and 12C(!,")16O!

! 
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H A
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Hamiltonian kernel Norm kernel 

•  NCSM/RGM with SRG-N3LO NN potentials 

3H(d,n)4He & 3He(d,p)4He fusion 
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3H(d,n)4He

SRG-N3LO Λ=1.45 fm-1

Potential to address unresolved fusion research related questions: 
3H(d,n)4He fusion with polarized deuterium and/or tritium, 

3H(d,n�)4He bremsstrahlung, 
Electron screening at very low energies … 

P.N., S. Quaglioni, 
PRL 108, 042503 (2012) 
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Ab initio fusion! In progress: SRG-evolved NNN interactions



Combining structure and reactions [P. Navratil et al.]

NCSM/RGM calculation of  7Be(p 8B radiative capture
7Be states 3/2-,1/2-, 7/2-, 5/2-

1, 5/2-
2

Soft NN potential (SRG-N3LO with = 1.86 fm-1)

7Be(p 8B radiative capture
7Be

p

The first ever ab initio calculations of  7Be(p 8B
16

8B 2+ g.s. bound by 
136 keV

(expt. 137 keV)

S(0) ~ 19.4(0.7) eV b

Data evaluation:
S(0)=20.8(2.1) eV b

arXiv:1105.5977 [nucl-th]



Outline: Lecture 5

Lecture 5: New methods and IM-SRG in detail
New methods with some applications
In-Medium Similarity Renormalization Group



Choose a basis and a reference state |Φ0〉
The basis could be harmonic oscillators or Hartree-Fock or . . .

Anti-symmetric wave functions: A-particle Slater determinants

Use second-quantization formalism: creation/destruction
operators

H. Hergert - Ohio State University - ANL Theory Seminar, 03/22/12

Decoupling in A-Body Space

� �� �� �
|Φ0〉 a†

p1ah1 |Φ0〉 a†
p2a

†
p1ah2ah1 |Φ0〉

The reference state is filled, so no particles or holes: 0p–0h

If one particle moved to a higher level, leaves hole behind: 1p–1h

Complete basis: Slater determinants from all 1p–1h, 2p–2h, . . .



In-medium SRG decoupling [slides from H. Hergert]

Consider SRG with 0p–0h reference state (instead of vacuum)

H. Hergert - Ohio State University - ANL Theory Seminar, 03/22/12

Decoupling in A-Body Space

� �� �� �

Off-diagonal coupling between
reference state and 1p–1h, 2p–2h
basis states

H. Hergert - Ohio State University - ANL Theory Seminar, 03/22/12

Decoupling in A-Body Space

� �� �� � Energy calculation requires full basis

K. Tsukiyama, S. K. Bogner, and A. Schwenk, PRL 106, 222502 (2011)



In-medium SRG decoupling [slides from H. Hergert]

IM-SRG: decouples reference state (0p–0h) from excitations
=⇒ Resummation of correlations into zeroth order E0!

H. Hergert - Ohio State University - ANL Theory Seminar, 03/22/12

Decoupling in A-Body Space

� �� �� �

=⇒

0p-0h 1p-1h 2p-2h 3p-3h

3p
-3
h

2p
-2
h

1p
-1
h

0p
-0
h

K. Tsukiyama, S. K. Bogner, and A. Schwenk, PRL 106, 222502 (2011)

A new ab-initio structure method that can be applied directly
and to generate shell-model effective interactions!



IM-SRG decoupling for 40Ca [slides from H. Hergert]

IM-SRG: decouples reference state (0p–0h) from excitations
=⇒ Resummation of MBPT correlations into zeroth order E0!

H. Hergert - Ohio State University - EMMI Program “The Extreme Matter Physics of Nuclei”, 05/11/12
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IM-SRG decoupling for 40Ca [slides from H. Hergert]

IM-SRG: decouples reference state (0p–0h) from excitations
=⇒ Resummation of MBPT correlations into zeroth order E0!

H. Hergert - Ohio State University - EMMI Program “The Extreme Matter Physics of Nuclei”, 05/11/12
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IM-SRG decoupling for 40Ca [slides from H. Hergert]

IM-SRG: decouples reference state (0p–0h) from excitations
=⇒ Resummation of MBPT correlations into zeroth order E0!

H. Hergert - Ohio State University - EMMI Program “The Extreme Matter Physics of Nuclei”, 05/11/12
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IM-SRG decoupling for 40Ca [slides from H. Hergert]

IM-SRG: decouples reference state (0p–0h) from excitations
=⇒ Resummation of MBPT correlations into zeroth order E0!
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IM-SRG decoupling for 40Ca [slides from H. Hergert]

IM-SRG: decouples reference state (0p–0h) from excitations
=⇒ Resummation of MBPT correlations into zeroth order E0!
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IM-SRG equations: Flow equations

H. Hergert - The Ohio State University -  “Nuclear Structure & Reactions: Experimental and Ab Initio Theoretical Perspectives”, TRIUMF, 02/19/2014

In-Medium SRG Flow Equations

0-body Flow

1-body Flow

��
��

= ＋

��
��

=                        ＋                        ＋                   ＋



IM-SRG equations: Flow equation

H. Hergert - The Ohio State University -  “Nuclear Structure & Reactions: Experimental and Ab Initio Theoretical Perspectives”, TRIUMF, 02/19/2014

In-Medium SRG Flow Equations

2-body Flow
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IM-SRG iteration: Nonperturbative resummation of MBPT

H. Hergert - The Ohio State University -  “Nuclear Structure & Reactions: Experimental and Ab Initio Theoretical Perspectives”, TRIUMF, 02/19/2014

In-Medium SRG Flow: Diagrams
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IM-SRG iteration: Nonperturbative resummation of MBPT

H. Hergert - The Ohio State University -  “Nuclear Structure & Reactions: Experimental and Ab Initio Theoretical Perspectives”, TRIUMF, 02/19/2014

In-Medium SRG Flow: Diagrams
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IM-SRG results for closed-shell nuclei [slides from H. Hergert]

H. Hergert - The Ohio State University -  “Nuclear Structure & Reactions: Experimental and Ab Initio Theoretical Perspectives”, TRIUMF, 02/19/2014
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Multi-reference IM-SRG results for Oxygen chains

Reference state: number-projected Hartree-Fock-Bogoliubov
vacuum (pairing correlations)

H. Hergert - The Ohio State University -  “Nuclear Structure & Reactions: Experimental and Ab Initio Theoretical Perspectives”, TRIUMF, 02/19/2014
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Results: Oxygen Chain

• reference state: number-projected Hartree-Fock-Bogoliubov 
vacuum (pairing correlations)

• consistent results from different many-body methods

NN + 3N-ind.
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Multi-reference IM-SRG results for Oxygen chains

Variation of initial 3N
cutoff only

Diagnostics for chiral
EFT interactions

Dripline at A = 24 is robust
under variations
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IM-SRG results for Calcium and Nickel chains [preliminary]

Reference state: number-projected Hartree-Fock-Bogoliubov
vacuum (pairing correlations)
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IM-SRG valence-space decoupling [slides from H. Hergert]
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Valence Space Decoupling
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IM-SRG valence-space decoupling [slides from H. Hergert]
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Valence Space Decoupling

• use White-type generator with off-diagonal Hamiltonian
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IM-SRG shell-model effective interaction [slides from H. Hergert]
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• 3N forces crucial

• IM-SRG improves on finite-order MBPT effective interaction

• competitive with phenomenological calculations

3N forces crucial

IM-SRG improves on finite-order MBPT effective interaction

Competitive with phenomenological calculations



IM-SRG shell-model effective interaction [preliminary!]
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IM-SRG normal ordering [slides from H. Hergert]
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IM-SRG equations: Choice of generator
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Choice of Generator
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