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Color Superconductivity in Quark Matter
At small distance scales QCD becomes asymptotically free
At high densities Color-Coulomb interaction is weak and attractive
At ultra-high densities (u,d,s) quarks are effectively massless
Ground state: color-flavor locked (CFL) superconductor 
Pairing Instability “locks” color and flavor 
However, if            it is unclear the most favorable pairing pattern
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Quantum chromodynamics,
familiarly called QCD, is

the modern theory of the
strong interaction.1 Historic-
ally its roots are in nuclear
physics and the description of
ordinary matter—understand-
ing what protons and neu-
trons are and how they inter-
act. Nowadays QCD is used to
describe most of what goes on at high-energy accelerators.

Twenty or even fifteen years ago, this activity was
commonly called “testing QCD.” Such is the success of the
theory, that we now speak instead of “calculating QCD
backgrounds” for the investigation of more speculative
phenomena. For example, discovery of the heavy W and Z
bosons that mediate the weak interaction, or of the top
quark, would have been a much more difficult and uncer-
tain affair if one did not have a precise, reliable under-
standing of the more common processes governed by
QCD. With regard to things still to be found, search
strategies for the Higgs particle and for manifestations of
supersymmetry depend on detailed understanding of pro-
duction mechanisms and backgrounds calculated by
means of QCD.

Quantum chromodynamics is a precise and beautiful
theory. One reflection of this elegance is that the essence
of QCD can be portrayed, without severe distortion, in the
few simple pictures at the bottom of the box on the next
page. But first, for comparison, let me remind you that the
essence of quantum electrodynamics (QED), which is a
generation older than QCD, can be portrayed by the sin-
gle picture at the top of the box, which represents the
interaction vertex at which a photon responds to the pres-
ence or motion of electric charge.2 This is not just a
metaphor. Quite definite and precise algorithms for calcu-
lating physical processes are attached to the Feynman
graphs of QED, constructed by connecting just such inter-
action vertices.

In the same pictorial language, QCD appears as an
expanded version of QED. Whereas in QED there is just
one kind of charge, QCD has three different kinds of
charge, labeled by “color.” Avoiding chauvinism, we might
choose red, green, and blue. But, of course, the color
charges of QCD have nothing to do with physical colors.
Rather, they have properties analogous to electric charge.
In particular, the color charges are conserved in all phys-
ical processes, and there are photon-like massless parti-
cles, called color gluons, that respond in appropriate ways

to the presence or motion of
color charge, very similar to
the way photons respond to
electric charge.

Quarks and gluons
One class of particles that
carry color charge are the
quarks. We know of six differ-
ent kinds, or “flavors,” of

quarks—denoted u, d, s, c, b, and t, for:  up, down,
strange, charmed, bottom, and top. Of these, only u and d
quarks play a significant role in the structure of ordinary
matter. The other, much heavier quarks are all unstable.
A quark of any one of the six flavors can also carry a unit
of any of the three color charges. Although the different
quark flavors all have different masses, the theory is per-
fectly symmetrical with respect to the three colors. This
color symmetry is described by the Lie group SU(3). 

Quarks are spin-1/2 point particles, very much like
electrons. But instead of electric charge, they carry color
charge. To be more precise, quarks carry fractional elec-
tric charge (+ 2e/3 for the u, c, and t quarks, and – e/3 for
the d, s, and b quarks) in addition to their color charge.

For all their similarities, however, there are a few
crucial differences between QCD and QED. First of all,
the response of gluons to color charge, as measured by the
QCD coupling constant, is much more vigorous than the
response of photons to electric charge. Second, as shown
in the box, in addition to just responding to color charge,
gluons can also change one color charge into another. All
possible changes of this kind are allowed, and yet color
charge is conserved. So the gluons themselves must be
able to carry unbalanced color charges. For example, if
absorption of a gluon changes a blue quark into a red
quark, then the gluon itself must have carried one unit of
red charge and minus one unit of blue charge.

All this would seem to require 3 × 3 = 9 different
color gluons. But one particular combination of gluons—
the color-SU(3) singlet—which responds equally to all
charges, is different from the rest. We must remove it if
we are to have a perfectly color-symmetric theory. Then
we are left with only 8 physical gluon states (forming a
color-SU(3) octet). Fortunately, this conclusion is vindicat-
ed by experiment!

The third difference between QCD and QED, which is
the most profound, follows from the second. Because glu-
ons respond to the presence and motion of color charge
and they carry unbalanced color charge, it follows that
gluons, quite unlike photons, respond directly to one
another. Photons, of course, are electrically neutral.
Therefore the laser sword fights you’ve seen in Star Wars
wouldn’t work. But it’s a movie about the future, so maybe
they’re using color gluon lasers.

We can display QCD even more compactly, in terms of
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QCD MADE SIMPLE
Quantum chromodynamics is

conceptually simple. Its realization
in nature, however, is usually
very complex. But not always.
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are compared with their measured values. The agreement
is encouraging.

Such calculations clearly demonstrate that confine-
ment and chiral-symmetry breaking are consequences of
solving the equations of QCD. The calculations show us no
massless gluons, nor any fractionally charged particles,
nor the enlarged multiplets that would indicate unbroken
chiral symmetry. Just the observed particles, with the
right properties—neither more nor less.

While these and other massive numerical calcula-
tions give impressive and useful results, they are not the
end of all desire. There are many physically interesting
questions about QCD for which the known numerical
techniques become impractical. Also, it is not entirely sat-
isfying to have our computers acting as oracles, delivering
answers without explanations.
! The second approach is to give up on solving QCD
itself, and to focus instead on models that are simpler to
deal with, but still bear some significant resemblance to
the real thing. Theorists have studied, for example, QCD-
like models in fewer dimensions, or models incorporating
supersymmetry or different gauge groups, and several
other simplified variants. Many edifying insights have
been obtained in this way. By their nature, however, such
modelistic insights are not suited to hard-nosed con-
frontation with physical reality.
! The third approach, which is the subject of the rest of
this article, is to consider physical circumstances in which
the equations somehow become simpler.

Extreme virtuality
The most fundamental simplification of QCD is illustrat-
ed in figure 3. There we see, on the left, the jet-like
appearance of  collision events in which strongly interact-
ing particles (hadrons) are produced in electron–positron
annihilations at high energy. One finds many particles in
the final state, but most of them are clearly organized into
a few collimated “jets” of particles that share a common

direction.6 In about 90% of these hardron-producing
events, there are just two jets, emerging in opposite direc-
tions. Occasionally—in about 9% of the hadronic final
states—one sees three jets.

Compare those multiparticle hadronic events to colli-
sions in which leptons, say muons, are produced. In that
case, about 99% of the time one observes simply a muon
and an antimuon, emerging in opposite directions. But
occasionally—in about 1% of the muonic final states—a
photon is emitted as well.

If history had happened in a different order, the
observation of jet-like hadronic final states would surely
have led physicists to propose that they manifest under-
lying phenomena like those displayed on the right-hand
side of figure 3. Their resemblance to leptonic scattering
and QED would be too striking to ignore.

Eventually, by studying the details of how energy was
apportioned among the jets, and the relative probabilities
of different angles between them, the physicists would
have deduced directly from experimental data that there
are light spin-1/2 and massless spin-1 objects lurking
beneath the appearances, and how these covert objects
couple to one another. By studying the rare 4-jet events,
they could even have learned about the coupling of the
spin-1 particles to each other. So all the basic couplings we
know in QCD might have been inferred, more or less
directly, from experiment. But there would still be one big
puzzle: Why are there jets, rather than simply particles?

The answer is profound, and rich in consequences. It
is that the strength with which gluons couple depends
radically on their energy and momentum. “Hard’’ gluons,
which carry a lot of energy and momentum, couple weak-
ly; whereas the less energetic “soft’’ gluons, couple strong-
ly. Thus, only rarely will a fast-moving colored quark or
gluon emit “radiation” (a gluon) that significantly redi-
rects the flow of energy and momentum. That explains the
collimated flows one sees in jets. On the other hand, there
can be a great deal of soft radiation, which explains the

.

FIGURE 1. THE QCD LAGRANGIAN ⇒ displayed here is, in principle, a complete description of the strong interaction. But, in
practice, it leads to equations that are notoriously hard to solve. Here m

j
and q

j
are the mass and quantum field of the quark of jth

flavor, and A is the gluon field, with spacetime indices m and n and color indices a, b, c. The numerical coefficients f and t guaran-
tee SU(3) color symmetry. Aside from the quark masses, the one coupling constant g is the only free parameter of the theory.

Physics Today - August, 2000



Emergent Phenomena in QCD 

22 AUGUST 2000    PHYSICS TODAY © 2000 American Institute of Physics, S-0031-9228-0008-010-8

Quantum chromodynamics,
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graphs of QED, constructed by connecting just such inter-
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choose red, green, and blue. But, of course, the color
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cles, called color gluons, that respond in appropriate ways
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One class of particles that
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quarks. We know of six differ-
ent kinds, or “flavors,” of
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strange, charmed, bottom, and top. Of these, only u and d
quarks play a significant role in the structure of ordinary
matter. The other, much heavier quarks are all unstable.
A quark of any one of the six flavors can also carry a unit
of any of the three color charges. Although the different
quark flavors all have different masses, the theory is per-
fectly symmetrical with respect to the three colors. This
color symmetry is described by the Lie group SU(3). 

Quarks are spin-1/2 point particles, very much like
electrons. But instead of electric charge, they carry color
charge. To be more precise, quarks carry fractional elec-
tric charge (+ 2e/3 for the u, c, and t quarks, and – e/3 for
the d, s, and b quarks) in addition to their color charge.

For all their similarities, however, there are a few
crucial differences between QCD and QED. First of all,
the response of gluons to color charge, as measured by the
QCD coupling constant, is much more vigorous than the
response of photons to electric charge. Second, as shown
in the box, in addition to just responding to color charge,
gluons can also change one color charge into another. All
possible changes of this kind are allowed, and yet color
charge is conserved. So the gluons themselves must be
able to carry unbalanced color charges. For example, if
absorption of a gluon changes a blue quark into a red
quark, then the gluon itself must have carried one unit of
red charge and minus one unit of blue charge.

All this would seem to require 3 × 3 = 9 different
color gluons. But one particular combination of gluons—
the color-SU(3) singlet—which responds equally to all
charges, is different from the rest. We must remove it if
we are to have a perfectly color-symmetric theory. Then
we are left with only 8 physical gluon states (forming a
color-SU(3) octet). Fortunately, this conclusion is vindicat-
ed by experiment!

The third difference between QCD and QED, which is
the most profound, follows from the second. Because glu-
ons respond to the presence and motion of color charge
and they carry unbalanced color charge, it follows that
gluons, quite unlike photons, respond directly to one
another. Photons, of course, are electrically neutral.
Therefore the laser sword fights you’ve seen in Star Wars
wouldn’t work. But it’s a movie about the future, so maybe
they’re using color gluon lasers.
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flavors. But in the imagined color–flavor locked state they
become correlated. Both color symmetry and flavor sym-
metry, as separate entities, are spontaneously broken,
and only a certain mixture of them survives unscathed.

Color–flavor locking in high-density QCD drastically
affects the properties of quarks and gluons. As we have
already seen, the gluons become massive. Due to the com-
mingling of color and flavor, the electric charges of parti-
cles, which originally depended only on their flavor, are
modified. Specifically, some of the gluons become electri-
cally charged, and the quark charges are shifted. The elec-
tric charges of these particles all become integral multi-
ples of the electron’s charge!

Thus the most striking features of confinement—the
absence of long-range color forces, and integer electric
charge for all physical excitations—emerge as simple, rig-
orous consequences of color superconductivity. Also,
because both left- and right-handed flavor symmetries are
locked to color, they are also effectively locked to each
other. Thus chiral symmetry, which required independent
transformations among the left- and the right-handed
components of the quarks, is spontaneously broken.

Altogether, there is a striking resemblance between
the calculated properties of the low-energy excitations in
the high-density limit of QCD and the expected proper-
ties—based on phenomenological experience and mod-
els—of hadronic matter at moderate density. This sug-
gests the conjecture that there is no phase transition sep-
arating them.

Unfortunately both numerical and direct experimen-
tal tests of this conjecture seem out of reach at the
moment. So it is not certain that the mechanisms of con-
finement and chiral-symmetry breaking we find in the
calculable, high-density limit are the same as those that
operate at moderate or low density. Still, I think it aston-
ishing that these properties, which have long been regard-
ed as mysterious and intractable, have been simply—yet
rigorously—demonstrated to occur in a physically inter-
esting limit of QCD.

I have tried to convince you of two things: first, that
the fundamentals of QCD are simple and elegant, and sec-
ond, that these fundamentals come into their own, and
directly describe the physical behavior of matter, under
various extreme conditions.
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The Anatomy of a Neutron Star
Atmosphere (10 cm):  Shapes Thermal Radiation (L=4psR2T4)
Envelope (100 m):  Huge Temperature Gradient (108K 4106K)
Outer Crust (400 m):  Coulomb Crystal (Exotic neutron-rich nuclei)
Inner Crust (1 km):  Coulomb Frustration (“Nuclear Pasta”)
Outer Core (10 km):  Uniform Neutron-Rich Matter (n,p,e,µ)
Inner Core (?):  Exotic Matter (Hyperons, condensates, quark matter)



The Composition of the Outer Crust 
High sensitivity to nuclear masses

System unstable to cluster formation
BCC lattice of neutron-rich nuclei imbedded in e-gas

Composition emerges from relatively simple dynamics
Subtle composition between electronic and symmetry energy

Precision mass measurements of exotic nuclei is essential
Both for neutron-star crusts and r-process nucleosynthesis
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DFT meets BNN

Blume-2006

M(N,Z) = MDFT (N,Z) + �MBNN (N,Z)

Use DFT to predict nuclear masses   
Train BNN by focusing on residuals          

Systematic scattering greatly reduced   
Predictions supplemented by theoretical errors         
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Nuclear mass predictions for the crustal composition of neutron stars:
A Bayesian neural network approach

R. Utama,* J. Piekarewicz,† and H. B. Prosper‡

Department of Physics, Florida State University, Tallahassee, Florida 32306, USA
(Received 25 August 2015; revised manuscript received 14 December 2015; published 20 January 2016)

Background: Besides their intrinsic nuclear-structure value, nuclear mass models are essential for astrophysical
applications, such as r-process nucleosynthesis and neutron-star structure.
Purpose: To overcome the intrinsic limitations of existing “state-of-the-art” mass models through a refinement
based on a Bayesian neural network (BNN) formalism.
Methods: A novel BNN approach is implemented with the goal of optimizing mass residuals between theory
and experiment.
Results: A significant improvement (of about 40%) in the mass predictions of existing models is obtained after
BNN refinement. Moreover, these improved results are now accompanied by proper statistical errors. Finally,
by constructing a “world average” of these predictions, a mass model is obtained that is used to predict the
composition of the outer crust of a neutron star.
Conclusions: The power of the Bayesian neural network method has been successfully demonstrated by a
systematic improvement in the accuracy of the predictions of nuclear masses. Extension to other nuclear
observables is a natural next step that is currently under investigation.

DOI: 10.1103/PhysRevC.93.014311

I. INTRODUCTION

Shortly after the discovery of the neutron by Chadwick, the
remarkable semiempirical nuclear mass formula of Bethe and
Weizsäcker was conceived. Originally proposed by Gamow
and later extended by Weizsäcker, Bethe, Bacher, and oth-
ers [1,2], the “liquid-drop” model (LDM) regards the nucleus
as an incompressible drop consisting of two quantum fluids,
one electrically charged consisting of Z protons and one
neutral containing N neutrons. Given that the nuclear binding
energy B(Z,N ) accounts for only a small fraction (!1%) of the
total mass of the nucleus, it is customary to remove the large,
but well known, contribution from the mass of its constituents.
That is,

B(Z,N ) ≡ Zmp + Nmn − M(Z,N ), (1)

where A = Z + N is the mass (or baryon) number of the
nucleus. In this manner B(Z,N ) encapsulates all the com-
plicated nuclear dynamics. In the context of the liquid-drop
formula, the binding energy is written in terms of a handful of
empirical parameters that represent volume, surface, Coulomb,
asymmetry, and pairing contributions:

B(Z,A) = avA − asA
2/3 − ac

Z2

A1/3
−

(
aa + aas

A1/3

)

× (A − 2Z)2

A
− ap

η(Z,N )
A1/2

+ · · · , (2)

where the pairing coefficient takes values of η = +1,0,−1
depending on whether an even-even, even-odd, or odd-odd
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nucleus is involved. Note that besides the conventional
volume asymmetry term, a surface asymmetry term has also
been included [3]. The handful of empirical coefficients are
determined through a least-squares fit to the thousands of
nuclei whose masses have been determined accurately [4].
It is indeed a remarkable fact that in spite of its enormous
simplicity the 80 year old LDM has stood the test of time.

To a large extent, the reason that the LDM continues to
be enormously valuable even today is because the dominant
contribution to the nuclear binding energy varies smoothly
with both Z and N . Indeed, according to Strutinsky’s energy
theorem [5], the nuclear binding energy may be separated
into two main components: one large and smooth and another
one small and fluctuating. Whereas successful in reproducing
the smooth general trends, the LDM fails to account for
the rapid fluctuations with Z and N around shell gaps. The
explanation for the extra stability observed around certain
“magic numbers” had to await the insights of Haxel, Jensen,
Suess, and Goeppert-Mayer [6,7], who elucidated the vital
role of the spin-orbit interaction in nuclear physics. Since the
seminal work by Goeppert-Mayer and Jensen, who shared
with Wigner the 1963 Nobel Prize, theoretical calculations
have evolved primarily along two separate lines of investiga-
tion. One of them—the so-called microscopic-macroscopic
(“mic-mac”) model—incorporates microscopic corrections
to account for the physics that is missing from the most
sophisticated macroscopic models. Mic-mac approaches have
enjoyed their greatest success in the work of Möller and
co-workers [8–10] and Duflo and Zuker [11]. The second
theoretical approach, falling under the general classification
of microscopic mean-field models, relies on an energy density
functional that is motivated by well known features of the
nuclear dynamics. Such density functionals are expressed in
terms of a handful of empirical constants that are directly fitted
to experimental data [12–15].

2469-9985/2016/93(1)/014311(11) 014311-1 ©2016 American Physical Society



Image Reconstructions meets BNN 

Nature provides precise image of the world   
Models (DFT) aim to reproduce such image 
Image reconstruction (BNN) provides fine tuning



The Composition of the Inner Crust 
Universal Phenomenon: Coulomb Frustration

Emerges from a dynamical competition: 
Between short-range nuclear attraction and long range Coulomb repulsion

Impossibility to minimize all elementary interactions 
Simple to understand in the case of “geometric” frustration

Emergence of multitude of competing “quasi” ground states
Universal in complex systems 
Atomic nuclei, spin glasses, protein folding …

Results in the emergence of complex topological nuclear shapes 
“Nuclear Pasta”



Universality of Coulomb Frustration:
The two-dimensional electron gas

d� 1 ↵  d

Theorem: In the presence of long range Interactions  
no phase transition is possible for  

Rather, in place of the putative first-order phase transition  
there are intermediate micro emulsion phases.

V (r)⇠r�↵



How to Smell the Nuclear Pasta?
Coulomb Crystal to Fermi Liquid transition mediated by nuclear pasta 

Experimental and observational signatures have proved elusive 

On Earth: Low-energy HI-collisions produce dilute neutron-rich matter 
   However, produced matter is “warm” require model extrapolations

 On Heaven: Lack of isolated X-ray pulsars with long periods observed  
   Magnetic fields with Ba1013 G suggest longer periods (Pa12 seconds) 
   Higher Resistive Layer (“Nuclear Pasta”) decreases electrical conductivity 
   Decrease in electrical conductivity quenches the magnetic field  
   Magnetic-field quenching hinders dipole emission limiting spin period
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FIG. 1. Estimate of the transition density from nonuniform to
uniform neutron-rich matter versus neutron-minus-proton radius
in 208Pb. The curves are for the four parameter sets described
in the text.

density [15]. We start with the longitudinal dielectric func-
tion eL, as defined in Eq. (68) of Ref. [16], evaluated at
an energy transfer q0 ! 0 and at an arbitrary momentum
transfer q. That is,

eL!q0 ! 0, q" ! det!1 2 DLPL" . (2)

Here PL is a longitudinal polarization matrix describing
particle-hole excitations of a uniform system of protons,
neutrons, and electrons in beta equilibrium, as given in
Eq. (56) of Ref. [16]. The matrix DL, describing me-
son and photon propagation, follows from Eq. (57) of
Ref. [16]—but includes additional terms to account for the
nonlinear nature of the meson self-couplings [17]. We es-
timate the transition density rc by computing the largest
density at which eL!0, q" , 0 for any given q.

In Fig. 1 we display the transition density for various
parameter sets (see Table II) as a function of the predicted
difference in the root-mean-square neutron and proton radii
Rn 2 Rp in 208Pb. The curves are parametrized by differ-
ent values of Lv, as shown in Table I. The NL3 parameter
set saturates nuclear matter with a relatively small value of
the nucleon effective mass: M! # M 2 gsf ! 0.59M.
The parameter set S271 saturates nuclear matter as NL3
but with M! ! 0.70M. This set also has z ! 0. The
two remaining curves in the figure are for parameter sets
having z ! 0.06 and both saturate nuclear matter with
M! ! 0.80M. (Set Z271v has a nonzero Lv, while set
Z2714 uses a nonzero L4.) Note that the scalar mass ms for

parameter sets S271, Z271v, and Z2714 is adjusted to re-
produce the proton radius in 208Pb as computed with NL3.
Figure 1 displays a clear inverse correlation between the
transition density and the neutron-skin thickness Rn 2 Rp .
The transition density expressed in fm23 is about

rc $ 0.16 2 0.39!Rn 2 Rp" , (3)

with the skin thickness expressed in fm. Moreover, this
correlation seems to be insensitive to M! or to using L4
or Lv to change Rn 2 Rp . These results suggest that a
measurement of the neutron radius in 208Pb will provide
considerable information on the transition density.

Note that Fig. 1 shows only our results. Yet all other cal-
culations that we are aware of also give consistent results.
For example, the nonrelativistic microscopic equation
of state of Friedman and Pandharipande has a transition
density of rc ! 0.096 fm23 according to Lorenz et al.
[9]. For this equation of state Brown finds Rn 2 Rp !
0.16 6 0.02 fm [11]. These numbers are in excellent
agreement with Eq. (3).

Brown also finds a linear relation between Rn 2 Rp and
the derivative of the energy of neutron matter versus den-
sity dE%dr evaluated at r ! 0.1 fm23 [11]. He considers
a large variety of nonrelativistic Skyrme interactions. Our
results for dE%dr versus Rn 2 Rp are completely con-
sistent. We expect these common dE%dr values to give
similar rc values consistent with Eq. (3) for these Skyrme
interactions. This is because dE%dr is related to the pres-
sure while rc depends on the density dependence of the
pressure.

Finally, for the relativistic interaction TM1 of Suga-
hara and Toki [18], we calculate from Eq. (2) rc $
0.059 fm23 and Rn 2 Rp ! 0.27 fm. The numbers are
again in good agreement with Eq. (3).

In Fig. 2 we show the electron fraction per baryon Ye
versus density for uniform neutron-rich matter in beta equi-
librium. We include results only for the S271 parameter set
as all other sets yield similar results. The different curves
are for different values of Lv which predict the indicated
Rn 2 Rp values. The curves start near the transition den-
sities displayed in Fig. 1. The electron fraction Ye is deter-
mined by the symmetry energy while Rn 2 Rp is sensitive
to the density dependence of the symmetry energy. There-
fore a measurement of Rn 2 Rp constrains the growth of
Ye with density. If Rn 2 Rp is greater than about 0.24 fm,
Ye becomes large enough to allow the direct URCA pro-
cess, of neutron followed by proton beta decays [19], to
cool down a 1.4 solar mass neutron star.

TABLE II. Model parameters used in the calculations. The parameter k and the scalar (ms)
and vector (mv) masses are given in MeV. The nucleon and rho masses are kept fixed at
M ! 939 and mr ! 763 MeV, respectively.

Model g2
s g2

v k l z ms mv

NL3 104.387 165.585 3.860 20.015 91 0 508.194 782.5
S271 81.103 116.766 6.68 20.015 78 0 505 783
Z271 49.440 70.669 6.17 0.156 34 0.06 465 783
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However, if skin is too thin, transition density is very high!


