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Nucleon Electromagnetic  Form Factors 
and Spin: is proton made of  3 quarks? 

Gerald A. Miller, UW 

Connection between elastic form factors 
and OAM through models

Model wave functions, compute form 
factors

OAM content of Models: elastic form 
factors imply that quark, pion OAM is 
large 
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What is not in the talk
• Proton radius - new work
• Transverse densities - slope of GE is not 

the real radius
• Transverse densities from dispersion 

relations: .
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Pion transverse charge density from timelike form factor data

G.A. Miller,1 M. Strikman,2 and C. Weiss3
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The transverse charge density in the pion can be represented as a dispersion integral of the imaginary

part of the pion form factor in the timelike region. This formulation incorporates information from eþe"

annihilation experiments and allows one to reconstruct the transverse density much more accurately than

from the spacelike pion form factor data alone. We calculate the transverse density using an empirical

parametrization of the timelike pion form factor and estimate that it is determined to an accuracy of#10%
at a distance b# 0:1 fm, and significantly better at larger distances. The density is found to be close to

that obtained from a zero-width ! meson pole over a wide range and shows a pronounced rise at small

distances. The resulting two-dimensional image of the fast-moving pion can be interpreted in terms of its

partonic structure in QCD. We argue that the singular behavior of the charge density at the center requires

a substantial presence of pointlike configurations in the pion’s partonic wave function, which can be

probed in other high-momentum transfer processes.

DOI: 10.1103/PhysRevD.83.013006 PACS numbers: 13.40.Gp, 11.55.Fv, 13.60.Hb, 13.66.Bc

I. INTRODUCTION

Learning to describe the structure and interaction of
hadrons on the basis of QCD is one of the main objectives
of nuclear physics. An essential step in this program is to
understand the structure of the pion, a nearly massless
excitation of the QCD vacuum with pseudoscalar quantum
numbers. The pion plays a central role in nuclear physics as
the carrier of the long-range force between nucleons and a
harbinger of spontaneous symmetry breaking. The impor-
tance of the pion has been recognized by intense experi-
mental and theoretical activity aimed at measuring its
properties and understanding its structure. The pion elec-
tromagnetic form factor F"ðtÞ was measured at spacelike
momentum transfers through pion-electron scattering [1,2]
and pion electroproduction on the nucleon [3–6]; new
measurements in the region jtj# few GeV2 are planned
with the Jefferson Lab 12 GeV Upgrade [7]. In the timelike
region the modulus of the (complex) pion form factor,
jF"ðtÞj, was determined in a series of eþe" experiments
[8–12]; see Ref. [13] for a compilation of the older data.

The concept of transverse densities [14], whose proper-
ties were explored in several recent works [15,16], pro-
vides a model-independent way to relate the form factors
of hadrons to their fundamental quark/gluon structure in
QCD. Defined as the 2-dimensional Fourier transforms of
the elastic form factors, the transverse densities describe
the distribution of charge and magnetization in the plane
transverse to the direction of motion of a fast hadron; see
Ref. [17] for a review. They are closely related to the parton
picture of hadron structure in high-energy processes and
correspond to a reduction of the generalized parton distri-
butions (or GPDs) describing the distribution of quarks/
antiquarks with respect to longitudinal momentum and

transverse position [18,19]. It is therefore natural to at-
tempt to interpret the pion form factor data in terms of the
transverse charge density in the pion. In particular, the
density at small transverse distances b & 1 fm places
constraints on the probability of pointlike configurations
(or PLCs) in the pion, i.e., q !q configurations in the partonic
wave function of a transverse size much smaller than the
typical hadronic radius [20]. Such configurations play an
important role in high-momentum transfer reactions in-
volving pions, such as the pion transition form factor
#'# ! "0 [21,22] or pion production in large-angle scat-
tering processes [23]. They are essential for the physics of
the color transparency phenomenon predicted by QCD
[24,25], which is studied in high-energy pion dissociation
on nuclear targets [26,27] and electromagnetic pion knock-
out [28,29] and is closely related to the existence of facto-
rization theorems for hard meson production processes.
The dynamical origin of PLCs—whether they are gener-
ated through perturbative QCD interactions with large-size
configurations or by nonperturbative mechanisms—
remains a subject of intense study.
The transverse charge density in the pion is defined as

the 2-dimensional Fourier transform of the spacelike pion
form factor,

!"ðbÞ ¼
Z 1

0

dQ

2"
QJ0ðQbÞF"ðt ¼ "Q2Þ; (1)

where F" is regarded as a function of the invariant mo-
mentum transfer t. The function !"ðbÞ gives the probabil-
ity that charge is located at a transverse separation b from
the transverse center of momentum, with

R
d2b!"ðbÞ ¼ 1.

The definition Eq. (1) may in principle be used to calculate
the charge density directly from the spacelike form factor
data. In the nucleon case, where the spacelike form factors
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Realizing vector meson dominance with transverse charge densities

G. A. Miller,1 M. Strikman,2 and C. Weiss3
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The transverse charge density in a fast-moving nucleon is represented as a dispersion integral of the imaginary
part of the Dirac form factor in the timelike region (spectral function). At a given transverse distance b the
integration effectively extends over energies in a range

√
t ! 1/b, with exponential suppression of larger values.

The transverse charge density at peripheral distances thus acts as a low-pass filter for the spectral function and
allows one to select energy regions dominated by specific t-channel states, corresponding to definite exchange
mechanisms in the spacelike form factor. We show that distances b ∼ 0.5–1.5 fm in the isovector density are
maximally sensitive to the ρ meson region, with only a ∼10% contribution from higher-mass states. Soft-pion
exchange governed by chiral dynamics becomes relevant only at larger distances. In the isoscalar density
higher-mass states beyond the ω are comparatively more important. The dispersion approach suggests that the
positive transverse charge density in the neutron at b ∼ 1 fm, found previously in a Fourier analysis of spacelike
form factor data, could serve as a sensitive test of the the isoscalar strength in the ∼1 GeV mass region. In
terms of partonic structure, the transverse densities in the vector meson region b ∼ 1 fm support an approximate
mean-field picture of the motion of valence quarks in the nucleon.

DOI: 10.1103/PhysRevC.84.045205 PACS number(s): 12.40.Vv, 13.40.Gp, 11.55.Fv, 13.60.Hb

I. INTRODUCTION

Elastic electron scattering is one of the principal sources
of information on the nucleon’s spatial size and its internal
structure. Two different physical pictures have traditionally
been invoked to interpret the nucleon form factors measured
in such experiments. The first imagines the nucleon as an
extended object in space, characterized by a distribution of
charge and current, and aims to explain the form factors as the
Fourier image of these spatial distributions. This approach has
been used extensively in nonrelativistic nuclear physics, where
electron scattering has provided detailed spatial images of the
charge and current distribution in nuclei. The other picture
views elastic scattering as the exchange of a mesonlike system
between the current and the nucleon and attempts to describe
the form factors in terms of the masses and couplings of these
hadronic states. Historically, the existence of vector mesons
was first postulated to explain the observed behavior of the
nucleon form factors in the region of spacelike momentum
transfers |t | ! 1 GeV2 [1]. The equivalence of the “extended
object” and “exchange mechanism” viewpoints is rooted
in fundamental properties of strong interactions, namely,
their relativistic invariance and causality. They guarantee the
existence of dispersion relations that express the form factors
at spacelike momentum transfers in terms of their imaginary
parts in the timelike domain (or spectral functions), where the
exchange mechanisms correspond to intermediate hadronic
states in the hypothetical process of nucleon-antinucleon
creation by the electromagnetic current.

It is generally expected that a more quantitative comparison
between the two pictures might provide useful insights into
nucleon structure. Generally, one hopes that in this way one
may relate the physical density of charge and current at a
given distance to exchange mechanisms of a certain mass.

However, such studies were long rendered unattractive by
the fact that the conventional spatial representation of form
factors, in terms of three-dimensional spatial distributions in
the Breit frame (zero energy transfer), is meaningful only for
nonrelativistic systems. These distributions have no proper
density interpretation in the relativistic case [2,3] and cannot
be related to observables in processes other than elastic eN
scattering. The Breit frame distributions produced by the
well-known exchange mechanisms were studied in several
works, but it has proved difficult to interpret the results outside
of this particular context [4–6].

A new approach to this problem is possible with the
concept of transverse densities [7], whose properties were
explored in a series of recent articles [2,3,8,9]. They are
defined as two-dimensional Fourier transforms of the elastic
form factors and describe the distribution of charge and
magnetization in the plane transverse to the direction of
motion of a fast-moving system. In contrast to the Breit
frame distributions, they are proper densities and permit a
spatial interpretation also for systems in which the motion
of the constituents is essentially relativistic, such as hadrons
in QCD. In fact, the transverse densities are closely related
to the parton picture of hadron structure in high-energy
processes and correspond to a reduction of the generalized
parton distributions (or GPDs) describing the distribution of
quarks/antiquarks with respect to longitudinal momentum and
transverse position [10,11]. As such, they have an objective
meaning beyond low-energy elastic eN scattering and can be
related to observables in certain high-energy deep-inelastic
processes sensitive to the transverse sizes of the nucleon, such
as exclusive and diffractive eN and NN scattering [12]. This
places the study of transverse densities in the wider context of
exploring the nucleon’s partonic structure and allows one to

045205-10556-2813/2011/84(4)/045205(14) ©2011 American Physical Society
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History -Definitions

u(p′, λ′)Γµu(p, λ) = u(p′, λ′)[γµF1(Q
2) +

iσµν(p′ − p)ν
2M

F2(Q
2)]u(p, λ)

GE ≡ F1 −
Q2

4M
F2, GM = F1 + F2

F1 is light-front helicity non-flip, F2 is light-front helicity flip
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Expectations- Pre Jlab

GE/GM

Q2

QF2 /F1

Q2

JLab 2000,2002
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Expectations- Pre Jlab

GE/GM

Q2

QF2 /F1

Q2

QF2/F1 GE/GM

JLab 2000,2002
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GE/GM

Q2

QF2 /F1

Q2

QF2/F1 GE/GM

JLab 2000,2002
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Relativistic Wave function

Light front variables 

Frank, Jennings, Miller  PR C54, 920 (1996) 
Relativistic model for color transparency 
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Impulse Approximation
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1995  Frank, Jennings, Miller
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Ratio of Pauli to Dirac Form 
Factors 1995
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Relativistic Explanation

Miller, Frank Phys.Rev. C65 (2002) 065205
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Relativistic Explanation

Miller, Frank Phys.Rev. C65 (2002) 065205

Large OAM associated 
with relativistic effects
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sµ∆q = 〈N, s|q̄γµγ5q|N, s〉
Σ = ∆u+∆d+∆s

Spin content - OAM 

11

75 % of proton angular momentum carried by quark  spin

Textbook relativistic effect that reduces   calculated axial 
vector coupling constant below NRQM value 5/3
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Miller  Phys.Rev. C66 (2002) 032201
(our model)
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Neutron Electric Form Factor

LFCBM 2002- much 
better data now
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Ratio of Pauli to Dirac Form 
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Two More Form Factors Needed
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OAM content of light front 
cloudy bag model

16

Σ → (Z − 1

3
PNπ +

5

3
P∆π)Σ

Schreiber,Thomas PLB215, 141(88)

LFCBM : PNπ ≈ .25, P∆π = 0

Σ → 2

3
Σ ∼ 2

3

3

4
=

1

2

Can now include ∆ Alberg, Miller PRL  108 (2012) 172001
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2011 Update model
• In LFCBM GE/GM falls too fast with Q2  

• New data -slower fall, flavor 
decomposition not good Cates et al 
Phys.Rev.Lett. 106 (2011) 252003

• get smaller quark spin?
• Many invariant forms of nucleon wave 

function
• Cloet & Miller arXiv:1204.4422 quark di-quark 

model:
• uses other invariant wave functions

17(Brodsky, Hiller, Karmanov, Hwang PRD 2001)
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ΦλN
λq λD

(k, p) = ū(k, λq)

[
ϕs
1 +

M

p+
γ+ ϕs

2

]
uN (p, λN )

+ū(k, λq) ε
∗
ν(q, λD)γνγ5

[
ϕa
1 +

M

p+
γ+ ϕa

2

]
uN (p, λN )

|p〉 = 1√
2
|uS0〉+

1√
6
|uT0〉 −

1√
3
|d T1〉,

Cloet Miller 2011-12
Scalar diquark

Axial vector diquark

Plus pion cloud- 9 parameters 

2

the function ΨJz
λ1,...,λn

(xi,k⊥i) [11], where

ki =
(
k+i , k

−
i ,k⊥i

)
=

(
xi p

+, k2
⊥i+m2

i
xi p+ ,k⊥i

)
, (1)

specifies the 4-momentum of each constituent and λi

specifies its light-front helicity in the z-direction. The

light-front momentum fractions, xi =
k+
i

p+ , are all positive

and satisfy
∑

i xi = 1. The scalar parts of the LFWF are
functions of the Lorentz invariant quantities xi and the
invariant mass squared, M2

0 , given by

M2
0 =

n∑

i

k2
⊥i +m2

i

xi
=

(∑
i
ki
)2

, (2)

where mi is the mass of each nucleon constituent.
For a nucleon that consists of two constituents, in our

case a quark and a diquark, the nucleon Fock state can
be expressed as

∣∣p+,p⊥ = 0, λ
〉
=

∫
dx d2k⊥

16π3
√

x(1− x)
∑

λq,λa

Ψλ
λqλa

(x,k⊥)
∣∣xp+,k⊥,λq,λa

〉
, (3)

where Ψλ
λqλa

(x,k⊥) is the LFWF that describes the in-
teraction of a quark and a diquark to form a nucleon. We
have chosen a frame where the transverse momentum of
the nucleon is zero, and the helicities of the quark and
diquark states are labeled by λq and λa, respectively. The
two particle Fock-state ket in Eq. (3) is defined by

∣∣xp+,k⊥,λq,λa

〉
≡

∣∣k+1 = x p+, k+2 = (1− x)p+,

k1⊥ = k⊥, k2⊥ = −k⊥;λq,λa

〉
. (4)

In this work we make the quark-diquark approximation
for the LFWF of the nucleon, where we include both
scalar and axial-vector diquark correlations. The LFWF
then takes the form

Φλ
λq λa

(k, p) = ūq(k,λq)

[
ϕs
1 +

M /ω

ω · pϕ
s
2

]
u(p,λ)

+ ūq(k,λq) ε
∗
ν(q,λa)γ

νγ5

[
ϕa
1 +

M /ω

ω · pϕ
a
2

]
u(p,λ), (5)

where the first term represents correlations in the quark–
scalar-diquark channel and the second quark–axial-vector-
diquark correlations. The variables k, q, p are respec-
tively the quark, diquark and nucleon momentum, where
p = k + q and M is the nucleon mass. The quark and
nucleon spinors are represented by uq(k,λq) and u(p,λ),
respectively, and εµ(q,λa) is the usual spin-one polariza-
tion vector, representing the spin-one axial-vector diquark.
The interaction of the quark with the diquark, in each
diquark channel, is encapsulated by two scalar functions,
namely ϕ1 and ϕ2. We choose the ϕ1 and ϕ2 scalar
functions to have the form

ϕ1 =
1

(M2
0 + β2)

γ , ϕ2 = c
(M0 −M)

2M
ϕ1. (6)

This choice is motivated by the success of earlier work
described in Ref. [12].
The wave function given in Eq. (5) is defined at the

light-front plane ω · x = σ, where ω is a light-like vector.
For a stationary state we can consider a fixed light-cone
time and set σ = 0. The usual choice for the quantization
direction is ω = (1, 0, 0,−1), so the nucleon wave function
becomes

Φλ
λq λa

(k, p) = φλ
λq
(k, p) + φλ

λq λa
(k, p),

= ūq(k,λq)

[
ϕs
1 +

M

p+
γ+ ϕs

2

]
u(p,λ)

+ ūq(k,λq) ε
∗
ν(q,λa)γ

νγ5

[
ϕa
1 +

M

p+
γ+ ϕa

2

]
u(p,λ), (7)

where φλ
λq
(k, p) represents the quark–scalar-diquark com-

ponent and φλ
λq λa

(k, p) the quark–axial-vector-diquark
component of the nucleon LFWF. The above wave func-
tion contains only the spin couplings, therefore to fully
define the model we also need the flavor couplings. The
flavor wave function of the proton is given by

|p〉 = 1√
2
|uS〉+ 1√

6
|uT0〉 −

1√
3
|d T1〉, (8)

where S is the flavor singlet state and T the flavor triplet
and therefore we obtain a symmetric spin-flavor wavefunc-
tion.

A. Bare nucleon form factors

For on-shell initial and final nucleon states, the Dirac
and Pauli electromagnetic form factors of the nucleon are
defined via the matrix element decomposition

〈p′, λ′ |Jµ
em| p, λ〉 =

ū(p′,λ′)

[
γµ F1(Q

2) +
iσµνqν
2M

F2(Q
2)

]
u(p,λ), (9)

where M is the nucleon mass and Q2 = −q2, where q
is the 4-momentum transfer. We choose to work in the
Drell-Yan-West frame, where the light-front momentum
decompositions of the relevant 4-vectors are

q =
(
q+, q−, q⊥

)
=

(
0, Q2

p+ , q⊥
)
, (10)

p =
(
p+, p−,p⊥

)
=

(
p+, M2

p+ ,0⊥

)
, (11)

so that q2 = −2 p · q = −q2
⊥ = −Q2. With this choice

the Dirac and Pauli from factors are identified with the
helicity-conserving and helicity-flip matrix elements of
the plus-component of the electromagnetic current, that
is

F1(Q
2) =

1

2 p+
〈
p′, ↑

∣∣J+
em

∣∣ p, ↑
〉
,

=
1

2 p+
〈
p′, ↓

∣∣J+
em

∣∣ p, ↓
〉
, (12)

6

χ2 m Ms Ma cs βs γs ca βa γa Λ µp (µN ) µn (µN )

0.078516 0.191 0.414 0.167 1.509 1.226 5.719 0.008 1.104 8.586 1.035 2.794 -1.849

Table I. Model parameters: m constituent quark mass, Ms scalar diquark mass, Ma axial vector diquark mass, quark–scalar-
diquark nucleon LFWF parameters cs, βs , γs (see Eq. (6)), quark–axial-vector-diquark nucleon LFWF parameters ca, βa , γa
(see Eq. (6)), pion-nucleon vertex parameter Λ (see Eq. (54)). All mass-dimensioned parameters are in GeV. The first column
gives the χ2 obtained in the fit expressed in Eq. (58) and the final two columns present our results for the proton and neutron
magnetic moments.
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Figure 2. (Color online) Solid lines are the model results for
the proton Sachs form factors and the dashed lines are the
empirical results from Kelly given in Ref. [14].
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Figure 3. (Color online) Proton Sachs form factors and their
comparison with the empirical parametrizations of Ref. [14].

minimize χ2 as defined by

χ2 ≡ 1

4nq

∑

Q2

[
|F1p − F exp

1p |
|F exp

1p | +
|F2p − F exp

2p |
|F exp

2p |

+
|F1n − F exp

1n |
|F exp

1n | +
|F2n − F exp

2n |
|F exp

2n |

]
, (58)

where F1p, etc, are the form factors from the model,
given in Eqs. (45)-(48), and for the empirical form factors,
namely F exp

1p , etc, we take the results from Ref. [14]. For
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Figure 4. (Color online) Ratios of the proton electric to
magnetic Sachs form factors. The solid curve is our model
result and the dashed curve is the phenomenological fit of
Ref. [15]. The data are from Refs. [16–20].
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Figure 5. (Color online) Ratios of the proton Pauli to Dirac
form factors multiplied by Q2. The solid curve is our model
result and the dashed curve is the empirical result of Ref. [14].
The data are from Refs. [16–20].

the sum in Eq. (58) we take nq values of Q2 chosen
uniformly on the domain Q2 ∈ [0, 10]GeV2 and Table III
gives the resulting model parameters for nq = 11. The
resulting values of the nucleon magnetic moments are also
shown in the table and are in good agreement with the
experimental values of µp = 2.79µN and µn = −1.91µN

for the proton and neutron, respectively.
The results for the proton Sachs form factors are shown
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ΦλN
λq λD

(k, p) = ū(k, λq)

[
ϕs
1 +

M

p+
γ+ ϕs

2
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the function ΨJz
λ1,...,λn

(xi,k⊥i) [11], where
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specifies the 4-momentum of each constituent and λi

specifies its light-front helicity in the z-direction. The

light-front momentum fractions, xi =
k+
i

p+ , are all positive

and satisfy
∑

i xi = 1. The scalar parts of the LFWF are
functions of the Lorentz invariant quantities xi and the
invariant mass squared, M2

0 , given by
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where mi is the mass of each nucleon constituent.
For a nucleon that consists of two constituents, in our

case a quark and a diquark, the nucleon Fock state can
be expressed as

∣∣p+,p⊥ = 0, λ
〉
=

∫
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where Ψλ
λqλa

(x,k⊥) is the LFWF that describes the in-
teraction of a quark and a diquark to form a nucleon. We
have chosen a frame where the transverse momentum of
the nucleon is zero, and the helicities of the quark and
diquark states are labeled by λq and λa, respectively. The
two particle Fock-state ket in Eq. (3) is defined by

∣∣xp+,k⊥,λq,λa

〉
≡

∣∣k+1 = x p+, k+2 = (1− x)p+,

k1⊥ = k⊥, k2⊥ = −k⊥;λq,λa

〉
. (4)

In this work we make the quark-diquark approximation
for the LFWF of the nucleon, where we include both
scalar and axial-vector diquark correlations. The LFWF
then takes the form
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where the first term represents correlations in the quark–
scalar-diquark channel and the second quark–axial-vector-
diquark correlations. The variables k, q, p are respec-
tively the quark, diquark and nucleon momentum, where
p = k + q and M is the nucleon mass. The quark and
nucleon spinors are represented by uq(k,λq) and u(p,λ),
respectively, and εµ(q,λa) is the usual spin-one polariza-
tion vector, representing the spin-one axial-vector diquark.
The interaction of the quark with the diquark, in each
diquark channel, is encapsulated by two scalar functions,
namely ϕ1 and ϕ2. We choose the ϕ1 and ϕ2 scalar
functions to have the form

ϕ1 =
1

(M2
0 + β2)

γ , ϕ2 = c
(M0 −M)

2M
ϕ1. (6)

This choice is motivated by the success of earlier work
described in Ref. [12].
The wave function given in Eq. (5) is defined at the

light-front plane ω · x = σ, where ω is a light-like vector.
For a stationary state we can consider a fixed light-cone
time and set σ = 0. The usual choice for the quantization
direction is ω = (1, 0, 0,−1), so the nucleon wave function
becomes
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where φλ
λq
(k, p) represents the quark–scalar-diquark com-

ponent and φλ
λq λa

(k, p) the quark–axial-vector-diquark
component of the nucleon LFWF. The above wave func-
tion contains only the spin couplings, therefore to fully
define the model we also need the flavor couplings. The
flavor wave function of the proton is given by
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6
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3
|d T1〉, (8)

where S is the flavor singlet state and T the flavor triplet
and therefore we obtain a symmetric spin-flavor wavefunc-
tion.

A. Bare nucleon form factors

For on-shell initial and final nucleon states, the Dirac
and Pauli electromagnetic form factors of the nucleon are
defined via the matrix element decomposition
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where M is the nucleon mass and Q2 = −q2, where q
is the 4-momentum transfer. We choose to work in the
Drell-Yan-West frame, where the light-front momentum
decompositions of the relevant 4-vectors are

q =
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)
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so that q2 = −2 p · q = −q2
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the Dirac and Pauli from factors are identified with the
helicity-conserving and helicity-flip matrix elements of
the plus-component of the electromagnetic current, that
is
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χ2 m Ms Ma cs βs γs ca βa γa Λ µp (µN ) µn (µN )

0.078516 0.191 0.414 0.167 1.509 1.226 5.719 0.008 1.104 8.586 1.035 2.794 -1.849

Table I. Model parameters: m constituent quark mass, Ms scalar diquark mass, Ma axial vector diquark mass, quark–scalar-
diquark nucleon LFWF parameters cs, βs , γs (see Eq. (6)), quark–axial-vector-diquark nucleon LFWF parameters ca, βa , γa
(see Eq. (6)), pion-nucleon vertex parameter Λ (see Eq. (54)). All mass-dimensioned parameters are in GeV. The first column
gives the χ2 obtained in the fit expressed in Eq. (58) and the final two columns present our results for the proton and neutron
magnetic moments.
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Figure 2. (Color online) Solid lines are the model results for
the proton Sachs form factors and the dashed lines are the
empirical results from Kelly given in Ref. [14].
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where F1p, etc, are the form factors from the model,
given in Eqs. (45)-(48), and for the empirical form factors,
namely F exp

1p , etc, we take the results from Ref. [14]. For
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the sum in Eq. (58) we take nq values of Q2 chosen
uniformly on the domain Q2 ∈ [0, 10]GeV2 and Table III
gives the resulting model parameters for nq = 11. The
resulting values of the nucleon magnetic moments are also
shown in the table and are in good agreement with the
experimental values of µp = 2.79µN and µn = −1.91µN

for the proton and neutron, respectively.
The results for the proton Sachs form factors are shown
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where mi is the mass of each nucleon constituent.
For a nucleon that consists of two constituents, in our

case a quark and a diquark, the nucleon Fock state can
be expressed as
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(x,k⊥) is the LFWF that describes the in-
teraction of a quark and a diquark to form a nucleon. We
have chosen a frame where the transverse momentum of
the nucleon is zero, and the helicities of the quark and
diquark states are labeled by λq and λa, respectively. The
two particle Fock-state ket in Eq. (3) is defined by
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In this work we make the quark-diquark approximation
for the LFWF of the nucleon, where we include both
scalar and axial-vector diquark correlations. The LFWF
then takes the form
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where the first term represents correlations in the quark–
scalar-diquark channel and the second quark–axial-vector-
diquark correlations. The variables k, q, p are respec-
tively the quark, diquark and nucleon momentum, where
p = k + q and M is the nucleon mass. The quark and
nucleon spinors are represented by uq(k,λq) and u(p,λ),
respectively, and εµ(q,λa) is the usual spin-one polariza-
tion vector, representing the spin-one axial-vector diquark.
The interaction of the quark with the diquark, in each
diquark channel, is encapsulated by two scalar functions,
namely ϕ1 and ϕ2. We choose the ϕ1 and ϕ2 scalar
functions to have the form

ϕ1 =
1

(M2
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γ , ϕ2 = c
(M0 −M)
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This choice is motivated by the success of earlier work
described in Ref. [12].
The wave function given in Eq. (5) is defined at the

light-front plane ω · x = σ, where ω is a light-like vector.
For a stationary state we can consider a fixed light-cone
time and set σ = 0. The usual choice for the quantization
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ponent and φλ
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(k, p) the quark–axial-vector-diquark
component of the nucleon LFWF. The above wave func-
tion contains only the spin couplings, therefore to fully
define the model we also need the flavor couplings. The
flavor wave function of the proton is given by
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where S is the flavor singlet state and T the flavor triplet
and therefore we obtain a symmetric spin-flavor wavefunc-
tion.

A. Bare nucleon form factors

For on-shell initial and final nucleon states, the Dirac
and Pauli electromagnetic form factors of the nucleon are
defined via the matrix element decomposition
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where M is the nucleon mass and Q2 = −q2, where q
is the 4-momentum transfer. We choose to work in the
Drell-Yan-West frame, where the light-front momentum
decompositions of the relevant 4-vectors are

q =
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the Dirac and Pauli from factors are identified with the
helicity-conserving and helicity-flip matrix elements of
the plus-component of the electromagnetic current, that
is
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χ2 m Ms Ma cs βs γs ca βa γa Λ µp (µN ) µn (µN )

0.078516 0.191 0.414 0.167 1.509 1.226 5.719 0.008 1.104 8.586 1.035 2.794 -1.849

Table I. Model parameters: m constituent quark mass, Ms scalar diquark mass, Ma axial vector diquark mass, quark–scalar-
diquark nucleon LFWF parameters cs, βs , γs (see Eq. (6)), quark–axial-vector-diquark nucleon LFWF parameters ca, βa , γa
(see Eq. (6)), pion-nucleon vertex parameter Λ (see Eq. (54)). All mass-dimensioned parameters are in GeV. The first column
gives the χ2 obtained in the fit expressed in Eq. (58) and the final two columns present our results for the proton and neutron
magnetic moments.
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Figure 2. (Color online) Solid lines are the model results for
the proton Sachs form factors and the dashed lines are the
empirical results from Kelly given in Ref. [14].
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where F1p, etc, are the form factors from the model,
given in Eqs. (45)-(48), and for the empirical form factors,
namely F exp

1p , etc, we take the results from Ref. [14]. For
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the sum in Eq. (58) we take nq values of Q2 chosen
uniformly on the domain Q2 ∈ [0, 10]GeV2 and Table III
gives the resulting model parameters for nq = 11. The
resulting values of the nucleon magnetic moments are also
shown in the table and are in good agreement with the
experimental values of µp = 2.79µN and µn = −1.91µN

for the proton and neutron, respectively.
The results for the proton Sachs form factors are shown

Thursday, June 21, 2012



Cloet &Miller ’11-’12
Model proton wave function: quark-
diquark

Lorentz and rotationally  invariant-
different forms!

Light front variables

Dirac spinors-orbital angular 
momentum

4

fs
1 (Q

2) =
1

16π3

∫
dx d2k⊥
x2(1− x)

{[
k2
⊥ + (xM +m)2 − 1

4
(1− x)2Q2

]
ϕs
1 ϕ

s
1
′ + 2xM(xM +m) (ϕs

1 ϕ
s
2
′ + ϕs

1
′ ϕs

2) + 4x2 M2 ϕs
2 ϕ

s
2
′
}
, (38)

fa
1 (Q

2) =
1

8π3

∫
dx d2k⊥
x2(1− x)

{
1 + x2

(1− x)2

[
k2
⊥ − 1

4
(1− x)2Q2

]
ϕa
1ϕ

a
1
′ + (xM +m)2 ϕa

1ϕ
a
1
′ + 2xM (xM +m) (ϕa

1ϕ
a
2
′ + ϕa

1
′ϕa

2) + 4x2 M2 ϕa
2ϕ

a
2
′
}
, (39)

fs
2 (Q

2) =
M

8π3

∫
dx d2k⊥
x2(1− x)
[
(1− x)(xM +m)ϕs

1
′ ϕs

1 − 2xM
k⊥ · q⊥
Q2

(ϕs
1 ϕ

s
2
′ − ϕs

2 ϕ
s
1
′) + x(1− x)M (ϕs

1 ϕ
s
2
′ + ϕs

2 ϕ
s
1
′)

]
, (40)

fa
2 (Q

2) = − M

4π3

∫
dx d2k⊥
x(1− x)2

[
(1− x)(xM +m)ϕa

1
′ ϕa

1 − 2xM
k⊥ · q⊥
Q2

(ϕa
1 ϕ

a
2
′ − ϕa

2 ϕ
a
1
′) + x(1− x)M (ϕa

1 ϕ
a
2
′ + ϕa

2 ϕ
a
1
′)

]
, (41)

where the prime refers to the final state wave functions.
The invariant masses are then given by

M2
0 =

(
#k⊥ ∓ 1

2 (1− x)#q⊥
)2

+m2

x

+

(
#k⊥ ∓ 1

2 (1− x)#q⊥
)2

+M2
D

1− x
, (42)

where MD is the diquark mass, being either a scalar or
axial-vector diquark, and the minus sign is for the initial
state and plus sign the final state. Recall that M is the
nucleon mass and m the constituent quark mass.

B. Nucleon form factors with a pion cloud

The pion cloud component of our model for the nu-
cleon is introduced via a single pion loop around our bare
nucleon, as illustrated in Fig. 1 for the nucleon electromag-
netic current. The first diagram represents the photon
coupling to the bare nucleon, multiplied by ZNπ, which
represents the probability that the nucleon is in a con-
figuration without a pion cloud. The second diagram in
Fig. 1 represents the photon coupling to the bare nucleon
with a pion in the air, the photon coupling is given by

Λµ(p′, p) = 1
2 (1 + τ3)

[
γµ F (0)

1p (Q2) +
iσµνqν
2M

F (0)
2p (Q2)

]

+ 1
2 (1− τ3)

[
γµ F (0)

1n (Q2) +
iσµνqν
2M

F (0)
2n (Q2)

]
, (43)

where F (0)
1p (Q2), F (0)

2p (Q2), etc, are the bare nucleon form
factors discussed in Sect. IIA. The contribution of this
second diagram to observable quantities is usually small.
Finally, the third diagram in Fig. 1 represents the photon
coupling to the pion in the loop, with a pion electromag-
netic vertex given by

Λµ
ij(p

′, p) = ε3ji (p
′ + p)

µ
Fπ(Q

2), (44)

where the pion form factor has the form Fπ(Q2) =[
1 +Q2/Λ2

π

]−1
and we choose the standard value of

Λ2
π = 0.5GeV2.

The complete expressions for the proton and neutron
Dirac and Pauli form factors are then

F1p = ZNπ F
(0)
1p +

(
1
2 F

(0)
1p + F (0)

1n

)
F (N),vec
1N

+
(

1
2 F

(0)
2p + F (0)

2n

)
F (N),ten
1N + F (π)

1N , (45)

p p′

µ

q

ZNπ × +
p p′

µ

q
+

p p′

µ

q

Figure 1. Nucleon form factor diagrams, including the pion
cloud. The multiplicative factor ZNπ represents the probability
that the nucleon is in a configuration without a pion cloud. In
the second diagram the photon couples to the bare nucleon
and in the third diagram it couples to the pion.
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Could be improved according to Alberg Miller Phys.Rev.Lett. 108 (2012) 172001
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χ2 m Ms Ma cs βs γs ca βa γa Λ µp (µN ) µn (µN )

0.078516 0.191 0.414 0.167 1.509 1.226 5.719 0.008 1.104 8.586 1.035 2.794 -1.849

Table I. Model parameters: m constituent quark mass, Ms scalar diquark mass, Ma axial vector diquark mass, quark–scalar-
diquark nucleon LFWF parameters cs, βs , γs (see Eq. (6)), quark–axial-vector-diquark nucleon LFWF parameters ca, βa , γa
(see Eq. (6)), pion-nucleon vertex parameter Λ (see Eq. (54)). All mass-dimensioned parameters are in GeV. The first column
gives the χ2 obtained in the fit expressed in Eq. (58) and the final two columns present our results for the proton and neutron
magnetic moments.
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Figure 2. (Color online) Solid lines are the model results for
the proton Sachs form factors and the dashed lines are the
empirical results from Kelly given in Ref. [14].
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Figure 3. (Color online) Proton Sachs form factors and their
comparison with the empirical parametrizations of Ref. [14].

minimize χ2 as defined by

χ2 ≡ 1

4nq

∑

Q2

[
|F1p − F exp

1p |
|F exp

1p | +
|F2p − F exp

2p |
|F exp

2p |

+
|F1n − F exp

1n |
|F exp

1n | +
|F2n − F exp

2n |
|F exp

2n |

]
, (58)

where F1p, etc, are the form factors from the model,
given in Eqs. (45)-(48), and for the empirical form factors,
namely F exp

1p , etc, we take the results from Ref. [14]. For
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Figure 4. (Color online) Ratios of the proton electric to
magnetic Sachs form factors. The solid curve is our model
result and the dashed curve is the phenomenological fit of
Ref. [15]. The data are from Refs. [16–20].
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Figure 5. (Color online) Ratios of the proton Pauli to Dirac
form factors multiplied by Q2. The solid curve is our model
result and the dashed curve is the empirical result of Ref. [14].
The data are from Refs. [16–20].

the sum in Eq. (58) we take nq values of Q2 chosen
uniformly on the domain Q2 ∈ [0, 10]GeV2 and Table III
gives the resulting model parameters for nq = 11. The
resulting values of the nucleon magnetic moments are also
shown in the table and are in good agreement with the
experimental values of µp = 2.79µN and µn = −1.91µN

for the proton and neutron, respectively.
The results for the proton Sachs form factors are shown

Data Jones, Gayou,
Puckett, Perdrisat, 
Punjabi etc  
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Figure 6. (Color online) Solid lines are the model results for
the neutron Sachs form factors and the dashed lines are the
empirical results from Kelly given in Ref. [14].
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Figure 7. (Color online) The model result for the neutron
Sachs electric form factor is given by the solid line and the
dashed curves is from Kelly [14]. The data is from Ref. [21].

in Figs. 2 and 3. We find that our results agree very well,
over a large Q2 range, with the empirical parameteriza-
tions of Kelly given in Ref. [14]. At small Q2 both the elec-
tric and magnetic form factors fall off a little too rapidly,
which is a likely indication that the pion cloud component
of the LFWF is slightly too large. In Figs. 4 and 5 we
compare our form factor results with data for the ratios
µp GEp(Q2)/GMp(Q2) and Q2 F2p(Q2)/F1p(Q2), respec-
tively. In each case our results agree very well with the
measured ratios, and although not shown in Fig. 4 we
find that the GEp/GMp form factor ratio crosses zero at
Q2 ! 12.3GeV2.
Our results for the neutron Sachs form factors are

illustrated in Figs. 6 and 7. A comparison with the
empirical parameterizations of Ref. [14] and the recent
Jefferson Lab data for Gn

E , given in Ref. [21], shows ex-
cellent agreement. Similar to the proton case, we find
that our neutron magnetic form factor falls slightly too
fast for small values of Q2. However, our agreement with
the Kelly result for GEn is extremely good. Figs. 8 and 9
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Figure 9. (Color online) The solid curve is our model result
for the neutron form factors ratio of GMn/ (µn GD), where
GD(Q2) is the dipole form factor with mass parameter Λ =
0.71GeV2. The dashed curve is the empirical result from
Ref. [14] and the data is from Ref. [22].

compare our form factor results with data for the ratios
µn GEn(Q2)/GMn(Q2) and GMn(Q2)/

[
µn GD(Q2)

]
, re-

spectively, where GD(Q2) is the dipole form factor with
mass parameter Λ = 0.71GeV2. The comparison be-
tween data and our model results in Fig. 8 is very good
and our description of the GMn(Q2) data from Ref. [22]
(see Fig. 9) is generally as good as the one provided by
Kelly [14] and seems to be better for the larger values of
Q2.

The importance of looking at the separate quark sec-
tor form factors for u and d quarks in the nucleon has
been stressed in Ref. [8]. This is possible because of the
charge symmetry (invariance under interchange of u and d
quarks) of the nucleon wave function [23, 24]. The quark
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in Figs. 2 and 3. We find that our results agree very well,
over a large Q2 range, with the empirical parameteriza-
tions of Kelly given in Ref. [14]. At small Q2 both the elec-
tric and magnetic form factors fall off a little too rapidly,
which is a likely indication that the pion cloud component
of the LFWF is slightly too large. In Figs. 4 and 5 we
compare our form factor results with data for the ratios
µp GEp(Q2)/GMp(Q2) and Q2 F2p(Q2)/F1p(Q2), respec-
tively. In each case our results agree very well with the
measured ratios, and although not shown in Fig. 4 we
find that the GEp/GMp form factor ratio crosses zero at
Q2 ! 12.3GeV2.
Our results for the neutron Sachs form factors are

illustrated in Figs. 6 and 7. A comparison with the
empirical parameterizations of Ref. [14] and the recent
Jefferson Lab data for Gn

E , given in Ref. [21], shows ex-
cellent agreement. Similar to the proton case, we find
that our neutron magnetic form factor falls slightly too
fast for small values of Q2. However, our agreement with
the Kelly result for GEn is extremely good. Figs. 8 and 9
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]
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spectively, where GD(Q2) is the dipole form factor with
mass parameter Λ = 0.71GeV2. The comparison be-
tween data and our model results in Fig. 8 is very good
and our description of the GMn(Q2) data from Ref. [22]
(see Fig. 9) is generally as good as the one provided by
Kelly [14] and seems to be better for the larger values of
Q2.

The importance of looking at the separate quark sec-
tor form factors for u and d quarks in the nucleon has
been stressed in Ref. [8]. This is possible because of the
charge symmetry (invariance under interchange of u and d
quarks) of the nucleon wave function [23, 24]. The quark
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in Figs. 2 and 3. We find that our results agree very well,
over a large Q2 range, with the empirical parameteriza-
tions of Kelly given in Ref. [14]. At small Q2 both the elec-
tric and magnetic form factors fall off a little too rapidly,
which is a likely indication that the pion cloud component
of the LFWF is slightly too large. In Figs. 4 and 5 we
compare our form factor results with data for the ratios
µp GEp(Q2)/GMp(Q2) and Q2 F2p(Q2)/F1p(Q2), respec-
tively. In each case our results agree very well with the
measured ratios, and although not shown in Fig. 4 we
find that the GEp/GMp form factor ratio crosses zero at
Q2 ! 12.3GeV2.
Our results for the neutron Sachs form factors are

illustrated in Figs. 6 and 7. A comparison with the
empirical parameterizations of Ref. [14] and the recent
Jefferson Lab data for Gn

E , given in Ref. [21], shows ex-
cellent agreement. Similar to the proton case, we find
that our neutron magnetic form factor falls slightly too
fast for small values of Q2. However, our agreement with
the Kelly result for GEn is extremely good. Figs. 8 and 9
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compare our form factor results with data for the ratios
µn GEn(Q2)/GMn(Q2) and GMn(Q2)/

[
µn GD(Q2)

]
, re-

spectively, where GD(Q2) is the dipole form factor with
mass parameter Λ = 0.71GeV2. The comparison be-
tween data and our model results in Fig. 8 is very good
and our description of the GMn(Q2) data from Ref. [22]
(see Fig. 9) is generally as good as the one provided by
Kelly [14] and seems to be better for the larger values of
Q2.

The importance of looking at the separate quark sec-
tor form factors for u and d quarks in the nucleon has
been stressed in Ref. [8]. This is possible because of the
charge symmetry (invariance under interchange of u and d
quarks) of the nucleon wave function [23, 24]. The quark
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Figure 10. (Color online) Model results for the Dirac quark
sector form factors Fu

1 and F d
1 multiplied by Q4. The data

are from [8, 16–21, 25–29] .
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Figure 11. (Color online) Model results for the Pauli quark
sector form factors Fu

2 and F d
2 multiplied by Q4. The data

are from [8, 16–21, 25–29] .

sector Dirac and Pauli form factors are defined by

Fu
1(2) = 2Fu

1(2)p + Fu
1(2)n & F d

1(2) = F d
1(2)p + 2F d

1(2)p.

(59)

We illustrate results for Q4 F q
1 and Q4 F q

2 /κq, where κq ≡
F q
2 (Q

2 = 0) and q ∈ u, d, in Figs. 10 and 11, respectively.
In each case the agreement between our results and the
data from Ref. [8] is very good. We predict that F d

1 has a
zero-crossing at approximately 5.5GeV2 and also observe
a cross over between Fu

2 and F d
2 at approximately 3GeV2.

This is consistent with the data in Ref. [8], where it is
shown that for both the Dirac and Pauli quark sector
form factors, the d quark sector drops faster than the
u quark sector. The data in Ref. [8] also exhibits the
behavior that on the domain 1GeV2 ! Q2 ! 3.4GeV2,
the ratio of the Pauli to Dirac form factors, in both the
u- and d-quark sectors, is almost constant.

IV. PROTON SPIN CONTENT

The true test of this model is the independent prediction
of the proton spin content. This prediction is implied by
the definition of the flavor-spin wave function given in
Eq. (8) and the LFWFs given in Eqs. (16) and (17). The
helicity parton distribution functions (PDFs) are given
by

∆q(x) = q+(x)− q−(x), (60)

where q+(x) is the number density of quarks with helicity
parallel to the nucleon spin and q−(x) is the number
density of quarks with helicity anti-parallel to the nucleon
spin. The quark spin content, namely ∆Σ = ∆u +∆d,
is obtained by integrating Eq. (60) over x for both the
u and d quarks. In this work we ignore contributions to
∆Σ from the heavier quark flavors.

Using the proton spin-flavor wave function of Eq. (8),
we obtain

∆u(x) =
3

2
∆qs(x) +

1

2
∆qa(x), (61)

∆d(x) = ∆qa(x), (62)

for the bare nucleon, where the subscripts s and a refer
to the contributions to the helicity PDFs from the quark–
scalar-diquark and quark–axial-vector-diquark compo-
nents of the nucleons LFWF. The functions ∆qs(x) and
∆qa(x) are completely analogous to the bare nucleon form
factor quantities fs

1 (Q
2) and fa

1 (Q
2), respectively, and

expressions can easily by obtained using Eq. (60) and the
results given in Eqs. (26)-(37). We find

∆qs(x) =
Zs

16π3

∫
d2k⊥

x2(1− x)
[
[(M x+m)ϕs

1 + 2M xϕs
2]

2 − k2⊥ϕ
s
2
2
]
, (63)

∆qa(x) =
Za

8π3

∫
d2k⊥

x2(1− x)
[

1 + x2

(1− x)2
k2⊥ϕ

a
1
2 − [(M x+m)ϕa

1 + 2M xϕa
2 ]

2
]
.

(64)

The spin content is determined by the first moments of
the helicity PDFs, namely

∆u ≡
∫ 1

0
dx∆u(x) =

3

2
∆qs +

1

2
∆qa, (65)

∆d ≡
∫ 1

0
dx∆d(x) = ∆qa. (66)

The dominant terms in Eqs. (63) and (64) are those
containing the nucleon mass, and these come in with
a positive sign for the scalar diquark component and
with a negative sign for the axial-vector piece. This
implies that the quark spin content of the term with
the axial-vector diquark can be expected to be negative.
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sector Dirac and Pauli form factors are defined by

Fu
1(2) = 2Fu

1(2)p + Fu
1(2)n & F d

1(2) = F d
1(2)p + 2F d

1(2)p.

(59)

We illustrate results for Q4 F q
1 and Q4 F q

2 /κq, where κq ≡
F q
2 (Q

2 = 0) and q ∈ u, d, in Figs. 10 and 11, respectively.
In each case the agreement between our results and the
data from Ref. [8] is very good. We predict that F d

1 has a
zero-crossing at approximately 5.5GeV2 and also observe
a cross over between Fu

2 and F d
2 at approximately 3GeV2.

This is consistent with the data in Ref. [8], where it is
shown that for both the Dirac and Pauli quark sector
form factors, the d quark sector drops faster than the
u quark sector. The data in Ref. [8] also exhibits the
behavior that on the domain 1GeV2 ! Q2 ! 3.4GeV2,
the ratio of the Pauli to Dirac form factors, in both the
u- and d-quark sectors, is almost constant.

IV. PROTON SPIN CONTENT

The true test of this model is the independent prediction
of the proton spin content. This prediction is implied by
the definition of the flavor-spin wave function given in
Eq. (8) and the LFWFs given in Eqs. (16) and (17). The
helicity parton distribution functions (PDFs) are given
by

∆q(x) = q+(x)− q−(x), (60)

where q+(x) is the number density of quarks with helicity
parallel to the nucleon spin and q−(x) is the number
density of quarks with helicity anti-parallel to the nucleon
spin. The quark spin content, namely ∆Σ = ∆u +∆d,
is obtained by integrating Eq. (60) over x for both the
u and d quarks. In this work we ignore contributions to
∆Σ from the heavier quark flavors.

Using the proton spin-flavor wave function of Eq. (8),
we obtain

∆u(x) =
3

2
∆qs(x) +

1

2
∆qa(x), (61)

∆d(x) = ∆qa(x), (62)

for the bare nucleon, where the subscripts s and a refer
to the contributions to the helicity PDFs from the quark–
scalar-diquark and quark–axial-vector-diquark compo-
nents of the nucleons LFWF. The functions ∆qs(x) and
∆qa(x) are completely analogous to the bare nucleon form
factor quantities fs

1 (Q
2) and fa

1 (Q
2), respectively, and

expressions can easily by obtained using Eq. (60) and the
results given in Eqs. (26)-(37). We find

∆qs(x) =
Zs

16π3

∫
d2k⊥

x2(1− x)
[
[(M x+m)ϕs
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(64)

The spin content is determined by the first moments of
the helicity PDFs, namely

∆u ≡
∫ 1

0
dx∆u(x) =

3

2
∆qs +

1

2
∆qa, (65)

∆d ≡
∫ 1

0
dx∆d(x) = ∆qa. (66)

The dominant terms in Eqs. (63) and (64) are those
containing the nucleon mass, and these come in with
a positive sign for the scalar diquark component and
with a negative sign for the axial-vector piece. This
implies that the quark spin content of the term with
the axial-vector diquark can be expected to be negative.
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∆q = q+(x)− q−(x), ∆Σ = ∆u+∆d, NRQM ∆u = 4/3, ∆d = −1/3

∆u =
3

2
∆qs +

1

2
∆qa, ∆d = ∆qa = −0.424

∆qs = 0.754, ∆u = 0.921, ∆Σ = 0.497 no pion cloud

∆Σπ = (ZNπ +∆qπN )(∆u+∆d) = (0.706 + 0.281)(0.497) = 0.365

Quark-Diquark model -spin content
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4

fs
1 (Q

2) =
1

16π3

∫
dx d2k⊥
x2(1− x)

{[
k2
⊥ + (xM +m)2 − 1

4
(1− x)2Q2

]
ϕs
1 ϕ

s
1
′ + 2xM(xM +m) (ϕs

1 ϕ
s
2
′ + ϕs

1
′ ϕs

2) + 4x2 M2 ϕs
2 ϕ

s
2
′
}
, (38)

fa
1 (Q

2) =
1

8π3

∫
dx d2k⊥
x2(1− x)

{
1 + x2

(1− x)2

[
k2
⊥ − 1

4
(1− x)2Q2

]
ϕa
1ϕ

a
1
′ + (xM +m)2 ϕa

1ϕ
a
1
′ + 2xM (xM +m) (ϕa

1ϕ
a
2
′ + ϕa

1
′ϕa

2) + 4x2 M2 ϕa
2ϕ

a
2
′
}
, (39)

fs
2 (Q

2) =
M

8π3

∫
dx d2k⊥
x2(1− x)
[
(1− x)(xM +m)ϕs

1
′ ϕs

1 − 2xM
k⊥ · q⊥
Q2

(ϕs
1 ϕ

s
2
′ − ϕs

2 ϕ
s
1
′) + x(1− x)M (ϕs

1 ϕ
s
2
′ + ϕs

2 ϕ
s
1
′)

]
, (40)

fa
2 (Q

2) = − M

4π3

∫
dx d2k⊥
x(1− x)2

[
(1− x)(xM +m)ϕa

1
′ ϕa

1 − 2xM
k⊥ · q⊥
Q2

(ϕa
1 ϕ

a
2
′ − ϕa

2 ϕ
a
1
′) + x(1− x)M (ϕa

1 ϕ
a
2
′ + ϕa

2 ϕ
a
1
′)

]
, (41)

where the prime refers to the final state wave functions.
The invariant masses are then given by

M2
0 =

(
#k⊥ ∓ 1

2 (1− x)#q⊥
)2

+m2

x

+

(
#k⊥ ∓ 1

2 (1− x)#q⊥
)2

+M2
D

1− x
, (42)

where MD is the diquark mass, being either a scalar or
axial-vector diquark, and the minus sign is for the initial
state and plus sign the final state. Recall that M is the
nucleon mass and m the constituent quark mass.

B. Nucleon form factors with a pion cloud

The pion cloud component of our model for the nu-
cleon is introduced via a single pion loop around our bare
nucleon, as illustrated in Fig. 1 for the nucleon electromag-
netic current. The first diagram represents the photon
coupling to the bare nucleon, multiplied by ZNπ, which
represents the probability that the nucleon is in a con-
figuration without a pion cloud. The second diagram in
Fig. 1 represents the photon coupling to the bare nucleon
with a pion in the air, the photon coupling is given by

Λµ(p′, p) = 1
2 (1 + τ3)

[
γµ F (0)

1p (Q2) +
iσµνqν
2M

F (0)
2p (Q2)

]

+ 1
2 (1− τ3)

[
γµ F (0)

1n (Q2) +
iσµνqν
2M

F (0)
2n (Q2)

]
, (43)

where F (0)
1p (Q2), F (0)

2p (Q2), etc, are the bare nucleon form
factors discussed in Sect. IIA. The contribution of this
second diagram to observable quantities is usually small.
Finally, the third diagram in Fig. 1 represents the photon
coupling to the pion in the loop, with a pion electromag-
netic vertex given by

Λµ
ij(p

′, p) = ε3ji (p
′ + p)

µ
Fπ(Q

2), (44)

where the pion form factor has the form Fπ(Q2) =[
1 +Q2/Λ2

π

]−1
and we choose the standard value of

Λ2
π = 0.5GeV2.

The complete expressions for the proton and neutron
Dirac and Pauli form factors are then

F1p = ZNπ F
(0)
1p +

(
1
2 F

(0)
1p + F (0)

1n

)
F (N),vec
1N

+
(

1
2 F

(0)
2p + F (0)

2n

)
F (N),ten
1N + F (π)

1N , (45)

p p′

µ

q

ZNπ × +
p p′

µ

q
+

p p′

µ

q

Figure 1. Nucleon form factor diagrams, including the pion
cloud. The multiplicative factor ZNπ represents the probability
that the nucleon is in a configuration without a pion cloud. In
the second diagram the photon couples to the bare nucleon
and in the third diagram it couples to the pion.

No gluons, so effects of quark orbital angular momentum

Changes to naive quark model are modest, not revolutionary
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Understanding Parameters and spin content

• Lighter quark mass 191 vs 267 MeV
• Relativistic effects are larger than in earlier 

models, therefore more OAM
• Axial vector di-quark has enhanced 

components with quark spin opposing 
proton spin, signature of OAM

25

6

χ2 m Ms Ma cs βs γs ca βa γa Λ µp (µN ) µn (µN )

0.078516 0.191 0.414 0.167 1.509 1.226 5.719 0.008 1.104 8.586 1.035 2.794 -1.849

Table I. Model parameters: m constituent quark mass, Ms scalar diquark mass, Ma axial vector diquark mass, quark–scalar-
diquark nucleon LFWF parameters cs, βs , γs (see Eq. (6)), quark–axial-vector-diquark nucleon LFWF parameters ca, βa , γa
(see Eq. (6)), pion-nucleon vertex parameter Λ (see Eq. (54)). All mass-dimensioned parameters are in GeV. The first column
gives the χ2 obtained in the fit expressed in Eq. (58) and the final two columns present our results for the proton and neutron
magnetic moments.

0

0.5

1.0

1.5

2.0

2.5

p
ro
to
n
S
ac
h
s
fo
rm

fa
ct
or
s

0 0.5 1.0 1.5 2.0

Q2 (GeV2)

GKelly
Ep

GEp

GKelly
Mp

GMp

Figure 2. (Color online) Solid lines are the model results for
the proton Sachs form factors and the dashed lines are the
empirical results from Kelly given in Ref. [14].
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Figure 3. (Color online) Proton Sachs form factors and their
comparison with the empirical parametrizations of Ref. [14].

minimize χ2 as defined by

χ2 ≡ 1

4nq

∑

Q2

[
|F1p − F exp

1p |
|F exp

1p | +
|F2p − F exp

2p |
|F exp

2p |

+
|F1n − F exp

1n |
|F exp

1n | +
|F2n − F exp

2n |
|F exp

2n |

]
, (58)

where F1p, etc, are the form factors from the model,
given in Eqs. (45)-(48), and for the empirical form factors,
namely F exp

1p , etc, we take the results from Ref. [14]. For
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Figure 4. (Color online) Ratios of the proton electric to
magnetic Sachs form factors. The solid curve is our model
result and the dashed curve is the phenomenological fit of
Ref. [15]. The data are from Refs. [16–20].
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Figure 5. (Color online) Ratios of the proton Pauli to Dirac
form factors multiplied by Q2. The solid curve is our model
result and the dashed curve is the empirical result of Ref. [14].
The data are from Refs. [16–20].

the sum in Eq. (58) we take nq values of Q2 chosen
uniformly on the domain Q2 ∈ [0, 10]GeV2 and Table III
gives the resulting model parameters for nq = 11. The
resulting values of the nucleon magnetic moments are also
shown in the table and are in good agreement with the
experimental values of µp = 2.79µN and µn = −1.91µN

for the proton and neutron, respectively.
The results for the proton Sachs form factors are shown
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∆qs

∆qa

Integrands for spin content
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qa(x)

qs(x)

Quark distribution  q(x)-non evolved
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Broad distribution in x:
highly relativistic 
quarks. large OAM

NRQM
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Summary

• Relativistic light front quark model with 
pion cloud can reproduce nucleon form 
factors

• Flavor separation works and is testable in 
the future

• Model quark spin is 36.5 % of total angular 
momentum, quark OAM is important

• (Relativistic) quark model alive and well, 
proton is  made mainly of three quarks 
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