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Why care?- The proton radius puzzle 
   Pohl et al Nature 466, 213 (8 July 2010)

muon H  rp =0.84184 (67)  fm
electron H  rp =0.8768 (69)fm

electron-p scattering  rp =0.875 (10)fm
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 4 %  Difference

PRad at JLab- lower Q2

2
C Carlson PPNP 

82,59(2015)

Large
Small

3⇥ 10�4  Q2  5⇥ 10�2 GeV�2

7.7⇥ 10�3  Q2  0.13 fm�2
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4 % in radius: why care?

• Can’t be calculated to that accuracy- 
current lattice QCD give too small radius 
by about 20-25%

Is the muon-proton interaction the same as the 
electron-proton interaction?

violation of universality
connections with muon g-2?

connections with LHCb ?
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Why I wrote the paper
• Many practitioners do not understand that 

•  there is no three-dimensional charge density of the 
proton

• proton radius is part of a unified, relativistic formalism 
of proton properties - GPDs, TMDs, etc

• proton radius depends on the probe- axial is not charge 
two-gluon is not charge
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Background: There is significant current interest in knowing the value of the proton radius and also its proper
definition.
Purpose: Combine the disparate literatures of hydrogen spectroscopy and diverse modern parton distributions
to understand the meaning of the proton radius in a manner consistent with the separate bodies of work.
Methods: Use perturbation theory, light-front dynamics, and elementary techniques to find relativistically
correct definitions of the proton radius and charge density.
Results: It is found that the very same proton radius is accessed by measurements of hydrogen spectroscopy
and elastic lepton scattering. The derivation of the mean-square radius as a moment of a spherically symmetric
three-dimensional density is shown to be incorrect. A relativistically correct, two-dimensional charge density is
related to the diverse modern literature of various parton distributions. Relativistically invariant moments thereof
are derived in a new relativistic moment expansion, the RME.
Conclusion: The equation r2

p ≡ −6G′
E (0) is the definition of the proton radius.

DOI: 10.1103/PhysRevC.99.035202

I. INTRODUCTION

What is the value of the radius of the proton? This ques-
tion has generated much interest since the publication of
the results of the muon-hydrogen spectroscopy experiment
in 2010 [1] and its confirmation [2]. The proton radius was
measured to be rp = 0.84184(67) fm, which contrasted with
the value obtained from electron-hydrogen spectroscopy rp =
0.8768(69) fm. At that time the large value was consistent
with that obtained (with much larger uncertainties [3]) from
electron scattering. This difference of about 4% has become
known as the proton radius puzzle [4]. The proton radius
puzzle was reviewed in 2013 [5] and 2015 [6]. New exper-
imental results for hydrogen have appeared since that time
[7,8] without resolving the puzzle. More results are planned.
The PRAD experiment [9] seeks to make previous electron
scattering determinations of rp more precise by making mea-
surements at very small values of momentum transfer. A new
measurement of the 2S1/–2 − 2P1/2 transition in hydrogen is
expected to appear (E. A. Hessels, 2016 talk at ECT*). All
possible explanations of the proton radius puzzle will be
addressed in the Muon-Scattering Experiment (MUSE) by
measuring e± − p and µ± − p scattering [10].

One might wonder whether or not a 4% difference really
matters. After all, 4% is pretty small and (at the present time)
the value of rp cannot be calculated to that accuracy. Perhaps
the most interesting issue is whether or not the fundamental
electron-proton interaction is the same as the muon-proton
interaction. To find that this is not the case is to discover a
violation of the principle of lepton-universality, a cornerstone
of the standard model.

But there is another basic question that must be addressed:
what is the radius of the proton? How does one define the
radius of a quantum-field theoretic system made of nearly
massless quarks and gluons? This quantity can be measured

in the hydrogen atom and also in electron-proton scattering.
There is a separate, but clear, literature in the fields of atomic
and nuclear physics. Both fields obtain the same answer that

−6G′
E (0) ≡ r2

p, (1)

where GE (Q2) is the Sachs electric form factor. This form
factor is a specifically defined probability amplitude that an
interaction between a photon of four-momentum qµ (Q2 =
−q2) and a charged constituent of the proton can absorb such a
momentum with the proton remaining in its ground state. The
meaning of Eq. (1) is that the quantity −6G′

E (0) appears in
both hydrogen spectroscopy and lepton-proton elastic scatter-
ing measurements. The quantity r2

p is merely an abbreviation.
The expression Eq. (1) is uniquely used in spectroscopy and
scattering experiments to determine the proton radius from the
slope of GE .

The aims of the present paper are as follows.

(1) Unite the hydrogen spectroscopy literature with that
of lepton-proton scattering and show how Eq. (1)
emerges from the separate bodies of work.

(2) Show that a three-dimensional charge density cannot
be defined, so that r2

p is not a second moment of a
density distribution.

(3) Remind readers how it is that a two-dimensional
charge density which is a matrix element of a den-
sity operator between identical initial and final states,
can be defined and determined by the Dirac form
factor, F1.

(4) Place the two-dimensional charge density in the mod-
ern context of generalized parton distributions and
Wigner functions.

(5) Derive a relativistically correct moment expansion
of F1.

2469-9985/2019/99(3)/035202(11) 035202-1 ©2019 American Physical Society

Definition- GE
Depends on magnetic moment



Aims:

• unite the hydrogen spectroscopy literature with lepton-proton scattering

• show how r2p = �6G0
E(0) emerges from the separate bodies of work

• show three-dimensional charge density cannot be defined

• r2p is not a second moment of a density distribution.

• show honest two-dimensional charge density can be defined, measured

• place two-dimensional charge density in modern context of EIC physics
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Hydrogen Atom

H =

~p2

2mr
� ↵

r + VBreit, to order v2/c2
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First-Order Perturbation Theory

Enj = �mr↵
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(1��l0),

Darwin term
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ū(~p0, s0)�0u(~p, s) = (1� ~q2

8M2 )GE(~q2) Frame independent to given order

Expand ū(~p0, s0)�0u(~p, s) ! 1� ~q2

8M2 + ~q2G0
E(0)

VC(~q2) = � 4⇡↵
~q2 (1 + ~q2G0

E(0) = �4⇡↵( 1
~q2 +G0

E(0))

~q2 = Q2 plus higher order

VC(r) = �↵
r�4⇡↵G0

E(0)�(~r)

�E = h nl|�4⇡↵G0
E(0)�(~r)| nli Energy shift due to non-zero proton size

History G0
E(0) = � r2p

6 , G(Q
2) = 1� r2p

6 Q2

�E = 4⇡↵
r2p
6
| 0l(0)|2
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Point proton

No   3 dim charge density needed



Electron-Proton Scattering

d�

d⌦
=

✓
d�

d⌦

◆

M

⇥ [G2
E +

⌧

✏
G2

M ]
1

1 + ⌧

GE and GM separated at low Q2 by plotting against kinematic factor ⌧
✏

History GE(Q2) ⇡ 1� Q2r2p
6

Sachs et. al. (1960,1962) introduced Breit frame, q0 = 0 Q2 = ~q2 Lorentz scalar

Sachs 1962 argued in this frame density is Fourier transform

⇢NR(r) =
R d3Q

(2⇡)3 e
�iQ·rGE(Q2).

NR means non-relativistic: impossible for nearly massless quarks
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⇢NR (a function of the magnitude of a three-vector) is not a density



⇢NR(r) =
R d3Q

(2⇡)3 e
�iQ·rGE(Q2).
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not a density-physics

Charge radius of neutron magnetic moment =µn:

GEn(Q2
) = F1n(Q2

)� Q2

4M2µnF2(Q2
) ! �Q2R2

1/6�
Q2

4M2µn ⇡ � Q2

4M2µn

Charge radius of neutron determined by its magnetic moment. Gasp!
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Charge radius of pion

F⇡(Q2
) ⇡ 1

1+ Q2

m2
⇢

Fourier transform ⇢NR(r) / e�m⇢r

r

Singular at r = 0. Gasp!
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• Correct non-relativistic because center-of-mass and 
internal coordinates are independent- eiP Rg(r) 
factorization

• Relativistic: Internal wave functions depend on total 
momentum. No factorization.

• Momentum q is absorbed by proton of momentum p. 
Initial and final wave functions have different momenta, 
so no square of wave function appears

•  

⇢NR(r) =
R d3Q

(2⇡)3 e
�iQ·rGE(Q2).
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not a density formal  reasons

NO  ⇤ , NO density
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P

p

P-p

 B.S.(P, p) =
1

p2�m2
q+i✏

1
(P�p)2�M2

S+I✏

~P 6= 0 is called a ‘Boost’. Di↵erent boosts di↵erent wave functions
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There is no density in the square of wave function sense

.

1

Initial state 4-momentum =P, final state =P+q



Where Sachs (1962) went wrong

Appendix claims three-dimensional density exists

Tries to get around boost by using wave packet

| i =
R
d3Pg(~P )|P, si

|g(~P )|2 = �(~P )

Gets rid of boost- both initial and final wave function are at 0 momentum

But defining momentum precisely means position is spread over all of space!

Technically- Sachs ignored derivative of �(~P ), dropping an infinite term
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Summary so far 
• Both hydrogen spectroscopy and electron 

scattering measure slope of GE  at its origin

• Both define this slope as being proportional 
to r2p 

• There is no 3-dimensional density

• (Later discuss honest 2 dimensional density)

YES

Donnelly, Hassell, Milner ask (1806.10475)
Are the Muonic Hydrogen and Electron Scattering Experiments Measuring the Same Observable?



Hydrogen spectroscopy
2S1/2 -  2P1/2

2S1/2 -  2P1/2

2S1/2 -  2P3/2

1S-2S + 2S- 4S1/2

1S-2S + 2S- 4D5/2

1S-2S + 2S- 4P1/2

1S-2S + 2S- 4P3/2

1S-2S + 2S- 6S1/2

1S-2S + 2S- 6D5/2

1S-2S + 2S- 8S1/2

1S-2S + 2S- 8D3/2

1S-2S + 2S- 8D5/2

1S-2S + 2S-12D3/2

1S-2S + 2S-12D5/2

1S-2S + 1S - 3S1/2

µp : 0.84184 +- 0.00067 fm

proton charge radius (fm)   
0.8 0.85 0.9 0.95 1

Randolf Pohl APS Anaheim, 30 April 2010 p. 20

E(nS) u R1
n2

+
L1S

n3

• Need two levels to get Rydberg and Lamb 
shift-have ~ 20 available

Proton radius puzzle Electronic Hydrogen -Pohl

12

2 levels needed except for 2S-2P
results ARE correlated

1s-2s
gives

 R1
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  Beyer et al Science 358,79 electron H -small radius
 

which are suppressed by using methods spe-
cifically developed for this measurement and de-
tailed below.

Quantum interference

Line shape distortions caused by quantum inter-
ference from distant neighboring atomic reso-
nances have recently come into the focus of the
precision spectroscopy community (18). To the
best of our knowledge, this effect has been con-
sidered in the analysis of only one of the previous
H experiments andwas found to be unimportant
for that particular experimental scheme (19). The
effect was found to be responsible for discrep-

ancies in the value of the fine structure constant
a extracted from various precision spectroscopy
experiments in helium (20, 21). The root of the
matter is that natural line shapes of atomic reso-
nances may experience deviations from a perfect
Lorentzian when off-resonant transitions are
present. One common way of dealing with these
effects has been to perform sophisticated nu-
merical simulations to correct the experimental
results (18, 20, 22–26). These simulations re-
quire a highly accurate characterization of the
experimental geometry if the line center needs
to be determined with high accuracy relative to
the line width, as is the case in this measure-

ment. Here we remove this necessity and a
source of potential inaccuracies by a suitable
line shape model to compensate for the line
shape distortions.

Two driven oscillators

Within the framework of perturbation theory,
the induced dipole moment D

→
ðwÞ of an atom

driven by a laser field E
→
at frequency w is given

by the Kramers-Heisenberg formula (27–29). For
two resonances at w0 and w0 + D with identical
damping constants G, the resulting dipole mo-
ment is given by

D
→
ðwÞº D

→

0

ðw0 # wÞ þ iG=2

þ D
→

1

ðw0 þ D# wÞ þ iG=2
ð2Þ

It is analogous to two coherently driven resonat-
ing classical dipoles D

→

0 and D
→

1. In the quantum
description, each of these dipoles is constructed
through an absorbing and an emitting dipole,
connecting the initial state ( jii ) with the final
state (j f i) via the excited states (jei; je′i) (see Fig.
2A). With the atomic dipole matrix elements djk
with j; k∈ i; e; e′; f , the contributing dipole mo-
ments are given by D

→

0ºðE
→
% d
→

ieÞd
→

ef and D
→

1º
ðE
→
% d
→

ie′ Þd
→

e′ f . The induced dipoleD
→
ðwÞgenerates a

fieldºðr→ & D
→
ðwÞÞ & r

→
=jr→3j at position r

→
whose

power spectrum Pðw; r→Þ is proportional to the
square modulus of D

→
ðwÞ. It consists of two real

valued Lorentzians and a non-Lorentzian cross
term. The latter depends not only on the relative
orientation of D

→

0 and D
→

1 but also on the direction
of the emitted radiation relative to the orienta-
tion of the dipoles. Because the orientation of the
dipoles is itself a function of the laser polariza-
tion, i.e., the orientation of E

→
, the observed cross

term will effectively depend on the orientation of
the laser polarization relative to detection direc-
tion. If the detection is not pointlike, as is the case
in our measurement, which is designed for an
as-large-as-possible collection efficiency, the
exact detection geometry will enter in the ob-
served cross term. The relative strength of the
cross term tends to decrease with increasing
detection solid angle, with the cross term com-
pletely disappearing for detection of all radiation
emitted, i.e., in a 4p solid angle.
For a sufficiently large separation of the two

resonances (G/D << 1), the second resonance at
w0 + D can be treated as a perturbation to the
resonance at w0 and the full line shape Pðw; r→Þ
can be expanded around the resonance atw0 (28)

Pðw; r→Þ≈ C

ðw# w0Þ2 þ ðG=2Þ2
þ aðw# w0Þ

þ bðw# w0Þ
ðw# w0Þ2 þ ðG=2Þ2

ð3Þ

The first term represents the Lorentzian line
shape with amplitude C of the isolated, unper-
turbed resonance at w0, whereas the other two
terms denote perturbations caused by the pres-
ence of the second resonance. The second term,

Beyer et al., Science 358, 79–85 (2017) 6 October 2017 2 of 7

Fig. 1. Rydberg constant R1 and proton RMS charge radius rp. Values of rp derived from this
work (green diamond)and spectroscopyof mp (mp; pink bar and violet square) agree.We find a discrepancy
of 3.3 and 3.7 combined standard deviations with respect to the H spectroscopy world data (12) (blue bar
and blue triangle) and the CODATA 2014 global adjustment of fundamental constants (3) (gray hexagon),
respectively. The H world data consist of 15 individual measurements (black circles, optical measure-
ments; black squares, microwave measurements). In addition to H data, the CODATA adjustment
includes deuterium data (nine measurements) and elastic electron scattering data. An almost identical
plot arises when showing R1 instead of rp because of the strong correlation of these two parameters.
This is indicated by the R1 axis shown at the bottom.
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To take into account the light shift, we apply to each signal
a frequency correction based on a parameter indicating the
intracavity power (see the SupplementalMaterial at Ref. [20]
for more details). Two such parameters have been used: the
voltage of the photodiode recording the transmitted UV
power (for the 2013 recordings) and the square root of the
two-photon absorption signal height (for 2016–2017).As the
signal height depends on pressure, the correction coefficient
was determined separately for each pressure value. The ΔLS
correction is obtained by a linear extrapolation of the
frequency with respect to the chosen parameter. The light-
shift-corrected frequencies νLS are given in Table I.
Collisions between atoms can also induce frequency

shifts, depending linearly on the pressure. To determine this
pressure shift for the 2013 data set, measurements were
carried out several times during that recording session, for
two or three pressure values in the same day, with no applied
magnetic field. At that time, the velocity distribution was
measured for only one pressure value, and our velocity
distribution model could allow for pressure dependence of
the parameter v0, so we did not know which parameters
should be used to analyze the other pressure points [15]. The
analysis of the 2016 data gave us insight on this question. In
fact, the velocity distribution does not seem to depend
significantly on pressure, at least within experimental uncer-
tainties (seeTable I). To check this assumption,wehave fitted
a number of signals using the various best-fitting distribu-
tions. The resulting change in the center frequency was at

most about 3 kHz. Hence, when analyzing the 2013 record-
ings, we use the same velocity distribution for all pressure
values, and we add in quadrature an uncertainty of 3 kHz
for the points measured at a pressure different from
7.5 × 10−5 mbar. We thus get a pressure correction of
þ3.6ð2.0Þ kHz (see Table I). For the 2016–2017 session,
since the velocity distribution was determined for each
pressure value, we simply extrapolate the light-shift-
corrected frequencies of the three data sets to zero pressure.
At this point, we add a correction of þ0.6ð0.2Þ kHz to

take into account the frequency shift resulting from the
cross-damping effect [22,23], following our theoretical
estimation of this shift [24].
All the frequency measurements were done with respect

to the 100 MHz reference signal from LNE-SYRTE. This
reference was obtained from a hydrogen maser, whose
frequency was continuously measured by the LNE-SYRTE
atomic fountains realizing the frequency of the SI second to
a few 10−16 [25,26]. Using a simple linear frequency drift
of the order of 10−16 per day to model the H-maser behavior
over each period, we estimate the average fractional shift of
the reference signal with respect to the SI to be −205ð2Þ ×
10−15 in 2013, and −357ð2Þ × 10−15 in 2016–2017. This
yields an absolute correction to the 1S − 3S transition
frequency of −599ð6Þ Hz for the 2013 measurement and
−1043ð6Þ Hz for the 2016–2017 measurement.
The centroid value of the transition is calculated by

adding a hyperfine correction of þ341 949.077ð3Þ kHz
derived from experimental values of the 1S and 2S hyper-
fine splittings [27]. Eventually, we obtain for the two
recording sessions

TABLE I. Optimal velocity distribution parameters σ and v0
and determination of the 1S − 3SðF ¼ 1Þ frequency. νA is the
apparent position of the line for B ¼ 0.03 mT, and Δ is the
difference between the result of the fit procedure νfit and νA. It
corresponds essentially to the SOD [for B ¼ 0.03 mT, the
Zeeman shift of the 1S − 3SðF ¼ 1Þ frequency is 1.0 kHz].
ΔLS is the light-shift correction, νLS the light-shift-corrected
frequency, Δp the pressure correction, νLS;p the frequency
corrected from the light and pressure shifts, and Δcd the cross-
damping effect. Δmaser comes from the absolute calibration of the
100 MHz signal used as frequency reference. Only the last four
digits of the 1S − 3SðF ¼ 1Þ frequency are given in the table:
ν ¼ 2 922 742 936xxx:x kHz.

Data set 2013 LP1 LP2 HP

σ (km/s) 1.526(27) 1.515(52) 1.495(32) 1.521(85)
v0 (km/s) 0.75(28) 1.23(55) 1.33(31) 0.87(78)
νA (kHz) 592.2(0.7) 596.8(0.9) 594.4(1.1) 581.6(2.2)
Δ (kHz) 132.6(1.3) 137.4(3.8) 135.9(2.1) 131.6(6.8)
νfit (kHz) 724.8(1.5) 734.2(3.9) 730.3(2.4) 713.2(7.1)
ΔLS (kHz) −5.9ð1.2Þ −10.4ð3.0Þ −12.1ð3.6Þ −6.3ð10.2Þ
νLS (kHz) 718.9(1.9) 723.8(4.9) 718.2(4.3) 706.9(12.4)
Δp (kHz) 3.6(2.0) Pressure extrapolation
νLS;p (kHz) 722.5(2.8) 722.3(4.9)
Δcd (kHz) 0.6(0.2) 0.6(0.2)
Δmaser (kHz) −0.599ð6Þ −1.043ð6Þ
νðF¼1Þ
1S−3S

722.5(2.8) 721.9(4.9)

FIG. 4. Proton charge radius values from H spectroscopy, with
1σ error bars. The pink bar is the value from muonic hydrogen
spectroscopy [6]. The CODATA-2014 H-spectroscopy average
[3] (light blue bar and hexagon) includes RF measurements (blue
triangles) as well as combinations of optical transitions with the
1S − 2S frequency (blue circles). Green squares are obtained
from optical transitions measured in Garching since 2014 [8,10],
and the red diamond is the present work.
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which are suppressed by using methods spe-
cifically developed for this measurement and de-
tailed below.

Quantum interference

Line shape distortions caused by quantum inter-
ference from distant neighboring atomic reso-
nances have recently come into the focus of the
precision spectroscopy community (18). To the
best of our knowledge, this effect has been con-
sidered in the analysis of only one of the previous
H experiments andwas found to be unimportant
for that particular experimental scheme (19). The
effect was found to be responsible for discrep-

ancies in the value of the fine structure constant
a extracted from various precision spectroscopy
experiments in helium (20, 21). The root of the
matter is that natural line shapes of atomic reso-
nances may experience deviations from a perfect
Lorentzian when off-resonant transitions are
present. One common way of dealing with these
effects has been to perform sophisticated nu-
merical simulations to correct the experimental
results (18, 20, 22–26). These simulations re-
quire a highly accurate characterization of the
experimental geometry if the line center needs
to be determined with high accuracy relative to
the line width, as is the case in this measure-

ment. Here we remove this necessity and a
source of potential inaccuracies by a suitable
line shape model to compensate for the line
shape distortions.

Two driven oscillators

Within the framework of perturbation theory,
the induced dipole moment D

→
ðwÞ of an atom

driven by a laser field E
→
at frequency w is given

by the Kramers-Heisenberg formula (27–29). For
two resonances at w0 and w0 + D with identical
damping constants G, the resulting dipole mo-
ment is given by

D
→
ðwÞº D

→

0

ðw0 # wÞ þ iG=2

þ D
→

1

ðw0 þ D# wÞ þ iG=2
ð2Þ

It is analogous to two coherently driven resonat-
ing classical dipoles D

→

0 and D
→

1. In the quantum
description, each of these dipoles is constructed
through an absorbing and an emitting dipole,
connecting the initial state ( jii ) with the final
state (j f i) via the excited states (jei; je′i) (see Fig.
2A). With the atomic dipole matrix elements djk
with j; k∈ i; e; e′; f , the contributing dipole mo-
ments are given by D

→

0ºðE
→
% d
→

ieÞd
→

ef and D
→

1º
ðE
→
% d
→

ie′ Þd
→

e′ f . The induced dipoleD
→
ðwÞgenerates a

fieldºðr→ & D
→
ðwÞÞ & r

→
=jr→3j at position r

→
whose

power spectrum Pðw; r→Þ is proportional to the
square modulus of D

→
ðwÞ. It consists of two real

valued Lorentzians and a non-Lorentzian cross
term. The latter depends not only on the relative
orientation of D

→

0 and D
→

1 but also on the direction
of the emitted radiation relative to the orienta-
tion of the dipoles. Because the orientation of the
dipoles is itself a function of the laser polariza-
tion, i.e., the orientation of E

→
, the observed cross

term will effectively depend on the orientation of
the laser polarization relative to detection direc-
tion. If the detection is not pointlike, as is the case
in our measurement, which is designed for an
as-large-as-possible collection efficiency, the
exact detection geometry will enter in the ob-
served cross term. The relative strength of the
cross term tends to decrease with increasing
detection solid angle, with the cross term com-
pletely disappearing for detection of all radiation
emitted, i.e., in a 4p solid angle.
For a sufficiently large separation of the two

resonances (G/D << 1), the second resonance at
w0 + D can be treated as a perturbation to the
resonance at w0 and the full line shape Pðw; r→Þ
can be expanded around the resonance atw0 (28)

Pðw; r→Þ≈ C

ðw# w0Þ2 þ ðG=2Þ2
þ aðw# w0Þ

þ bðw# w0Þ
ðw# w0Þ2 þ ðG=2Þ2

ð3Þ

The first term represents the Lorentzian line
shape with amplitude C of the isolated, unper-
turbed resonance at w0, whereas the other two
terms denote perturbations caused by the pres-
ence of the second resonance. The second term,
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Fig. 1. Rydberg constant R1 and proton RMS charge radius rp. Values of rp derived from this
work (green diamond)and spectroscopyof mp (mp; pink bar and violet square) agree.We find a discrepancy
of 3.3 and 3.7 combined standard deviations with respect to the H spectroscopy world data (12) (blue bar
and blue triangle) and the CODATA 2014 global adjustment of fundamental constants (3) (gray hexagon),
respectively. The H world data consist of 15 individual measurements (black circles, optical measure-
ments; black squares, microwave measurements). In addition to H data, the CODATA adjustment
includes deuterium data (nine measurements) and elastic electron scattering data. An almost identical
plot arises when showing R1 instead of rp because of the strong correlation of these two parameters.
This is indicated by the R1 axis shown at the bottom.
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To take into account the light shift, we apply to each signal
a frequency correction based on a parameter indicating the
intracavity power (see the SupplementalMaterial at Ref. [20]
for more details). Two such parameters have been used: the
voltage of the photodiode recording the transmitted UV
power (for the 2013 recordings) and the square root of the
two-photon absorption signal height (for 2016–2017).As the
signal height depends on pressure, the correction coefficient
was determined separately for each pressure value. The ΔLS
correction is obtained by a linear extrapolation of the
frequency with respect to the chosen parameter. The light-
shift-corrected frequencies νLS are given in Table I.
Collisions between atoms can also induce frequency

shifts, depending linearly on the pressure. To determine this
pressure shift for the 2013 data set, measurements were
carried out several times during that recording session, for
two or three pressure values in the same day, with no applied
magnetic field. At that time, the velocity distribution was
measured for only one pressure value, and our velocity
distribution model could allow for pressure dependence of
the parameter v0, so we did not know which parameters
should be used to analyze the other pressure points [15]. The
analysis of the 2016 data gave us insight on this question. In
fact, the velocity distribution does not seem to depend
significantly on pressure, at least within experimental uncer-
tainties (seeTable I). To check this assumption,wehave fitted
a number of signals using the various best-fitting distribu-
tions. The resulting change in the center frequency was at

most about 3 kHz. Hence, when analyzing the 2013 record-
ings, we use the same velocity distribution for all pressure
values, and we add in quadrature an uncertainty of 3 kHz
for the points measured at a pressure different from
7.5 × 10−5 mbar. We thus get a pressure correction of
þ3.6ð2.0Þ kHz (see Table I). For the 2016–2017 session,
since the velocity distribution was determined for each
pressure value, we simply extrapolate the light-shift-
corrected frequencies of the three data sets to zero pressure.
At this point, we add a correction of þ0.6ð0.2Þ kHz to

take into account the frequency shift resulting from the
cross-damping effect [22,23], following our theoretical
estimation of this shift [24].
All the frequency measurements were done with respect

to the 100 MHz reference signal from LNE-SYRTE. This
reference was obtained from a hydrogen maser, whose
frequency was continuously measured by the LNE-SYRTE
atomic fountains realizing the frequency of the SI second to
a few 10−16 [25,26]. Using a simple linear frequency drift
of the order of 10−16 per day to model the H-maser behavior
over each period, we estimate the average fractional shift of
the reference signal with respect to the SI to be −205ð2Þ ×
10−15 in 2013, and −357ð2Þ × 10−15 in 2016–2017. This
yields an absolute correction to the 1S − 3S transition
frequency of −599ð6Þ Hz for the 2013 measurement and
−1043ð6Þ Hz for the 2016–2017 measurement.
The centroid value of the transition is calculated by

adding a hyperfine correction of þ341 949.077ð3Þ kHz
derived from experimental values of the 1S and 2S hyper-
fine splittings [27]. Eventually, we obtain for the two
recording sessions

TABLE I. Optimal velocity distribution parameters σ and v0
and determination of the 1S − 3SðF ¼ 1Þ frequency. νA is the
apparent position of the line for B ¼ 0.03 mT, and Δ is the
difference between the result of the fit procedure νfit and νA. It
corresponds essentially to the SOD [for B ¼ 0.03 mT, the
Zeeman shift of the 1S − 3SðF ¼ 1Þ frequency is 1.0 kHz].
ΔLS is the light-shift correction, νLS the light-shift-corrected
frequency, Δp the pressure correction, νLS;p the frequency
corrected from the light and pressure shifts, and Δcd the cross-
damping effect. Δmaser comes from the absolute calibration of the
100 MHz signal used as frequency reference. Only the last four
digits of the 1S − 3SðF ¼ 1Þ frequency are given in the table:
ν ¼ 2 922 742 936xxx:x kHz.

Data set 2013 LP1 LP2 HP

σ (km/s) 1.526(27) 1.515(52) 1.495(32) 1.521(85)
v0 (km/s) 0.75(28) 1.23(55) 1.33(31) 0.87(78)
νA (kHz) 592.2(0.7) 596.8(0.9) 594.4(1.1) 581.6(2.2)
Δ (kHz) 132.6(1.3) 137.4(3.8) 135.9(2.1) 131.6(6.8)
νfit (kHz) 724.8(1.5) 734.2(3.9) 730.3(2.4) 713.2(7.1)
ΔLS (kHz) −5.9ð1.2Þ −10.4ð3.0Þ −12.1ð3.6Þ −6.3ð10.2Þ
νLS (kHz) 718.9(1.9) 723.8(4.9) 718.2(4.3) 706.9(12.4)
Δp (kHz) 3.6(2.0) Pressure extrapolation
νLS;p (kHz) 722.5(2.8) 722.3(4.9)
Δcd (kHz) 0.6(0.2) 0.6(0.2)
Δmaser (kHz) −0.599ð6Þ −1.043ð6Þ
νðF¼1Þ
1S−3S

722.5(2.8) 721.9(4.9)

FIG. 4. Proton charge radius values from H spectroscopy, with
1σ error bars. The pink bar is the value from muonic hydrogen
spectroscopy [6]. The CODATA-2014 H-spectroscopy average
[3] (light blue bar and hexagon) includes RF measurements (blue
triangles) as well as combinations of optical transitions with the
1S − 2S frequency (blue circles). Green squares are obtained
from optical transitions measured in Garching since 2014 [8,10],
and the red diamond is the present work.
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Data So far

• potential difference between muon and electron 
hydrogen spectroscopy  re  the proton radius, perhaps 
Rydberg is wrong by 5 st dev

• 2017  eH Munich experiment gives small radius , PRAD 
rumor small radius 

• 2018  eH Paris experiment gives large radius Paris

• 2019 MAMI large radius

• deuteron is smaller too, almost accounted for by proton 
being smaller, but some effect on   neutron exists

• no effect in 3He ion (large error bars)

17/27

strong constraints 



Coming soon?

• PRad experiment at JLab very low Q2

• gets small radius-preliminary still working the error bar

• Hessels at York, 2s1/2-2P1/2 no Rydberg

• Get’s small radius- preliminary submit to Science July 
’18 no answer by April ‘19 

• Likely explanation eH folks too optimistic about error 
bars

• But what are the new error bars ????

15/29



Possible resolutions

• Electron H spectroscopy not so  accurate   

• Strong interaction effect in two photon 
exchange diagram

• Muon interacts differently than electron!- new 
scalar boson   

16

Shift from history to our efforts  to explain



What  energy difference corresponds to 4% in radius?

Measured =206.2949(32)= 206.0573(45)-5.2262 rp2+0.0347 rp3 meV  
computed

Explain puzzle with radius of earlier H atom:
increase 206.0573 meV by 0.31 meV-attraction in 2S state  

17

Suppose radii extracted in earlier H experiments is 
correct, some  new muon effect is responsible

2

of momentum q = p′ − p.as:

Γµ(p′, p) = γµ
NF1(−q2) + F1(−q2)F (−q2)Oµ

a,b,c (2)

Oµ
a =

(p + p′)µ

2M
[Λ+(p′)

(p · γN − M)

M
+

(p′ · γN − M)

M
Λ+(p)]

Oµ
b = ((p2 − M2)/M2 + (p′

2
− M2)/M2)γµ

N

Oµ
c = Λ+(p′)γµ

N

(p · γN − M)

M
+

(p′ · γN − M)

M
γµ

NΛ+(p),

where three possible forms are displayed. Other terms of
the vertex function needed to satisfy the WT identity do
not contribute significantly to the Lamb shift and are not
shown explicitly. The proton Dirac form factor, F1(−q2)
is empirically well represented as a dipole F1(−q2) = (1−
q2/Λ2)−2, (Λ = 840 MeV) for the values of −q2 ≡ Q2 > 0
of up to about 1 GeV2 needed here. F (−q2) is an off-
shell form factor, and Λ+(p) = (p · γN + M)/(2M) is an
operator that projects on the on-mass-shell proton state.
We use Oa unless otherwise stated.

We take the off-shell form factor F (−q2) to vanish at
q2 = 0. This means that the charge of the off-shell proton
will be the same as the charge of a free proton, and is
demanded by current conservation as expressed through
the Ward-Takahashi identity [24, 25]. We assume

F (−q2) =
−λq2/b2

(1 − q2/Λ̃2)1+ξ
. (3)

This purely phenomenological form is simple and clearly
not unique. The parameter b is expected to be of the
order of the pion mass, because these longest range com-
ponents of the nucleon are least bound and more suscep-
tible to the external perturbations putting the nucleon
off its mass shell. At large values of |q2|, F has the same
fall-off as F1, if ξ = 0. We take Λ̃ = Λ here.

We briefly discuss the expected influence of using
Eq. (2). The ratio, R, of off-shell effects to on-shell ef-

fects, R ∼ (p·γN−M)
M λ q2

b2 , (|q2| ≪ Λ2) is constrained by
a variety of nuclear phenomena such as the EMC effect
(10-15%), uncertainties in quasi-elastic electron-nuclear
scattering [26], and deviations from the Coulomb sum
rule [27]. For a nucleon experiencing a 50 MeV central
potential, (p · γN − M)/M ∼ 0.05, so λq2/b2 is of or-
der 2. The nucleon wave functions of light-front quark-
models [33] contain a propagator depending on M2.
Thus the effect of nucleon virtuality is proportional to
the derivative of the propagator with respect to M , or of
the order of the wave function divided by difference be-
tween quark kinetic energy and M . This is about three
times the average momentum of a quark (∼ 200 MeV/c)
divided by the nucleon radius or roughly M/2. Thus
R ∼ (p · γN − M)2/M , and the natural value of λq2/b2

is of order 2.
The lowest order term in which the nucleon is suffi-

ciently off-shell in a muonic atom for this correction to
produce a significant effect is the two-photon exchange
diagram of Fig. 1 and its crossed partner, including an

ℓ

P

ℓ − k

P

ℓ

FIG. 1: Direct two-photon exchange graph corresponding to
the hitherto neglected term. The dashed line denotes the
lepton; the solid line, the nucleon; the wavy lines photons;
and the ellipse the off-shell nucleon.

interference between one on-shell and one off-shell part
of the vertex function. The change in the invariant am-
plitude, MOff , due to using Eq. (2) along with Oµ

a , to be
evaluated between fermion spinors, is given in the rest
frame by

MOff =
e4

2M2

∫
d4k

(2π)4
F 2

1 (−k2)F (−k2)

(k2 + iϵ)2
(4)

×(γµ
N (2p + k)ν + γν

N (2p + k)µ)

×

[
γµ

(l · γ − k · γ + m)

k2 − 2l · k + iϵ
γν + γν

(l · γ + k · γ + m)

k2 + 2l · k + iϵ
γµ

]
,

where the lepton momentum is l = (m, 0, 0, 0), the vir-
tual photon momentum is k and the nucleon momentum
p = (M, 0, 0, 0). The intermediate proton propagator
is cancelled by the off-mass-shell terms of Eq. (2). This
graph can be thought of as involving a contact interaction
and the amplitude in Eq. (4) as a new proton polariza-
tion correction corresponding to a subtraction term in the
dispersion relation for the two-photon exchange diagram
that is not constrained by the cross section data [34].
The resulting virtual-photon-proton Compton scattering
amplitude, containing the operator γµ

Nγν
N corresponds to

the T2 term of conventional notation [35], [36]. Eq. (4)
is gauge-invariant; not changed by adding a term of the
form kµ kν/k4 to the photon propagator.

Evaluation proceeds in a standard way by taking the
sum over Dirac indices, performing the integral over k0

by contour rotation, k0 → −ik0, and integrating over the
angular variables. The matrix element M is well approx-
imated by a constant in momentum space, for momenta
typical of a muonic atom, and the corresponding poten-
tial V = iM has the form V (r) = V0δ(r) in coordinate
space. This is the “scattering approximation” [3]. Then
the relevant matrix elements have the form V0 |Ψ2S(0)|2,
where Ψ2S is the muonic hydrogen wave function of the
state relevant to the experiment of Pohl et al. We use
|Ψ2S(0)|2 = (αmr)3/(8π), with the lepton-proton re-

Miller PLB 2012  energy shift proportional
 to lepton mass4

Graph is Real virtual Compton scattering 
Im part is measured - use dispersion relations
but unknown subtraction function is needed 

Gives 0.31 meV

Unknown function can give smaller values too
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where three possible forms are displayed. Other terms of
the vertex function needed to satisfy the WT identity do
not contribute significantly to the Lamb shift and are not
shown explicitly. The proton Dirac form factor, F1(−q2)
is empirically well represented as a dipole F1(−q2) = (1−
q2/Λ2)−2, (Λ = 840 MeV) for the values of −q2 ≡ Q2 > 0
of up to about 1 GeV2 needed here. F (−q2) is an off-
shell form factor, and Λ+(p) = (p · γN + M)/(2M) is an
operator that projects on the on-mass-shell proton state.
We use Oa unless otherwise stated.

We take the off-shell form factor F (−q2) to vanish at
q2 = 0. This means that the charge of the off-shell proton
will be the same as the charge of a free proton, and is
demanded by current conservation as expressed through
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F (−q2) =
−λq2/b2

(1 − q2/Λ̃2)1+ξ
. (3)

This purely phenomenological form is simple and clearly
not unique. The parameter b is expected to be of the
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fall-off as F1, if ξ = 0. We take Λ̃ = Λ here.

We briefly discuss the expected influence of using
Eq. (2). The ratio, R, of off-shell effects to on-shell ef-

fects, R ∼ (p·γN−M)
M λ q2

b2 , (|q2| ≪ Λ2) is constrained by
a variety of nuclear phenomena such as the EMC effect
(10-15%), uncertainties in quasi-elastic electron-nuclear
scattering [26], and deviations from the Coulomb sum
rule [27]. For a nucleon experiencing a 50 MeV central
potential, (p · γN − M)/M ∼ 0.05, so λq2/b2 is of or-
der 2. The nucleon wave functions of light-front quark-
models [33] contain a propagator depending on M2.
Thus the effect of nucleon virtuality is proportional to
the derivative of the propagator with respect to M , or of
the order of the wave function divided by difference be-
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times the average momentum of a quark (∼ 200 MeV/c)
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R ∼ (p · γN − M)2/M , and the natural value of λq2/b2

is of order 2.
The lowest order term in which the nucleon is suffi-

ciently off-shell in a muonic atom for this correction to
produce a significant effect is the two-photon exchange
diagram of Fig. 1 and its crossed partner, including an

ℓ

P

ℓ − k

P

ℓ

FIG. 1: Direct two-photon exchange graph corresponding to
the hitherto neglected term. The dashed line denotes the
lepton; the solid line, the nucleon; the wavy lines photons;
and the ellipse the off-shell nucleon.

interference between one on-shell and one off-shell part
of the vertex function. The change in the invariant am-
plitude, MOff , due to using Eq. (2) along with Oµ

a , to be
evaluated between fermion spinors, is given in the rest
frame by

MOff =
e4

2M2

∫
d4k

(2π)4
F 2

1 (−k2)F (−k2)

(k2 + iϵ)2
(4)

×(γµ
N (2p + k)ν + γν

N (2p + k)µ)

×

[
γµ

(l · γ − k · γ + m)

k2 − 2l · k + iϵ
γν + γν

(l · γ + k · γ + m)

k2 + 2l · k + iϵ
γµ

]
,

where the lepton momentum is l = (m, 0, 0, 0), the vir-
tual photon momentum is k and the nucleon momentum
p = (M, 0, 0, 0). The intermediate proton propagator
is cancelled by the off-mass-shell terms of Eq. (2). This
graph can be thought of as involving a contact interaction
and the amplitude in Eq. (4) as a new proton polariza-
tion correction corresponding to a subtraction term in the
dispersion relation for the two-photon exchange diagram
that is not constrained by the cross section data [34].
The resulting virtual-photon-proton Compton scattering
amplitude, containing the operator γµ

Nγν
N corresponds to

the T2 term of conventional notation [35], [36]. Eq. (4)
is gauge-invariant; not changed by adding a term of the
form kµ kν/k4 to the photon propagator.

Evaluation proceeds in a standard way by taking the
sum over Dirac indices, performing the integral over k0

by contour rotation, k0 → −ik0, and integrating over the
angular variables. The matrix element M is well approx-
imated by a constant in momentum space, for momenta
typical of a muonic atom, and the corresponding poten-
tial V = iM has the form V (r) = V0δ(r) in coordinate
space. This is the “scattering approximation” [3]. Then
the relevant matrix elements have the form V0 |Ψ2S(0)|2,
where Ψ2S is the muonic hydrogen wave function of the
state relevant to the experiment of Pohl et al. We use
|Ψ2S(0)|2 = (αmr)3/(8π), with the lepton-proton re-

 energy shift proportional
 to lepton mass4 

Explain puzzle with radius as in H atom increase 206.0573 meV by 0.31 meV-
attractive effect on 2S state, reproduce Lamb shift in proton, deuterium  
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So what? MUSE expt

PSI proposal R-12-01.1

http://www.physics.rutgers.edu/~rgilman/elasticmup/

e+/e� and µ+/µ�
scattering on proton
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using RF time measurements. Magnet polarities can be reversed to allow the channel to transport

either positive or negative polarity particles.

B. Detector Overview

FIG. 3. A Geant4 simulation showing part of the MUSE experimental system. Here one sees the beam
going through the GEM chambers and the scattering chamber, along with the spectrometer wire chambers
and scintillator hodoscopes. The beam SciFi’s, quartz Cherenkov, and beam monitor scintillators are
missing from this view.

The ⇡M1 channel features a momentum dispersed (⇡7 cm/%) intermediate focal point (IFP)

and a small beam spot (�
x,y

< 1 cm) at the scattering target. The base line design for the MUSE

beam detectors has a collimator and a scintillating fiber detector (SciFi) at the intermediate focus.

Some of the detectors in the target region are shown in Fig. 3. After the channel and immediately

before the target there are a SciFi detector, a quartz Cherenkov detector, and a set of GEM

chambers. A high precision beam line monitor scintillator hodoscope is downstream of the target.

The IFP collimator serves to cut the ⇡M1 channel acceptance to reduce the beam flux to

manageable levels. The IFP SciFi measures the RF time, for use in determining particle type,

and measures beam particle position, to determine the particle momentum and thus the beam

momentum spectrum.

The target SciFi measures the RF time, for use in determining particle type. The quartz

14

• constrains two photon effect (biggest uncertainty) by 
measuring l+-p l- -p scattering separately  

• if large radius correct,  remove   two photon all leptons 
see large radius

• if small radius correct and remove two photon all leptons 
see small radius

• will not see a new light particle, but all leptons see large 
radius -

http://www.physics.rutgers.edu/~rgilman/elasticmup/
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1. INTRODUCTION

One of the great successes of the Dirac equation (1) was its prediction that the
magnetic dipole moment, µ⃗, of a spin |s⃗| = 1/2 particle such as the electron (or
muon) is given by

µ⃗l = gl
e

2ml
s⃗, l = e, µ . . . , 1.

with gyromagnetic ratio gl = 2, a value already implied by early atomic spec-
troscopy. Later it was realized that a relativistic quantum field theory such as
quantum electrodynamics (QED) can give rise via quantum fluctuations to a shift
in gl ,

al ≡ gl − 2
2

, 2.

called the magnetic anomaly. In a now classic QED calculation, Schwinger (2)
found the leading (one-loop) effect (Figure 1),

al = α

2π
≃ 0.00116

α ≡ e2

4π
≃ 1/137.036. 3.

This agreed beautifully with experiment (3), thereby providing strong confidence
in the validity of perturbative QED. Today, we continue the tradition of testing QED
and its SU(3)C× SU(2)L× U(1)Y standard-model (SM) extension (which includes
strong and electroweak interactions) by measuring aexp

l for the electron and muon
ever more precisely and comparing these measurements with aSM

l expectations,
calculated to much higher order in perturbation theory. Such comparisons test

Figure 1 The first-order
QED correction to g-2 of the
muon.
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         interacts preferentially  with muon
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Muon data is g-2 - BNL exp’t, 
Hertzog- FermiLab now...

Maybe dark 
matter, 
energy 

particles 
show up in 

muon 
physics!
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Postulate new scalar
boson!
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New scalar bosons

• give  μ-p Lamb shift

• almost no hyperfine in μ proton

• small effect for D,  almost no effect 4He

• consistent with g-2 of  μ and electron

• avoid many other constraints

• be found

�

Electrophobic Scalar Boson and Muonic Puzzles
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A new scalar boson which couples to the muon and proton can simultaneously solve the proton radius
puzzle and the muon anomalous magnetic moment discrepancy. Using a variety of measurements, we
constrain the mass of this scalar and its couplings to the electron, muon, neutron, and proton. Making no
assumptions about the underlying model, these constraints and the requirement that it solve both problems
limit the mass of the scalar to between about 100 keVand 100 MeV. We identify two unexplored regions in
the coupling constant-mass plane. Potential future experiments and their implications for theories with
mass-weighted lepton couplings are discussed.
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Recent measurements of the proton charge radius using
the Lamb shift in muonic hydrogen are troublingly dis-
crepant with values extracted from hydrogen spectroscopy
and electron-proton scattering. The value from muonic
hydrogen is 0.84087(39) fm [1,2] while the CODATA
average of data from hydrogen spectroscopy and e-p
scattering yields 0.8751(61) fm [3]; these differ at more
than 5σ. Although the discrepancy may arise from subtle
lepton-nucleon nonperturbative effects within the standard
model or experimental uncertainties [4,5], it could also be a
signal of new physics involving a violation of lepton
universality.
The muon anomalous magnetic moment provides

another potential signal of new physics. The BNL [6]
measurement differs from the standard model prediction
by at least 3 standard deviations, Δaμ ¼ aexpμ − athμ ¼
287ð80Þ × 10−11 [7,8].
A new scalar boson ϕ that couples to the muon and

proton could explain both the proton radius and ðg − 2Þμ
puzzles [9]. We investigate the couplings of this boson to
standard model fermions f, which appear as terms in the
Lagrangian, L ⊃ eϵfϕf̄f, where ϵf ¼ gf=e and e is the
electric charge of the proton. Other authors have pursued
this idea, but made further assumptions relating the
couplings to different species; e.g., in Ref. [9] ϵp is taken
equal to ϵμ and in Ref. [10], mass-weighted couplings are
assumed. References [9] and [10] both neglect ϵn. We make
no a priori assumptions regarding signs or magnitudes of
the coupling constants. The Lamb shift in muonic hydrogen
fixes ϵμ and ϵp to have the same sign which we take to be
positive. ϵe and ϵn are allowed to have either sign.
We focus on the scalar boson possibility because scalar

exchange produces no hyperfine interaction, in accord with
observation [1,2]. The emission of possible new vector
particles becomes copious at high energies, and in the
absence of an ultraviolet completion, is ruled out [11].
Scalar boson exchange can account for both the proton

radius puzzle and the ðg − 2Þμ discrepancy [9]. The shift of

the lepton ðl ¼ μ; eÞ muon’s magnetic moment due to
one-loop ϕ exchange is given by [12]

Δal ¼ αϵ2l
2π

Z
1

0
dz

ð1 − zÞ2ð1þ zÞ
ð1 − zÞ2 þ ðmϕ=mlÞ2z

: ð1Þ

Scalar exchange between fermions f1 and f2 leads to a
Yukawa potential, VðrÞ ¼ −ϵf1ϵf2αe

−mϕr=r. In atomic
systems, this leads to an additional contribution to the
Lamb shift in the 2S-2P transition. For an atom of A and
Z this shift is given by [13]

δElN
L ¼ −

α
2alN

ϵl½Zϵp þ ðA − ZÞϵn&fðalNmϕÞ; ð2Þ

where fðxÞ ¼ x2=ð1þ xÞ4 [9,14], with alN ¼ ðZαmlNÞ−1
the Bohr radius and mlN the reduced mass of the lepton-
nucleus system. Throughout this Letter we set

Δaμ ¼ 287ð80Þ × 10−11; δEμH
L ¼ −0.307ð56Þ meV

ð3Þ

within 2 standard deviations. This value of δEμH
L is equal

to the energy shift caused by using the different values of
the proton radius [1–3,15]. Using Eq. (3) allows us to
determine both ϵp and ϵμ as functions of mϕ. The
unshaded regions in Figs. 1 and 3 show the values of
ϵp and ϵμ, as functions of the scalar’s mass, which lead to
the values of Δaμ and δEμH

L in Eq. (3).
We study several observables sensitive to the couplings

of the scalar to neutrons ϵn and protons ϵp to obtain new
bounds on mϕ.
(i) Low energy scattering of neutrons on 208Pb has been

used to constrain light force carriers coupled to nucleons
[16], assuming a coupling of a scalar to nucleons of gN .
Using the replacement
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signal of new physics involving a violation of lepton
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The muon anomalous magnetic moment provides

another potential signal of new physics. The BNL [6]
measurement differs from the standard model prediction
by at least 3 standard deviations, Δaμ ¼ aexpμ − athμ ¼
287ð80Þ × 10−11 [7,8].
A new scalar boson ϕ that couples to the muon and

proton could explain both the proton radius and ðg − 2Þμ
puzzles [9]. We investigate the couplings of this boson to
standard model fermions f, which appear as terms in the
Lagrangian, L ⊃ eϵfϕf̄f, where ϵf ¼ gf=e and e is the
electric charge of the proton. Other authors have pursued
this idea, but made further assumptions relating the
couplings to different species; e.g., in Ref. [9] ϵp is taken
equal to ϵμ and in Ref. [10], mass-weighted couplings are
assumed. References [9] and [10] both neglect ϵn. We make
no a priori assumptions regarding signs or magnitudes of
the coupling constants. The Lamb shift in muonic hydrogen
fixes ϵμ and ϵp to have the same sign which we take to be
positive. ϵe and ϵn are allowed to have either sign.
We focus on the scalar boson possibility because scalar

exchange produces no hyperfine interaction, in accord with
observation [1,2]. The emission of possible new vector
particles becomes copious at high energies, and in the
absence of an ultraviolet completion, is ruled out [11].
Scalar boson exchange can account for both the proton

radius puzzle and the ðg − 2Þμ discrepancy [9]. The shift of

the lepton ðl ¼ μ; eÞ muon’s magnetic moment due to
one-loop ϕ exchange is given by [12]
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where fðxÞ ¼ x2=ð1þ xÞ4 [9,14], with alN ¼ ðZαmlNÞ−1
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ð1 − zÞ2ð1þ zÞ
ð1 − zÞ2 þ ðmϕ=mlÞ2z

: ð1Þ

Scalar exchange between fermions f1 and f2 leads to a
Yukawa potential, VðrÞ ¼ −ϵf1ϵf2αe

−mϕr=r. In atomic
systems, this leads to an additional contribution to the
Lamb shift in the 2S-2P transition. For an atom of A and
Z this shift is given by [13]

δElN
L ¼ −

α
2alN

ϵl½Zϵp þ ðA − ZÞϵn&fðalNmϕÞ; ð2Þ

where fðxÞ ¼ x2=ð1þ xÞ4 [9,14], with alN ¼ ðZαmlNÞ−1
the Bohr radius and mlN the reduced mass of the lepton-
nucleus system. Throughout this Letter we set

Δaμ ¼ 287ð80Þ × 10−11; δEμH
L ¼ −0.307ð56Þ meV

ð3Þ

within 2 standard deviations. This value of δEμH
L is equal

to the energy shift caused by using the different values of
the proton radius [1–3,15]. Using Eq. (3) allows us to
determine both ϵp and ϵμ as functions of mϕ. The
unshaded regions in Figs. 1 and 3 show the values of
ϵp and ϵμ, as functions of the scalar’s mass, which lead to
the values of Δaμ and δEμH

L in Eq. (3).
We study several observables sensitive to the couplings

of the scalar to neutrons ϵn and protons ϵp to obtain new
bounds on mϕ.
(i) Low energy scattering of neutrons on 208Pb has been

used to constrain light force carriers coupled to nucleons
[16], assuming a coupling of a scalar to nucleons of gN .
Using the replacement
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Eta decay and muonic  puzzles 1805.01028
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Beam dump experiments do not see

� ! e+e�, � ! ��
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Previously � couples to p, n, e, µ
Now � couples to u, d, eµ
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Allowed mass range from 200 KeV to 3 MeV

Excluded

Observed rate
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Figure 11. Decay rate of ⌘ ! ⇡0�⇤ ! ⇡0�� (shaded region is
allowed to decay). The decay width with a superscript f indicates
the process decaying through f fermion loop. The solid blue, dashed
green, dotted red, and dotted dashed yellow lines are ⌘! ��� through
u quark, d quark, muon, and electron loops. The horizontal gray line
is the observed decay width. The vertical line indicates where the
decay rate of ⌘ ! ⇡�� through muon loop channel is greater than
observed value plus 3�.

assume that the actual proton radius lies within 3� of both
new and old experiments. Such a value is between 0.8568 to
0.8620 fm. First, following our previous work, we obtain the
constraint of ✏

p

, ✏
n

, ✏µ, ✏
u

, and ✏
d

, and the results are shown
in Figs. 12–16, respectively. Second, we repeat the analysis
in Secs. VI and VII, and obtain the � decay rate in di�erent
channels in Fig. 17, ✏

e

exclusion plot in Fig. 18, ⌘! ⇡0µ+µ�

decay rate in Fig. 19, and ⌘ ! ⇡0�� decay rate in di�erent
channels in Fig. 20. Finally, we obtain the allowed m� is from
168 keV to 2.50 MeV and ✏

u

, ✏
p

, and ✏µ are all around 10�3.
Note that ✏

n

is completely ruled out with the new result and
this means that the scalar coupling to the neutron is zero, i.e.
✏
u

= �2✏
d

.
At first glance, one might think that the e�ect of new physics

is approximately halved, therefore the constraint should be
less strict. This intuition is not correct. Comparing with the
results in Sec. VII, we see that the upper bound of m� becomes
smaller. The problem is that the e�ect of ✏

n

should be included
carefully. To correctly analyze it, examine Eq. (36). The
⌘! ⇡0�� decay rate is proportional to (✏

u

� ✏
d

)2 (this factor
comes from the ⌘⇡0� vertex). In the previous scenario, ✏

d

can
be positive (see Fig. 5), so (✏

u

� ✏
d

)2 can be smaller than ✏2
u

;
in this section, ✏

d

stays negative in the allowed m� range (see
Fig. 16), so (✏

u

� ✏
d

)2 is bigger than ✏2
u

. The root cause of this
strange behavior can be traced back to ✏

n

can be non-zero in
the previous scenario, but strictly zero in this scenario.

IX. CONCLUSION

Our previous work limits the existence of the new scalar
boson to the mass range of about 160 keV to 60 MeV. Here
we reanalyze the beam dump experiments and find that the
exclusion region is quite di�erent than that of the previous work

Figure 12. Exclusion plot for ✏
p

(shaded region is excluded). See
caption of Fig. 1 for more details.

Figure 13. Exclusion plot for ✏
n

(shaded region is excluded). See
caption of Fig. 2 for more details.

Figure 14. Exclusion plot for ✏µ (shaded region is excluded). See
caption of Fig. 3 for more details.

[45]. With strong interaction input to ⌘ decay from the NJL
model, we present a tighter constraint on the new scalar boson
�: The mass range is now from 160 keV to 3.5 MeV, ✏

u

, ✏
p

,
and ✏µ are all around 10�3, ✏

n

is from �0.4 to 0.2.
We also considered the scenario where the new physics

1

�(⌘!⇡��)
�⌘ total

Allowed shaded

Liping Gan suggestion
Low mass excluded by nuclear physics

� decay to �� via triangle diagram
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Density in EIC Context-I Non-relativistic  
Wigner distributions (one-body)

W (R,P) =

R
d3r

(2⇡)3 hR+ r/2| ih |R� r/2ie�iP·r

R
W (R,P)d3P = |hR| i|2, coordinate� space density

R
W (R,P)d3R = |hP| i|2, momentum� space density unintegrated parton distributionR
W (R,P)d3Rd2PT = |hPz| i|2, parton distributionR
W (R,P)dRzd2 PT = |hRT , Pz| i|2, impact parameter parton distribution
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3+3=6 variables 



Figure 2.2: Connections between different quantities describing the distribution of partons inside
the proton. The functions given here are for unpolarized partons in an unpolarized proton;
analogous relations hold for polarized quantities.
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“T ime”, x

+
= x

0
+ x

3
, “Evolve”, p

�
= p

0 � p

3

“Space”, x

�
= x

0 � x

3
, “Momentum”, p

+
(Bjorken)

Transverse position, momentum b,p

Light front, Infinite momentum frame

These variables are used in GPDs, TMDs, standard variables

transverse boosts in kinematic subgroup
k! k� k+v

space� like qµ, q+
= 0,

momentum transfer in transverse direction

then density is 2 Dimensional  
Fourier Transform
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1

TRUE CHARGE DENSITY

IMF: electromagnetic charge density J0 ! J+
: True Density

J+
(x�,b) =

X

q

e
q

q(x�,b)�+q(x�,b) =
X

q

e
q

q†+(x
�,b)q+(x

�,b) (1)

Relate to GPD

H
q

(x, t) =

Z
dx�

4⇡
hp+,p0,�|q̄(�x�

2

,0)�+q(
x�

2

,0)|p+,p,�ieixp
+
x

�
, A+

= 0 (2)

�t = �(p0 � p)2 = (p0 � p)2 = q2
.

F1(q
2
) =

X

q

e
q

Z
dxH

q

(x, t) =
hp0+,p0,�|J+

(0)|p+,p,�i
2p+

(3)

��p+,R = 0,�
↵
⌘ N

Z
d2p

(2⇡)2
p

2p+

��p+,p,�
↵
, (4)

Transverse distance b relative to R = 0 defined

Use (4) in (3), 2Dim Fourier transform, translational invariance + integrate:

Transverse Density

Z
d2qe�iq·bF1(q

2
) =

Z
dx� ⌦

p+,R = 0,�
�� q†+(x�,b)q+(x

�,b)
��p+,R = 0,�

↵
⌘ ⇢(b) (5)

Density



2

TRUE VS. NON-RELATIVISTIC DENSITY

⇢(b) is a true density: matrix element of density operator between identical initial and final states.

Depends only on the two-dimensional transverse variable b- longitudinal boosts depend on interactions

⇢NR(r) ⌘
Z

d3q

(2⇡)3
ei~q·~rG

E

(~q 2), (r =
p

b2 + z2)

⇢NR,T(b) =

Z 1

�1
dz ⇢NR(

p
b2 + z2 =

1

2⇡

Z 1

0
dQQJ0(bQ)G

E

(Q2)

⇢(b) =
1

2⇡

Z 1

0
dQQJ0(bQ)F1(Q

2)

Get true transverse density from non-rel G
E

! F1.

� � � � ��
�

�
���

����

����

����

����

� ρ(�) ����

FIG. 1. True (solid) vs non-relativistic (dashed) density

True 
phonyTrue is narrower

phony



3

Relativistic Moment Expansion- RME

F1(Q
2) =

Z
d2b⇢(b)eiQ·b

Power series in iQ · b and Taylor expand F1(Q
2) in powers of Q2. Equate

F1(Q
2) =

1X

n=0

(�1)n
(2n� 1)!!

2n n!(2n)!
hb2niQ2nF

(n)
1 (0)),

F
(n)
1 (0) is n’th derivative of F1 with respect to Q2 at Q2 = 0:

F1(Q
2) ⇡ 1� Q2

4
hb2iF (1)

1 (0) +
Q4

64
hb4iF (2)

1 (0) + · · · .

hb2ni Lorentz invariant.

Hydrogen spectroscopy gets the moments hr2,4iNR.

hb2i = 2

3
hr2iNR � 

4M2
, hb4i = 8

15
hr4iNR +

8

3M2
hr2iNR � 4µ

3M2
hr2

M

iNR � 4

M4
,

µ = 1 + , hr2
M

iNR ⌘ �6G0
M

(0).

hb2ni =
R
d2bb2n⇢(b)
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Summary
• Hydrogen spectroscopy and electron scattering both measure the slope 

of GE. 

• If the proton radius puzzle exists:  new scalar boson of mass from 300 
KeV to 3  MeV exist?  narrow target JLab 

• Direct detection is needed.

•  Need PRad & Hessels data to publish to better limits on 2photon and 
scalar mesons

• True honest density is two-dim Fourier transform of F1. 

29

⌘ decay
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⇢(b)
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⇢(b) is closely connected to EIC formalism
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Does 4%  matter? 
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Does 4%  matter? 
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Deuteron is smaller too
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Two photon exchange 

2

of momentum q = p′ − p.as:

Γµ(p′, p) = γµ
NF1(−q2) + F1(−q2)F (−q2)Oµ

a,b,c (2)

Oµ
a =

(p + p′)µ

2M
[Λ+(p′)

(p · γN − M)

M
+

(p′ · γN − M)

M
Λ+(p)]

Oµ
b = ((p2 − M2)/M2 + (p′

2
− M2)/M2)γµ

N

Oµ
c = Λ+(p′)γµ

N

(p · γN − M)

M
+

(p′ · γN − M)

M
γµ

NΛ+(p),

where three possible forms are displayed. Other terms of
the vertex function needed to satisfy the WT identity do
not contribute significantly to the Lamb shift and are not
shown explicitly. The proton Dirac form factor, F1(−q2)
is empirically well represented as a dipole F1(−q2) = (1−
q2/Λ2)−2, (Λ = 840 MeV) for the values of −q2 ≡ Q2 > 0
of up to about 1 GeV2 needed here. F (−q2) is an off-
shell form factor, and Λ+(p) = (p · γN + M)/(2M) is an
operator that projects on the on-mass-shell proton state.
We use Oa unless otherwise stated.

We take the off-shell form factor F (−q2) to vanish at
q2 = 0. This means that the charge of the off-shell proton
will be the same as the charge of a free proton, and is
demanded by current conservation as expressed through
the Ward-Takahashi identity [24, 25]. We assume

F (−q2) =
−λq2/b2

(1 − q2/Λ̃2)1+ξ
. (3)

This purely phenomenological form is simple and clearly
not unique. The parameter b is expected to be of the
order of the pion mass, because these longest range com-
ponents of the nucleon are least bound and more suscep-
tible to the external perturbations putting the nucleon
off its mass shell. At large values of |q2|, F has the same
fall-off as F1, if ξ = 0. We take Λ̃ = Λ here.

We briefly discuss the expected influence of using
Eq. (2). The ratio, R, of off-shell effects to on-shell ef-

fects, R ∼ (p·γN−M)
M λ q2

b2 , (|q2| ≪ Λ2) is constrained by
a variety of nuclear phenomena such as the EMC effect
(10-15%), uncertainties in quasi-elastic electron-nuclear
scattering [26], and deviations from the Coulomb sum
rule [27]. For a nucleon experiencing a 50 MeV central
potential, (p · γN − M)/M ∼ 0.05, so λq2/b2 is of or-
der 2. The nucleon wave functions of light-front quark-
models [33] contain a propagator depending on M2.
Thus the effect of nucleon virtuality is proportional to
the derivative of the propagator with respect to M , or of
the order of the wave function divided by difference be-
tween quark kinetic energy and M . This is about three
times the average momentum of a quark (∼ 200 MeV/c)
divided by the nucleon radius or roughly M/2. Thus
R ∼ (p · γN − M)2/M , and the natural value of λq2/b2

is of order 2.
The lowest order term in which the nucleon is suffi-

ciently off-shell in a muonic atom for this correction to
produce a significant effect is the two-photon exchange
diagram of Fig. 1 and its crossed partner, including an

ℓ

P

ℓ − k

P

ℓ

FIG. 1: Direct two-photon exchange graph corresponding to
the hitherto neglected term. The dashed line denotes the
lepton; the solid line, the nucleon; the wavy lines photons;
and the ellipse the off-shell nucleon.

interference between one on-shell and one off-shell part
of the vertex function. The change in the invariant am-
plitude, MOff , due to using Eq. (2) along with Oµ

a , to be
evaluated between fermion spinors, is given in the rest
frame by

MOff =
e4

2M2

∫
d4k

(2π)4
F 2

1 (−k2)F (−k2)

(k2 + iϵ)2
(4)

×(γµ
N (2p + k)ν + γν

N (2p + k)µ)

×

[
γµ

(l · γ − k · γ + m)

k2 − 2l · k + iϵ
γν + γν

(l · γ + k · γ + m)

k2 + 2l · k + iϵ
γµ

]
,

where the lepton momentum is l = (m, 0, 0, 0), the vir-
tual photon momentum is k and the nucleon momentum
p = (M, 0, 0, 0). The intermediate proton propagator
is cancelled by the off-mass-shell terms of Eq. (2). This
graph can be thought of as involving a contact interaction
and the amplitude in Eq. (4) as a new proton polariza-
tion correction corresponding to a subtraction term in the
dispersion relation for the two-photon exchange diagram
that is not constrained by the cross section data [34].
The resulting virtual-photon-proton Compton scattering
amplitude, containing the operator γµ

Nγν
N corresponds to

the T2 term of conventional notation [35], [36]. Eq. (4)
is gauge-invariant; not changed by adding a term of the
form kµ kν/k4 to the photon propagator.

Evaluation proceeds in a standard way by taking the
sum over Dirac indices, performing the integral over k0

by contour rotation, k0 → −ik0, and integrating over the
angular variables. The matrix element M is well approx-
imated by a constant in momentum space, for momenta
typical of a muonic atom, and the corresponding poten-
tial V = iM has the form V (r) = V0δ(r) in coordinate
space. This is the “scattering approximation” [3]. Then
the relevant matrix elements have the form V0 |Ψ2S(0)|2,
where Ψ2S is the muonic hydrogen wave function of the
state relevant to the experiment of Pohl et al. We use
|Ψ2S(0)|2 = (αmr)3/(8π), with the lepton-proton re-

 energy shift proportional
 to lepton mass4

Measured =206.2949(32)= 206.0573(45)-5.2262 rp2+0.0347 rp3 meV  
computed
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Re part of virtual Compton scattering 
Im part is measured 

use dispersion relations
but unknown subtraction function is needed 

T1(q0, Q2) = T1(0, Q2) + (· · · )q0P
R
d⌫ ImT1(⌫,Q

)

⌫(⌫�q0)
Can account for 0.31 meV, no conflict with e-H

no conflict with np  mass difference
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The Experiment
Muonic Hydrogen

∆E2S−2P
Lamb

2P1/2

2S1/2

The Lamb shift is the splitting
of the degenerate 2S1/2 and 2P1/2

eigenstates, due to vacuum polar-
ization

VV P (r) = −
Zα

r

α

3π

∫ ∞

4

d(q2)

q2
e−meqr

√

1−
4

q2

(

1 +
2

q2

)

J. Carroll — Proton Radius Puzzle — Slide 8

The Lamb shift is the splitting of the degenerate 
2S1/2 and 2P1/2 eigenstates

• Muon/electron mass ratio 205! 8 million times larger for 
muon

Proton radius in 
Lamb shift

�E = h S |VC � V pt
C | Si =

2

3
⇡↵| S(0)|2(�6G0

E(0))
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What is the proton radius?QFT system� nearlymassless quarkswith gluons?

Measured in hydrogen atom spectroscopy and electron-proton elastic scattering.

Separate, clear, literature -both fields: �6G0
E(0) ⌘ r2p Sachs electric form factor

Probability amplitude that photon qµ (Q2
= �q2) absorbtion leaves proton in

ground state.
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⇢1(x�,b) = hp+
,R = 0, �|

X

q

eqq
†
+(x�, b)q+(x�, b)|p+

,R = 0, �i

⇢(b) ⌘
Z

dx

�
⇢1(x�,b) =

Z
QdQ

2⇡

F1(Q2)J0(Qb)

Density is u� ū, d� d̄

F1(Q2) =
R
d2b⇢(b)eiq·b

Model independent transverse charge density

Charge Density

Soper ’77

Two dimensional FT

b is impact parameter
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a factor of 3:
barely visible in loglog plot
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have same scale



Nuclear Physics constraints 
✏n/✏p

38

If ✏n = ✏p scalar is ruled out by n-208Pb scattering
If ✏n has opposite sign as ✏p parameter space widens
Other constraints:
NN scattering, nuclear matter & 3He�3 H binding
muonic D, 3He
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Beam dump experiments
Beam dumps absorb beam of charged particles

e+27Al to dissipate energy
hope e+27Al  makes  penetrating new particles

�
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?
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Validity of the Weizsäcker-Williams approximation and the analysis

of beam dump experiments: Production of a new scalar boson

Yu-Sheng Liu,* David McKeen,† and Gerald A. Miller‡

Department of Physics, University of Washington, Seattle, Washington 98195-1560, USA
(Received 15 October 2016; published 14 February 2017)

Beam dump experiments have been used to search for new particles with null results interpreted in terms
of limits on masses mϕ and coupling constants ϵ. However these limits have been obtained by using
approximations [including the Weizsäcker-Williams (WW) approximation] or Monte-Carlo simulations.
We display methods, using a new scalar boson as an example, to obtain the cross section and the resulting
particle production numbers without using approximations or Monte-Carlo simulations. We show that the
approximations cannot be used to obtain accurate values of cross sections. The corresponding exclusion
plots differ by substantial amounts when seen on a linear scale. In the event of a discovery, we generate
pseudodata (assuming given values of mϕ and ϵ) in the currently allowed regions of parameter space. The
use of approximations to analyze the pseudodata for the future experiments is shown to lead to considerable
errors in determining the parameters. Furthermore, a new region of parameter space can be explored
without using one of the common approximations, mϕ ≫ me. Our method can be used as a consistency
check for Monte-Carlo simulations.

DOI: 10.1103/PhysRevD.95.036010

I. INTRODUCTION

Beam dump experiments have been aimed at searching
for new particles, such as dark photons and axions (see, e.g.
[1] and references therein) that decay to lepton and/or
photon pairs. Electron beam dumps in particular have
received a large amount of theoretical attention in recent
years [2,3]. The typical setup of an electron beam dump
experiment is to dump an electron beam into a target, in
which the electrons are stopped (For a discussion of proton
beam dumps, which is beyond the scope of this work, see,
e.g. [4,5]). The new particles produced by the bremsstrah-
lung-like process pass through a shield region and decay.
These new particles can be detected by their decay
products, electron and/or photon pairs, measured by the
detector downstream of the decay region. Previous work
simplified the necessary phase space integral by using the
Weizsäcker-Williams (WW) approximation [6,7] which,
also known as method of virtual quanta, is a semiclassical
approximation. The idea is that the electromagnetic field
generated by a fast moving charged particle is nearly
transverse which is like a plane wave and can be approxi-
mated by real photon. The use of the WWapproximation in
bremsstrahlung processes was developed in Refs. [8,9] and
applied to beam dump experiments in Refs. [2,10]. The
WW approximation simplifies evaluation of the integral
over phase space and approximates the 2 particle to 3
particle (2 to 3) cross section in terms of a 2 particle to 2
particle (2 to 2) cross section. For theWWapproximation to

work in a beam dump experiment, it needs the incoming
beam energy to be much greater than the mass of the new
particle, mϕ, and electron mass me.
The previous work [2] used the following three

approximations:
(1) WW approximation;
(2) a further simplification of the phase space integral,

see Eq. (31);
(3) mϕ ≫ me.

The combination of the first two approximations has been
denoted [8] the improved WW (IWW) approximation. The
name “improved WW” might be somewhat misleading
since the procedure reduces the computational time but not
to improve accuracy). In this paper, we will focus on
examining the validity of WW and IWW approximations
(The validity of WW approximation is also discussed in
other processes, e.g. [11]). The third approximation used to
simplify the calculation of amplitude, however, is not in our
scope because it is merely a special case by cutting off our
results when mϕ ≲ 2me. Nevertheless, we should point out
that without using the third approximation we can use beam
dump experiments to explore a larger parameter space.
As an example, we use the beam dump experiment E137

[12] and the production of a new scalar boson, which we
denote ϕ. Interest in a new scalar boson arose recently
because such particle which couples to standard model
fermions can solve the proton radius puzzle and muonic
anomalous magnetic moment discrepancy simultaneously
[13,14]. However, the techniques we introduce can be used
for the production and possible detection of other particles.
The outline of this paper is as follows. In Sec. II, we

calculate the squared amplitude for 2 to 3 and 2 to 2

*mestelqure@gmail.com
†dmckeen@pitt.edu
‡miller@phys.washington.edu
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processes. In Sec. III, the cross sections for the 2 to 3 and 2
to 2 processes are calculated in the lab frame without any
approximation. In Sec. IV, we introduce the WW approxi-
mation. In Sec. V, we derive and compare the cross sections
with and without approximations. In Sec. VI, we compare
the number of new particles produced in beam dump
experiments with and without approximations. In
Sec. VII, we assume that this new scalar boson is observed
and measured in beam dump experiment, determine the
mass and coupling constant, and compare the results with
and without approximations. A discussion is presented in
Sec. VIII.

II. DYNAMICS—A NEW SCALAR BOSON
AS AN EXAMPLE

For simplicity, we assume that the new scalar boson ϕ
only couples to electron by a Yukawa interaction, i.e. the
scalar boson does not couple to other standard model
fermions other than electron. The Lagrangian in the mostly-
plus metric is

L ⊃ −
1

2
ð∂ϕÞ2 − 1

2
m2

ϕϕ
2 þ eϵϕψ̄ψ ð1Þ

where ϵ ¼ g=e, e is the electric charge, and ψ is the electron
field. Once the scalar boson is produced, it will decay to
photons pairs through the electron loop,

Γϕ→γγ ¼ ϵ2
α3

4π2
m3

ϕ

m2
e
f
!
m2

ϕ

4m2
e

"
; ð2Þ

where me is the electron mass and fðτÞ ¼
1
4τ2 j1þ ð1 − 1

τÞðsin
−1 ffiffiffi

τ
p

Þ2j2. If mϕ > 2me, the scalar boson
can also decay to electron pairs,

Γϕ→eþe− ¼ ϵ2
α
2
mϕ

!
1 −

4m2
e

m2
ϕ

"
3=2

: ð3Þ

A. 2 to 3 production

The leading production process is the bremsstrahlung-
like radiation of the scalar from the electron, shown in
Fig. 1,

eðpÞ þ AðPiÞ → eðp0Þ þ AðPfÞ þ ϕðkÞ ð4Þ

where e, A, and ϕ stand for electron, target atom, and the
new scalar boson, respectively. We define the following
quantities using the mostly-plus metric

~s ¼ −ðp0 þ kÞ2 −m2
e ¼ −2p0 · kþm2

ϕ

~u ¼ −ðp − kÞ2 −m2
e ¼ 2p · kþm2

ϕ

t2 ¼ −ðp0 − pÞ2 ¼ 2p0 · pþ 2m2
e

q ¼ Pi − Pf

t ¼ q2 ð5Þ

which satisfy

~sþ t2 þ ~uþ t ¼ m2
ϕ: ð6Þ

For definiteness, we assume the atom is a scalar boson
(its spin is not consequential here) so that the Feynman rule
for the photon-atom vertex is

ieFðq2ÞðPi þ PfÞμ ≡ ieFðq2ÞPμ ð7Þ

where Fðq2Þ is the form factor which accounts for the
nuclear form factor [15] and the atomic form factor [16].
Here, we only include the elastic form factor since the
contribution of the inelastic one is much smaller and can be
neglected in computing the cross section. The amplitude of
the process in Fig. 1 is

M2→3 ¼ e2g
Fðq2Þ
q2

ūp0;s0

×
$
P
−ðp − kÞ þme

− ~u
þ −ðp0 þ kÞ þme

−~s
P
%
up;s

ð8Þ

where up;s is the electron spinor; s and s0 are equal to %1.
After averaging and summing over initial and final spins,
we have

jM2~3j2 ¼
!
1

2

X

s

"X

s0
jM2→3j2¼ e4g2

Fðq2Þ2

q4
A2→3 ð9Þ

where

FIG. 1. Lowest order 2 to 3 production process:
eðpÞ þ AðPiÞ → eðp0Þ þ AðPfÞ þ ϕðkÞ. A, γ, e, and ϕ stand
for the target atom, photon, electron, and the new scalar boson.
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Better analysis if discovery
Validity of the Weizsäcker-Williams approximation and the analysis
of beam dump experiments: Production of an axion, a dark photon,

or a new axial-vector boson

Yu-Sheng Liu* and Gerald A. Miller†

Department of Physics, University of Washington, Seattle, Washington 98195-1560, USA
(Received 15 May 2017; published 10 July 2017)

Beam dump experiments have been used to search for new particles, ϕ, with null results interpreted in
terms of limits on masses mϕ and coupling constants ϵ. However these limits have been obtained by using
approximations [including the Weizsäcker-Williams (WW) approximation] or Monte Carlo simulations.
We display methods to obtain the cross section and the resulting particle production rates without using
approximations on the phase space integral or Monte Carlo simulations. In our previous work we examined
the case of the new scalar boson production; in this paper we explore all possible new spin-0 and spin-1
particles. We show that the approximations cannot be used to obtain accurate values of cross sections. The
corresponding exclusion plots differ by substantial amounts when seen on a linear scale. Furthermore, a
new region (mϕ < 2me) of parameter space can be explored without using one of the common
approximations, mϕ ≫ me. We derive new expressions for the three-photon decays of dark photon and
four-photon decays of new axial-vector bosons. As a result, the production cross section and exclusion
region of different low mass (mϕ < 2me) bosons are very different. Moreover, our method can be used as a
consistency check for Monte Carlo simulations.

DOI: 10.1103/PhysRevD.96.016004

I. INTRODUCTION

In our previous work [1], as an example, we used the
beam dump experiment E137 [2] and the production of a
new scalar boson to demonstrate our technique for analysis
of beam dump experiments. In this paper, we further
include all possible new spin-0 and spin-1 particles, which
we denote ϕ; they are pseudoscalar, vector, and axial-vector
bosons.
Beam dump experiments have been aimed at searching

for new particles, such as dark photons and axions (see,
e.g., [3] and references therein) that decay to lepton pairs
and/or photons. Electron beam dumps in particular have
received a large amount of theoretical attention in recent
years [4,5]. The typical setup of an electron beam dump
experiment is to dump an electron beam into a target, in
which the electrons are stopped. The new particles pro-
duced by the bremsstrahlunglike process pass through a
shield region and decay. These new particles can be
detected by their decay products, electron and/or photon
pairs, measured by the detector downstream of the decay
region. Previous earlier work simplified the necessary
phase space integral by using the Weizsäcker-Williams
(WW) approximation [6,7] which, also known as the
method of virtual quanta, is a semiclassical approximation.
The idea is that the electromagnetic field generated by a
fast-moving charged particle is nearly transverse which is

like a plane wave and can be approximated by a real
photon. The use of the WW approximation in bremsstrah-
lung processes was developed in Refs. [8,9] and applied to
beam dump experiments in Refs. [4,10]. The WWapproxi-
mation simplifies evaluation of the integral over phase
space and approximates the 2 particle to 3 particle (2 to 3)
cross section in terms of a 2 particle to 2 particle (2 to 2)
cross section. For the WW approximation to work in a
beam dump experiment, it needs the incoming beam energy
to be much greater than the mass of the new particle, mϕ,
and electron mass me.
The previous work [4] used the following three

approximations:
1. WW approximation;
2. a further simplification of the phase space integral

[see Eq. (28)];
3. mϕ ≫ me.

The combination of the first two approximations has been
denoted [8] the improved WW (IWW) approximation. (The
name “improved WW” might be somewhat misleading
since the procedure reduces the computational time but
does not improve accuracy.) In this paper, we will focus on
examining the validity of WW and IWW approximations
for the production of axions, dark photons and new axial-
vector bosons. The third approximation used to simplify the
calculation of amplitude, however, is not in our scope
because it is merely a special case by cutting off our results
when mϕ ≲ 2me. Nevertheless, we should point out that
without using the third approximation we can use beam
dump experiments to explore a larger parameter space.

*mestelqure@gmail.com
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Our approach
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More constrains Coupling to 
electron ✏e

e+e� resonant (?) scattering

not seen
Hydrogen atom Lamb shift �EH

L < 45 kHz
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BD is beam dump
discussed next
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Almost unknown T̄1(0, Q
2) Miller PLB 2012

Recast in EFT- parameters seem natural

Soft proton
F
loop

(Q2)

Infinite F
loop

(Q2

) give 0.31 meV

satisfy all constraints

Q2

number of
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So far size of this term cannot be determined from 
theory-experiment is needed

Ch, PT

OPE

�Esubt / ↵2m 2

S(0)
R dQ2

Q2 · · ·F
loop

(Q2)

   lattice QCD may disprove above sentence



Nuclear Physics constraints 

• Low energy scattering of neutrons on

208
Pb using �-nucleon coupling gN .

g2
N
e2 ! A�Z

A ✏2n +

Z
A✏p✏n cancellation evades previous limits

• NN charge-independence breaking scattering length

�a = (app + ann)/2� anp, measured: 5.64(60) fm, theory: 5.6(5)

Scalar boson exchange: �a� /
R1
0 �V ūunpdr  1.6 fm (2 S.D.)

• Change in binding energy/A infinite nuclear matter: less than 1 MeV

• binding energy B(

3He)�B(

3H)= 763.76 keV due to Coulomb (693 keV)

+ strong force charge symmetry breaking (68 keV) � exchange < 30 keV

✏n/✏p

44



MUSE and scalar

• No scattering experiment can detect a coupling this 
weak

• If this scalar exists  (and other e H large radius 
experiments correct) MUSE will find  electrons/positrons  
see the same large radius and

• muons and anti-muons will see the same large radius 

• If no puzzle: all leptons see small radius

• In any case MUSE limits two photon (biggest uncertainty)

V�(r) = �1.7⇥ 10�6 ↵
e�m� r

r
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Figure 3 shows the two measured mp res-
onances. Details of the data analysis are given
in (12). The laser frequency was changed every
few hours, and we accumulated data for up to
13 hours per laser frequency. The laser frequen-
cy was calibrated [supplement in (6)] by using
well-known water absorption lines. The reso-
nance positions corrected for laser intensity ef-
fects using the line shape model (12) are

ns ¼ 54611:16(1:00)stat(30)sysGHz ð2Þ

nt ¼ 49881:35(57)stat(30)sysGHz ð3Þ

where “stat” and “sys” indicate statistical and sys-
tematic uncertainties, giving total experimental un-
certainties of 1.05 and 0.65 GHz, respectively.
Although extracted from the same data, the fre-
quency value of the triplet resonance, nt, is slightly
more accurate than in (6) owing to several improve-
ments in the data analysis. The fitted line widths
are 20.0(3.6) and 15.9(2.4) GHz, respectively, com-
patible with the expected 19.0 GHz resulting from
the laser bandwidth (1.75 GHz at full width at half
maximum) and the Doppler broadening (1 GHz)
of the 18.6-GHz natural line width.

The systematic uncertainty of each measure-
ment is 300 MHz, given by the frequency cal-
ibration uncertainty arising from pulse-to-pulse
fluctuations in the laser and from broadening
effects occurring in the Raman process. Other
systematic corrections we have considered are
the Zeeman shift in the 5-T field (<60 MHz),
AC and DC Stark shifts (<1 MHz), Doppler
shift (<1 MHz), pressure shift (<2 MHz), and
black-body radiation shift (<<1 MHz). All these
typically important atomic spectroscopy system-
atics are small because of the small size of mp.

The Lamb shift and the hyperfine splitting.
From these two transition measurements, we
can independently deduce both the Lamb shift
(DEL = DE2P1/2−2S1/2) and the 2S-HFS splitting
(DEHFS) by the linear combinations (13)

1
4
hns þ

3
4
hnt ¼ DEL þ 8:8123ð2ÞmeV

hns − hnt ¼ DEHFS − 3:2480ð2ÞmeV ð4Þ

Finite size effects are included in DEL and
DEHFS. The numerical terms include the cal-
culated values of the 2P fine structure, the 2P3/2
hyperfine splitting, and the mixing of the 2P
states (14–18). The finite proton size effects on
the 2P fine and hyperfine structure are smaller
than 1 × 10−4 meV because of the small overlap
between the 2P wave functions and the nu-
cleus. Thus, their uncertainties arising from
the proton structure are negligible. By using
the measured transition frequencies ns and nt
in Eqs. 4, we obtain (1 meV corresponds to
241.79893 GHz)

DEexp
L ¼ 202:3706(23) meV ð5Þ

DEexp
HFS ¼ 22:8089(51) meV ð6Þ

The uncertainties result from quadratically
adding the statistical and systematic uncertain-
ties of ns and nt.

The charge radius. The theory (14, 16–22)
relating the Lamb shift to rE yields (13):

DEth
L ¼ 206:0336(15Þ − 5:2275(10Þr2E þ DETPE

ð7Þ

where E is in meV and rE is the root mean
square (RMS) charge radius given in fm and
defined as rE

2 = ∫d3r r2 rE(r) with rE being the
normalized proton charge distribution. The first
term on the right side of Eq. 7 accounts for
radiative, relativistic, and recoil effects. Fine and
hyperfine corrections are absent here as a con-
sequence of Eqs. 4. The other terms arise from
the proton structure. The leading finite size effect
−5.2275(10)rE2 meV is approximately given by
Eq. 1 with corrections given in (13, 17, 18).
Two-photon exchange (TPE) effects, including the
proton polarizability, are covered by the term
DETPE = 0.0332(20) meV (19, 24–26). Issues
related with TPE are discussed in (12, 13).

The comparison of DEth
L (Eq. 7) with DEexp

L
(Eq. 5) yields

rE ¼ 0:84087(26)exp(29)th fm
¼ 0:84087(39) fm ð8Þ

This rE value is compatible with our pre-
vious mp result (6), but 1.7 times more precise,
and is now independent of the theoretical pre-
diction of the 2S-HFS. Although an order of
magnitude more precise, the mp-derived proton
radius is at 7s variance with the CODATA-2010
(7) value of rE = 0.8775(51) fm based on H spec-
troscopy and electron-proton scattering.

Magnetic and Zemach radii. The theoretical
prediction (17, 18, 27–29) of the 2S-HFS is (13)

DEth
HFS ¼ 22:9763(15Þ − 0:1621(10)rZ þ DEpol

HFS

ð9Þ

where E is in meVand rZ is in fm. The first term is
the Fermi energy arising from the interaction
between the muon and the proton magnetic mo-
ments, corrected for radiative and recoil con-
tributions, and includes a small dependence of
−0.0022rE2 meV = −0.0016 meVon the charge
radius (13).

The leading proton structure term depends
on rZ, defined as

rZ ¼ ∫d3r∫d3r′r′rE(r)rM(r − r′) ð10Þ

with rM being the normalized proton mag-
netic moment distribution. The HFS polariz-

Fig. 1. (A) Formation of mp in highly excited states and subsequent cascade with emission of “prompt”
Ka, b, g. (B) Laser excitation of the 2S-2P transition with subsequent decay to the ground state with Ka
emission. (C) 2S and 2P energy levels. The measured transitions ns and nt are indicated together with
the Lamb shift, 2S-HFS, and 2P-fine and hyperfine splitting.
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• previous cross sections obtained w. WW approximation

• cross sections not accurate 

• exclusion plots changed substantially

• if discovery, WW gives wrong parameters

• not necessary to assume mass of new particle is much 
much greater than mass of electron

Validity of the Weizsäcker-Williams approximation and the analysis
of beam dump experiments: Production of a new scalar boson

Yu-Sheng Liu,* David McKeen,† and Gerald A. Miller‡

Department of Physics, University of Washington, Seattle, Washington 98195-1560, USA
(Received 15 October 2016; published 14 February 2017)

Beam dump experiments have been used to search for new particles with null results interpreted in terms
of limits on masses mϕ and coupling constants ϵ. However these limits have been obtained by using
approximations [including the Weizsäcker-Williams (WW) approximation] or Monte-Carlo simulations.
We display methods, using a new scalar boson as an example, to obtain the cross section and the resulting
particle production numbers without using approximations or Monte-Carlo simulations. We show that the
approximations cannot be used to obtain accurate values of cross sections. The corresponding exclusion
plots differ by substantial amounts when seen on a linear scale. In the event of a discovery, we generate
pseudodata (assuming given values of mϕ and ϵ) in the currently allowed regions of parameter space. The
use of approximations to analyze the pseudodata for the future experiments is shown to lead to considerable
errors in determining the parameters. Furthermore, a new region of parameter space can be explored
without using one of the common approximations, mϕ ≫ me. Our method can be used as a consistency
check for Monte-Carlo simulations.

DOI: 10.1103/PhysRevD.95.036010

I. INTRODUCTION

Beam dump experiments have been aimed at searching
for new particles, such as dark photons and axions (see, e.g.
[1] and references therein) that decay to lepton and/or
photon pairs. Electron beam dumps in particular have
received a large amount of theoretical attention in recent
years [2,3]. The typical setup of an electron beam dump
experiment is to dump an electron beam into a target, in
which the electrons are stopped (For a discussion of proton
beam dumps, which is beyond the scope of this work, see,
e.g. [4,5]). The new particles produced by the bremsstrah-
lung-like process pass through a shield region and decay.
These new particles can be detected by their decay
products, electron and/or photon pairs, measured by the
detector downstream of the decay region. Previous work
simplified the necessary phase space integral by using the
Weizsäcker-Williams (WW) approximation [6,7] which,
also known as method of virtual quanta, is a semiclassical
approximation. The idea is that the electromagnetic field
generated by a fast moving charged particle is nearly
transverse which is like a plane wave and can be approxi-
mated by real photon. The use of the WWapproximation in
bremsstrahlung processes was developed in Refs. [8,9] and
applied to beam dump experiments in Refs. [2,10]. The
WW approximation simplifies evaluation of the integral
over phase space and approximates the 2 particle to 3
particle (2 to 3) cross section in terms of a 2 particle to 2
particle (2 to 2) cross section. For theWWapproximation to

work in a beam dump experiment, it needs the incoming
beam energy to be much greater than the mass of the new
particle, mϕ, and electron mass me.
The previous work [2] used the following three

approximations:
(1) WW approximation;
(2) a further simplification of the phase space integral,

see Eq. (31);
(3) mϕ ≫ me.

The combination of the first two approximations has been
denoted [8] the improved WW (IWW) approximation. The
name “improved WW” might be somewhat misleading
since the procedure reduces the computational time but not
to improve accuracy). In this paper, we will focus on
examining the validity of WW and IWW approximations
(The validity of WW approximation is also discussed in
other processes, e.g. [11]). The third approximation used to
simplify the calculation of amplitude, however, is not in our
scope because it is merely a special case by cutting off our
results when mϕ ≲ 2me. Nevertheless, we should point out
that without using the third approximation we can use beam
dump experiments to explore a larger parameter space.
As an example, we use the beam dump experiment E137

[12] and the production of a new scalar boson, which we
denote ϕ. Interest in a new scalar boson arose recently
because such particle which couples to standard model
fermions can solve the proton radius puzzle and muonic
anomalous magnetic moment discrepancy simultaneously
[13,14]. However, the techniques we introduce can be used
for the production and possible detection of other particles.
The outline of this paper is as follows. In Sec. II, we

calculate the squared amplitude for 2 to 3 and 2 to 2

*mestelqure@gmail.com
†dmckeen@pitt.edu
‡miller@phys.washington.edu
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Lepton-universality violating one boson 
exchange 

• Tucker-Smith & Yavin PRD83, 101702 new particle scalar 
or vector coupling

• Brax & Burrage scalar particles PRD 83, 035020 &’14

• Batell, McKeen & Pospelov PRL 107, 011803 new gauge 
boson kinetically mixing with Fμν plus scalar for muon 
mag. mom.

• Carlson Rislow PRD 86, 035013 fine tune scalar 
pseudoscalar or polar and axial vector couplings

• Barger et al PRL106,153001 - new particles ruled out 
but assumes universal coupling 

• Kaon decays provide constraints  

1401.6154 W decays enhanced
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p(1.88MeV) +19 F ! ↵+16 O⇤(6.05)
16O⇤(6.05) !16 O(GS) + �

Kohler et al PRL 33, 1628 (1974)   

c

Freedman et al. PRL 52, 240 (1984)   

p+3 H !4 He(20.1) ! 4He(GS) + �

Looking for new scalars is not new
Low mass  Higgs  searches 
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No Scalars found, but assumed coupling constants were
much larger than what we will use



Nuclear dependence of 
short-ranged mu-p effects

• Energy shift is proportional to square of 
muon wave function at the origin

• Suppose you have effect that gives energy 
shifts Ep (on proton) En (on neutron)

7

The first example we consider is the model of Ref. [4]. To make a prediction for the nucleus, one needs to know
the contribution of the neutrons. Using the single-quark dominance idea of Sect II gives a specific result obtained
by considering the factors of the square of the quark charge that would appear in the calcuation. A proton contains
two up quarks and one down quark, with a resulting quark charge squared factor of 2(2/3)2e2 + 1(1/3)2e2 = e2 . For
a neutron one would have 1(2/3)2e2 + 2(1/3)2e2 = 2/3e2. Thus the neutron contribution would be 2/3 that of the
proton. As result, if one considers the Lamb shift in the electron-deuteron atom, the e↵ect would 5/3 as large as for
a proton. Such an e↵ect would contradict the existing good agreement between theory and experiment [11].

More generally, suppose the contribution of a proton to the Lamb shift is Ep (0.3meV) to resolve the proton radius
puzzle) and that of the neutron is En. Then for a nucleus with A nucleons and Z protons, we find

EA =

 
1 + mµ

mp

1 + mµ

Amp

!3

Z3(ZEp + NEn)

✓
1 � O(

R2
A

a2
µ

)

◆
⇡
 

1 + mµ

mp

1 + mµ

Amp

!3

Z3(ZEp + NEn), (23)

where aµ is the muon Bohr radius (>100 times larger than nuclear radius, RA). The meaning of Eq. (23) is that the
contributions of such contact interactions increase very rapidly with atomic number.

In particular, the prediction of Ref. [4](with En = 2/3Ep) for 4He is a Lamb shift that is (1.27) 8 (2)5/3⇡ 10 meV,
a huge number. The expression Eq. (23) applies to all models in which the contribution to the Lamb shift enters
as a delta function (or of very short range) in the lepton-nucleon coordinate, including [9, 10]. In Ref. [9], which
concerns polarizability corrections, the neutron contribution, En could vanish, so that the contribution for 4He would
be 20 Ep=6 meV. In Ref. [10], which concerns a gravitational e↵ect, En = Ep, so the prediction for 4He would be
40Ep=12 meV. These various predictions will be tested in an upcoming experiment [12]. It is also worth mentioning
the MUon proton Scattering Experiment (MUSE) [13], a simultaneous measurement of µ+ p and e+ p scattering and
also a simultaneous measurement of µ� p and e� p scattering that is particularly sensitive to the presence of contact
interactions [9] .

VII. SUMMARY

The work presented here supports the idea of the existence of a non-perturbative lepton-pair content of the proton.
Such components are not forbidden by any symmetry principle and therefore must appear. However, the presented
calculations show that such a content is not a candidate to explain the proton radius puzzle. This is because
computation of the necessary loop e↵ects is cannot yield an e↵ective Hamiltonian of the strength and form of Eq. (2).
The 1/m2

l behavior of that equation in Ref. [4] is necessary to obtain the needed magnitude of the separate electron
and muon Lamb shifts. Instead, loop calculations are expected to lead to a a dependence of 1/m2, with m the
constituent quark mass. This means that the e↵ect of Ref. [4] is expected to be entirely negligible. This is in accord
with the estimate: (↵/⇡) times the polarizability correction that is obtained from evaluating the relevant Feynman
diagrams.

More generally: it can be said that the proton does have Fock -space components containing lepton pairs. However,
the simplest and most reliable method of treating such pairs is to compute gauge-invariant sets of Feynman diagrams
using QED perturbation theory.
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Almost unknown T 1(0, Q
2) Miller PLB 2012

�Esubt =
↵2

m
 2

S(0)

Z 1

0

dQ2
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! Logarithmic divergence
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Two photon exchange 

2

of momentum q = p′ − p.as:

Γµ(p′, p) = γµ
NF1(−q2) + F1(−q2)F (−q2)Oµ

a,b,c (2)

Oµ
a =

(p + p′)µ

2M
[Λ+(p′)

(p · γN − M)

M
+

(p′ · γN − M)

M
Λ+(p)]

Oµ
b = ((p2 − M2)/M2 + (p′

2
− M2)/M2)γµ

N

Oµ
c = Λ+(p′)γµ

N

(p · γN − M)

M
+

(p′ · γN − M)

M
γµ

NΛ+(p),

where three possible forms are displayed. Other terms of
the vertex function needed to satisfy the WT identity do
not contribute significantly to the Lamb shift and are not
shown explicitly. The proton Dirac form factor, F1(−q2)
is empirically well represented as a dipole F1(−q2) = (1−
q2/Λ2)−2, (Λ = 840 MeV) for the values of −q2 ≡ Q2 > 0
of up to about 1 GeV2 needed here. F (−q2) is an off-
shell form factor, and Λ+(p) = (p · γN + M)/(2M) is an
operator that projects on the on-mass-shell proton state.
We use Oa unless otherwise stated.

We take the off-shell form factor F (−q2) to vanish at
q2 = 0. This means that the charge of the off-shell proton
will be the same as the charge of a free proton, and is
demanded by current conservation as expressed through
the Ward-Takahashi identity [24, 25]. We assume

F (−q2) =
−λq2/b2

(1 − q2/Λ̃2)1+ξ
. (3)

This purely phenomenological form is simple and clearly
not unique. The parameter b is expected to be of the
order of the pion mass, because these longest range com-
ponents of the nucleon are least bound and more suscep-
tible to the external perturbations putting the nucleon
off its mass shell. At large values of |q2|, F has the same
fall-off as F1, if ξ = 0. We take Λ̃ = Λ here.

We briefly discuss the expected influence of using
Eq. (2). The ratio, R, of off-shell effects to on-shell ef-

fects, R ∼ (p·γN−M)
M λ q2

b2 , (|q2| ≪ Λ2) is constrained by
a variety of nuclear phenomena such as the EMC effect
(10-15%), uncertainties in quasi-elastic electron-nuclear
scattering [26], and deviations from the Coulomb sum
rule [27]. For a nucleon experiencing a 50 MeV central
potential, (p · γN − M)/M ∼ 0.05, so λq2/b2 is of or-
der 2. The nucleon wave functions of light-front quark-
models [33] contain a propagator depending on M2.
Thus the effect of nucleon virtuality is proportional to
the derivative of the propagator with respect to M , or of
the order of the wave function divided by difference be-
tween quark kinetic energy and M . This is about three
times the average momentum of a quark (∼ 200 MeV/c)
divided by the nucleon radius or roughly M/2. Thus
R ∼ (p · γN − M)2/M , and the natural value of λq2/b2

is of order 2.
The lowest order term in which the nucleon is suffi-

ciently off-shell in a muonic atom for this correction to
produce a significant effect is the two-photon exchange
diagram of Fig. 1 and its crossed partner, including an

ℓ

P

ℓ − k

P

ℓ

FIG. 1: Direct two-photon exchange graph corresponding to
the hitherto neglected term. The dashed line denotes the
lepton; the solid line, the nucleon; the wavy lines photons;
and the ellipse the off-shell nucleon.

interference between one on-shell and one off-shell part
of the vertex function. The change in the invariant am-
plitude, MOff , due to using Eq. (2) along with Oµ

a , to be
evaluated between fermion spinors, is given in the rest
frame by

MOff =
e4

2M2

∫
d4k

(2π)4
F 2

1 (−k2)F (−k2)

(k2 + iϵ)2
(4)

×(γµ
N (2p + k)ν + γν

N (2p + k)µ)

×

[
γµ

(l · γ − k · γ + m)

k2 − 2l · k + iϵ
γν + γν

(l · γ + k · γ + m)

k2 + 2l · k + iϵ
γµ

]
,

where the lepton momentum is l = (m, 0, 0, 0), the vir-
tual photon momentum is k and the nucleon momentum
p = (M, 0, 0, 0). The intermediate proton propagator
is cancelled by the off-mass-shell terms of Eq. (2). This
graph can be thought of as involving a contact interaction
and the amplitude in Eq. (4) as a new proton polariza-
tion correction corresponding to a subtraction term in the
dispersion relation for the two-photon exchange diagram
that is not constrained by the cross section data [34].
The resulting virtual-photon-proton Compton scattering
amplitude, containing the operator γµ

Nγν
N corresponds to

the T2 term of conventional notation [35], [36]. Eq. (4)
is gauge-invariant; not changed by adding a term of the
form kµ kν/k4 to the photon propagator.

Evaluation proceeds in a standard way by taking the
sum over Dirac indices, performing the integral over k0

by contour rotation, k0 → −ik0, and integrating over the
angular variables. The matrix element M is well approx-
imated by a constant in momentum space, for momenta
typical of a muonic atom, and the corresponding poten-
tial V = iM has the form V (r) = V0δ(r) in coordinate
space. This is the “scattering approximation” [3]. Then
the relevant matrix elements have the form V0 |Ψ2S(0)|2,
where Ψ2S is the muonic hydrogen wave function of the
state relevant to the experiment of Pohl et al. We use
|Ψ2S(0)|2 = (αmr)3/(8π), with the lepton-proton re-

Our idea  energy shift proportional
 to lepton mass4

Measured =206.2949(32)= 206.0573(45)-5.2262 rp2+0.0347 rp3 meV  
computed

Explain puzzle with radius as in H atom increase 206.0573 meV by 0.31 meV-
attractive effect on 2S state needed

Tµ⌫ =
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The uncertainty in the contribution to the Lamb shift in muonic hydrogen, !Esubt arising from proton
polarizability effects in the two-photon exchange diagram at large virtual photon momenta is shown large
enough to account for the proton radius puzzle. This is because !Esubt is determined by an integrand that
falls very slowly with very large virtual photon momenta. We evaluate the necessary integral using a set
of chosen form factors and also a dimensional regularization procedure which makes explicit the need for
a low energy constant. The consequences of our two-photon exchange interaction for low-energy elastic
lepton–proton scattering are evaluated and could be observable in a planned low energy lepton–proton
scattering experiment planned to run at PSI.

© 2012 Elsevier B.V. All rights reserved.

1. Introduction

The proton radius puzzle is one of the most perplexing physics
issues of recent times. The extremely precise extraction of the pro-
ton radius [1] from the measured energy difference between the
2P F=2

3/2 and 2S F=1
1/2 states of muonic hydrogen disagrees with that

extracted from electronic hydrogen. The extracted value of the pro-
ton radius is smaller than the CODATA [2] value (based mainly
on electronic H) by about 4% or 5.0 standard deviations. This im-
plies [1] that either the Rydberg constant has to be shifted by
4.9 standard deviations or that present QED calculations for hy-
drogen are insufficient. The Rydberg constant is extremely well
measured and the QED calculations seem to be very extensive and
highly accurate, so the muonic H finding is a significant puzzle for
the entire physics community.

Pohl et al. show that the energy difference between the 2P F=2
3/2

and 2S F=1
1/2 states, !Ẽ , is given by

!Ẽ = 209.9779(49) − 5.2262r2
p + 0.0347r3

p meV, (1)

where rp is given in units of fm. Using this equation and the exper-
imentally measured value !Ẽ = 206.2949 meV, one can see that
the difference between the Pohl and CODATA values of the proton
radius would be removed by an increase of the first term on the
rhs of Eq. (1) by 0.31 meV = 3.1 × 10−10 MeV.

This proton radius puzzle has been attacked from many differ-
ent directions [3–21] The present communication is intended to
investigate the hypothesis that the proton polarizability contribu-

E-mail address: miller@phys.washington.edu.

Fig. 1. The box diagram for the O(α5m4) corrections. The graph in which the pho-
tons cross is also included.

tions entering in the two-photon exchange term, see Fig. 1, can
account for the 0.31 meV. This idea is worthy of consideration be-
cause the computed effect is proportional to the lepton mass to
the fourth power, and so is capable of being relevant for muonic
atoms, but irrelevant for electronic atoms.

2. !Esubt and its evaluation

The basic idea is that the two-photon exchange term depends
on the forward virtual Compton scattering amplitude T µν(ν,q2)
where q2 is the square of the four momentum, qµ of the vir-
tual photon and ν is its time component (ν ≡ q · p/M) with p as
the proton momentum and M as its mass. One uses symmetries
to decompose T µν(ν,q2), into a linear combination of two terms,
T1,2(ν,q2). The imaginary parts of T1,2(ν,q2) are related to struc-
ture functions F1,2 measured in electron– or muon–proton scat-
tering, so that T1,2 can be expressed in terms of F1.2 through
dispersion relations. However (for fixed values of q2), F1(ν,q2)
falls off too slowly for large values of ν for the dispersion relation
to converge. Hence, one makes a subtraction at ν = 0, requiring
that an additional function of q2 (the subtraction function) be in-
troduced. Because q2 < 0 for lepton–nucleon scattering, one often

0370-2693/$ – see front matter © 2012 Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.physletb.2012.11.016

= �(gµ⌫ � · · · )T1 + (Pµ � · · · )(Pµ � · · · )T2

Dispersion relation: Im[T1] / W1 measured

Large virtual photon energy ⌫, W1 ⇠ ⌫ integral over energy diverges

Subtraction function needed:

¯T1(0, Q2
) zero energy

Hill & Paz- big uncertainty in dispersion approach 52



16O(6.05, 0+) !16 O(GS, 0+) + �, No single photon decay
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Arbitrary functions

The function h(t) is monotonically falling, approaching 1/
⌅

t for small values of t, and

falling as 3/(4t) large values of t. The subtraction function T1(0, Q2) is not available

from experimental measurements, except at the real photon point Q2 = 0. It comes from

the excitation of the proton, and can be described, at small values of Q2, in terms of the

electric (�E) and magnetic (⇥M) polarizabilities. For small values of Q and ⌅ = 0 one

sees [23] lim⌅2,Q2⇤0 T1(0, Q2) = Q2

� ⇥M, where � is the fine structure constant. Using this

simple linear Q2-dependence in Eq. (2) shows that the integral over T1(0, Q2) converges

at the lower limit, but diverges logarithmically at the upper limit. Thus obtaining a non-

infinite result depends on including an arbitrary form factor that cuts off the integrand

for large values of Q2 or some other renormalization procedure.

We note that limQ2⇤⇥ T̄1(0, Q2) can be obtained from the operator production expan-

sion [26, 27]. Using Eq. (2.18) of Ref. [26], neglecting the term proportional to light quark

masses, and accounting for different conventions yields T̄1(0, Q2) ⇥ 2.1 fm�1/Q2. This

1/Q2 behavior removes the putative logarithmic divergence of T̄1(0, Q2), but this func-

tion is far from determined.

We follow the previous literature by including a form factor defined as Floop. Then

T1(0, Q2) =
⇥M
�

Q2Floop(Q2) . (4)

Using Eqs. (2,3,4) one finds the energy shift to be

�Esubt =
�2⇤2(0)

m
⇥M
�

 ⇥

0
dQ2

⇤

⇧(1� 2Q2/(4m2))

�

⌥
⌦

1 +
4m2

Q2 � 1

⇥

�+ 1

⌅

⌃ Floop(Q2).

(5)

The issue here is the arbitrary nature of the function Floop(Q2). Pachucki [24] used the

dipole form, ⇥ 1/Q4, often used to characterize the proton electromagnetic form factors.

But the subtraction function should not be computed from the proton form factors, be-

cause virtual component scattering includes a term in which the photon is absorbed and

emitted from the same quark [28]. Carlson and Vanderhaeghen [17] evaluated a loop di-

agram using a specific model and found a form factor ⇥ 1/Q2 log Q2, leading to a larger

contribution to the subtraction term than previous authors. Birse & McGovern [20] eval-

4

uate terms up to fourth-order in chiral perturbation theory to find

TBM
1 (0, Q2) ⇧ ⇥M

�
Q2

⇤
1� Q2

M2
⇥

+O(Q4)

⌅
⌅ ⇥M

�
Q2 1

�
1 + Q2

2M2
⇥

⇥2 , (6)

with M⇥ = 460± 50 MeV. They also use the most recent evaluation of ⇥M, based on a fit

to real Compton scattering [29] that finds

⇥M = (3.1± 0.5)⇥ 10�4 fm3, (7)

where only statistical and Baldin Sum Rule errors are included. Their result is a negligible

�Esubt = 4.1µ eV [20]. The form Eq. (6) achieves the correct 1/Q2 asymptotic behavior

of T1(0, Q2) but the coefficient ⇥M/� is not the same as obtained from the operator prod-

uct expansion. The coefficient of Eq. (6) is about twice the asymptotic limit obtained by

Collins [26].

Previous authors [17, 20] noted the sensitivity of the integrand of Eq. (5) to large values

of Q2. Our aim here is to more fully explore the uncertainty in the subtraction term

that arises from the logarithmic divergence. We shall use a form of Floop(Q2) that is

consistent with the constraint on the Q4 term found Birse & McGovern [20]. This is done

by postulating a term that begins at order Q6 in Eq. (4), such as

Floop(Q2) =

⇤
Q2

M2
0

⌅n
1

(1 + aQ2)N , n ⇤ 2, N ⇤ n + 3, (8)

where M0, a are parameters to be determined by requiring that the computed contribu-

tion to the Lamb shift reproduce the desired 0.31 meV. With Eq. (8) the low Q2 behavior

of T̄1(0, Q2) is of order Q6 or greater and it falls as 1/Q4 or greater for large values of Q2.

So far as we know, there are no constraints on the coefficient of the Q6 term or the 1/Q4

term. However, we shall determine the subtraction term’s contribution to the Lamb shift

as a general function of n, N. We note that ⇥M is anomalously small due to a cancellation

between pion cloud and intermediate � terms [30] , so that one can use a value ten times

larger than appears in Eq. (7) to set the overall scale of the subtraction term. Thus we

replace the term ⇥M of Eq. (4) by a general form of the same dimensions ⇥: ⇥M ⌅ ⇥.

The use of Eq. (8) in Eq. (5) allows one to state the expression for the energy shift in

5

T 1(0, Q2
) ⇠ 1

Q4
or faster, �M ! �

�Esubt ⇡ 3↵2m 2
S(0)

�

↵
�nB(N,n), � ⌘ 1

M2
0 a

3 parameters: n, N,  a    
Choose parameters such that shift in proton mass < electromagnetic 

uncertainty of 0.5 MeV 

(M0 = M�)



Almost unknown T 1(0, Q
2) Miller PLB 2012

�Esubt =
↵2

m
 2

S(0)

Z 1

0

dQ2

h(Q2)

Q2

T
1

(0, Q2)

lim
Q2!1

h(Q2) ⇠ 2m2

Q2

, chiral PT : T
1

(0, Q2) =
�M

↵
Q2 + · · ·

! Logarithmic divergence

T
1

(0, Q2) ! �M

↵
Q2F

loop

(Q2) Cuts o↵ integral

Birse & McGovern assume dipole : �Esubt = 0.004meV very small

Miller F
loop

(Q2) =

✓
Q2

M2

0

◆n
1

(1 + aQ2)N
, n � 2, N � N + 3

Infinite parameter set gets needed 0.31meV, NOconstraint on neutron

Recast in EFT- parameters seem natural

Choose parameters so shift in proton mass <0.5 MeV
(current uncertainty)  

Soft proton

Typo bleow



Form factors

0.0 0.2 0.4 0.6 0.8 1.0Q
2IGeV2M

0.2

0.4

0.6

0.8

1.0
Floop

Birse McGovern

Miller

CPT

If recast into effective field theory strength seems natural

Unknown asymptotic region



� Decay modes
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�e

4⇡
m�

2

⇣
1� 4m2

e

m2
�

⌘3/2
,m� > 2me

� Decay modes

�(� ! e+e�) =
g2
�e

4⇡
m�

2

⇣
1� 4m2

e

m2
�

⌘3/2
,m� > 2me

��� ��� ��� ��� ���

�����

�����

�����

�����

c⌧(m)

�(� ! ��) = g2�e
↵2

144⇡3

m3
�

m2
e

?

1

?

1

��� ��� ��� ��� ��� ��� ��� ���

���

���

���

���

	��

���


��

c⌧(m)

��� ��� ��� ��� ��� ��� ��� ���

����
����
����
����
�����
�����
�����

c⌧(��)
c⌧(e+e�)
c⌧(��)

c⌧(e+e�)

m�(MeV)m�(MeV)

m�(MeV)m�(MeV)



3www.nature.com/nature

SUPPLEMENTARY INFORMATIONdoi: 10.1038/nature09250

Lamb
shift:

vacuum 
polarization
many, many 

terms

Pohl et al.  Table of calculations

Resolution 1-
QED calcs not OK

↵



3www.nature.com/nature

SUPPLEMENTARY INFORMATIONdoi: 10.1038/nature09250

Lamb
shift:

vacuum 
polarization
many, many 

terms

Pohl et al.  Table of calculations

Mostly
irrelevant-

theory
replaced by
experiment

Resolution 1-
QED calcs not OK

↵



3www.nature.com/nature

SUPPLEMENTARY INFORMATIONdoi: 10.1038/nature09250

Lamb
shift:

vacuum 
polarization
many, many 

terms

Pohl et al.  Table of calculations

Mostly
irrelevant-

theory
replaced by
experiment

Resolution 1-
QED calcs not OK

QED calcs 
 expand in ↵



• Compute Feynman diagram, remove log 
divergence using dimensional regularization

• include counter term in Lagrangian

EFT of µp interaction

I. INTRODUCTION

The proton radius puzzle is one of the most perplexing physics issues of recent times.

The extremely precise extraction of the proton radius [1] from the measured energy dif-

ference between the 2P

F=2
3/2 and 2S

F=1
1/2 states of muonic hydrogen disagrees with that ex-

tracted from electronic hydrogen. The extracted value of the proton radius is smaller than

the CODATA [2] value (based mainly on electronic H) by about 4% or 5.0 standard devi-

ations. This implies [1] that either the Rydberg constant has to be shifted by 4.9 standard

deviations or that present QED calculations for hydrogen are insufficient. The Rydberg

constant is extremely well measured and the QED calculations seem to be very extensive

and highly accurate, so the muonic H finding is a significant puzzle for the entire physics

community.

Pohl et al. show that the energy difference between the 2P

F=2
3/2 and 2S

F=1
1/2 states, De

E is

given by

De
E = 209.9779(49)� 5.2262r

2
p

+ 0.0347r

3
p

meV, (1)

where r

p

is given in units of fm. Using this equation, one can see that the difference

between the Pohl and CODATA values of the proton radius would be removed by an

increase of the first term on the rhs of Eq. (1) by 0.31 meV=3.1 ⇥ 10�10 MeV.

This proton radius puzzle has been attacked from many different directions [3]-[21]

The present communication is intended to investigate the hypothesis that the proton po-

larizability contributions, that enter in the two-photon exchange term, see Fig. 1, can

account for the 0.31 meV. This idea is worthy of consideration because the computed ef-

fect is proportional to the lepton mass to the fourth power, and so is capable of being

relevant for muonic atoms, but irrelevant for electronic atoms.

q q 

FIG. 1: The box diagram for the O(a5
m

4) corrections. The graph in which the photons cross is

also included.

2

where nmin is chosen to be one order higher than the power determined by chiral per-

turbation theory. The free parameters a

n

, c

n

, M

n

could then be varied to reproduce the

desired 0.31 meV shift in energy. This means that the application of chiral perturbation

theory to any finite order does not prevent the choice of a subtraction function that gives

the necessary shift in energy.

The above paragraphs show that the current procedure used to estimate the size of the

subtraction term is rather arbitrary. This arises because the chiral EFT is being applied

to the virtual-photon nucleon scattering amplitude. Another effective field theory tech-

nique would be to develop an procedure to determine the short-distance lepton-nucleon

amplitude implied by the subtraction term. This is the direction we pursue now.

III. EFFECTIVE FIELD THEORY FOR THE µp INTERACTION

The previous considerations show the sensitivity to assumptions regarding the behav-

ior of T1(0, Q

2) for large values Q

2 about which little or nothing is known. This results

form the logarithmic divergence in the integral of Eq. (5) for the case Floop = 1, and is a

symptom that an inefficient technique has been used [27]. A more efficient way to pro-

ceed would be us to use an effective field theory (EFT) for the lepton-proton interaction.

In EFT logarithmic divergences identified through dimensional regularization are renor-

malized away by including a lepton-proton contact interaction in the Lagrangian.

We may handle the divergence using standard dimensional regularization (DR) tech-

niques by evaluating the scattering amplitude of Fig. 1. The term of interest is obtained

by including only T1(0, Q

2) of Eq. (3) with Floop = 1. We evaluate the integral in d = 4� e

dimensions and obtain the result:

MDR

2 =
3
2

i a2
m

b
M

a

⇥2
e
+ log

µ2

m

2 +
5
6
� g

E

+ log 4p
⇤
u

f

u

i

U

f

U

i

, (13)

where lower case spinors represent leptons of mass m, and upper case proton of mass M,

q is momentum transferred to the proton, and g
E

is Euler’s constant, 0.577216· · · .

The result Eq. (13) corresponds to an infinite contribution to the Lamb shift in the

limit that e goes to zero. In EFT one removes the divergent piece by adding a contact

interaction to the Lagrangian that removes the divergence, replacing it by an unknown

finite part. The finite part is obtained by fitting to a relevant piece of data. Here the only

6

relevant data is the 0.31 meV needed to account for the proton radius puzzle. Thus we

write the resulting scattering amplitude as

MDR

2 = i a2
m

b
M

a
(l + 5/4) u

f

u

i

U

f

U

i

(14)

where l is determined by fitting to the Lamb shift. The µ dependence of the counter term

is chosen so that the result is independent of µ. Eq. (14) corresponds to using the MS

scheme because the term log(4p)� g
E

is absorbed into l.

The corresponding contribution to the Lamb shift is given by

DE

DR = a2
m

b
M

a
f2(0)(l + 5/4). (15)

Setting DE

DR to 0.31 meV in the above equation requires that l = 769 which seems like

a large number. However b
M

is extraordinarily small. The natural units of polarizability

are b
M

a ⇠ 4p/L3
c, [28] where Lc ⌘ 4p fp, ( fp is the pion decay constant). Then Eq. (14)

becomes

MDR

2 = i 3.84 a2
m

4p

L3
c

u

f

u

i

U

f

U

i

. (16)

The coefficient 3.84 is of natural size. Thus standard EFT techniques result in an effective

lepton-proton interaction of natural size that is proportional to the lepton mass.

The present results, Eq. (11) and Eq. (15) represent an assumption that there is a lepton-

proton interaction of standard-model origin, caused by the high-momentum behavior of

the virtual scattering amplitude, that is sufficiently large to account for the proton radius

puzzle. Fortunately, our hypothesis can be tested in an upcoming low-energy µ±
p, e

±
p

scattering experiment [22] planned to occur at PSI.

IV. LEPTON PROTON SCATTERING AT LOW ENERGIES

Our aim is to provide a prediction for the PSI experiment. It is well-known that two-

photon exchange effects in electron-proton scattering are small at low energies. Our con-

tact interaction is proportional to the lepton mass, so it could provide a measurable effect

for muon-proton scattering but be ignorable for electron-proton scattering. We shall in-

vestigate the two consequences of using form factors (FF) and EFT.

7

Choose � to get 0.31 meV shift
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contact interaction to the Lagrangian that removes the divergence, replacing it by an

unknown finite part. The finite part is obtained by fitting to a relevant piece of data. Here

the only relevant data is the 0.31 meV needed to account for the proton radius puzzle.

The low energy term contributes

MDR

2 (LET) = iC(µ), (14)

where C(µ) is chosen such that the sum of the terms of Eq. (13) and Eq. (14), ⌘ MDR

2 , is

finite and independent of the value of µ. Thus we write the resulting scattering amplitude

as

MDR

2 = i a2
m

b
M

a
(l + 5/4) u

f

u

i

U

f

U

i

(15)

where l is determined by fitting to the Lamb shift. Eq. (15) corresponds to using the MS

scheme because the term log(4p)� g
E

is absorbed into l.

The corresponding contribution to the Lamb shift is given by

DE

DR = a2
m

b
M

a
f2(0)(l + 5/4). (16)

Setting DE

DR to 0.31 meV in the above equation requires that l = 769 which seems

like a large number. However, b
M

is extraordinarily small due to a cancellation between

paramagnetic effects of an intermediate D and diamagnetic effects of the pion cloud [30].

The natural units of polarizability are b
M

a ⇠ 4p/L3
c, [31] where Lc ⌘ 4p fp, ( fp is the

pion decay constant). Then Eq. (15) becomes

MDR

2 = i 3.95 a2
m

4p

L3
c

u

f

u

i

U

f

U

i

. (17)

The coefficient 3.95 is of natural size. Thus standard EFT techniques result in an effective

lepton-proton interaction of natural size that is proportional to the lepton mass.

The present results, Eq. (11) and Eq. (16) represent an assumption that there is a lepton-

proton interaction of standard-model origin, caused by the high-momentum behavior of

the virtual scattering amplitude, that is sufficiently large to account for the proton radius

puzzle. Fortunately, our hypothesis can be tested in an upcoming low-energy µ±
p, e

±
p

scattering experiment [23] planned to occur at PSI.

7

3.95 =natural

�Esubt(DR) = ↵2m
�M

↵
 2

S(0)(�+ 5/4)

�Esubt(DR) = 0.31 meV ! � = 769

�M (magnetic polarizability) = 3.1⇥ 10

�4
fm

3
very small

Natural units �M/↵ ⇠ 4⇡/(4⇡f⇡)
3
Butler & Savage
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3He charge radii

helion charge radius [fm]
1.82 1.84 1.86 1.88 1.9 1.92 1.94 1.96 1.98 2

Collard 1965 Dunn 1983

Retzlaff 1984
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Amroun 1994

Sick 2001
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4He charge radii

alpha charge radius [fm]
1.66 1.665 1.67 1.675 1.68 1.685

Carboni 1977

Ottermann 1985

Sick 2008
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