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Outline

excited-states in lattice QCD

finite-volume energies = scattering phase shifts
multi-hadron correlators and stochastic LapH method
hadron resonance properties: masses, decay widths
time-like pion form factor

scalar glueball

tetraquark operators and the K (700), ao(980)

string breaking

current efforts: baryon-baryon scattering

some recent lattice QCD highlights

key points:

@ calculations at physical point now happening
e can deal with disconnected diagrams
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Excited states from correlation matrices

@ energies from temporal correlations C;;(t) = (0|0;(t)0;(0)|0)
@ in finite volume, energies are discrete (neglect wrap-around)
Cij(t) = ZZ(")Z(”)* —Ent Z(”) 0] 0; |n)

n

@ not practical to do fits using above form
@ define new correlation matrix C() using a single rotation
C(t) = UT Cro)""? C(1) Clro) ' ? U
@ columns of U are eigenvectors of C(7y)~'/? C(p) C (1)~ /2
@ choose 7, and 7, large enough so C(t) diagonal for ¢ > 75,
o effective energies 1 o
met(t) = —In | =—202 Caall)
At \ Cpalt + At)
tend to N lowest-lying stationary state energies in a channel

@ 2-exponential fits to C,,, (t) yield energies E,, and overlaps Z§")
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Correlator matrix toy model

@ Example: 12 x 12 correlator matrix with N, = 200 eigenstates
0.08 ) (=1)7*n
Ey=0.20 E, =FEn_1+ ——, /5 S St A—
0 ’ SR I T 140.05(j —n)?

®) T e
oo 7 Semg

| L I L L L L L
10 20 10 20 30 10 20 30
time time time

@ left: effective energies of diagonal elements of correlator matrix
@ middle: effective energies of eigenvalues of C(t)

@ right: effective energies of eigenvalues of
C(10)~ Y2 C(t) C(1o) "2 formp =1
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Building blocks for single-hadron operators

@ important to use good operators to see signal before noise
growth

@ building blocks: covariantly-displaced LapH-smeared quark fields
@ stout links U, ()
@ Laplacian-Heaviside (LapH) smeared quark fields

Goa(@) = Sun(@,y) Voaly),  S=0 (o2 +4)
@ 3d gauge-covariant Laplacian A in terms of U
@ displaced quark fields:

Gy = DOTD, Gy =T 14 DO
@ displacement DU) is product of smeared links:
DY (x, 2"y = Uy, (x) Uy, (x+do) Uy, (z4d3) ... Uj (24+dp)0ur, wia.s
@ to good approximation, LapH smearing operator is
S=vvi
e columns of matrix V; are eigenvectors of A

KLF Meeting 4



Extended operators for single hadrons

@ quark displacements build up orbital, radial structure

Meson configurations

» e 1, 1T I

DDL TDU TDO

Baryon configurations

&] HE ~@e év—- ._T_. i

S5 SD DDI DDL TDO
Bos (p,t) = 3, ePOtHdatdis, gl (a,1) g1, (@, 1)
B (1) = P ewe 08 (@, 1) 7l (1) T (2. 1)
@ group-theory projections onto irreps of lattice symmetry group
Mi(t) = ey Tas (1) Bu(t) = clly, Tasy (1

@ definite momentum p, irreps of little group of p
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Importance of smeared fields

@ effective masses of
3 selected nucleon
operators shown

@ noise reduction of
displaced-operators
from link smearing
nyp =2.5,n, =16

@ quark-field
smearing
s =4.0,n, = 32
reduces
excited-state
contamination

15 . R4 ‘ Tl
Single-Site Singly-Displaced Triply-Displaced-T
= + —
s J
=
|
Mty it | ‘h*’&it‘?i H H
Quark Smearing Only ) , . . | A
1.5 r
"\ iﬂ ¢
= 1t % Lo i 4
= 2 4
i Phogaad 1 M
Link Smearing Only . . .?k L ' ‘+
1.5 F m
=~ T r
s f
=
0.5- e, r ++ +
e AL XY R RN AR
Both Quark gnd Link Smearing . . N | N "
1] 10 20 1} 10 20 1] 1 20
t/a, t/a, t/a
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Two-hadron operators

@ comparison of w(k)r(—k) and localized ) m(x)n(x) operators

T T T T
03F & T T T T gt
. + n(1)n(=1) operator -
N . [EmE=
31 +
. I=1T . —9 at
_ * . u . 1=2 A},
~ * . = .
E . ... \&02_ . .. 1
s - Ceen, Em : - ®e
.o. Seoey - "..
- * e
0.2} free m+mw----- !“r!;i?f;{g .. ®oes,
free T4 ————— o b2 TPITTIYY
o
L 1 1 1 Ol 1 1 L 1
5 10 15 20 . 5 10 15 20
t t

@ important to use superposition of products of single-hadron
operators of definite momenta

@ efficient construction, generalizes to three or more hadrons
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Quark propagation

@ quark propagator Q is inverse D! of Dirac matrix

@ rows/columns involve lattice site, spin, color
@ very large Niot X Nior matrix for each flavor

Ntot = NsiteNspinNcolor
e for 64 x 128 lattice, Niot ~ 400 million

@ not feasible to compute (or store) all elements of D!
@ point-to-all trick for local operators: use translation invariance

SSTRW witylx 1) QU (wotylx ti) o — D QU (v tylx0, ) QW (v tylx0, ta) - .
-

Yy

@ cannot use this trick for good multi-hadron operators
Z Z Q<a)(y17tf|x17ti) Q(b)(y27tf|x27ti) .

Y1,¥2,-- X1,X2,...

@ our solution: the stochastic LapH method!
@ other methods
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Stochastic estimation of quark propagators

@ do not need exact inverse of Dirac matrix D[U]
@ introduce Z, noise vectors 7 in the LapH subspace
Nk (1), t =time, a = spin, k = eigenvector number

@ solve D[U]X (") = »(") for each of Ny noise vectors 1), then
obtain a Monte Carlo estimate of all elements of D!

1 &
-1, * (r), (r)*
Dy = NR;Xi 5

@ variance reduction using noise dilution
@ dilution introduces projectors P(*), then define
gl = p@y,  xla — p=1,al

to obtain Monte Carlo estimate with drastically reduced variance

1 }NR:E : x (Mlal, (r)]a]
-1 (r)[a] _(r)[a]*

r=1 a
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Bosonic I = 3, S =1, T}, channel

@ finite-volume stationary-state energies: “staircase” plot
@ 323 x 256 lattice for m.,, ~ 240 MeV

@ use of single- and two-meson operators only

@ blue: levels of max ovelaps with SH optimized operators

kaon T1lu 32

0.5F

0.4F Il
nl
||.|l'|'“
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0.0

Levels
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Quantum numbers in toroidal box

@ periodic boundary conditions in
cubic box
e not all directions equivalent =
using J7¢ is wrong!!

@ label stationary states of QCD in a periodic box using irreps of
cubic space group even in continuum limit
e zero momentum states: little group Oy,
Al(L>A29a>Ea7Tla7T2a7 Gla7G2a7Haa a=4g,u
e on-axis momenta: little group Cly,
A13A27BI7B23E7 GlyGQ
e planar-diagonal momenta: little group Cs,
A1, A2, B1, B2, Gi1,G2
@ cubic-diagonal momenta: little group Cs,
Al,AQ,E, F17F27G

@ include G parity in some meson sectors (superscript 4 or —)
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Spin content of cubic box irreps

@ numbers of occurrences of A irreps in J subduced

J A Ay E T T,
0 1 0 0 0 0
1 0 0 0 1 0
2 0 0 1 0 1
30 1 0 1 1
4 1 0 1 1 1
5 0 0 1 2 1
6 1 1 1 1 2
70 1 1 2 2
J G1 G2 H J Gl G2 H
;1 0 0 5 1 0 2
11
50 0 1 51 1 2
13
S0 101 2 1 2 2
15
1 1 1 2 1 1 3
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Scattering phase shifts in lattice QCD timeline

@ LUscher 1984: energies of multi-hadron stationary states in finite
volume can yield scattering phase shifts

@ Rummukainen and Gottlieb 1995: nonzero total momenta

@ Kim, Sachrajda, and Sharpe 2005: revisited

@ explosion of papers since then

@ Briceno 2014: generalized to arbitrary spin, multiple channels
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Two-particle correlator in finite-volume

@ correlator of two-particle operator o in finite volume

- o.o 1
» CUEELD -

@ Bethe-Salpeter kernel
)= > DD
RIS e

@ (C°°(P) has branch cuts where two-particle thresholds begin

@ momentum quantization in finite volume: cuts — series of poles
@ O’ poles: two-particle energy spectrum of finite volume theory
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Corrections from finite momentum sums

@ finite-volume momentum sum is infinite-volume integral plus
correction F

: +

@ define the foIIowmg quantities: A, A’, invariant scattering

amplitude iM
@ - @ + GLwr
+ @ + o
EGEEGER(I88C)
+@V/” +on
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Quantization condition

@ subtracted correlator Cy,,(P) = C*(P) — C>(P) given by
CuPr= @ @+
+ (oot (a0 (@) + o

O== AP

@ sum geometric series

Can(P) = AF(1 —iMF)™*
@ poles of Cy,,(P) are poles of CX(P) from det(1 — iMF) =0
@ key tool: for ¢.(p) spatially contained and regular

3
75 2 0lp) = [ G 00940

&2k g. a? —m
Lsz (p? —a2 LSZ (p? _a)Q [27) ol (p? )_ ‘Zg) )T'O(e L)
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Kinematics

@ work in spatial L volume with periodic b.c.
@ total momentum P = (27/L)d, where d vector of integers

@ calculate lab-frame energy E of two-particle interacting state in
lattice QCD

@ boost to center-of-mass frame by defining:

E., = VE? - P2 v = EE ,
@ assume N, channels o
@ particle masses mi,, mo, and spins sy, so, Of particle 1 and 2
@ for each channel, can calculate
) 1 1

(m%a — m%a,)Q

9dem,a = ZE(?m - E(miz + mga) + AE2 s
cm
I2g2 2 2
ui — qcm,a,7 Sq = 1+ (mla mQa) d
(27)? B2
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Quantization condition re-expressed

@ F related to S matrix (and phase shifts) by
det[1 + FP)(§ —1)] =0
@ F' matrix in JLSa basis states given by

(J'mJ/L'S’a'|F(P) \Jm]LSa> = 5a/a58’5 %{5J’.]5771J/mJ5L/L

+(J'my/|L'mp Smg) <L'I’TLLSTTLS|JWL.]>WL(I}/D¢Z)L,; Ly, }

@ total ang mom .J, J/, orbital L, L’, spin S, S’, channels a, a’
@ W given by

L'+L l

+1)

. (Pa) Zlm Sa,7, U a) (2L, + 1)(2l
~iWiim,,: Lm Z Z +1 \/
T e ™y (2L +1)

x(L'0,10|LOY(L'my,,Im|Lmp).

@ above expressions apply for both distinguishable and
indistinguishable particles
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RGL shifted zeta functions

@ compute Rummukainen-Gottlieb-Lischer (RGL) shifted zeta
functions Z;,,, using

Vim(z —A(22—u? m
Zim(s,7,u?) = Z [7()6 A )+510LF0(AU2)

nezs (2% —u?) VA
il 1 l+3/2
v —7T w L.
+Az+¥/2 / dt( ) Z ™™ Vi e
0 nez3
n#0

@ where
z=n—y"'[3+(y-1)sn-s]s,
w=mn—(1-7)s32s- ns, Vim(x) = |x\l Yim (X)

Fo(z)=-1+ = / dt t3/2
@ choose A =~ 1 for convergence of the summation

@ integral done Gauss-Legendre quadrature
@ Fy(x) given in terms of Dawson or erf function
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K matrix

@ quantization condition relates single energy £ to entire S-matrix
@ cannot solve for S-matrix (except single channel, single wave)

@ approximate S-matrix with functions depending on handful of fit
parameters

@ obtain estimates of fit parameters using many energies

@ easier to parametrize Hermitian matrix than unitary matrix

@ introduce K-matrix (Wigner 1946)
S=(1+iK)(1—iK)™' = (1—iK) (1 +iK)

@ Hermiticity of K'-matrix ensures unitarity of S-matrix

@ with time reversal invariance, K-matrix must be real and
symmetric
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K matrix

@ multichannel effective range expansion (Ross 1961)
_ L% ~_ —L-1
KL’ls’a’; LSa(E> =q, KL/lS’a’; LSa(Ecm) da 7,
@ quantization condition can be written
det(1 — BP)K) = det(1 — KB®P) =0
@ we define the box matrix by

(J'mypL'S"a'| BP) |JmyLSa) = —ibaadsis u£/+L+1 Wéfjsl/; Lmy
x{(J'my/|L'mp,, Smg)(Lmpg,Smg|Jm )
@ box matrix is Hermitian for u? real
@ quantization condition can also be expressed as
det(K~' = B®P)) =0

@ these determinants are real
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Block diagonalization

@ quantization condition involves determinant of infinite matrix

@ make practical by (a) transforming to a block-diagonal basis and
(b) truncating in orbital angular momentum

@ block-diagonal basis
[AMnJLSa) = Z c;{fjl)L;A)‘"UmJLSa)

@ little group irrep A, irrep rowm/'\7, occurrence index n
@ transformation coefficients depend on J and (—1)%, noton S, a
@ replaces m; by (A, A\, n)

@ group theoretical projections with Gram-Schmidt used to obtain
coefficients

@ use notation and irrep matrices from PRD 88, 014511 (2013)
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Box and K matrices in block diagonal basis

@ in block-diagonal basis, box matrix has form

(NN J'L'S'a'| BP) [ANnJLSa) = 6pradandsisdara BY 1L (E)
e K-matrix for (—1)2+L" = 1 has form

(NN J'L'S'd'| K [ANnJLSa) = 5aadxx0nmd0 K krar: 150 (Bem)
o (—1)HE =1 = gl k= byl | always applies in QCD
@ Aisirrep for K-matrix, need A g for box matrix
e whennfinl =1,then Ap = A

| d | LG [ Agprelationshipto A whennl;nl, = -1 |
(0,0,0) | Oy, | Subscriptg <> u
(0,0,n) | Cyy | A1 <> Ag; By <> Bo; E,Gq, G5 stay same
(0,n,n) | Cop | A1 ¢ Ay; By < Bs; G stays same
(nyn,n) | Csy | A1 < Ag; Fy & Fy; E, G stay same

@ see PRD 88, 014511 (2013) for notation
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K matrix parametrizations

@ K matrix in block diagonal basis

(NN J'L'S'al| K [AAnJLSa) = Sxa0xadnndrs K1 g (Bem)
~ J)—1
(NN J'L'S'a'| K=V [ANILSa) = Sparadabnnbyrg KSV5 L | oo (Bem)
@ common parametrization
(J) 1 (Jk) ok
K, Z Cop E;,

@ «, 3 compound |nd|ces for (L S, a)
@ another common parametrization
(Jp) (Jp)

(J (Jk) 1k
IC CIII Z E2 _ + Z d ECHl7
@ Lorentz invariant form usmg Eem = \/E

@ Mandelstam variable s = (p1 + p2)?, with p; four-momentum of
particle j
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Box matrix elements
have obtained expressions for B{(,?LA,ﬁ,‘?“J)Ln(E) for
L <6,58 <2with P = (0,0,0),(0,0,p), p > 0
L<6,5< 2 with P=(0,p,p),(p,p,p), p>0
in tables that follow, we define
Ry is short hand for (v7%/2ul ) "1Re 2, (54, 7, u2)

I is short hand for (y73/2u5 " m 2, (84,7, u2)
@ C++ software available on github: TwoHadronsInBox

C. Morningstar KLF Meeting
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Box matrix elements P =0, S =0

J U 2 [J L a] uy EHIAD g
Ap = Ay
0 0 1 0 0 1 Roo
0 0 1 |4 4 1| 2ZIR,
0 0 116 6 1| —2v2Rg0
4 4 114 4 1| Rg P 8 Ryo + 22 g Reo + 0620?@1%80 .
4 4 1 1 _ 40 /546 42 42 __ 22419282 __1oo08
TR T AR P T €
+§%45 R12~0 - 184387\1/41:?70131214
Ap = A2g
6 6 1 6 6 1 Roo + % Rao — 25335183 Reo — 323 T Rgo — 2592721 R10,0
+§Z§8 Ri20 + 72547@312,4
Ap = Aoy
3 3 113 3 1] Roo—12Ryo+ 898 R,

KLF Meeting
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Box matrix elements P =0, S =0

J U 2 [J L a] uy EHIAD g

Ap =FE,

Roo + SRayo

1001

B~ \CI \C I \V ]
B~ \CI \C I \V]
_ a4
o~ O BADN
o~ O PPN
—_

—40‘/§R _ JUFROO
30 R40 + 4 70R + 8\/15470R

Roo + 158 Rao — 64ﬁ

Reo + 3022 (Rgo

1001
_ 1512 V130
20995 R10 0

_ 8/7730 18 \/21 128 /46410
Rao — O Rgo — 12820410 Ry,

3553

37145

6 6 1|6 6 1 R00+}§;‘R | 480vTs

Reo + 28917 Rgy + — rRm 0

3553

3049 264 v/1001
+ 2 R0 + 280190 Ry 4

Ap = Ey

5 5 1[5 5 1] Roo— SR+ 28 Reo — L

2 1152 /21
419J " Rso + 4105 1110,0

AB:TIJ

£
£
—_
o
o
e

143 187

2431

4 4 1|4 4 1] Roo+ 25Ri0— 3 Reo — 8T Ry
12WRO+4szCU+112\/1105R +576\/13roR100

37145

6 6 1|6 6 1 R00—187R40— 8013 Ry L a0y

3553

1584 \/1001
136 Rig0 + Ri24

6243
Rgo + 452 Rio o

C. Morningstar KLF Meeting
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Box matrix elements P =

(2w /L)(0,n,n), S

L
2

7’ L n 7 L n [ u;(L +L+1) g
Ap =G (partial)
% 2 2 g 5 4 73;’/0180751'1230 - 139F2R32 - 7§/ﬁiRr0 -+ 9538/013@1‘352
2520@“%54 + s5ggiRro + 3;20\{:”%72
- 671"6(\]/1711?74 + 18 \/mLR%
3 2 2 g 5 5 BN Ry — 45 Rao — 2 @Rm + 21 Rs,
+164§/97R 4+ 52 me + 4238{1%72
4105 (Rm + i mRm
3 2 2 g 5 1 \/ﬁR54 — Y395 Roy — @Rm
Poe 2| s 2| Bmn g @i, o,
—0—2 ‘;TSF’RM + 3 @Rm
32 2 |4 5 3| —3O0Rg + 19¥ZT Ry, + 100110 Ry, 4 2y R,
. FR' lng + 210\6?1372 31\2?R74
3 2 2|5 5 4 OIR% + 81\2:3'2 — OBy,  1T¥AZR,,
— S35 Rea — 240000 Reg
3 2 2 5 5 5 5§330+ 52\??21332* 7(350* g/ng
+101(\)/0?R54 - ?4{1?70 10\61:372 - HT\/OFRM
5 2 2 | 5 6| 2%iRs+ 2¥B0iRy, + 2T iRy — 33304 Rs,
+4Y108 R — 1925 R,
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Fitting: spectrum method

@ adjust K-matrix parameters to reproduce energies from lattice
QCD

@ choose E., ; as observables
model predictions by solving quantization for x; parameters

@ problems:
e root finding difficult, many computations of RGL zeta functions
e ambiguity mapping model energies to observed energies
e model predictions depend on observables mi,, mas, L, £ SO must
recompute covariance during minimization
@ “Lagrange multiplier” trick removes obs. dependence in model

@ include mi,, ma., L, £ as both observables and model
parameters

@ observations
Observations R;:  {E°™ mlg.‘)bs), LoPs)  globs) 1

cm,k

@ model parameters
Model fit parameters ay: { &, TIL;mOdCl), [(model) - g(model) 3
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Fitting: spectrum method (con’t)

@ residuals
bs model
Eijﬂy;_E(Em?ke)’ (kzl""vNE)v
= o =Y (k= B 4 N, K =1,
L(obs) _ L(model)) (k‘ = Ng + Np 4 1),

f(ObS) _ g(model)’ (k; = Ng + Np + 2)
e compute E°*Y using only model parameters

cm,k

e emphasize %" very difficult to compute

C. Morningstar KLF Meeting
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Fitting: determinant residual method

introduce quantization determinant as residual
better to use function of matrix A with real parameter p:
det(A)
Qu, A) =
. A) = S8 + 24T
evaluated using only eigenvalues; role of 1 to suppress
contributions from irrelevant higher-lying eigenvalues

residuals
re = Q(u, 1— BP)(B) f((E(ObS))), (k=1,...,Np),

cm,k

use only observed energies, particle masses, lattice size,
anisotropy

advantage: model predictions do not need root finding or RGL
zeta computations

model depends on observables, so covariance must be
recomputed as ~; parameters adjusted during minimization

covariance recomputation still much simpler than root finding
required in spectrum method
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7w I = 1 energies in finite volume

@ finite volume energies 323 x 256 lattice, m, ~ 240 MeV

5= -

i i —
B
- —

B B [Ere e — e
= — —
B T e _
= —

= I

25 BSOSO ereovreeorere OO L[S
7= s = o o o o — e
&=0T,  d’=1LA  d=1E d&=2A d=28 =28  d=3A d*=3,E =4,A]  @?=4,E
g g 2 g
g 3 g 9 g g R g i
3 E 3] 3 3

£ £ £ g g

S 5 5 S

i £ £ i £ g i £ i

. S S . S S . 3 =

gl ] ¥ [ ] S g ] g

2 g g 2

5
. g g = ] g P B =
E 5 E E E 5 E 5 e E
S S S
¥ | i ¥ | ¥ | ¥
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Decay width of p

@ appliedto I =1 p — wx system NPB 910, 842 (2016)

@ included L = 1, 3, 5 partial waves in NPB 924, 477 (2017)
@ large 323 x 256 anisotropic lattice, m, ~ 240 MeV

@ fit forms (first ever inclusion of L = 5 in lattice QCD):

2
([?71)11 = 67TECIn ﬂ Ec2m
P?my \m2  m2
~ 1 ~ 1
K Nae = K Yer = ——
( Ja3 mlag ( Jss mtlas

@ results

% = 3.349(25), g = 5.97(27), mTaz = —0.00021(100),

milas = —0.00006(24), x*/dof = 1.15
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Decay of p

10~ r
1501
. 5F L
w rC r
8 I S 100~
= o 2 + 3 [
HE [ed=oT, s d? =LA | s
= [ad=1E rd?=2,A ° L
B o 2ot 50
Fed?=28 +d=28 r
Fed?= LA o d?=3 F F
-0 o d?=4,A7 o d?=4,E 3 L
T 1L L L L ol
2 25 3 35 4 2
Eem
My

o . zo:—
[ # + 3
. L ¢ s
3 1 :
E [ #‘ mo, 10;
N r L
B + 5
o el L
L of

L L L L Il i L Il L L

2 1 0 1 2 2 25 3 35 4

Eon
2Reqf M
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Decay of p

@ plot of phase shifts

20 ‘F'hase Shift
L=
— i
250 .
2,00
L5 =1 pi pi
1.0}
0.5]
0.0 et ' 'I;
T --.....:.Qo!l/
e ) & B ,//////// 7
051w 4w o ET@3)
A E(Q) O A )
-0y 4 oA E@
* B'@
—-1.5 T L L L
2.5 3.0 3.5 4.0

E. . /m,

em/
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Comparison to other works

@ comparison of our m, and g, to other works

ssf x [
E e Thiswork = Wilson et al. [
5 s Dudeketal. v Fengetal. 7
£ + ETMC + GWU L
45 + Langetal. o PACS-CS L
£ * Exp. L
m, 4 r
E 6 x I
T E [¢) L i
N o ™ol 4l I
3 = L
g " E, i 1
25 ——— 5—
E o —— L
2T L Il Il Il is Il Il Il Il
0 0.05 0.1 0.15 0.2 0.1 0.2 0.3 0.4 0.5
m2 (GeV?) m, (GeV)
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K energies in finite volume

@ finite volume energies 322 x 256 lattice, m, ~ 240 MeV

B

H

B

T
T

TTI:
7T T

FATTT
L .
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Decay of K*(892)

@ studied K*(892)
@ included L = 0, 1, 2 partial waves
@ large 323 x 256 anisotropic lattice, m, ~ 240 MeV

o fit forms
By = 67 Eem  (mi. B2, (B1)y = -1
11 - 2 2 ) 29 — 5
gK*ﬂ'ﬂ’mﬂ' mﬂ' mﬂ' m‘n—a2
@ S-wave forms tried:
(I?_l)lol(r)l = a+ blEcm7
= d
(K 1)88a = aq+ qugmv
~ _ -1 MaTo G
K -1\ERE  _ 4 M0 Gem
( )00 mado B m2
2
K—l BW mKS Ec2m 67rm7rEcm
( Joo = 2 2 2 2
ma M ) Ixgrer My
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K-matrix fits

@ summary of fit results

Fit s-wave par. mg+/Mx  gr*Knr Mg x?/d.o.f.
(1a,1b) LIN 3.819(20) 5.54(25) —0.333(31)  (1.04,)

2 LIN 3.810(18) 5.30(19) —0.349(25)  1.49

3 QUAD 3.810(18) 5.31(19) —0.350(25) 1.47

4 ERE 3.809(17) 5.31(20) —0.351(24) 147

5 BW 3.808(18) 5.33(20) —0.353(25) 1.42

6 BW 3.810(17) 5.33(20) —0.354(25)  1.50

@ ¢g operators in A;4(0) channel overlap many eigenvectors

@ better energy resolution needed for K (800) determination
(future work)

@ from NLO effective range parametrization find
mp/m; = 4.66(13) — 0.87(18)i (consistent with BW fit)
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Decay of K*(892)

@ plot of P-wave and S-wave phase shift

@ included L = 0, 1, 2 partial waves

@ large 323 x 256 anisotropic lattice, m, ~ 240 MeV
@ « fit: quadratic

170

0 A14(0) ©B1(2)
e 130f | °T1u(0) 4Ba(2)
P 0A1(1) ®Ai(3)
OE(1) *E(3)
0A1(2) oA1(4)

60[

# qQuap

T BW
1k
0 1.0 1.5 2.0
°© °® e > B °© ° °4t + B
N ° o ° "1)70 o A o ° A 9 &0‘ N E
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Comparison to other works

@ comparison of our mg« and gx- k. to other works

05
=) * H -
& ' 3
SO0, 2 L Gl . I
A }
2 # N
3 3+
il < =
50
i 1 i L i - T i L 1 —— 1 1
150 200 250 300 360 0 150 200 250 300 460 10

s [MeV m= [MeV]
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Decay of A

@ first baryon resonance decay study

@ included L = 1 wave only (for now) PRD 97, 014506 (2018)

@ large 483 x 128 isotropic lattice, m., ~ 280 MeV, a ~ 0.076 fm

@ Breit-Wigner fit gives gan, = 19.0(4.7) in agreement with
experiment ~ 16.9

0.2

01—~

B =0 H[@d’ =16,
d®=3,F, [ld*=3,F
1 2

3
LR L L L B L L /AL

2 _
[ ERERNC
gl
: 0.8 0.9 1 1.1 12
Ecm-my
mTT
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Recent I = 1 7w« scattering results

@ Most recent work on CLS ensembles NPB939, 145 (2019)
ID a [fm] L3xT  mg, mi [MeV]  Neont

C101  0.086 482 x 96 220, 470 300

D101 643 x 128 303

N401 0.076 483 x 128 280, 460 274

N200 0.064 483 x 128 280, 460 854

D200 643 x 128 200, 480 558

J303 0.050 643 x 192 260, 470 328
ID (psny)  Ney dilution Niy  Niny
C101  (0.1,20) 392 (TF,SF,LI16)g (TI8,SF,LI16)g 1 1408
D101 928 (TF,SF,LI16)f (TI8,SF,LI16)g 2 1792
N401 (0.1,25) 320 (TF,SF,LI16)g (TI8,SF,LI16)r 2 1664
N200 (0.1,36) 192  (TF,SF,LI8)r (TI8,SF,LI8)r 2 832
D200 448  (TF,SF,LI8) (TI8, SF, LI8)g 2 832
J303 (0.1,60) 208 (TF,SF,LI8)r (TI16,SF,LI8)g 3 1504
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Decay of the p

@ scattering phase shift for C101 and D101
0 5

s ! 170

<

<

S .

° bl

.

£

<0

5 N

—10 o

~15 : ‘ ‘ ‘ . Y . .
2.0 2.5 3.0 35 10 20 25 3.0 3.5 10

Eem/mx Eem/mx

@ scattering phase shift for N200 and N401
51 170F

130+
5

90

Sa = .076 fm

Sa = .064 fm 50

10+
. 1 . . . .
2.0 2.5 3.0 3.5 2.0 2.5 3.0 3.5
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Decay of the p

@ scattering phase shift for J303

s ° 170
2
8
=0 130
3 5
5
S5 90
i T} (0) 2B (2)
0 Af(1)  eAf(3)
~10 50 OEt(1) eE*(3)
0 Af(2) eAf(4)
+ +(4
15 ‘ ‘ o4, ol e P
2.0 2.5 3.0 3.5 20 20 2.5 3.0 3.5 1.0
Eewm/mx Eew /M

@ summary of resonance parameters

850 *a = .086fm 7.0
= 8g =.076 fm
2 4q =.064 fm £
=~ °a =.05fm S 65

x { o 6ol
750 # % %

002 0.04 006 008 150 200 250 300
2 [GeV?] s [MeV]
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Time-like pion form factor

@ obtain time-like pion form factor NPB939, 145 (2019) from

961 9p M\ 37E2,
|F7T(ECIH)|2 = gA(’Y) <qu aq:n +u 5u QquL?) |<O|V(d’A)|dAn>|2

where
E Lgem
V=R YT ga(y) =
and ¢4, is the physical phase shift, and
BN = (gem/mx)3 cot ¢ gives the pseudophase ¢
@ we compute the matrix element

V(d7A) _ Z bE}‘d’A) VR.,,LM Z bELd,A)*bde,A) — 1’
u u

vl A= Af
~, otherwise

(d,A)
1

Vi, = Zy(1+abymy+aby TrM,) Vi, Vi = Vitacyd, T,
V;iz = %E%ﬂaw, auTﬁy = %iﬁu@%ﬂ“w
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Time-like pion form factor (con’t)

@ renormalization constants determined nonperturbatively
@ tried Gounaris-Sakurai parametrization

,,n2 2 77742
- —q h(m ) — b=
FOS(V5) = = T i
qcmh(\/g) - qﬂh(mp) + b(qcm - qp) - ﬁl
2r  2q?
b = —h(m,)— = &h'(mph
gpﬂ'ﬂ' mp
2 Gem \/g + 2(]0111
h(\/g) = = NG In (2171) )

@ also tried n-subtracted dispersion relation with
Omnes-Muskhelishvili solution

- " dz 6
Fr(s) = eXP(E pksk> eXp{S/ Zl(z)}
P T Jam2 2" 2 — 8 — 1€
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Time-like pion form factor results

@ results for N200 (curve is fit with thrice-subtracted dispersion)
20+

15}

10}

20 25 30
Ecm/mw
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Time-like pion form factor results

@ results for J303 (curve is fit with thrice-subtracted dispersion)

20 25 30 35
Ecm/mw
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The scalar glueball

@ glueball: hypothetical bound state

of gluons 0 m—
10 2T —
@ experimental evidence elusive, light J— —
scalar candidates: 8
Pt P —
@ f0(1370), fo(1500), fo(1710) 2(': . 0 —
- 2"—
@ lattice studies to date: ol ot
@ light scalar ~ 1600 — 1700 MeV
@ mostin pure SU (3) or quenched 2

- PRD 73, 014516 (2006)
approx. (no quark/meson mixing!)

++ -+ + -

@ here: extract low-lying Aj“g spectrum with ¢g, meson-meson, & glueball
operators

@ first look (from the lattice) at mixing between glueball, ¢g, and two-hadron states
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A}, spectrum

@ 243 x 128 anisotropic lattice, m., ~ 390 MeV

20 e o+ dd 20
- —
m
¥ L 7z —
15 ki L 8 [ .
-
16 .y 16
-
P = -
Mref — —_— —_—
E— w@r@) 0
12 — )R 12 P

— — - —_—
— — — —
10 50 —— (1) (00} 10 —n) OO
o950 K(0)K(0) /»IQM)VMW,—\“”
0.8 0.8
_— —-—
— - (0)7(0) - 0)-0)
064 o 064 o
o 1 2 3 1 5 6 8 9 10 11 0 1 2 3 1 6 7 12 8 9 10 11

@ bad news for the scalar glueball?
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+
Aj, overlaps
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Tetraquark operators

@ determine impact on spectrum when tetraquark operators

included
@ tetraquark operators we study are combinations of
LT = Y e PX(Bapbed + Saadse)

—A —C
Qaai(mv t) qu}j] (il!, t) QC;Lk (il), t) q£/l (iE, t)v

@ B8 =2

SS DDIa DDIb

aalien

QDXa QDXb

@ spectrum in x, ao(980) channels using 323 x 256 anisotropic
lattice m, =~ 235 MeV, Ngges = 412, £ = 3.451.
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I =4, S=1, Ay, channel for K;(700)

@ single-site and displaced ¢g, K, K¢, and K7 operators

@ tried several hundred tetraquark operators, different flavor
structures

@ found a dozen or so operators yield additional energy level
@ never got two extra levels

# channel

Waw
— - K@@
[ ] —

250
[ K@)
=0 — -—
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I =14, S=1, Ay, channel for K;(700) (con’t)

@ Overlap factors for single-site suss color antisym tetraquark
operator

0.5 ]

0.4 b

7"

0.2 ]

0.1+ ’—} -

0-| |_-—| | T

0 2 4 6 8
Level number n
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I'=1, S=0, Aj, channel for ay(980)

@ single-site and displaced ¢g, KK, nr, and ¢m operators
@ tried several hundred tetraquark operators, different flavor

structures
@ found a dozen or so operators yield additional energy level

@ never got two extra levels

ag channel

. .
: :
= .:
j e
] *@)n(2)
-_—

Wn(1)
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I =1, S=0, A}, channel for a¢(980) (con't)

@ Overlap factors for single-site wuds color antisym tetraquark
operator

T T T "1 "1
0.8~ —

| gt

Oﬂl ek [T L

0 2 4 6 8 10
Level number n
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String Breaking

2Eg)

a(V(r) -

@ string breaking (with Vanessa Koch et al.) PLB 793, 493 (2019)
@ Wilson line operator with static-light BB and B, B, operators
@ use of stochastic LapH method

@ N; =2+ 1CLS N200 ensemble 48° x 128, a = 0.064 fm,
m,280 MeV, mx = 460 MeV
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University of Mainz  Lawrence Berkeley

o thanks to NSF XSEDE:
@ Stampede at TACC
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Current Efforts

recently joined with CalLat (Walker-Loud and others) and
U. Mainz (Wittig and others) to study baryon-baryon scattering

major software redevelopment: common subexpression
elimination with tensor contractions, heavy use of batched BLAS
routines (with Ben Horz)

DOE INCITE award on Summit at ORNL

large volumes near physical point

NN,NX, NA, AA, N= included

also includes NK, N7, X

A(1405), A(1232), H-dibaryon, and Roper to be studied
A transition form factors
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Proton mass decomposition

@ recent determination of mass decomposition of proton
[Y.Yang, J.Liang, Y.Bi, Y.Chen, T.Draper, K.F.Liu, Z.Liu, PRL121, 212001 (2018)]

@ rest mass M of proton given by [Ji PRL74, 1071 (1995)]

M = —(Tua) = (Hp) + (Hp) (1) + (Hg) (1) + 1(Ha),
(T,,,) expectation value of energy momentum tensor in hadron
quark condensate H,, = >, ;... [ d®*zmiy

quark energy Hp =, 4., . [ &Pz &(D - )
glue field energy H, = [ d*z 3(B? — E?)
anomaly term
_ 3 o 3.. B(9) (2 2
Ho =3, 45 | Poymmipy — [ Pz 72 (E? + B?)
(Hm), (H,), (Hg + H,) scale and scheme independent
@ obtain from renormalized quark and gluon momentum fractions
(Hy) = 3M(z)y and (Hp) = M (z)q — §(Hm)
@ anomaly term from (H,) = M — (H,,)
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Proton mass decomposition (con’t)

@ determined mass M from two-point correlator
@ used previous determination of (H,,) (2016)
@ momentum fractions from

7799
(NI3T4y |N)

(T)qg = TTMNINY
TZ:; = /d3xa(z)§(74<5>4*i ’Yi%)z‘ﬁ/’(x)a
i=0,1,2,3
T, = /d%%(E(x)%B(x)?).
@ renormalization
@R = 2N () (@) wds +0Z05(1) D (2)g + ZS (1) ()
q=u,d,s
@F = 28 Y (a)g + 28 (x),,

q=u,d,s
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Proton mass decomposition (con’t)

@ obtained results on 4 ensembles (Ny = 2 + 1 DWF action,
overlap valence)

@ disconnected insertions: cluster-decomposition error reduction,
all time slices looped over

@ extrapolate with global fit including finite volume, spacing
corrections, chiral behavior

0.0 @ quark energy 32(4)(4)%
<o
So3s @ glue energy 36(5)(4)%
gos0 @ quark condensate 9(2)(1)%
2 0.25
§ 0.20 o e trace anomaly 23(1)(1)%
Zos " o with Ny =241
§0.10 He
£ 0.05 :;/4
0.00

0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175
m?2 (GeV)?
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Nucleon spin decomposition

@ spin decomposition of nucleon
[ C.Alexandrou, M.Constantinou, K.Hadjiyiannakou, K.Jansen, C.Kallidonis,
G.Koutsou, A.V.Avilés-Casco, C.Wiese, PRL 119, 142002 (2017)]

@ from Ji sum rule [Ji, PRL78, 610 (1997)]

Iv= Y <;A2q + Lq) +J,

q=u,d,s,c---
@ obtain from nucleon matrix elements (Q=p’—p, P:%(p/—l—p))

(N(p, s")|qvuvsq| N (p, 5))=tin (p,s") [9%7“75} un(p, s),

<=
(N, )y D" N (p, s))=tn (p', ") AL, (Q*)un (p, 5),
oluag, pr}

2m

1
+037(Q%) —Q"Q",

Nty (@1)=A37 (@71 + B (@)
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Nucleon spin decomposition (con't)

@ quark(gluon) total angular momentum and quark momentum
fraction and spin from

Je) = S1AR(0) + B (0)]
<I>q = Ago(()), Azngz

@ gluon momentum fraction from OgVZZTr[G,wGW] with
0'=04, - 109,
_ 2
(¥ 0. 10"V . 50)=( - 485 - 337 ) oy

@ one ensemble at physical point 482 x 96 twisted mass
clover-improved a = 0.0939(3) fm from nucleon mass

@ u,d disconnected diagrams by exact deflation + one-end-trick
@ s disconnected diagrams by truncated solver method
@ renormalization factors determined nonperturbatively
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Nucleon spin decomposition (con't)

@ nucleon spin (left) and momentum (right) decompositions
@ striped segments — valence; solid — sea quark and gluon

N (x)

1 ] --
0.4} <1 08} <
g 5
03} fe Z | 06 £
%% 2 7 = S 2

02} 7% g < g | ol ke & 27

7 = S 12% %= ﬁ\a 187

0.1} ? s 87% g? 102} ?wy»f: g Z% g:,?

) .5

0 RAHIAN oL %2 %8857 L 7

u d s utd+s g Total u d s u+d+s g Total
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Nucleon axial coupling

@ recent percent level determination of g4
[C.Chang et al., Nature 558, 91 (2018); arXiv:1805.12130]

1.35

1.30

1.25

9a

1.20

1.15

@ use of Feynman-Hellman method

C. Morning

- model average

$

959 (er,a=0)
ghPe = 1.2723(23)

7 —— galer,a~0.15fm)
galer,a~ 0.12 fm)
B galer, a ~ 0.09 fm)

® a~0.15fm
# a~0.12fm
#  a~0.09fm

T T T
0.00 0.05 0.10 0.15

T
0.20

€x =My /(47Fy)

T T
0.25 0.30

ga = 1.2711(103)%(39)X(15)%(19)V (04)! (55)M
@ errors: statistical,chiral,spacing,volume,isospin,model selection
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Nucleon axial coupling (con’t)

@ comparison to other determinations

LHPcos [ T L . -y
CLS12 } B - .
TQCDSF13 - | N
QCDSF13 |- | N
TRQCD14 | | N
ETMC15 [ | a | N
PNDME16 [ | B |
ETMC17 |- | @ |
CLS17 |- | -

this work
PDG17 |-
| I I I

1.10 1.15 1.20 1.25 1.30
ga
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Proton/neutron electromagnetic form factors

@ recent study of proton and neutron electromagnetic form factors
[C.Alexandrou, S.Bacchio, M.Constantinou, J.Finkenrath, K.Hadjiyiannakou,
K.Jansen, G.Koutsou, A.V.Aviles Casco, arXiv:1812.10311]

@ one ensemble Ny =2+ 1 + 1 twisted mass with m, = 130 MeV

@ two ensembles Ny = 2 twisted mass with m, = 130 MeV and
two volumes Lm, ~ 3 and Lm, ~ 4
@ unprecedented precision of disconnected diagram contributions

e hierarchical probing
e low mode deflation
@ large numbers of smeared point sources to reduce gauge noise

@ disconnected diagrams have nonnegligible effects
@ thorough investigation of excited-state contamination
e further study of finite-volume effects at low Q? needed
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Proton/neutron electromagnetic form factors (con’t)

@ comparison of Ny = 2+ 1 4 1 results to experiment
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Proton/neutron electromagnetic form factors (con’t)

@ comparing Ny =2+ 1+ 1and Ny = 2 (hollow symbols ignore
disconnected)

A ETMCN;=2,Lm;=3
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Light-cone parton distribution function

@ first determination of unpolarized helicity parton distribution
function at the physical point with nonperturbative
renormalization and large momenta treated [C.Alexandrou, K.Cichy,
M.Constantinou, K.Jansen, A.Scapellato, F.Steffens, PRL 121, 112001 (2018)]

@ extracting PDFs from their moments impractical
@ used method proposed by Ji [ X.Ji, PRL110, 262002 (2013)] with
subsequent refinements

e compute spatial correlations between boosted nucleon states
o Fourier transforms produce quasi-PDFs

o take infinite-momentum limit via a refined matching procedure
e target mass corrections

e renormalization scheme for Wilson line operators

@ one 48% x 96 twisted mass N; = 2 ensemble a = 0.0938(3)(2) fm
and m, L = 2.98(1) at physical point
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Light-cone parton distribution function (con't)

@ unpolarized PDFs for three momenta compared to some
phenomenological curves
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Light-cone parton distribution function (con’t)

@ polarized PDFs for three momenta compared to some
phenomenological curves

6

[ |67/L
8w/ L
I 107/L
[1JAMIT
PR DSSV08

IS

2 ‘ ; ‘
-1 -0.5 0 0.5 1

C. Morningstar KLF Meeting



Conclusion

stochastic LapH method works very well
o allows evaluation of all needed quark-line diagrams

large numbers of excited-state energy levels can be estimated
scattering phase shifts can be computed

infinite-volume resonance parameters from finite-volume
energies below 2 particle thresholds

time-like pion form factor computed
scalar glueball determine in full QCD
role of tetraquark operators

string breaking revisited
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