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experiments can be use to test the Standard Model predictions.
•These predictions require often input related to properties of 
hadrons (hadronic matrix elements). 
•Example of this is 

•DM detection
•CP violation

•High demand of calculations from first principles with reliable error 
estimation.

•Important to disentangle new physics from theoretical or systematic 
errors.
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• Chiral symmetry is:
• Global symmetry      derivative 

     coupling  of the Goldstone bosons. 
• Spontaneously broken    Constrains 

      the interactions. 
• Explicitly broken     Corrections
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to the low energy theorems.
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•In the energy regimes of interest, chiral symmetry provides genuine 
predictions for hadronic interactions on QCD grounds.

•Chiral EFT provides a way to incorporate systematically corrections 
to the low energy theorems.
•Theoretical progress in the recent years opened new possibilities in 
the field       Provide hadronic ME and nuclear corrections!
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•Good knowledge of the interaction (      ) is essential to describe 
NN data [Navarro Pérez, Amaro and Ruiz Arriola, PRC 95 (2017)].
•      -scattering is a way to access the scalar coupling of the nucleon 
(DM detection).
•First calculation of       was done in [Gasser, Sainio and Svarc, NPB 307 (1988)].

•Problem with the power counting due to the heavy scale       .
•Heavy Baryon ChPT [Jenkins and Manohar, PLB 255 (1991)]

•Infrared Regularization [Becher and Leutwyler, EPJ C9 (1999)]

•Extended-On-Mass-Shell [Fuchs, Gegelia, Japaridze and Scherer, PRD68 (2003)]
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and a consistent power counting.

•Small Ν-Δ mass gap and strong coupling of Δ to πΝ       
•Δ(1232) degrees of freedom   

•LECs are fixed with PWAs information (phase shifts).
•Karlsruhe-Helsinki (KA85) [Koch, NPA 448, (1986); Koch and Pietarinen, NPA 336, (1980)]

•George Washington University (WI08) [Workman, et al. . PRC 86 ,(2012)]

•Zürich group (EM06) [Matsinos, Woolcock, Oades, Rasche and Gashi, NPA 95 (2006)]

•The low-energy phase shifts are used to determine the LECs. 
                         Used to extract valuable phenomenological information
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  - scattering

�-less ChPT �-ChPT

[Alarcón, Martin Camalich and Oller, Ann. of Phys. 336 (2013)]
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Partial KA85 WI08 EM06 KA85 WI08 EM06
Wave �-ChPT �-ChPT �-ChPT
a+0+ -1.1(1.0) -0.12(33) 0.23(20) �0.8 �0.10(12) 0.22(12)
a�0+ 8.8(5) 8.33(44) 7.70(8) 9.2 8.83(5) 7.742(61)
aS31 -10.0(1.1) -8.5(6) -7.47(22) �10.0(4) �8.4 �7.52(16)
aS11 16.6(1.5) 16.6(9) 15.63(26) 17.5(3) 17.1 15.71(13)
aP31 -4.15(35) -3.89(35) -4.10(9) �4.4(2) �3.8 �4.176(80)
aP11 -8.4(5) -7.5(1.0) -8.43(18) �7.8(2) �5.8 �7.99(16)
aP33 22.69(30) 21.4(5) 20.89(9) 21.4(2) 19.4 21.00(20)
aP13 -3.00(32) -2.84(31) -3.09(8) �3.0(2) �2.3 �3.159(67)

KA85 WI08 EM06 KA85 WI08 EM06
�-ChPT �-ChPT �-ChPT

�GT 5.1(8)% 1.0(2.5)% 2.0(4)% 4.5(7)% 2.1(1)% 0.2(1.0)%
g⇡N 13.53(10) 13.00(31) 13.13(5) 13.46(9) 13.15(1) 12.90(12)

KA85 WI08 EM06 KA85 WI08 EM06
�-ChPT �-ChPT �-ChPT

�⇡N (MeV) 43(5) 59(4) 59(2) 45(8) 64(7) 56(9)
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Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.
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Partial KA85 WI08 EM06 KA85 WI08 EM06
Wave �-ChPT �-ChPT �-ChPT
a+0+ -1.1(1.0) -0.12(33) 0.23(20) �0.8 �0.10(12) 0.22(12)
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Threshold parameters

Agreement with the PWA that provides the input.
Never achieved before in ChEFT !!!
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Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.
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Subthreshold region

Agreement with the dispersive results for fist time!
Solves the problem found by Becher and Leutwyler!
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Sigma-term update 
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The determination of the a-term from nN scattering is critically examined. The currently available data indicate a= 45 MeV. 
Low-energy precision measurements are needed to clarify discrepancies in experimental data and to reduce the uncertainty in the 
strangeness content for which we obtain y-~ 0.2. 

1. A venerable low-energy theorem of current al- 
gebra [ 1 ] relates the value of the isospin even nN 
scattering ampli tude at the Cheng-Dashen  point  ~ 

~ =  F 2 / )  + (2/12) ( 1 ) 

to the a-term matrix element 

1 
a= ~ (Pl rh(au+dd) IP) , 

rh=  ~ (rnu +rod) . (2) 

The theorem states that if the quark masses mu, mo 
are sent to zero, the ratio .S/a tends to one. This pre- 
diction has received continued interest during the last 
twenty years ( [ 3-10]  ) mainly because the analysis 
of the nN data ~2 leads to 27= 64 + 8 MeV [ 11 ], while 
naive estimates of the a-term based on the baryon 

¢r Work supported in part by Schweizerischer Nationalfonds. 
~t Notation:/~ and m are the masses of pion and proton respec- 

tively. The function/9 + (t) is the scattering amplitude at v = 0 
with the Born term removed, D +(t)=A + (s, t)ls=u-g2/m. 
As pointed out in ref. [2] a critical examination of the radia- 
tive corrections occurring in the determination of the pion de- 
cay constant leads to F. = 92.4 MeV. 

~2 A comprehensive analysis of the extrapolation required to 
reach the Cheng-Dashen point is given in the handbook arti- 
cle by H6hler [ 3 ], which also contains a review of the litera- 
ture on the a-term up to 1982. 

mass spectrum give a-~ 25 MeV: either, one of these 
two values is wrong, or the low-energy theorem a=27 
is of fby a factor of two or more. 

2. Rather radical theoretical conclusions were in- 
ferred from this disagreement. They are based on the 
observation that approximate SU (3) symmetry only 
allows one to estimate the proton matrix element of 
the SU ( 3 )-breaking piece of the hamil tonian,  not the 
a-term itself. The two quantit ies are related by 

ms-rh  (Plt2u+dd-2gslp) = ( - ~  - l )  

(3) 

where y=2(pl:~slp)/(plau+aYdlp) is the share 
contr ibuted by the operator gs. If  y were substantial 
or if the ratio mJrh were smaller than the standard 
value [ 12 ] m~/th ~_ 26, then a should indeed be larger. 
Both of these possibilities are extensively discussed 
in the literature, but  neither of them is plausible, for 
the following reasons: ( i)  If  (p]~slp) were the cul- 
prit, then a large fraction of the proton mass would 
originate in the piece msgs of the hamil tonian (the 
matrix element of m~.~s is larger than the matrix ele- 
ment  of 2rhYs by the factor mJ2rh-~ 13 - if the latter 
amounts  to 30 MeV, the former is of order 400 MeV). 
The proton is the lightest state with nonzero baryon 
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value used for F~, on the other hand, does not play a 
significant role here. We did investigate the isospin 
breaking effects generated by the mass difference 
A ÷ + - A  °, supplementing the electromagnetic correc- 
tions with a term which accounts for the correspond- 
ing shift of the peak in a Breit-Wigner formula. The 
effect slightly improves the quality of our fits, but it 
affects the result for Xd only at the 1 MeV level. 

In fig. 1 the solution C refers to the KH.80 range of 
the parameters ad-+ and a~-+ [3]. The dash-dotted 
line on the left of the figure corresponds to the 
ReD + ( t = 0 )  value at 54.3 MeV of ref. [23] and the 
dashed line is the respective error band. The recent 
measurements of the integrated n+p cross section 
[35] are consistent with the Karlsruhe results, and, 
therefore, lend support for the solutions A and B, 
which are not too far from the Karlsruhe solution. 
Some low-energy information is also available for the 
charge exchange reaction n - p ~ n ° n  [ 36-38 ]. How- 
ever, the main issue here is the isospin even ampli- 
tude at the Cheng-Dashen point, which is not sensi- 
tive to the isospin odd part probed by the charge 
exchange process. Generally the experiment is in rea- 
sonable agreement with the Karlsruhe amplitudes 
which are close to the solutions A and B obtained here. 
As indicated in the figure, the recent data on the level 
shift of pionic hydrogen [ 34] favour solution A. 

12. The data indicate that Xd is approximately equal 
to 50 MeV. None of the data sets published in the last 
decade allows one to reduce the uncertainties in this 
value and it does not make sense to combine them as 
they are contradictory. We have detailed our error es- 
timates above; the reader is invited to add errors in 
quadrature and, more urgently, to resolve the exper- 
imental discrepancies. Using the results for A and A D 
given above, solution A implies 

am 45MeV,  Xm60MeV.  (13) 

The value for a is lower than the previous estimates 
by about 10 MeV, while the value for X essentially 
confirms the conclusion H6hler and his collaborators 
reached in 1982 [3,11 ]. 

The uncertainties in the above numbers could be 
reduced substantially if the experimental situation 
were to improve - in our opinion both the procedure 
used to determine the value of Xa from the experi- 
mental information and the corrections which relate 

this value to the a-term matrix element are now 
understood (note that the 10 MeV shift mentioned 
above originates in the t-dependence of the a-term 
form factor which turns out to be considerably more 
pronounced than what is indicated by chiral pertur- 
bation theory at leading order). 

13. Let us now confront this result with the theo- 
retical predictions based on approximate SU(3) 
symmetry. Expanding the masses of the baryon octet 
in powers of ms - rh  around a common value 
mu = md = ms = rh of the quark masses, retaining only 
the terms of first order in m s -  rh and assuming that 
the strange quark content y of the proton vanishes, 
one arrives at the result am 25 MeV mentioned above. 
The corrections generated by the terms of order 
(ms - rh )  2 are expected to modify this result at the 
(20-30) % level characteristic of SU (3) breaking ef- 
fects. They were analyzed in ref. [39] where it was 
shown that the self-energies associated with virtual 
mesons generate a remarkably large, positive contri- 
bution, enhancing the value of a by about 10 MeV #4. 
The result is [ 16 ] 

a=ao/(1-y) ,  a o = 3 5 + 5  MeV. (14) 

In view of ( 13 ), this implies a strange quark constant 
of ym 0.2. This value appears to be quite reasonable 
as the corresponding contribution of the term ms~s to 
the proton mass is of order (ms/2rh) X 10 M e V -  130 
MeV. There is no evidence for a large strange quark 
content of the proton, but the uncertainties are con- 
siderable - accurate new data are required to pin them 
down. Ignoring these uncertainties, the conclusions 
concerning the discrepancy mentioned in the first 
paragraph are the following: (i) The value of the am- 
plitude at the Cheng-Dashen point, 27___ 60 MeV, is 
consistent with the old estimate [3]. (ii) The mag- 
nitude of the a-term matrix element, am45 MeV, 
neither agrees with the naive estimate, a-~ 25 MeV 
nor with the value am_r suggested by the low-energy 
theorem. (iii) About half of the difference between 
25 and 45 MeV is attributed to SU(3)-breaking ef- 
fects in the matrix elements of the scalar currents, the 

a4 In that analysis a cutoffin momentum space was used to tame 
the ultraviolet divergences. The calculation is presently being 
repeated [40] using modern techniques ofchiral perturbation 
theory where a cutoff is not needed. 
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or if the ratio mJrh were smaller than the standard 
value [ 12 ] m~/th ~_ 26, then a should indeed be larger. 
Both of these possibilities are extensively discussed 
in the literature, but  neither of them is plausible, for 
the following reasons: ( i)  If  (p]~slp) were the cul- 
prit, then a large fraction of the proton mass would 
originate in the piece msgs of the hamil tonian (the 
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value used for F~, on the other hand, does not play a 
significant role here. We did investigate the isospin 
breaking effects generated by the mass difference 
A ÷ + - A  °, supplementing the electromagnetic correc- 
tions with a term which accounts for the correspond- 
ing shift of the peak in a Breit-Wigner formula. The 
effect slightly improves the quality of our fits, but it 
affects the result for Xd only at the 1 MeV level. 

In fig. 1 the solution C refers to the KH.80 range of 
the parameters ad-+ and a~-+ [3]. The dash-dotted 
line on the left of the figure corresponds to the 
ReD + ( t = 0 )  value at 54.3 MeV of ref. [23] and the 
dashed line is the respective error band. The recent 
measurements of the integrated n+p cross section 
[35] are consistent with the Karlsruhe results, and, 
therefore, lend support for the solutions A and B, 
which are not too far from the Karlsruhe solution. 
Some low-energy information is also available for the 
charge exchange reaction n - p ~ n ° n  [ 36-38 ]. How- 
ever, the main issue here is the isospin even ampli- 
tude at the Cheng-Dashen point, which is not sensi- 
tive to the isospin odd part probed by the charge 
exchange process. Generally the experiment is in rea- 
sonable agreement with the Karlsruhe amplitudes 
which are close to the solutions A and B obtained here. 
As indicated in the figure, the recent data on the level 
shift of pionic hydrogen [ 34] favour solution A. 

12. The data indicate that Xd is approximately equal 
to 50 MeV. None of the data sets published in the last 
decade allows one to reduce the uncertainties in this 
value and it does not make sense to combine them as 
they are contradictory. We have detailed our error es- 
timates above; the reader is invited to add errors in 
quadrature and, more urgently, to resolve the exper- 
imental discrepancies. Using the results for A and A D 
given above, solution A implies 

am 45MeV,  Xm60MeV.  (13) 

The value for a is lower than the previous estimates 
by about 10 MeV, while the value for X essentially 
confirms the conclusion H6hler and his collaborators 
reached in 1982 [3,11 ]. 

The uncertainties in the above numbers could be 
reduced substantially if the experimental situation 
were to improve - in our opinion both the procedure 
used to determine the value of Xa from the experi- 
mental information and the corrections which relate 

this value to the a-term matrix element are now 
understood (note that the 10 MeV shift mentioned 
above originates in the t-dependence of the a-term 
form factor which turns out to be considerably more 
pronounced than what is indicated by chiral pertur- 
bation theory at leading order). 

13. Let us now confront this result with the theo- 
retical predictions based on approximate SU(3) 
symmetry. Expanding the masses of the baryon octet 
in powers of ms - rh  around a common value 
mu = md = ms = rh of the quark masses, retaining only 
the terms of first order in m s -  rh and assuming that 
the strange quark content y of the proton vanishes, 
one arrives at the result am 25 MeV mentioned above. 
The corrections generated by the terms of order 
(ms - rh )  2 are expected to modify this result at the 
(20-30) % level characteristic of SU (3) breaking ef- 
fects. They were analyzed in ref. [39] where it was 
shown that the self-energies associated with virtual 
mesons generate a remarkably large, positive contri- 
bution, enhancing the value of a by about 10 MeV #4. 
The result is [ 16 ] 

a=ao/(1-y) ,  a o = 3 5 + 5  MeV. (14) 

In view of ( 13 ), this implies a strange quark constant 
of ym 0.2. This value appears to be quite reasonable 
as the corresponding contribution of the term ms~s to 
the proton mass is of order (ms/2rh) X 10 M e V -  130 
MeV. There is no evidence for a large strange quark 
content of the proton, but the uncertainties are con- 
siderable - accurate new data are required to pin them 
down. Ignoring these uncertainties, the conclusions 
concerning the discrepancy mentioned in the first 
paragraph are the following: (i) The value of the am- 
plitude at the Cheng-Dashen point, 27___ 60 MeV, is 
consistent with the old estimate [3]. (ii) The mag- 
nitude of the a-term matrix element, am45 MeV, 
neither agrees with the naive estimate, a-~ 25 MeV 
nor with the value am_r suggested by the low-energy 
theorem. (iii) About half of the difference between 
25 and 45 MeV is attributed to SU(3)-breaking ef- 
fects in the matrix elements of the scalar currents, the 
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the ultraviolet divergences. The calculation is presently being 
repeated [40] using modern techniques ofchiral perturbation 
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The pion-nucleon Σ term is definitely large:
results from a G.W.U. analysis of πN scattering data
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A new result for the πN Σ term from a George Washington University/TRIUMF group analysis of πN

data is presented. The value Σ=79±7 MeV was obtained, compared to the canonical value 64±8 MeV

found by Koch. The difference is explained simply by the PSI pionic hydrogen value for aπ−p, the latest

results for the πNN coupling constant, and a narrower ∆ resonance. Many systematic effects have

been investigated, including Coulomb corrections, and database changes, and our results are found

to be robust. In the standard interpretation, our value of Σ implies a nucleon strangeness fraction

y/2∼0.23. The implausibility of such a large strange component suggests that the relationship between

Σ and nucleon strangeness ought to be re-examined.

1 Introduction

The πN sigma term Σ has long been a thorn in the side of low energy quantum chromodynamics
(QCD) [1,2]. The canonical result Σ=64±8 MeV was obtained by Koch [3,4] based on an analysis
of pre-1980 πp and ππ scattering data, KH80 [4,5]. Gasser, et al. [6] later developed an alternative
method of extracting Σ which agreed perfectly with Koch when using the same KH80 solution. In
the usual picture, the nucleon strangeness parameter is

y/2 =
< N |ss|N >

< N |uu + dd|N >
(1)

The canonical Σ result yields y = 0.11 ± 0.07, whereby the strange quarks would contribute ∼110
MeV to the nucleon mass, an amount considered too large to be physical in light of results from
e.g. neutrino scattering [7]. This “sigma term puzzle” spawned a whole generation of πN scattering
experiments that have greatly increased the size and the quality of the scattering database.

A long-standing prejudice has been that new and better πN scattering data and an updated
analysis ultimately would result in a smaller value for y. With the new generation of experiments
almost all completed, our George Washington University/TRIUMF group has sought to extract
the Σ term as part of our ongoing πN partial-wave and dispersion relation analysis program, which
employs the most up-to-date πN scattering data in our SAID database [8]. Our main conclusion is
that contrary to wishful expectation, a thorough analysis of the new data has yielded a larger value,
Σ = 79±7 MeV, which can be understood simply in light of the new experimental information. The
sigma term and our analysis will be summarized briefly. Details can be found e.g. in Refs. [4,6,9,10].

2 The Pion-Nucleon Sigma Term

The sigma term σ̂ measures the nucleon mass shift away from the chiral (mu = md = 0) limit,
thereby parameterizing the explicit breaking of chiral symmetry in QCD due to the non-zero up
and down quark masses. Models of nucleon structure are required to determine σ̂. The canonical
result σ̂ = 35± 5 MeV is due to Gasser [11] based on SU(2) chiral perturbation theory plus meson

1
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two values is wrong, or the low-energy theorem a=27 
is of fby a factor of two or more. 

2. Rather radical theoretical conclusions were in- 
ferred from this disagreement. They are based on the 
observation that approximate SU (3) symmetry only 
allows one to estimate the proton matrix element of 
the SU ( 3 )-breaking piece of the hamil tonian,  not the 
a-term itself. The two quantit ies are related by 

ms-rh  (Plt2u+dd-2gslp) = ( - ~  - l )  

(3) 

where y=2(pl:~slp)/(plau+aYdlp) is the share 
contr ibuted by the operator gs. If  y were substantial 
or if the ratio mJrh were smaller than the standard 
value [ 12 ] m~/th ~_ 26, then a should indeed be larger. 
Both of these possibilities are extensively discussed 
in the literature, but  neither of them is plausible, for 
the following reasons: ( i)  If  (p]~slp) were the cul- 
prit, then a large fraction of the proton mass would 
originate in the piece msgs of the hamil tonian (the 
matrix element of m~.~s is larger than the matrix ele- 
ment  of 2rhYs by the factor mJ2rh-~ 13 - if the latter 
amounts  to 30 MeV, the former is of order 400 MeV). 
The proton is the lightest state with nonzero baryon 
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value used for F~, on the other hand, does not play a 
significant role here. We did investigate the isospin 
breaking effects generated by the mass difference 
A ÷ + - A  °, supplementing the electromagnetic correc- 
tions with a term which accounts for the correspond- 
ing shift of the peak in a Breit-Wigner formula. The 
effect slightly improves the quality of our fits, but it 
affects the result for Xd only at the 1 MeV level. 

In fig. 1 the solution C refers to the KH.80 range of 
the parameters ad-+ and a~-+ [3]. The dash-dotted 
line on the left of the figure corresponds to the 
ReD + ( t = 0 )  value at 54.3 MeV of ref. [23] and the 
dashed line is the respective error band. The recent 
measurements of the integrated n+p cross section 
[35] are consistent with the Karlsruhe results, and, 
therefore, lend support for the solutions A and B, 
which are not too far from the Karlsruhe solution. 
Some low-energy information is also available for the 
charge exchange reaction n - p ~ n ° n  [ 36-38 ]. How- 
ever, the main issue here is the isospin even ampli- 
tude at the Cheng-Dashen point, which is not sensi- 
tive to the isospin odd part probed by the charge 
exchange process. Generally the experiment is in rea- 
sonable agreement with the Karlsruhe amplitudes 
which are close to the solutions A and B obtained here. 
As indicated in the figure, the recent data on the level 
shift of pionic hydrogen [ 34] favour solution A. 

12. The data indicate that Xd is approximately equal 
to 50 MeV. None of the data sets published in the last 
decade allows one to reduce the uncertainties in this 
value and it does not make sense to combine them as 
they are contradictory. We have detailed our error es- 
timates above; the reader is invited to add errors in 
quadrature and, more urgently, to resolve the exper- 
imental discrepancies. Using the results for A and A D 
given above, solution A implies 

am 45MeV,  Xm60MeV.  (13) 

The value for a is lower than the previous estimates 
by about 10 MeV, while the value for X essentially 
confirms the conclusion H6hler and his collaborators 
reached in 1982 [3,11 ]. 

The uncertainties in the above numbers could be 
reduced substantially if the experimental situation 
were to improve - in our opinion both the procedure 
used to determine the value of Xa from the experi- 
mental information and the corrections which relate 

this value to the a-term matrix element are now 
understood (note that the 10 MeV shift mentioned 
above originates in the t-dependence of the a-term 
form factor which turns out to be considerably more 
pronounced than what is indicated by chiral pertur- 
bation theory at leading order). 

13. Let us now confront this result with the theo- 
retical predictions based on approximate SU(3) 
symmetry. Expanding the masses of the baryon octet 
in powers of ms - rh  around a common value 
mu = md = ms = rh of the quark masses, retaining only 
the terms of first order in m s -  rh and assuming that 
the strange quark content y of the proton vanishes, 
one arrives at the result am 25 MeV mentioned above. 
The corrections generated by the terms of order 
(ms - rh )  2 are expected to modify this result at the 
(20-30) % level characteristic of SU (3) breaking ef- 
fects. They were analyzed in ref. [39] where it was 
shown that the self-energies associated with virtual 
mesons generate a remarkably large, positive contri- 
bution, enhancing the value of a by about 10 MeV #4. 
The result is [ 16 ] 

a=ao/(1-y) ,  a o = 3 5 + 5  MeV. (14) 

In view of ( 13 ), this implies a strange quark constant 
of ym 0.2. This value appears to be quite reasonable 
as the corresponding contribution of the term ms~s to 
the proton mass is of order (ms/2rh) X 10 M e V -  130 
MeV. There is no evidence for a large strange quark 
content of the proton, but the uncertainties are con- 
siderable - accurate new data are required to pin them 
down. Ignoring these uncertainties, the conclusions 
concerning the discrepancy mentioned in the first 
paragraph are the following: (i) The value of the am- 
plitude at the Cheng-Dashen point, 27___ 60 MeV, is 
consistent with the old estimate [3]. (ii) The mag- 
nitude of the a-term matrix element, am45 MeV, 
neither agrees with the naive estimate, a-~ 25 MeV 
nor with the value am_r suggested by the low-energy 
theorem. (iii) About half of the difference between 
25 and 45 MeV is attributed to SU(3)-breaking ef- 
fects in the matrix elements of the scalar currents, the 

a4 In that analysis a cutoffin momentum space was used to tame 
the ultraviolet divergences. The calculation is presently being 
repeated [40] using modern techniques ofchiral perturbation 
theory where a cutoff is not needed. 
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The determination of the a-term from nN scattering is critically examined. The currently available data indicate a= 45 MeV. 
Low-energy precision measurements are needed to clarify discrepancies in experimental data and to reduce the uncertainty in the 
strangeness content for which we obtain y-~ 0.2. 

1. A venerable low-energy theorem of current al- 
gebra [ 1 ] relates the value of the isospin even nN 
scattering ampli tude at the Cheng-Dashen  point  ~ 

~ =  F 2 / )  + (2/12) ( 1 ) 

to the a-term matrix element 

1 
a= ~ (Pl rh(au+dd) IP) , 

rh=  ~ (rnu +rod) . (2) 

The theorem states that if the quark masses mu, mo 
are sent to zero, the ratio .S/a tends to one. This pre- 
diction has received continued interest during the last 
twenty years ( [ 3-10]  ) mainly because the analysis 
of the nN data ~2 leads to 27= 64 + 8 MeV [ 11 ], while 
naive estimates of the a-term based on the baryon 

¢r Work supported in part by Schweizerischer Nationalfonds. 
~t Notation:/~ and m are the masses of pion and proton respec- 

tively. The function/9 + (t) is the scattering amplitude at v = 0 
with the Born term removed, D +(t)=A + (s, t)ls=u-g2/m. 
As pointed out in ref. [2] a critical examination of the radia- 
tive corrections occurring in the determination of the pion de- 
cay constant leads to F. = 92.4 MeV. 

~2 A comprehensive analysis of the extrapolation required to 
reach the Cheng-Dashen point is given in the handbook arti- 
cle by H6hler [ 3 ], which also contains a review of the litera- 
ture on the a-term up to 1982. 

mass spectrum give a-~ 25 MeV: either, one of these 
two values is wrong, or the low-energy theorem a=27 
is of fby a factor of two or more. 

2. Rather radical theoretical conclusions were in- 
ferred from this disagreement. They are based on the 
observation that approximate SU (3) symmetry only 
allows one to estimate the proton matrix element of 
the SU ( 3 )-breaking piece of the hamil tonian,  not the 
a-term itself. The two quantit ies are related by 

ms-rh  (Plt2u+dd-2gslp) = ( - ~  - l )  

(3) 

where y=2(pl:~slp)/(plau+aYdlp) is the share 
contr ibuted by the operator gs. If  y were substantial 
or if the ratio mJrh were smaller than the standard 
value [ 12 ] m~/th ~_ 26, then a should indeed be larger. 
Both of these possibilities are extensively discussed 
in the literature, but  neither of them is plausible, for 
the following reasons: ( i)  If  (p]~slp) were the cul- 
prit, then a large fraction of the proton mass would 
originate in the piece msgs of the hamil tonian (the 
matrix element of m~.~s is larger than the matrix ele- 
ment  of 2rhYs by the factor mJ2rh-~ 13 - if the latter 
amounts  to 30 MeV, the former is of order 400 MeV). 
The proton is the lightest state with nonzero baryon 
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A new result for the πN Σ term from a George Washington University/TRIUMF group analysis of πN

data is presented. The value Σ=79±7 MeV was obtained, compared to the canonical value 64±8 MeV

found by Koch. The difference is explained simply by the PSI pionic hydrogen value for aπ−p, the latest

results for the πNN coupling constant, and a narrower ∆ resonance. Many systematic effects have

been investigated, including Coulomb corrections, and database changes, and our results are found

to be robust. In the standard interpretation, our value of Σ implies a nucleon strangeness fraction

y/2∼0.23. The implausibility of such a large strange component suggests that the relationship between

Σ and nucleon strangeness ought to be re-examined.

1 Introduction

The πN sigma term Σ has long been a thorn in the side of low energy quantum chromodynamics
(QCD) [1,2]. The canonical result Σ=64±8 MeV was obtained by Koch [3,4] based on an analysis
of pre-1980 πp and ππ scattering data, KH80 [4,5]. Gasser, et al. [6] later developed an alternative
method of extracting Σ which agreed perfectly with Koch when using the same KH80 solution. In
the usual picture, the nucleon strangeness parameter is

y/2 =
< N |ss|N >

< N |uu + dd|N >
(1)

The canonical Σ result yields y = 0.11 ± 0.07, whereby the strange quarks would contribute ∼110
MeV to the nucleon mass, an amount considered too large to be physical in light of results from
e.g. neutrino scattering [7]. This “sigma term puzzle” spawned a whole generation of πN scattering
experiments that have greatly increased the size and the quality of the scattering database.

A long-standing prejudice has been that new and better πN scattering data and an updated
analysis ultimately would result in a smaller value for y. With the new generation of experiments
almost all completed, our George Washington University/TRIUMF group has sought to extract
the Σ term as part of our ongoing πN partial-wave and dispersion relation analysis program, which
employs the most up-to-date πN scattering data in our SAID database [8]. Our main conclusion is
that contrary to wishful expectation, a thorough analysis of the new data has yielded a larger value,
Σ = 79±7 MeV, which can be understood simply in light of the new experimental information. The
sigma term and our analysis will be summarized briefly. Details can be found e.g. in Refs. [4,6,9,10].

2 The Pion-Nucleon Sigma Term

The sigma term σ̂ measures the nucleon mass shift away from the chiral (mu = md = 0) limit,
thereby parameterizing the explicit breaking of chiral symmetry in QCD due to the non-zero up
and down quark masses. Models of nucleon structure are required to determine σ̂. The canonical
result σ̂ = 35± 5 MeV is due to Gasser [11] based on SU(2) chiral perturbation theory plus meson

1
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•Tension between the “canonical” value and the updated evaluation:

•Despite GWU utilizes updated experimental information, the lower 
value was more common in the literature. 
•σπΝ~60 MeV was puzzling:
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The determination of the a-term from nN scattering is critically examined. The currently available data indicate a= 45 MeV. 
Low-energy precision measurements are needed to clarify discrepancies in experimental data and to reduce the uncertainty in the 
strangeness content for which we obtain y-~ 0.2. 

1. A venerable low-energy theorem of current al- 
gebra [ 1 ] relates the value of the isospin even nN 
scattering ampli tude at the Cheng-Dashen  point  ~ 

~ =  F 2 / )  + (2/12) ( 1 ) 

to the a-term matrix element 

1 
a= ~ (Pl rh(au+dd) IP) , 

rh=  ~ (rnu +rod) . (2) 

The theorem states that if the quark masses mu, mo 
are sent to zero, the ratio .S/a tends to one. This pre- 
diction has received continued interest during the last 
twenty years ( [ 3-10]  ) mainly because the analysis 
of the nN data ~2 leads to 27= 64 + 8 MeV [ 11 ], while 
naive estimates of the a-term based on the baryon 

¢r Work supported in part by Schweizerischer Nationalfonds. 
~t Notation:/~ and m are the masses of pion and proton respec- 

tively. The function/9 + (t) is the scattering amplitude at v = 0 
with the Born term removed, D +(t)=A + (s, t)ls=u-g2/m. 
As pointed out in ref. [2] a critical examination of the radia- 
tive corrections occurring in the determination of the pion de- 
cay constant leads to F. = 92.4 MeV. 

~2 A comprehensive analysis of the extrapolation required to 
reach the Cheng-Dashen point is given in the handbook arti- 
cle by H6hler [ 3 ], which also contains a review of the litera- 
ture on the a-term up to 1982. 

mass spectrum give a-~ 25 MeV: either, one of these 
two values is wrong, or the low-energy theorem a=27 
is of fby a factor of two or more. 

2. Rather radical theoretical conclusions were in- 
ferred from this disagreement. They are based on the 
observation that approximate SU (3) symmetry only 
allows one to estimate the proton matrix element of 
the SU ( 3 )-breaking piece of the hamil tonian,  not the 
a-term itself. The two quantit ies are related by 

ms-rh  (Plt2u+dd-2gslp) = ( - ~  - l )  

(3) 

where y=2(pl:~slp)/(plau+aYdlp) is the share 
contr ibuted by the operator gs. If  y were substantial 
or if the ratio mJrh were smaller than the standard 
value [ 12 ] m~/th ~_ 26, then a should indeed be larger. 
Both of these possibilities are extensively discussed 
in the literature, but  neither of them is plausible, for 
the following reasons: ( i)  If  (p]~slp) were the cul- 
prit, then a large fraction of the proton mass would 
originate in the piece msgs of the hamil tonian (the 
matrix element of m~.~s is larger than the matrix ele- 
ment  of 2rhYs by the factor mJ2rh-~ 13 - if the latter 
amounts  to 30 MeV, the former is of order 400 MeV). 
The proton is the lightest state with nonzero baryon 

252 0370-2693/91/$ 03.50 © 1991 - Elsevier Science Publishers B.V. ( North-Holland ) 

Volume 253, number 1,2 PHYSICS LETTERS B 3 January 1991 

value used for F~, on the other hand, does not play a 
significant role here. We did investigate the isospin 
breaking effects generated by the mass difference 
A ÷ + - A  °, supplementing the electromagnetic correc- 
tions with a term which accounts for the correspond- 
ing shift of the peak in a Breit-Wigner formula. The 
effect slightly improves the quality of our fits, but it 
affects the result for Xd only at the 1 MeV level. 

In fig. 1 the solution C refers to the KH.80 range of 
the parameters ad-+ and a~-+ [3]. The dash-dotted 
line on the left of the figure corresponds to the 
ReD + ( t = 0 )  value at 54.3 MeV of ref. [23] and the 
dashed line is the respective error band. The recent 
measurements of the integrated n+p cross section 
[35] are consistent with the Karlsruhe results, and, 
therefore, lend support for the solutions A and B, 
which are not too far from the Karlsruhe solution. 
Some low-energy information is also available for the 
charge exchange reaction n - p ~ n ° n  [ 36-38 ]. How- 
ever, the main issue here is the isospin even ampli- 
tude at the Cheng-Dashen point, which is not sensi- 
tive to the isospin odd part probed by the charge 
exchange process. Generally the experiment is in rea- 
sonable agreement with the Karlsruhe amplitudes 
which are close to the solutions A and B obtained here. 
As indicated in the figure, the recent data on the level 
shift of pionic hydrogen [ 34] favour solution A. 

12. The data indicate that Xd is approximately equal 
to 50 MeV. None of the data sets published in the last 
decade allows one to reduce the uncertainties in this 
value and it does not make sense to combine them as 
they are contradictory. We have detailed our error es- 
timates above; the reader is invited to add errors in 
quadrature and, more urgently, to resolve the exper- 
imental discrepancies. Using the results for A and A D 
given above, solution A implies 

am 45MeV,  Xm60MeV.  (13) 

The value for a is lower than the previous estimates 
by about 10 MeV, while the value for X essentially 
confirms the conclusion H6hler and his collaborators 
reached in 1982 [3,11 ]. 

The uncertainties in the above numbers could be 
reduced substantially if the experimental situation 
were to improve - in our opinion both the procedure 
used to determine the value of Xa from the experi- 
mental information and the corrections which relate 

this value to the a-term matrix element are now 
understood (note that the 10 MeV shift mentioned 
above originates in the t-dependence of the a-term 
form factor which turns out to be considerably more 
pronounced than what is indicated by chiral pertur- 
bation theory at leading order). 

13. Let us now confront this result with the theo- 
retical predictions based on approximate SU(3) 
symmetry. Expanding the masses of the baryon octet 
in powers of ms - rh  around a common value 
mu = md = ms = rh of the quark masses, retaining only 
the terms of first order in m s -  rh and assuming that 
the strange quark content y of the proton vanishes, 
one arrives at the result am 25 MeV mentioned above. 
The corrections generated by the terms of order 
(ms - rh )  2 are expected to modify this result at the 
(20-30) % level characteristic of SU (3) breaking ef- 
fects. They were analyzed in ref. [39] where it was 
shown that the self-energies associated with virtual 
mesons generate a remarkably large, positive contri- 
bution, enhancing the value of a by about 10 MeV #4. 
The result is [ 16 ] 

a=ao/(1-y) ,  a o = 3 5 + 5  MeV. (14) 

In view of ( 13 ), this implies a strange quark constant 
of ym 0.2. This value appears to be quite reasonable 
as the corresponding contribution of the term ms~s to 
the proton mass is of order (ms/2rh) X 10 M e V -  130 
MeV. There is no evidence for a large strange quark 
content of the proton, but the uncertainties are con- 
siderable - accurate new data are required to pin them 
down. Ignoring these uncertainties, the conclusions 
concerning the discrepancy mentioned in the first 
paragraph are the following: (i) The value of the am- 
plitude at the Cheng-Dashen point, 27___ 60 MeV, is 
consistent with the old estimate [3]. (ii) The mag- 
nitude of the a-term matrix element, am45 MeV, 
neither agrees with the naive estimate, a-~ 25 MeV 
nor with the value am_r suggested by the low-energy 
theorem. (iii) About half of the difference between 
25 and 45 MeV is attributed to SU(3)-breaking ef- 
fects in the matrix elements of the scalar currents, the 

a4 In that analysis a cutoffin momentum space was used to tame 
the ultraviolet divergences. The calculation is presently being 
repeated [40] using modern techniques ofchiral perturbation 
theory where a cutoff is not needed. 

257 

Volume 253, number 1,2 PHYSICS LETTERS B 3 January 1991 

Sigma-term update 
J. Gasser, H. Leutwyler 
Institute for Theoretical Physics, University of Bern, Sidlerstrafle 5, CH-3012 Bern, Switzerland 

and 

M.E. Sainio 
Research Institute for Theoretical Physics, University of Helsinki, Siltavuorenpenger 20C, SF-O0170 Helsinki, Finland 

Received 24 September 1990 

The determination of the a-term from nN scattering is critically examined. The currently available data indicate a= 45 MeV. 
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1. A venerable low-energy theorem of current al- 
gebra [ 1 ] relates the value of the isospin even nN 
scattering ampli tude at the Cheng-Dashen  point  ~ 

~ =  F 2 / )  + (2/12) ( 1 ) 

to the a-term matrix element 

1 
a= ~ (Pl rh(au+dd) IP) , 

rh=  ~ (rnu +rod) . (2) 

The theorem states that if the quark masses mu, mo 
are sent to zero, the ratio .S/a tends to one. This pre- 
diction has received continued interest during the last 
twenty years ( [ 3-10]  ) mainly because the analysis 
of the nN data ~2 leads to 27= 64 + 8 MeV [ 11 ], while 
naive estimates of the a-term based on the baryon 

¢r Work supported in part by Schweizerischer Nationalfonds. 
~t Notation:/~ and m are the masses of pion and proton respec- 

tively. The function/9 + (t) is the scattering amplitude at v = 0 
with the Born term removed, D +(t)=A + (s, t)ls=u-g2/m. 
As pointed out in ref. [2] a critical examination of the radia- 
tive corrections occurring in the determination of the pion de- 
cay constant leads to F. = 92.4 MeV. 

~2 A comprehensive analysis of the extrapolation required to 
reach the Cheng-Dashen point is given in the handbook arti- 
cle by H6hler [ 3 ], which also contains a review of the litera- 
ture on the a-term up to 1982. 

mass spectrum give a-~ 25 MeV: either, one of these 
two values is wrong, or the low-energy theorem a=27 
is of fby a factor of two or more. 

2. Rather radical theoretical conclusions were in- 
ferred from this disagreement. They are based on the 
observation that approximate SU (3) symmetry only 
allows one to estimate the proton matrix element of 
the SU ( 3 )-breaking piece of the hamil tonian,  not the 
a-term itself. The two quantit ies are related by 

ms-rh  (Plt2u+dd-2gslp) = ( - ~  - l )  

(3) 

where y=2(pl:~slp)/(plau+aYdlp) is the share 
contr ibuted by the operator gs. If  y were substantial 
or if the ratio mJrh were smaller than the standard 
value [ 12 ] m~/th ~_ 26, then a should indeed be larger. 
Both of these possibilities are extensively discussed 
in the literature, but  neither of them is plausible, for 
the following reasons: ( i)  If  (p]~slp) were the cul- 
prit, then a large fraction of the proton mass would 
originate in the piece msgs of the hamil tonian (the 
matrix element of m~.~s is larger than the matrix ele- 
ment  of 2rhYs by the factor mJ2rh-~ 13 - if the latter 
amounts  to 30 MeV, the former is of order 400 MeV). 
The proton is the lightest state with nonzero baryon 
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A new result for the πN Σ term from a George Washington University/TRIUMF group analysis of πN

data is presented. The value Σ=79±7 MeV was obtained, compared to the canonical value 64±8 MeV

found by Koch. The difference is explained simply by the PSI pionic hydrogen value for aπ−p, the latest

results for the πNN coupling constant, and a narrower ∆ resonance. Many systematic effects have

been investigated, including Coulomb corrections, and database changes, and our results are found

to be robust. In the standard interpretation, our value of Σ implies a nucleon strangeness fraction

y/2∼0.23. The implausibility of such a large strange component suggests that the relationship between

Σ and nucleon strangeness ought to be re-examined.

1 Introduction

The πN sigma term Σ has long been a thorn in the side of low energy quantum chromodynamics
(QCD) [1,2]. The canonical result Σ=64±8 MeV was obtained by Koch [3,4] based on an analysis
of pre-1980 πp and ππ scattering data, KH80 [4,5]. Gasser, et al. [6] later developed an alternative
method of extracting Σ which agreed perfectly with Koch when using the same KH80 solution. In
the usual picture, the nucleon strangeness parameter is

y/2 =
< N |ss|N >

< N |uu + dd|N >
(1)

The canonical Σ result yields y = 0.11 ± 0.07, whereby the strange quarks would contribute ∼110
MeV to the nucleon mass, an amount considered too large to be physical in light of results from
e.g. neutrino scattering [7]. This “sigma term puzzle” spawned a whole generation of πN scattering
experiments that have greatly increased the size and the quality of the scattering database.

A long-standing prejudice has been that new and better πN scattering data and an updated
analysis ultimately would result in a smaller value for y. With the new generation of experiments
almost all completed, our George Washington University/TRIUMF group has sought to extract
the Σ term as part of our ongoing πN partial-wave and dispersion relation analysis program, which
employs the most up-to-date πN scattering data in our SAID database [8]. Our main conclusion is
that contrary to wishful expectation, a thorough analysis of the new data has yielded a larger value,
Σ = 79±7 MeV, which can be understood simply in light of the new experimental information. The
sigma term and our analysis will be summarized briefly. Details can be found e.g. in Refs. [4,6,9,10].

2 The Pion-Nucleon Sigma Term

The sigma term σ̂ measures the nucleon mass shift away from the chiral (mu = md = 0) limit,
thereby parameterizing the explicit breaking of chiral symmetry in QCD due to the non-zero up
and down quark masses. Models of nucleon structure are required to determine σ̂. The canonical
result σ̂ = 35± 5 MeV is due to Gasser [11] based on SU(2) chiral perturbation theory plus meson
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•Tension between the “canonical” value and the updated evaluation:

•Despite GWU utilizes updated experimental information, the lower 
value was more common in the literature. 
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•Large violation of the OZI rule.
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The determination of the a-term from nN scattering is critically examined. The currently available data indicate a= 45 MeV. 
Low-energy precision measurements are needed to clarify discrepancies in experimental data and to reduce the uncertainty in the 
strangeness content for which we obtain y-~ 0.2. 

1. A venerable low-energy theorem of current al- 
gebra [ 1 ] relates the value of the isospin even nN 
scattering ampli tude at the Cheng-Dashen  point  ~ 

~ =  F 2 / )  + (2/12) ( 1 ) 

to the a-term matrix element 

1 
a= ~ (Pl rh(au+dd) IP) , 

rh=  ~ (rnu +rod) . (2) 

The theorem states that if the quark masses mu, mo 
are sent to zero, the ratio .S/a tends to one. This pre- 
diction has received continued interest during the last 
twenty years ( [ 3-10]  ) mainly because the analysis 
of the nN data ~2 leads to 27= 64 + 8 MeV [ 11 ], while 
naive estimates of the a-term based on the baryon 

¢r Work supported in part by Schweizerischer Nationalfonds. 
~t Notation:/~ and m are the masses of pion and proton respec- 

tively. The function/9 + (t) is the scattering amplitude at v = 0 
with the Born term removed, D +(t)=A + (s, t)ls=u-g2/m. 
As pointed out in ref. [2] a critical examination of the radia- 
tive corrections occurring in the determination of the pion de- 
cay constant leads to F. = 92.4 MeV. 

~2 A comprehensive analysis of the extrapolation required to 
reach the Cheng-Dashen point is given in the handbook arti- 
cle by H6hler [ 3 ], which also contains a review of the litera- 
ture on the a-term up to 1982. 

mass spectrum give a-~ 25 MeV: either, one of these 
two values is wrong, or the low-energy theorem a=27 
is of fby a factor of two or more. 

2. Rather radical theoretical conclusions were in- 
ferred from this disagreement. They are based on the 
observation that approximate SU (3) symmetry only 
allows one to estimate the proton matrix element of 
the SU ( 3 )-breaking piece of the hamil tonian,  not the 
a-term itself. The two quantit ies are related by 

ms-rh  (Plt2u+dd-2gslp) = ( - ~  - l )  

(3) 

where y=2(pl:~slp)/(plau+aYdlp) is the share 
contr ibuted by the operator gs. If  y were substantial 
or if the ratio mJrh were smaller than the standard 
value [ 12 ] m~/th ~_ 26, then a should indeed be larger. 
Both of these possibilities are extensively discussed 
in the literature, but  neither of them is plausible, for 
the following reasons: ( i)  If  (p]~slp) were the cul- 
prit, then a large fraction of the proton mass would 
originate in the piece msgs of the hamil tonian (the 
matrix element of m~.~s is larger than the matrix ele- 
ment  of 2rhYs by the factor mJ2rh-~ 13 - if the latter 
amounts  to 30 MeV, the former is of order 400 MeV). 
The proton is the lightest state with nonzero baryon 
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value used for F~, on the other hand, does not play a 
significant role here. We did investigate the isospin 
breaking effects generated by the mass difference 
A ÷ + - A  °, supplementing the electromagnetic correc- 
tions with a term which accounts for the correspond- 
ing shift of the peak in a Breit-Wigner formula. The 
effect slightly improves the quality of our fits, but it 
affects the result for Xd only at the 1 MeV level. 

In fig. 1 the solution C refers to the KH.80 range of 
the parameters ad-+ and a~-+ [3]. The dash-dotted 
line on the left of the figure corresponds to the 
ReD + ( t = 0 )  value at 54.3 MeV of ref. [23] and the 
dashed line is the respective error band. The recent 
measurements of the integrated n+p cross section 
[35] are consistent with the Karlsruhe results, and, 
therefore, lend support for the solutions A and B, 
which are not too far from the Karlsruhe solution. 
Some low-energy information is also available for the 
charge exchange reaction n - p ~ n ° n  [ 36-38 ]. How- 
ever, the main issue here is the isospin even ampli- 
tude at the Cheng-Dashen point, which is not sensi- 
tive to the isospin odd part probed by the charge 
exchange process. Generally the experiment is in rea- 
sonable agreement with the Karlsruhe amplitudes 
which are close to the solutions A and B obtained here. 
As indicated in the figure, the recent data on the level 
shift of pionic hydrogen [ 34] favour solution A. 

12. The data indicate that Xd is approximately equal 
to 50 MeV. None of the data sets published in the last 
decade allows one to reduce the uncertainties in this 
value and it does not make sense to combine them as 
they are contradictory. We have detailed our error es- 
timates above; the reader is invited to add errors in 
quadrature and, more urgently, to resolve the exper- 
imental discrepancies. Using the results for A and A D 
given above, solution A implies 

am 45MeV,  Xm60MeV.  (13) 

The value for a is lower than the previous estimates 
by about 10 MeV, while the value for X essentially 
confirms the conclusion H6hler and his collaborators 
reached in 1982 [3,11 ]. 

The uncertainties in the above numbers could be 
reduced substantially if the experimental situation 
were to improve - in our opinion both the procedure 
used to determine the value of Xa from the experi- 
mental information and the corrections which relate 

this value to the a-term matrix element are now 
understood (note that the 10 MeV shift mentioned 
above originates in the t-dependence of the a-term 
form factor which turns out to be considerably more 
pronounced than what is indicated by chiral pertur- 
bation theory at leading order). 

13. Let us now confront this result with the theo- 
retical predictions based on approximate SU(3) 
symmetry. Expanding the masses of the baryon octet 
in powers of ms - rh  around a common value 
mu = md = ms = rh of the quark masses, retaining only 
the terms of first order in m s -  rh and assuming that 
the strange quark content y of the proton vanishes, 
one arrives at the result am 25 MeV mentioned above. 
The corrections generated by the terms of order 
(ms - rh )  2 are expected to modify this result at the 
(20-30) % level characteristic of SU (3) breaking ef- 
fects. They were analyzed in ref. [39] where it was 
shown that the self-energies associated with virtual 
mesons generate a remarkably large, positive contri- 
bution, enhancing the value of a by about 10 MeV #4. 
The result is [ 16 ] 

a=ao/(1-y) ,  a o = 3 5 + 5  MeV. (14) 

In view of ( 13 ), this implies a strange quark constant 
of ym 0.2. This value appears to be quite reasonable 
as the corresponding contribution of the term ms~s to 
the proton mass is of order (ms/2rh) X 10 M e V -  130 
MeV. There is no evidence for a large strange quark 
content of the proton, but the uncertainties are con- 
siderable - accurate new data are required to pin them 
down. Ignoring these uncertainties, the conclusions 
concerning the discrepancy mentioned in the first 
paragraph are the following: (i) The value of the am- 
plitude at the Cheng-Dashen point, 27___ 60 MeV, is 
consistent with the old estimate [3]. (ii) The mag- 
nitude of the a-term matrix element, am45 MeV, 
neither agrees with the naive estimate, a-~ 25 MeV 
nor with the value am_r suggested by the low-energy 
theorem. (iii) About half of the difference between 
25 and 45 MeV is attributed to SU(3)-breaking ef- 
fects in the matrix elements of the scalar currents, the 

a4 In that analysis a cutoffin momentum space was used to tame 
the ultraviolet divergences. The calculation is presently being 
repeated [40] using modern techniques ofchiral perturbation 
theory where a cutoff is not needed. 
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~ =  F 2 / )  + (2/12) ( 1 ) 

to the a-term matrix element 

1 
a= ~ (Pl rh(au+dd) IP) , 

rh=  ~ (rnu +rod) . (2) 

The theorem states that if the quark masses mu, mo 
are sent to zero, the ratio .S/a tends to one. This pre- 
diction has received continued interest during the last 
twenty years ( [ 3-10]  ) mainly because the analysis 
of the nN data ~2 leads to 27= 64 + 8 MeV [ 11 ], while 
naive estimates of the a-term based on the baryon 
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~t Notation:/~ and m are the masses of pion and proton respec- 

tively. The function/9 + (t) is the scattering amplitude at v = 0 
with the Born term removed, D +(t)=A + (s, t)ls=u-g2/m. 
As pointed out in ref. [2] a critical examination of the radia- 
tive corrections occurring in the determination of the pion de- 
cay constant leads to F. = 92.4 MeV. 

~2 A comprehensive analysis of the extrapolation required to 
reach the Cheng-Dashen point is given in the handbook arti- 
cle by H6hler [ 3 ], which also contains a review of the litera- 
ture on the a-term up to 1982. 

mass spectrum give a-~ 25 MeV: either, one of these 
two values is wrong, or the low-energy theorem a=27 
is of fby a factor of two or more. 

2. Rather radical theoretical conclusions were in- 
ferred from this disagreement. They are based on the 
observation that approximate SU (3) symmetry only 
allows one to estimate the proton matrix element of 
the SU ( 3 )-breaking piece of the hamil tonian,  not the 
a-term itself. The two quantit ies are related by 

ms-rh  (Plt2u+dd-2gslp) = ( - ~  - l )  

(3) 

where y=2(pl:~slp)/(plau+aYdlp) is the share 
contr ibuted by the operator gs. If  y were substantial 
or if the ratio mJrh were smaller than the standard 
value [ 12 ] m~/th ~_ 26, then a should indeed be larger. 
Both of these possibilities are extensively discussed 
in the literature, but  neither of them is plausible, for 
the following reasons: ( i)  If  (p]~slp) were the cul- 
prit, then a large fraction of the proton mass would 
originate in the piece msgs of the hamil tonian (the 
matrix element of m~.~s is larger than the matrix ele- 
ment  of 2rhYs by the factor mJ2rh-~ 13 - if the latter 
amounts  to 30 MeV, the former is of order 400 MeV). 
The proton is the lightest state with nonzero baryon 
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A new result for the πN Σ term from a George Washington University/TRIUMF group analysis of πN

data is presented. The value Σ=79±7 MeV was obtained, compared to the canonical value 64±8 MeV

found by Koch. The difference is explained simply by the PSI pionic hydrogen value for aπ−p, the latest

results for the πNN coupling constant, and a narrower ∆ resonance. Many systematic effects have

been investigated, including Coulomb corrections, and database changes, and our results are found

to be robust. In the standard interpretation, our value of Σ implies a nucleon strangeness fraction

y/2∼0.23. The implausibility of such a large strange component suggests that the relationship between

Σ and nucleon strangeness ought to be re-examined.

1 Introduction

The πN sigma term Σ has long been a thorn in the side of low energy quantum chromodynamics
(QCD) [1,2]. The canonical result Σ=64±8 MeV was obtained by Koch [3,4] based on an analysis
of pre-1980 πp and ππ scattering data, KH80 [4,5]. Gasser, et al. [6] later developed an alternative
method of extracting Σ which agreed perfectly with Koch when using the same KH80 solution. In
the usual picture, the nucleon strangeness parameter is

y/2 =
< N |ss|N >

< N |uu + dd|N >
(1)

The canonical Σ result yields y = 0.11 ± 0.07, whereby the strange quarks would contribute ∼110
MeV to the nucleon mass, an amount considered too large to be physical in light of results from
e.g. neutrino scattering [7]. This “sigma term puzzle” spawned a whole generation of πN scattering
experiments that have greatly increased the size and the quality of the scattering database.

A long-standing prejudice has been that new and better πN scattering data and an updated
analysis ultimately would result in a smaller value for y. With the new generation of experiments
almost all completed, our George Washington University/TRIUMF group has sought to extract
the Σ term as part of our ongoing πN partial-wave and dispersion relation analysis program, which
employs the most up-to-date πN scattering data in our SAID database [8]. Our main conclusion is
that contrary to wishful expectation, a thorough analysis of the new data has yielded a larger value,
Σ = 79±7 MeV, which can be understood simply in light of the new experimental information. The
sigma term and our analysis will be summarized briefly. Details can be found e.g. in Refs. [4,6,9,10].

2 The Pion-Nucleon Sigma Term

The sigma term σ̂ measures the nucleon mass shift away from the chiral (mu = md = 0) limit,
thereby parameterizing the explicit breaking of chiral symmetry in QCD due to the non-zero up
and down quark masses. Models of nucleon structure are required to determine σ̂. The canonical
result σ̂ = 35± 5 MeV is due to Gasser [11] based on SU(2) chiral perturbation theory plus meson
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•Tension between the “canonical” value and the updated evaluation:

•Despite GWU utilizes updated experimental information, the lower 
value was more common in the literature. 
•σπΝ~60 MeV was puzzling:

•Large violation of the OZI rule.
•Restoration of chiral symmetry in nuclear matter at lower densities.
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The determination of the a-term from nN scattering is critically examined. The currently available data indicate a= 45 MeV. 
Low-energy precision measurements are needed to clarify discrepancies in experimental data and to reduce the uncertainty in the 
strangeness content for which we obtain y-~ 0.2. 

1. A venerable low-energy theorem of current al- 
gebra [ 1 ] relates the value of the isospin even nN 
scattering ampli tude at the Cheng-Dashen  point  ~ 

~ =  F 2 / )  + (2/12) ( 1 ) 

to the a-term matrix element 

1 
a= ~ (Pl rh(au+dd) IP) , 

rh=  ~ (rnu +rod) . (2) 

The theorem states that if the quark masses mu, mo 
are sent to zero, the ratio .S/a tends to one. This pre- 
diction has received continued interest during the last 
twenty years ( [ 3-10]  ) mainly because the analysis 
of the nN data ~2 leads to 27= 64 + 8 MeV [ 11 ], while 
naive estimates of the a-term based on the baryon 

¢r Work supported in part by Schweizerischer Nationalfonds. 
~t Notation:/~ and m are the masses of pion and proton respec- 

tively. The function/9 + (t) is the scattering amplitude at v = 0 
with the Born term removed, D +(t)=A + (s, t)ls=u-g2/m. 
As pointed out in ref. [2] a critical examination of the radia- 
tive corrections occurring in the determination of the pion de- 
cay constant leads to F. = 92.4 MeV. 

~2 A comprehensive analysis of the extrapolation required to 
reach the Cheng-Dashen point is given in the handbook arti- 
cle by H6hler [ 3 ], which also contains a review of the litera- 
ture on the a-term up to 1982. 

mass spectrum give a-~ 25 MeV: either, one of these 
two values is wrong, or the low-energy theorem a=27 
is of fby a factor of two or more. 

2. Rather radical theoretical conclusions were in- 
ferred from this disagreement. They are based on the 
observation that approximate SU (3) symmetry only 
allows one to estimate the proton matrix element of 
the SU ( 3 )-breaking piece of the hamil tonian,  not the 
a-term itself. The two quantit ies are related by 

ms-rh  (Plt2u+dd-2gslp) = ( - ~  - l )  

(3) 

where y=2(pl:~slp)/(plau+aYdlp) is the share 
contr ibuted by the operator gs. If  y were substantial 
or if the ratio mJrh were smaller than the standard 
value [ 12 ] m~/th ~_ 26, then a should indeed be larger. 
Both of these possibilities are extensively discussed 
in the literature, but  neither of them is plausible, for 
the following reasons: ( i)  If  (p]~slp) were the cul- 
prit, then a large fraction of the proton mass would 
originate in the piece msgs of the hamil tonian (the 
matrix element of m~.~s is larger than the matrix ele- 
ment  of 2rhYs by the factor mJ2rh-~ 13 - if the latter 
amounts  to 30 MeV, the former is of order 400 MeV). 
The proton is the lightest state with nonzero baryon 
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value used for F~, on the other hand, does not play a 
significant role here. We did investigate the isospin 
breaking effects generated by the mass difference 
A ÷ + - A  °, supplementing the electromagnetic correc- 
tions with a term which accounts for the correspond- 
ing shift of the peak in a Breit-Wigner formula. The 
effect slightly improves the quality of our fits, but it 
affects the result for Xd only at the 1 MeV level. 

In fig. 1 the solution C refers to the KH.80 range of 
the parameters ad-+ and a~-+ [3]. The dash-dotted 
line on the left of the figure corresponds to the 
ReD + ( t = 0 )  value at 54.3 MeV of ref. [23] and the 
dashed line is the respective error band. The recent 
measurements of the integrated n+p cross section 
[35] are consistent with the Karlsruhe results, and, 
therefore, lend support for the solutions A and B, 
which are not too far from the Karlsruhe solution. 
Some low-energy information is also available for the 
charge exchange reaction n - p ~ n ° n  [ 36-38 ]. How- 
ever, the main issue here is the isospin even ampli- 
tude at the Cheng-Dashen point, which is not sensi- 
tive to the isospin odd part probed by the charge 
exchange process. Generally the experiment is in rea- 
sonable agreement with the Karlsruhe amplitudes 
which are close to the solutions A and B obtained here. 
As indicated in the figure, the recent data on the level 
shift of pionic hydrogen [ 34] favour solution A. 

12. The data indicate that Xd is approximately equal 
to 50 MeV. None of the data sets published in the last 
decade allows one to reduce the uncertainties in this 
value and it does not make sense to combine them as 
they are contradictory. We have detailed our error es- 
timates above; the reader is invited to add errors in 
quadrature and, more urgently, to resolve the exper- 
imental discrepancies. Using the results for A and A D 
given above, solution A implies 

am 45MeV,  Xm60MeV.  (13) 

The value for a is lower than the previous estimates 
by about 10 MeV, while the value for X essentially 
confirms the conclusion H6hler and his collaborators 
reached in 1982 [3,11 ]. 

The uncertainties in the above numbers could be 
reduced substantially if the experimental situation 
were to improve - in our opinion both the procedure 
used to determine the value of Xa from the experi- 
mental information and the corrections which relate 

this value to the a-term matrix element are now 
understood (note that the 10 MeV shift mentioned 
above originates in the t-dependence of the a-term 
form factor which turns out to be considerably more 
pronounced than what is indicated by chiral pertur- 
bation theory at leading order). 

13. Let us now confront this result with the theo- 
retical predictions based on approximate SU(3) 
symmetry. Expanding the masses of the baryon octet 
in powers of ms - rh  around a common value 
mu = md = ms = rh of the quark masses, retaining only 
the terms of first order in m s -  rh and assuming that 
the strange quark content y of the proton vanishes, 
one arrives at the result am 25 MeV mentioned above. 
The corrections generated by the terms of order 
(ms - rh )  2 are expected to modify this result at the 
(20-30) % level characteristic of SU (3) breaking ef- 
fects. They were analyzed in ref. [39] where it was 
shown that the self-energies associated with virtual 
mesons generate a remarkably large, positive contri- 
bution, enhancing the value of a by about 10 MeV #4. 
The result is [ 16 ] 

a=ao/(1-y) ,  a o = 3 5 + 5  MeV. (14) 

In view of ( 13 ), this implies a strange quark constant 
of ym 0.2. This value appears to be quite reasonable 
as the corresponding contribution of the term ms~s to 
the proton mass is of order (ms/2rh) X 10 M e V -  130 
MeV. There is no evidence for a large strange quark 
content of the proton, but the uncertainties are con- 
siderable - accurate new data are required to pin them 
down. Ignoring these uncertainties, the conclusions 
concerning the discrepancy mentioned in the first 
paragraph are the following: (i) The value of the am- 
plitude at the Cheng-Dashen point, 27___ 60 MeV, is 
consistent with the old estimate [3]. (ii) The mag- 
nitude of the a-term matrix element, am45 MeV, 
neither agrees with the naive estimate, a-~ 25 MeV 
nor with the value am_r suggested by the low-energy 
theorem. (iii) About half of the difference between 
25 and 45 MeV is attributed to SU(3)-breaking ef- 
fects in the matrix elements of the scalar currents, the 

a4 In that analysis a cutoffin momentum space was used to tame 
the ultraviolet divergences. The calculation is presently being 
repeated [40] using modern techniques ofchiral perturbation 
theory where a cutoff is not needed. 
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1. A venerable low-energy theorem of current al- 
gebra [ 1 ] relates the value of the isospin even nN 
scattering ampli tude at the Cheng-Dashen  point  ~ 

~ =  F 2 / )  + (2/12) ( 1 ) 

to the a-term matrix element 

1 
a= ~ (Pl rh(au+dd) IP) , 

rh=  ~ (rnu +rod) . (2) 

The theorem states that if the quark masses mu, mo 
are sent to zero, the ratio .S/a tends to one. This pre- 
diction has received continued interest during the last 
twenty years ( [ 3-10]  ) mainly because the analysis 
of the nN data ~2 leads to 27= 64 + 8 MeV [ 11 ], while 
naive estimates of the a-term based on the baryon 

¢r Work supported in part by Schweizerischer Nationalfonds. 
~t Notation:/~ and m are the masses of pion and proton respec- 

tively. The function/9 + (t) is the scattering amplitude at v = 0 
with the Born term removed, D +(t)=A + (s, t)ls=u-g2/m. 
As pointed out in ref. [2] a critical examination of the radia- 
tive corrections occurring in the determination of the pion de- 
cay constant leads to F. = 92.4 MeV. 

~2 A comprehensive analysis of the extrapolation required to 
reach the Cheng-Dashen point is given in the handbook arti- 
cle by H6hler [ 3 ], which also contains a review of the litera- 
ture on the a-term up to 1982. 

mass spectrum give a-~ 25 MeV: either, one of these 
two values is wrong, or the low-energy theorem a=27 
is of fby a factor of two or more. 

2. Rather radical theoretical conclusions were in- 
ferred from this disagreement. They are based on the 
observation that approximate SU (3) symmetry only 
allows one to estimate the proton matrix element of 
the SU ( 3 )-breaking piece of the hamil tonian,  not the 
a-term itself. The two quantit ies are related by 

ms-rh  (Plt2u+dd-2gslp) = ( - ~  - l )  

(3) 

where y=2(pl:~slp)/(plau+aYdlp) is the share 
contr ibuted by the operator gs. If  y were substantial 
or if the ratio mJrh were smaller than the standard 
value [ 12 ] m~/th ~_ 26, then a should indeed be larger. 
Both of these possibilities are extensively discussed 
in the literature, but  neither of them is plausible, for 
the following reasons: ( i)  If  (p]~slp) were the cul- 
prit, then a large fraction of the proton mass would 
originate in the piece msgs of the hamil tonian (the 
matrix element of m~.~s is larger than the matrix ele- 
ment  of 2rhYs by the factor mJ2rh-~ 13 - if the latter 
amounts  to 30 MeV, the former is of order 400 MeV). 
The proton is the lightest state with nonzero baryon 
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A new result for the πN Σ term from a George Washington University/TRIUMF group analysis of πN

data is presented. The value Σ=79±7 MeV was obtained, compared to the canonical value 64±8 MeV

found by Koch. The difference is explained simply by the PSI pionic hydrogen value for aπ−p, the latest

results for the πNN coupling constant, and a narrower ∆ resonance. Many systematic effects have

been investigated, including Coulomb corrections, and database changes, and our results are found

to be robust. In the standard interpretation, our value of Σ implies a nucleon strangeness fraction

y/2∼0.23. The implausibility of such a large strange component suggests that the relationship between

Σ and nucleon strangeness ought to be re-examined.

1 Introduction

The πN sigma term Σ has long been a thorn in the side of low energy quantum chromodynamics
(QCD) [1,2]. The canonical result Σ=64±8 MeV was obtained by Koch [3,4] based on an analysis
of pre-1980 πp and ππ scattering data, KH80 [4,5]. Gasser, et al. [6] later developed an alternative
method of extracting Σ which agreed perfectly with Koch when using the same KH80 solution. In
the usual picture, the nucleon strangeness parameter is

y/2 =
< N |ss|N >

< N |uu + dd|N >
(1)

The canonical Σ result yields y = 0.11 ± 0.07, whereby the strange quarks would contribute ∼110
MeV to the nucleon mass, an amount considered too large to be physical in light of results from
e.g. neutrino scattering [7]. This “sigma term puzzle” spawned a whole generation of πN scattering
experiments that have greatly increased the size and the quality of the scattering database.

A long-standing prejudice has been that new and better πN scattering data and an updated
analysis ultimately would result in a smaller value for y. With the new generation of experiments
almost all completed, our George Washington University/TRIUMF group has sought to extract
the Σ term as part of our ongoing πN partial-wave and dispersion relation analysis program, which
employs the most up-to-date πN scattering data in our SAID database [8]. Our main conclusion is
that contrary to wishful expectation, a thorough analysis of the new data has yielded a larger value,
Σ = 79±7 MeV, which can be understood simply in light of the new experimental information. The
sigma term and our analysis will be summarized briefly. Details can be found e.g. in Refs. [4,6,9,10].

2 The Pion-Nucleon Sigma Term

The sigma term σ̂ measures the nucleon mass shift away from the chiral (mu = md = 0) limit,
thereby parameterizing the explicit breaking of chiral symmetry in QCD due to the non-zero up
and down quark masses. Models of nucleon structure are required to determine σ̂. The canonical
result σ̂ = 35± 5 MeV is due to Gasser [11] based on SU(2) chiral perturbation theory plus meson
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•Tension between the “canonical” value and the updated evaluation:

•Despite GWU utilizes updated experimental information, the lower 
value was more common in the literature. 
•σπΝ~60 MeV was puzzling:

•Large violation of the OZI rule.
•Restoration of chiral symmetry in nuclear matter at lower densities.

•Necessary to give a picture fully consistent with phenomenology!
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The determination of the a-term from nN scattering is critically examined. The currently available data indicate a= 45 MeV. 
Low-energy precision measurements are needed to clarify discrepancies in experimental data and to reduce the uncertainty in the 
strangeness content for which we obtain y-~ 0.2. 

1. A venerable low-energy theorem of current al- 
gebra [ 1 ] relates the value of the isospin even nN 
scattering ampli tude at the Cheng-Dashen  point  ~ 

~ =  F 2 / )  + (2/12) ( 1 ) 

to the a-term matrix element 

1 
a= ~ (Pl rh(au+dd) IP) , 

rh=  ~ (rnu +rod) . (2) 

The theorem states that if the quark masses mu, mo 
are sent to zero, the ratio .S/a tends to one. This pre- 
diction has received continued interest during the last 
twenty years ( [ 3-10]  ) mainly because the analysis 
of the nN data ~2 leads to 27= 64 + 8 MeV [ 11 ], while 
naive estimates of the a-term based on the baryon 

¢r Work supported in part by Schweizerischer Nationalfonds. 
~t Notation:/~ and m are the masses of pion and proton respec- 

tively. The function/9 + (t) is the scattering amplitude at v = 0 
with the Born term removed, D +(t)=A + (s, t)ls=u-g2/m. 
As pointed out in ref. [2] a critical examination of the radia- 
tive corrections occurring in the determination of the pion de- 
cay constant leads to F. = 92.4 MeV. 

~2 A comprehensive analysis of the extrapolation required to 
reach the Cheng-Dashen point is given in the handbook arti- 
cle by H6hler [ 3 ], which also contains a review of the litera- 
ture on the a-term up to 1982. 

mass spectrum give a-~ 25 MeV: either, one of these 
two values is wrong, or the low-energy theorem a=27 
is of fby a factor of two or more. 

2. Rather radical theoretical conclusions were in- 
ferred from this disagreement. They are based on the 
observation that approximate SU (3) symmetry only 
allows one to estimate the proton matrix element of 
the SU ( 3 )-breaking piece of the hamil tonian,  not the 
a-term itself. The two quantit ies are related by 

ms-rh  (Plt2u+dd-2gslp) = ( - ~  - l )  

(3) 

where y=2(pl:~slp)/(plau+aYdlp) is the share 
contr ibuted by the operator gs. If  y were substantial 
or if the ratio mJrh were smaller than the standard 
value [ 12 ] m~/th ~_ 26, then a should indeed be larger. 
Both of these possibilities are extensively discussed 
in the literature, but  neither of them is plausible, for 
the following reasons: ( i)  If  (p]~slp) were the cul- 
prit, then a large fraction of the proton mass would 
originate in the piece msgs of the hamil tonian (the 
matrix element of m~.~s is larger than the matrix ele- 
ment  of 2rhYs by the factor mJ2rh-~ 13 - if the latter 
amounts  to 30 MeV, the former is of order 400 MeV). 
The proton is the lightest state with nonzero baryon 
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value used for F~, on the other hand, does not play a 
significant role here. We did investigate the isospin 
breaking effects generated by the mass difference 
A ÷ + - A  °, supplementing the electromagnetic correc- 
tions with a term which accounts for the correspond- 
ing shift of the peak in a Breit-Wigner formula. The 
effect slightly improves the quality of our fits, but it 
affects the result for Xd only at the 1 MeV level. 

In fig. 1 the solution C refers to the KH.80 range of 
the parameters ad-+ and a~-+ [3]. The dash-dotted 
line on the left of the figure corresponds to the 
ReD + ( t = 0 )  value at 54.3 MeV of ref. [23] and the 
dashed line is the respective error band. The recent 
measurements of the integrated n+p cross section 
[35] are consistent with the Karlsruhe results, and, 
therefore, lend support for the solutions A and B, 
which are not too far from the Karlsruhe solution. 
Some low-energy information is also available for the 
charge exchange reaction n - p ~ n ° n  [ 36-38 ]. How- 
ever, the main issue here is the isospin even ampli- 
tude at the Cheng-Dashen point, which is not sensi- 
tive to the isospin odd part probed by the charge 
exchange process. Generally the experiment is in rea- 
sonable agreement with the Karlsruhe amplitudes 
which are close to the solutions A and B obtained here. 
As indicated in the figure, the recent data on the level 
shift of pionic hydrogen [ 34] favour solution A. 

12. The data indicate that Xd is approximately equal 
to 50 MeV. None of the data sets published in the last 
decade allows one to reduce the uncertainties in this 
value and it does not make sense to combine them as 
they are contradictory. We have detailed our error es- 
timates above; the reader is invited to add errors in 
quadrature and, more urgently, to resolve the exper- 
imental discrepancies. Using the results for A and A D 
given above, solution A implies 

am 45MeV,  Xm60MeV.  (13) 

The value for a is lower than the previous estimates 
by about 10 MeV, while the value for X essentially 
confirms the conclusion H6hler and his collaborators 
reached in 1982 [3,11 ]. 

The uncertainties in the above numbers could be 
reduced substantially if the experimental situation 
were to improve - in our opinion both the procedure 
used to determine the value of Xa from the experi- 
mental information and the corrections which relate 

this value to the a-term matrix element are now 
understood (note that the 10 MeV shift mentioned 
above originates in the t-dependence of the a-term 
form factor which turns out to be considerably more 
pronounced than what is indicated by chiral pertur- 
bation theory at leading order). 

13. Let us now confront this result with the theo- 
retical predictions based on approximate SU(3) 
symmetry. Expanding the masses of the baryon octet 
in powers of ms - rh  around a common value 
mu = md = ms = rh of the quark masses, retaining only 
the terms of first order in m s -  rh and assuming that 
the strange quark content y of the proton vanishes, 
one arrives at the result am 25 MeV mentioned above. 
The corrections generated by the terms of order 
(ms - rh )  2 are expected to modify this result at the 
(20-30) % level characteristic of SU (3) breaking ef- 
fects. They were analyzed in ref. [39] where it was 
shown that the self-energies associated with virtual 
mesons generate a remarkably large, positive contri- 
bution, enhancing the value of a by about 10 MeV #4. 
The result is [ 16 ] 

a=ao/(1-y) ,  a o = 3 5 + 5  MeV. (14) 

In view of ( 13 ), this implies a strange quark constant 
of ym 0.2. This value appears to be quite reasonable 
as the corresponding contribution of the term ms~s to 
the proton mass is of order (ms/2rh) X 10 M e V -  130 
MeV. There is no evidence for a large strange quark 
content of the proton, but the uncertainties are con- 
siderable - accurate new data are required to pin them 
down. Ignoring these uncertainties, the conclusions 
concerning the discrepancy mentioned in the first 
paragraph are the following: (i) The value of the am- 
plitude at the Cheng-Dashen point, 27___ 60 MeV, is 
consistent with the old estimate [3]. (ii) The mag- 
nitude of the a-term matrix element, am45 MeV, 
neither agrees with the naive estimate, a-~ 25 MeV 
nor with the value am_r suggested by the low-energy 
theorem. (iii) About half of the difference between 
25 and 45 MeV is attributed to SU(3)-breaking ef- 
fects in the matrix elements of the scalar currents, the 

a4 In that analysis a cutoffin momentum space was used to tame 
the ultraviolet divergences. The calculation is presently being 
repeated [40] using modern techniques ofchiral perturbation 
theory where a cutoff is not needed. 
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�⇡N = 64 MeV ⌃ = 79 MeV

ar
X

iv
:h

ep
-p

h/
01

11
06

6v
1 

 6
 N

ov
 2

00
1

The pion-nucleon Σ term is definitely large:
results from a G.W.U. analysis of πN scattering data

M.M. Pavana, R.A. Arndtb, I.I. Strakovskyb and R.L. Workmanb

aUniversity of Regina

TRIUMF, Vancouver, B.C. V6T-2A3, Canada
bCenter for Nuclear Studies, Department of Physics,

The George Washington University, Washington, DC 20052, U.S.A.

(Received: February 1, 2008)

A new result for the πN Σ term from a George Washington University/TRIUMF group analysis of πN

data is presented. The value Σ=79±7 MeV was obtained, compared to the canonical value 64±8 MeV

found by Koch. The difference is explained simply by the PSI pionic hydrogen value for aπ−p, the latest

results for the πNN coupling constant, and a narrower ∆ resonance. Many systematic effects have

been investigated, including Coulomb corrections, and database changes, and our results are found

to be robust. In the standard interpretation, our value of Σ implies a nucleon strangeness fraction

y/2∼0.23. The implausibility of such a large strange component suggests that the relationship between

Σ and nucleon strangeness ought to be re-examined.

1 Introduction

The πN sigma term Σ has long been a thorn in the side of low energy quantum chromodynamics
(QCD) [1,2]. The canonical result Σ=64±8 MeV was obtained by Koch [3,4] based on an analysis
of pre-1980 πp and ππ scattering data, KH80 [4,5]. Gasser, et al. [6] later developed an alternative
method of extracting Σ which agreed perfectly with Koch when using the same KH80 solution. In
the usual picture, the nucleon strangeness parameter is

y/2 =
< N |ss|N >

< N |uu + dd|N >
(1)

The canonical Σ result yields y = 0.11 ± 0.07, whereby the strange quarks would contribute ∼110
MeV to the nucleon mass, an amount considered too large to be physical in light of results from
e.g. neutrino scattering [7]. This “sigma term puzzle” spawned a whole generation of πN scattering
experiments that have greatly increased the size and the quality of the scattering database.

A long-standing prejudice has been that new and better πN scattering data and an updated
analysis ultimately would result in a smaller value for y. With the new generation of experiments
almost all completed, our George Washington University/TRIUMF group has sought to extract
the Σ term as part of our ongoing πN partial-wave and dispersion relation analysis program, which
employs the most up-to-date πN scattering data in our SAID database [8]. Our main conclusion is
that contrary to wishful expectation, a thorough analysis of the new data has yielded a larger value,
Σ = 79±7 MeV, which can be understood simply in light of the new experimental information. The
sigma term and our analysis will be summarized briefly. Details can be found e.g. in Refs. [4,6,9,10].

2 The Pion-Nucleon Sigma Term

The sigma term σ̂ measures the nucleon mass shift away from the chiral (mu = md = 0) limit,
thereby parameterizing the explicit breaking of chiral symmetry in QCD due to the non-zero up
and down quark masses. Models of nucleon structure are required to determine σ̂. The canonical
result σ̂ = 35± 5 MeV is due to Gasser [11] based on SU(2) chiral perturbation theory plus meson
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•However, the scatt. lengths from π-atoms point to a large σπΝ!
The pion-nucleon    -term�
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•However, the scatt. lengths from π-atoms point to a large σπΝ!
The pion-nucleon    -term�

[Gasser, Leutwyler and Sainio, PLB 253 (1991)]

�⇡N = ⌃d � (3.3± 0.2) MeV
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•However, the scatt. lengths from π-atoms point to a large σπΝ!
The pion-nucleon    -term�

[Gasser, Leutwyler and Sainio, PLB 253 (1991)]

Solution A: Fit to data of 
⌃d = 48± 4± 4± 4 MeVa+0+ ⇡ �8⇥ 10�3M�1

⇡

Solution B: Fit to data of

a+0+ ⇡ �10⇥ 10�3M�1
⇡ ⌃d = 50± 3± 7± 4 MeV

[P. Y. Bertin et al. , NPB 106 (1976)]

[J. S. Frank et al. , PRD 28 (1983)]

�⇡N = ⌃d � (3.3± 0.2) MeV
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•Threshold parameters determine σπΝ
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•From our fits to KA85, WI08 and EM06, we obtain:

43(5) 59(4) 59(2) 45(8) 64(7) 56(9)

KA85
�-ChPT

WI08 EM06
�-ChPT�-ChPT WI08KA85

�⇡N (MeV)

EM06
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hN |ūu+ d̄d� 2s̄s|Ni

•The strangeness content of the nucleon is related to the sigma-
term through 

�s ⌘
ms

2mN
hN |s̄s|Ni �s =

ms

2m̂
(�⇡N � �0)

�0

16/33J. M. Alarcón (UCM)

~ 14



•A reevaluation of       points to a larger value        a sigma-term 
of ~60 MeV does not imply a large strangeness content

The strangeness content of the nucleon

•A new scenario emerges:

The role of Chiral EFT in the precision era

�0 ⌘ m̂

2mN
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Nucleon Polarizabilities & Lamb shift



•Nucleon Polarizabilities encode the response of the nucleon under 
electromagnetic probes.
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•Nucleon Polarizabilities encode the response of the nucleon under 
electromagnetic probes.
•Show up in the theoretical prediction (          ) of the proton radius 
through the Lamb shift              .
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•Provide information about the nucleon internal structure.
•Can be related to the spatial distribution of the properties encoded 
in the operator (transverse densities)       Moment of the GPD.
•A deeper knowledge of the FFs is needed in order to understand 
the properties of the nucleon in terms of its QCD constituents.
•Scalar FF:

•Encodes the response of the nucleon under scalar probes.
•Essential input in EFT of DM detection. [Bishara, et al.,  JCAP 1702 (2017)]

•Electromagetic FF:
•Encodes the response of the nucleon under electromagnetic probes.
•Important to understand and solve the “Proton Radius Puzzle”.

J. M. Alarcón (UCM) The role of Chiral EFT in the precision era 22/33

Form Factors & Proton Radius



Form Factors with ChEFT

•ChEFT shows important limitations in calculating some interesting 
quantities like Form Factors.

J. M. Alarcón (JLab) The role of Chiral EFT in the precision era 23/33



•ChEFT shows important limitations in calculating some interesting 
quantities like Form Factors.
•Non-perturbative pion dynamics play an essential role in the Q2 
dependence of the Form Factors.

J. M. Alarcón (JLab) The role of Chiral EFT in the precision era 23/33

Form Factors with ChEFT



•ChEFT shows important limitations in calculating some interesting 
quantities like Form Factors.
•Non-perturbative pion dynamics play an essential role in the Q2 
dependence of the Form Factors.

J. M. Alarcón (JLab) The role of Chiral EFT in the precision era 23/33

N

N

�⇤ �⇤ �⇤

⇡ ⇡ ⇡ ⇡ ⇡ ⇡

⇡ ⇡
⇡⇡

N N N N N

NNNNN

�⇤
�⇤�⇤

Form Factors with ChEFT



•ChEFT shows important limitations in calculating some interesting 
quantities like Form Factors.
•Non-perturbative pion dynamics play an essential role in the Q2 
dependence of the Form Factors.
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more, the two-loop contributions, Eqs. !11" and !14". The
upper dotted line shows the empirical isoscalar scalar spec-
tral function m#

4 Im$N(t)/t2 of Ref. %23&. It has been deter-
mined on the basis of the ##→N̄N s-wave amplitude f!

0 (t)
%18& and ##-scattering data tied together with Roy equa-
tions, etc. %see Eq. !3" in Ref. %23&&. One observes a substan-

tial improvement when including the next-to-leading order
c1,2,3 term and the two-loop contributions. The major effect
comes evidently from the large isoscalar ##NN-contact
couplings, in particular from c3. The height of the peak at
t!5m#

2 is, however, still underestimated by about 20% in
the two-loop approximation. Higher order ##-rescattering
effects, etc., are necessary in order to close this remaining
gap. Given the pattern in Fig. 3, one can expect significant
effects !in the right direction" already from the two-loop dia-
grams with one vertex proportional to the !numerically large"
second-order low-energy constants c1,2,3,4 . Note that com-
plete calculations of elastic #N scattering to chiral order
four, which include the pertinent one-loop diagrams with one
c1,2,3,4 vertex, have recently been performed in Ref. %33& us-
ing the heavy baryon framework and in Ref. %34& employing
the so-called infrared regularization scheme of fully relativ-
istic baryon chiral perturbation theory. For comparison, simi-
lar deficiencies of the two-loop approximation of chiral per-
turbation theory have been observed in Ref. %35& for the
imaginary parts of the pion scalar and charge form factors.
Next, we show in Fig. 4 the spectral function ImGE

V(t) of
the isovector electric form factor of the nucleon weighted
with 1/t2. The dashed-dotted line gives the one-loop result,
Eq. !7". The dashed line includes in addition the c4 /M term
in Eq. !10" and the full line includes, furthermore, the two-
loop contributions, Eqs. !12" and !15". The upper dotted line
corresponds to the empirical isovector electric spectral func-
tion ImGE

V(t)/t2 of Ref. %18&. Modulo a kinematical factor
Q3/8M!t , it is determined by the product of the ##→N̄N
p-wave amplitude f!

1 (t) %18& and the !timelike" pion charge
form factor measured in the reaction e!e"→#!#" %see Eq.
!7" in Ref. %22&&. In the case of the isovector electric spectral
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FIG. 3. The spectral function Im $N(t) of the isoscalar scalar
form factor of the nucleon multiplied with m#

4 /t2. The dashed-
dotted line gives the one-loop result, Eq. !5". The dashed line in-
cludes in addition the c1,2,3 term in Eq. !9" and the full line includes,
furthermore, the two-loop contributions, Eqs. !11" and !14". The
upper dotted line shows the empirical spectral function m#

4

Im $N(t)/t2 of Ref. %23&.
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form factor of the nucleon divided by t2. The dashed-dotted line
gives the one-loop result, Eq. !7". The dashed line includes in ad-
dition the c4 /M term in Eq. !10" and the full line includes, further-
more, the two-loop contributions, Eqs. !12" and !15". The upper
dotted line shows the empirical spectral function ImGE

V(t)/t2 of
Ref. %18&.
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line gives the one-loop result, Eq. !8". The dashed line includes in
addition the c4 term in Eq. !10" and the full line includes, further-
more, the two-loop contributions, Eqs. !13" and !16". The upper
dotted line shows the empirical spectral function ImGE

V(t)/t2 of
Ref. %18&.
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•ChEFT shows important limitations in calculating some interesting 
quantities like Form Factors.
•Non-perturbative pion dynamics play an essential role in the Q2 
dependence of the Form Factors.

•Higher order calculations become necessary           Unpractical
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Form factors and their analytic structure
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Form factors and their analytic structure
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4

fixed proton radius, and the experimental uncertainties
of the FF obtained from the global fit. It also shows
the variation of the DI�EFT FF predictions under a cer-
tain change of the proton radius (here, �r = ±0.01 fm,
±0.02 fm, etc.), which quantifies the sensitivity of the FF
to the proton radius as a function of Q2. One observes:
(a) At “low” Q2 (⇠0.1 GeV2) the theoretical uncertainty
of the DI�EFT FF is much smaller than the experimen-
tal uncertainty of the global fit, which is mainly due to
normalization errors (inconsistencies between data sets).
The variation of the FF under the change �r = ±0.01 is
larger than the theoretical uncertainty but smaller than
the fit uncertainty. (b) At “high”Q2 (⇠1 GeV2) the theo-
retical uncertainty is larger than the fit uncertainty. The
variation of the FF under �r = ±0.01 is smaller than
the theoretical uncertainty and comparable to the fit un-
certainty. Based on Fig. 2 we choose the upper limit of
the Q2-region for radius extraction as Q2

max ⇠ 0.5 GeV2;
with this upper limit the theoretical error remains smaller
than, or at most comparable to, the fit error. The lower
limit we choose as Q2

min ⇠ 0.01 GeV2; this represents the
lowest value for which FF data are presently available,
and the results are not sensitive to this choice. (The per-
formance of our method with smaller values of Q2

max and
the relation to low-Q2 fits using a power series expansion
are discussed in Sec. IVB.)

To quantify the agreement of the theoretical model
with the global fit and extract the radius, we use a figure
of merit in the form of a reduced �2,

�2(rpE) ⌘ N�1
X

bins i

(thyi � fiti)2

(�thyi)
2 + (�fiti)2

�
thyi ⌘ Gp

E(Q
2
i ) [DI�EFT, given rpE ],

fiti ⌘ Gp
E(Q

2
i ) [global fit, given rpE ]

 
. (1)

The sum runs over N bins in Q2 covering the range
(Q2

min, Q
2
max); we use N = 50; the results are not sen-

sitive to the binning. thyi denotes the DI�EFT predic-
tion of Gp

E(Q
2
i ) in the i’th Q2 bin for the given rpE ; fiti

denotes the global fit result for Gp
E(Q

2
i ) in the same bin.

The theoretical and fit uncertainties, �thyi and �fiti,
are added in quadrature. Figure 3 shows the reduced
�2 as a function of rpE . One observes: (a) The depen-
dence is approximately quadratic, indicating a natural
best agreement without tension. (b) If the uncertainty
of rpE is defined by the criterion ��2

 1, the results ob-
tained with Q2

max = 0.4, 0.5, and 0.6 GeV2 are consistent
within uncertainties, a�rming our choice of the optimal
Q2

max.

III. RESULTS

Using the above method and Q2-range, we have ex-
tracted the proton charge radius and its uncertainty, ob-
taining a value rpE = 0.844(7) fm. The uncertainty es-
timate is based on the combined theoretical and global

FIG. 3. Reduced �2, Eq. (1), as a function of the proton ra-
dius rpE . Shown are the results corresponding to three choices
of the upper limit Q2

max.

fit uncertainties entering in our figure of merit Eq. (1)
and corresponds to a confidence interval with ��2

 1.
The extracted radius is consistent with the high-precision
muonic hydrogen results and clearly disfavors the CO-
DATA result. Our result therefore suggests that the
finite-Q2 electron scattering data agree well with the
muonic hydrogen results, and that the disagreement is
rather between the electronic and muonic hydrogen re-
sults. We note that some recent measurements with elec-
tronic hydrogen have yielded a value consistent with the
muonic result [30], while others agree with the current
CODATA value [31].

IV. DISCUSSION

A. Possible improvements

The proton radius extraction reported here could be
improved in several aspects: (a) by reducing the theoreti-
cal uncertainty of the DI�EFT FF predictions through an
improved description of the high-mass spectral functions
(t > 1 GeV2), which would be possible with a more flex-
ible parametrization and further theoretical constraints;
(b) by reducing the experimental uncertainties of the FF
data, especially in the region Q2 . 0.2 GeV2, which
would allow us to limit the theory-experiment compar-
ison to a smaller Q2-interval (Q2

max ⇠ 0.2 GeV2), where
the theoretical uncertainties are smaller.
In our analyticity-based framework the main impact

on the proton radius comes from FF data at moderate
Q2 (⇠ 0.1–0.5 GeV2) rather than at the lowest available
Q2. The forthcoming FF data at very low Q2 from the
Je↵erson Lab PRad experiment [9] (down to a few ⇥10�4

GeV2) can complement the results of our study by reduc-
ing the normalization errors of the data (cf. the discus-
sion below) and enabling an independent radius extrac-
tion using traditional extrapolation methods. They can
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(a) At “low” Q2 (⇠0.1 GeV2) the theoretical uncertainty
of the DI�EFT FF is much smaller than the experimen-
tal uncertainty of the global fit, which is mainly due to
normalization errors (inconsistencies between data sets).
The variation of the FF under the change �r = ±0.01 is
larger than the theoretical uncertainty but smaller than
the fit uncertainty. (b) At “high”Q2 (⇠1 GeV2) the theo-
retical uncertainty is larger than the fit uncertainty. The
variation of the FF under �r = ±0.01 is smaller than
the theoretical uncertainty and comparable to the fit un-
certainty. Based on Fig. 2 we choose the upper limit of
the Q2-region for radius extraction as Q2

max ⇠ 0.5 GeV2;
with this upper limit the theoretical error remains smaller
than, or at most comparable to, the fit error. The lower
limit we choose as Q2

min ⇠ 0.01 GeV2; this represents the
lowest value for which FF data are presently available,
and the results are not sensitive to this choice. (The per-
formance of our method with smaller values of Q2

max and
the relation to low-Q2 fits using a power series expansion
are discussed in Sec. IVB.)

To quantify the agreement of the theoretical model
with the global fit and extract the radius, we use a figure
of merit in the form of a reduced �2,

�2(rpE) ⌘ N�1
X

bins i

(thyi � fiti)2

(�thyi)
2 + (�fiti)2

�
thyi ⌘ Gp

E(Q
2
i ) [DI�EFT, given rpE ],

fiti ⌘ Gp
E(Q

2
i ) [global fit, given rpE ]

 
. (1)

The sum runs over N bins in Q2 covering the range
(Q2

min, Q
2
max); we use N = 50; the results are not sen-

sitive to the binning. thyi denotes the DI�EFT predic-
tion of Gp

E(Q
2
i ) in the i’th Q2 bin for the given rpE ; fiti

denotes the global fit result for Gp
E(Q

2
i ) in the same bin.

The theoretical and fit uncertainties, �thyi and �fiti,
are added in quadrature. Figure 3 shows the reduced
�2 as a function of rpE . One observes: (a) The depen-
dence is approximately quadratic, indicating a natural
best agreement without tension. (b) If the uncertainty
of rpE is defined by the criterion ��2

 1, the results ob-
tained with Q2

max = 0.4, 0.5, and 0.6 GeV2 are consistent
within uncertainties, a�rming our choice of the optimal
Q2

max.

III. RESULTS

Using the above method and Q2-range, we have ex-
tracted the proton charge radius and its uncertainty, ob-
taining a value rpE = 0.844(7) fm. The uncertainty es-
timate is based on the combined theoretical and global

FIG. 3. Reduced �2, Eq. (1), as a function of the proton ra-
dius rpE . Shown are the results corresponding to three choices
of the upper limit Q2

max.

fit uncertainties entering in our figure of merit Eq. (1)
and corresponds to a confidence interval with ��2

 1.
The extracted radius is consistent with the high-precision
muonic hydrogen results and clearly disfavors the CO-
DATA result. Our result therefore suggests that the
finite-Q2 electron scattering data agree well with the
muonic hydrogen results, and that the disagreement is
rather between the electronic and muonic hydrogen re-
sults. We note that some recent measurements with elec-
tronic hydrogen have yielded a value consistent with the
muonic result [30], while others agree with the current
CODATA value [31].

IV. DISCUSSION

A. Possible improvements

The proton radius extraction reported here could be
improved in several aspects: (a) by reducing the theoreti-
cal uncertainty of the DI�EFT FF predictions through an
improved description of the high-mass spectral functions
(t > 1 GeV2), which would be possible with a more flex-
ible parametrization and further theoretical constraints;
(b) by reducing the experimental uncertainties of the FF
data, especially in the region Q2 . 0.2 GeV2, which
would allow us to limit the theory-experiment compar-
ison to a smaller Q2-interval (Q2

max ⇠ 0.2 GeV2), where
the theoretical uncertainties are smaller.
In our analyticity-based framework the main impact

on the proton radius comes from FF data at moderate
Q2 (⇠ 0.1–0.5 GeV2) rather than at the lowest available
Q2. The forthcoming FF data at very low Q2 from the
Je↵erson Lab PRad experiment [9] (down to a few ⇥10�4

GeV2) can complement the results of our study by reduc-
ing the normalization errors of the data (cf. the discus-
sion below) and enabling an independent radius extrac-
tion using traditional extrapolation methods. They canrpE = 0.844(7) fm [J. M. Alarcón, D. W. Higinbotham, C. 

Weiss and Z. Ye, Phys.Rev. C99 (2019)]
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Summary and Conclusions



•Chiral EFT is a useful tool to investigate hadronic processes at low 
energies from first principles.
•It provided important hadronic input for searches of physics 
beyond the standard model:

•Dark Matter searches:        , t-dependence of the scalar FF (            ).
•Proton Radius Puzzle:               , moments of the EM FF (            ), 
Proton radius from        agrees with  

•Insights into the origin of mass:

•Prominent role in the solution of current and future challenges in 
hadron and nuclear physics. 

Summary and Conclusions

�⇡N

Partial KA85 WI08 EM06 KA85 WI08 EM06
Wave �-ChPT �-ChPT �-ChPT
a+0+ -1.1(1.0) -0.12(33) 0.23(20) �0.8 �0.10(12) 0.22(12)
a�0+ 8.8(5) 8.33(44) 7.70(8) 9.2 8.83(5) 7.742(61)
aS31 -10.0(1.1) -8.5(6) -7.47(22) �10.0(4) �8.4 �7.52(16)
aS11 16.6(1.5) 16.6(9) 15.63(26) 17.5(3) 17.1 15.71(13)
aP31 -4.15(35) -3.89(35) -4.10(9) �4.4(2) �3.8 �4.176(80)
aP11 -8.4(5) -7.5(1.0) -8.43(18) �7.8(2) �5.8 �7.99(16)
aP33 22.69(30) 21.4(5) 20.89(9) 21.4(2) 19.4 21.00(20)
aP13 -3.00(32) -2.84(31) -3.09(8) �3.0(2) �2.3 �3.159(67)

KA85 WI08 EM06 KA85 WI08 EM06
�-ChPT �-ChPT �-ChPT

�GT 5.1(8)% 1.0(2.5)% 2.0(4)% 4.5(7)% 2.1(1)% 0.2(1.0)%
g⇡N 13.53(10) 13.00(31) 13.13(5) 13.46(9) 13.15(1) 12.90(12)

KA85 WI08 EM06 KA85 WI08 EM06
�-ChPT �-ChPT �-ChPT

�⇡N (MeV) 43(5) 59(4) 59(2) 45(8) 64(7) 56(9)

�⇡N �s

59(7) MeV 16(80) MeV

f p
u fn

u f p
d fn

d f p,n
s fG fN

0.021(2) 0.019(2) 0.041(5) 0.045(5) 0.017(85) 0.921(85) 0.28(7)

GLS GWU
[PLB 253 (1991)] [PiN Newslett. 16 (2002)]

�⇡N 45(8) MeV 64(7) MeV

1
2mN

hN |m̂(ūu+ d̄d)|Ni 1
2mN

hN |mss̄s|Ni 1
2mN

hN | �2gG
µ⌫
a Ga

µ⌫ + . . . |Ni
mp 59(7) MeV 16(80) MeV 864(87) MeV
% 6.3(7)% 1.7(8.5)% 92.0(9.3)%

1
2mN

hN |m̂(ūu+ d̄d)|Ni 1
2mN

hN |mss̄s|Ni 1
2mN

hN | �2gG
µ⌫
a Ga

µ⌫ + . . . |Ni
mp 45(8) MeV 150(91) MeV 813(106) MeV
% 4.8(9)% 13.9(9.7)% 81.3(10.6)%

1

�E2P�2S

DI  EFT�
DI  EFT�
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Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT
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⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)
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10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.
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framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
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an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.

444 J.M. Alarcón et al. / Annals of Physics 336 (2013) 413–461

Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.

444 J.M. Alarcón et al. / Annals of Physics 336 (2013) 413–461

Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.

444 J.M. Alarcón et al. / Annals of Physics 336 (2013) 413–461

Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.

Cheng-Dashen point

Soft point

Introduction

J. M. Alarcón (HISKP Bonn)

444 J.M. Alarcón et al. / Annals of Physics 336 (2013) 413–461

Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.

444 J.M. Alarcón et al. / Annals of Physics 336 (2013) 413–461

Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.

444 J.M. Alarcón et al. / Annals of Physics 336 (2013) 413–461

Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.

444 J.M. Alarcón et al. / Annals of Physics 336 (2013) 413–461

Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.

444 J.M. Alarcón et al. / Annals of Physics 336 (2013) 413–461

Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.

444 J.M. Alarcón et al. / Annals of Physics 336 (2013) 413–461

Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.

Cheng-Dashen point

Soft point

Introduction

J. M. Alarcón (HISKP Bonn)

444 J.M. Alarcón et al. / Annals of Physics 336 (2013) 413–461

Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.

444 J.M. Alarcón et al. / Annals of Physics 336 (2013) 413–461

Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.

444 J.M. Alarcón et al. / Annals of Physics 336 (2013) 413–461

Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.

444 J.M. Alarcón et al. / Annals of Physics 336 (2013) 413–461

Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.

444 J.M. Alarcón et al. / Annals of Physics 336 (2013) 413–461

Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.

444 J.M. Alarcón et al. / Annals of Physics 336 (2013) 413–461

Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.

Cheng-Dashen point

Soft point

Introduction

J. M. Alarcón (HISKP Bonn)

444 J.M. Alarcón et al. / Annals of Physics 336 (2013) 413–461

Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.

444 J.M. Alarcón et al. / Annals of Physics 336 (2013) 413–461

Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.

444 J.M. Alarcón et al. / Annals of Physics 336 (2013) 413–461

Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.

444 J.M. Alarcón et al. / Annals of Physics 336 (2013) 413–461

Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.

444 J.M. Alarcón et al. / Annals of Physics 336 (2013) 413–461

Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.

444 J.M. Alarcón et al. / Annals of Physics 336 (2013) 413–461

Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.

Cheng-Dashen point

Soft point

Introduction

J. M. Alarcón (HISKP Bonn)

444 J.M. Alarcón et al. / Annals of Physics 336 (2013) 413–461

Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.

444 J.M. Alarcón et al. / Annals of Physics 336 (2013) 413–461

Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.

444 J.M. Alarcón et al. / Annals of Physics 336 (2013) 413–461

Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.

444 J.M. Alarcón et al. / Annals of Physics 336 (2013) 413–461

Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.

444 J.M. Alarcón et al. / Annals of Physics 336 (2013) 413–461

Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.

444 J.M. Alarcón et al. / Annals of Physics 336 (2013) 413–461

Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.

Cheng-Dashen point

Soft point

Introduction

J. M. Alarcón (HISKP Bonn)

444 J.M. Alarcón et al. / Annals of Physics 336 (2013) 413–461

Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.

444 J.M. Alarcón et al. / Annals of Physics 336 (2013) 413–461

Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.

444 J.M. Alarcón et al. / Annals of Physics 336 (2013) 413–461

Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.

444 J.M. Alarcón et al. / Annals of Physics 336 (2013) 413–461

Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.

444 J.M. Alarcón et al. / Annals of Physics 336 (2013) 413–461

Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.

444 J.M. Alarcón et al. / Annals of Physics 336 (2013) 413–461

Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.

Cheng-Dashen point

Soft point

Introduction

J. M. Alarcón (HISKP Bonn)

444 J.M. Alarcón et al. / Annals of Physics 336 (2013) 413–461

Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.

444 J.M. Alarcón et al. / Annals of Physics 336 (2013) 413–461

Table 12
Results for different subthreshold coefficients obtained from the LECs shown in Tables 1 and 2 obtained from fits to the PWA
phase shifts in - and 1-ChPT, respectively.

KA85 WI08 EM06 KA85 WI08 EM06
-ChPT -ChPT -ChPT 1-ChPT 1-ChPT 1-ChPT

d+

00 (M�1
⇡ ) �2.02(41) �1.65(28) �1.56(5) �1.48(15) �1.20(13) �0.98(4)

d+

01 (M�3
⇡ ) 1.73(19) 1.70(18) 1.64(4) 1.21(10) 1.20(9) 1.09(4)

d+

10 (M�3
⇡ ) 1.81(16) 1.60(18) 1.532(45) 0.99(14) 0.82(9) 0.631(42)

d+

02 (M�5
⇡ ) 0.021(6) 0.021(6) 0.021(6) 0.004(6) 0.005(6) 0.004(6)

b+

00 (M�3
⇡ ) �6.5(2.4) �7.4(2.3) �7.01(1.1) �5.1(1.7) �5.1(1.7) �4.5(9)

d�

00 (M�2
⇡ ) 1.81(24) 1.68(16) 1.495(28) 1.63(9) 1.53(8) 1.379(8)

d�

01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+
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01 (M�4
⇡ ) �0.17(6) �0.20(5) �0.199(7) �0.112(25) �0.115(24) �0.0923(11)

d�

10 (M�4
⇡ ) �0.35(10) �0.33(10) �0.267(14) �0.18(5) �0.16(5) �0.0892(41)

b�

00 (M�2
⇡ ) 17(7) 17(7) 16.8(7) 9.63(30) 9.755(42) 8.67(8)

Table 13
Results on subthreshold coefficients from the Karlsruhe and George Washington groups.

KA85 WI08
[50] [4]

d+

00 (M�1
⇡ ) �1.46 �1.30

d+

01 (M�3
⇡ ) 1.14 1.19

d+

10 (M�3
⇡ ) 1.12(2) –

d+

02 (M�5
⇡ ) 0.036 0.037

b+

00 (M�3
⇡ ) �3.54(6) –

d�

00 (M�2
⇡ ) 1.53(2) –

d�

01 (M�4
⇡ ) �0.134(5) –

d�

10 (M�4
⇡ ) �0.167(5) –

b�

00 (M�2
⇡ ) 10.36(10) –

on the determination of �⇡N using the value of the scattering amplitude at the CD point, as we
will see in the next section.) We conclude, then, that the explicit 1-exchange contribution is a
fundamental ingredient to bridge the gap between the physical and subthreshold regions. This is an
important result as it paves the road for studying all the phenomenology related to ⇡N scattering in a
systematic manner within 1-ChPT, using directly scattering data and without any other dispersive
input. This contrasts with the conclusions derived in 1-HBChPT [45]. On the other hand, further
studies at higher orders in the chiral expansion and including the 1(1232) degrees of freedom in a
coherent way should corroborate this particular finding of the present work. Such a self-consistent
framework to study the ⇡N scattering amplitude, based exclusively on BChPT, is complementary
to other model-independent approaches based on a pure dispersive treatment of the amplitude,
e.g. [94].

Finally, it is also interesting to compare the results obtained for the subthreshold coefficients from
thedifferent analyses and in1-ChPT. TheKA85 andWI08 results closely agreewith eachother, besides
an important discrepancy in d+

00 which is related to the different pion–nucleon sigma terms reported
by the two solutions. However, comparing those with the novel results obtained for EM06 solution,
we see that the latter gives a physical picture of the subthreshold region around the point (⌫ = 0,
t = 0) that is quite different to the former ones. In fact, the values of most of the subthreshold
coefficients obtained from the fits to the EM06 phase shifts are not compatiblewith the ones extracted
from the KA85 or the WI08 solutions. The fact that the two latter PWAs grossly agree gives support
to their solution in the subthreshold region. This discussion could also take place at the level of the
values of the LECs (as shown in Table 2), which the subthreshold coefficients ultimately depend on.
Nevertheless, it is worth remarking that meaningful comparisons among different PWAs can only be
done based on observable quantities.

Cheng-Dashen point

Soft point

Cheng-Dashen point

Soft 
point

D̄+(⌫, t) = d+00 + d+01t+ d+10⌫
2 + d+02t

2 + . . .

D̄�(⌫, t) = d�00⌫ + d�01⌫ t+ d�10⌫
3 + . . .

B̄+(⌫, t) = b+00⌫ + . . .

B̄�(⌫, t) = b�00 + . . .

[Alarcón, Martin Camalich and Oller, Ann. of Phys. 336 (2013)]

⌃ ⌘ f2
⇡D̄

+(0, 2M2
⇡) = �(t = 2M2

⇡) +�R = �⇡N +�� +�R

Underestimated 
in ~10 MeV

⌃d �D

Agreement with the dispersive results!

�D ��� = �3.3(2) MeV �(3)
D ��(3)

� = �3.5(2.0) MeV(disp.) (O(p3) ChEFT)

⌃ = f2
⇡(d

+
00 + 2M2

⇡d
+
01) + f2

⇡(4M
4
⇡d

+
02 + . . . ) �⇡N = ⌃d +�D ��� ��R

Underestimated in ~10 MeV as well! Remains small
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The sigma-term puzzle



•Phenomenological extractions rely on two different sources:
The sigma-term puzzle

a±

What can be done?
•Analysis of the πΝ world data base.
•Reanalysis of Coulomb corrections.
•Reanalysis of extraction of SL through     and     .✏ �

⇡±N ! ⇡±N

πΝ-scattering data
•Inconsistent data base
  (                       vs CEX reactions )

•Coulomb [Tromborg, Waldenstrom and Overbo, PRD 

15 (1977)].

•Experimental uncertainties negligible 
compared to theoretical error relating            

    (   ,    ) to      .  

•πD scatter ing, isospin violation, 
Coulomb…

π-atom spectroscopy

J. M. Alarcón (JLab)

✏ �

The role of Chiral EFT in the precision era


