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The Standard Model
The landmark article on the unification
of electromagnetic and weak interactions
with spontaneous symmetry breaking
appeared in 1967. Nobel Prize 1979.
Salam, Weinberg, Glashow.

It conjectured but did
not prove the model
was renormalizable.

It was just a theory of
leptons, not hadrons,
including protons,
neutrons, pions, kaons.

It was incomplete at
least in two ways.
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The Anomalous Magnetic Moment
A muon with spin s has a magnetic moment:

The factor g is called the gyro-magnetic factor. The Dirac equation for a charged elementary 
fermion with spin 1/2 implies g = 2. 
The anomalous magnetic moment is the deviation from g = 2,  parameterized by a𝛍 = (g−2)/2. 
It appears due to radiative corrections. Renormalization of QED was established in 1943 and

The leading contribution to a𝛍, calculated 
by Schwinger in 1949, is: 

1947-1948 by Tomonaga, Schwinger and Feynman. 

The amplitude of a muon scattering off an external 
electromagnetic field A is: (q=p2-p1):



The QED Contributions
The complete result for a𝛍 is

Summing all the terms in the perturbative QED 
expansion up to O(𝜶5), the complete QED 
contribution to the muon anomalous magnetic 
moment is as follows: 

The pure QED contribution is by far the largest and has been evaluated up to O(𝜶5) with
negligible numerical uncertainty.

T. Aoyama, N. Asmussen, M. Benayoun et al. Physics Reports 887 (2020) 1–166

results using the so-called M2 trick, e.g., exhibit similar statistical precision as the connected diagram. It is expected that
the higher-order disconnected diagrams are negligible, and preliminary results for one of the additional diagrams, from
both groups, indicate this is true. However, all the diagrams need to be calculated to verify this expectation.

The RBC group has carried out preliminary calculations of both connected and leading disconnected diagrams in QED!
with physical masses. When combined with model or lattice calculations of the long-distance part of the pion-pole
contribution, precise results are obtained that are consistent with QEDL. While the results are obtained on a coarse lattice,
in finite volume, the subtraction kernel combined with the smaller lattice artifacts of QED! suggest the agreement may
hold even after residual QCD artifacts are extrapolated away.

Currently the lattice determination of the HLbL contribution is not as precise as the analytic methods. However, it is a
first-principles determination that is statistically and systematically improvable. The best determination from lattice QCD
so far is approximately at the current experimental precision and therefore serves as a very important consistency check.
Now that the methodology has been formulated and tested, improvements in precision are expected with additional
statistics and possible further methodological improvements.

5.8. Expected progress in the next few years

RBC is now improving its physical point QEDL calculation by quadrupling the statistics on the leading disconnected
diagram on the smallest-lattice-spacing ensemble, which is expected to reduce the total uncertainty in the current
continuum extrapolation by approximately 50%. At the same time results for QED! will be computed to investigate
residual QCD discretization errors. Together, these new computations should produce a significant reduction of the theory
uncertainty in the near term.

In the next few years it is expected that there will be a first-principles, continuum result for aHLbLµ from both the
Mainz and RBC approaches using infinite-volume QED and lattice QCD. After this the target will then be that of reducing
statistical uncertainty, which can be done by additional lattice QCD measurements. It is possible that new methodologies
and techniques will be invented to aid this calculation, but even without them an uncertainty of the order of 10"10 appears
feasible by the end of the Fermilab experiment.

Although thought to be small, it is still worthwhile to attempt to compute the contributions from the remaining
disconnected diagrams beyond leading order. This poses a significant challenge as they may be statistically noisy and
computationally expensive to compute. It is expected that an estimate of the size of these contributions directly measured
from the lattice will be made soon.

Over the next few years it is possible that more lattice collaborations may also choose to compute aHLbLµ , and this would
be most welcome, as different groups tend to have different systematics in their approaches allowing for an extended
global comparison. It is expected that the Mainz code for computing the QED kernel will be made public, which should
help facilitate such endeavors.

6. The QED contributions to aµ

T. Aoyama, T. Kinoshita, M. Nio

6.1. Introduction

In the SM of elementary particles, the anomalous magnetic moment of the muon, aµ # (g "2)µ/2, can be divided into
electromagnetic, hadronic, and electroweak contributions

aµ = aQEDµ + ahadµ + aEWµ . (6.1)

The QED contribution is further divided according to its lepton-mass dependence. Since the anomaly aµ is dimensionless,
the lepton-mass dependence appears in the form of the ratio between lepton masses. Thus, we may rewrite

aQEDµ = A1 + A2(mµ/me) + A2(mµ/m! ) + A3(mµ/me,mµ/m! ) , (6.2)

where me, mµ, and m! are masses of the electron, muon, and ! -lepton, respectively. The term A1 is independent of the
lepton-mass ratios and universal for all lepton species.

The smallness of the QED coupling constant, the fine-structure constant " = 1/137.035 . . . , allows us to calculate each
Ai by using perturbation theory for QED:

Ai =
! "
#

"
A(2)
i +

! "
#

"2
A(4)
i +

! "
#

"3
A(6)
i + · · · , for i = 1, 2, 3 . (6.3)

Because of renormalizability of QED, every A(n)
i is finite and calculable by using the Feynman-diagram techniques. Since

Schwinger’s result of 1947, A(2)
1 = 1/2, many researchers have been involved in the calculation of higher-order terms. By

2018, all terms up to the eighth order have been obtained and cross-checked by different groups using different methods.
On the other hand, the entire tenth-order contribution has been calculated only by one group with numerical means.
Only small portions of the tenth-order contribution have been independently double-checked. In the following sections,
we summarize all perturbative coefficients A(2n)

i up to the tenth order.
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The EW Contributions
These contributions are defined as all SM contributions that are not contained in QED or QCD.

The one-loop diagrams were evaluated as early as 1972 by Weinberg and Jackiw.

The EW contributions are strongly suppressed by the heavy masses of the EW bosons; they 
contribute, numerically, at the same order as the HLbL correction.

A similar suppression happens in new physics models 
with new heavy particles of mass MNP. Typically such 
particles contribute terms ∼ α (mμ/M)2. 

R. Jackiw, Steven Weinberg, Phys. Rev. D 5 (1972) 2396-2398

Their contribution only shows up at the level of the 
seventh significant digit. It has been evaluated up to 
two loops and is known to better than one percent. 



The EW Contributions
It has been evaluated up to 2 loops and leading logarithms at the 3 loop level. One loop result is:

Summing up the numerical results
of the one-loop contributions, the
two-loop computations and the
leading three-loop logarithms, we
have the full weak interactions
contribution:

Large leading logs at two loops



QCD - Hadronic Vacuum Polarization
Hadronic contributions are the most difficult to calculate and
are responsible for almost all theoretical uncertainty.
The leading hadronic contribution appears at O(𝜶2) and is due
to hadronic vacuum polarization.

Phys. Rep. 126 887 1 (2020)

Higher-order insertions of HVP at NLO. The gray blobs refer to
HVP, the white one to leptonic VP.

Lattice world average:



QCD - Hadronic Light by Light Scattering
The hadronic light-by-light scattering contribution appears at O(𝜶3).

Phys. Rep. 126 887 1 (2020)



QCD - Hadronic Light by Light Scattering
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A. Miramontes, et. al., in progress



QCD: Facts and Challenges

QCD is characterized by two emergent phenomena:
confinement and dynamical generation of mass (DGM).

Ø Formation of color-singlet bound states: “Hadrons”
mesons, baryons, tetraquarks, molecules 

◆ Emergence of hadron masses (EHM) 
from QCD dynamics

Ø Quarks and gluons do not reach detectors.



QCD: Current Understanding and Challenges
Origins of confinement and dynamical mass generation can be traced back to the Green
functions of quarks and gluons.
These emergent phenomena of QCD, non-existent in perturbation theory are naturally linked to 
the infrared enhancement of the strong running coupling.
The effects of of the pattern of dynamical mass generation are traceable in the form factors of 
mesons which contribute to the anomalous magnetic moment of the muon.



QCD – Schwinger-Dyson Equations

SDE: electron propagator

Ø A. Salam, R. Delbourgo, Phys. Rev. 135 (1964) 6, B1398-B1427.

Ø P.I. Fomin, V.A. Miransky, Phys. Lett. B64 (1976) 166-168.

Ø V.A. Miransky, P.I. Fomin, Phys. Lett. B105 (1981) 387-391

Ø P. Maris, P.Tandy, Phys. Rev. C60 (1999) 

Gauge Technique – Non Perturbative Solutios

DCSB - Non-perturbative QED

DCSB - Spectrum of PS-Mesons

DCSB – MT Model - Vector Mesons



Pions: Bound States and Goldstone Bosons 

The pattern of dynamical chiral symmetry breaking and the Bethe-Salpeter amplitude to 
be computed by solving the Bethe-Salpeter equation.



Pions: Probing Quarks with Photons 

In studying the elastic or transition form factors, it is the photon which probes the dressed 
quarks inside the bound states, highlighting the importance of the quark-photon vertex. 

Gauge covariance 
(WTI,TTI, LKFT), 

kinematic singularities,
perturbation theory, 

multiplicative 
renormalizability 

AB, M.R. Pennington, 
Phys. Rev. D50 7679-7689 (1994) 

R. Bermudez et. al, 
Phys. Rev. C85, 045205 (2012)

L. Abino, et. al., Phys. Rev. D100 054028 (2019)



𝜋0 → 𝛾*𝛾 Transition Form Factor 
The pattern of dynamical chiral 
symmetry breaking dictates the 
Q2 evolution of the transition
form factor. Experiment and 
asymptotic QCD for largest Q2

provide verifications.

M(p2) ~ (p2)-𝜶

𝜶=0

𝜶=1



𝜋0 → 𝛾*𝛾 Transition Form Factor   

Conformal limit

Agrees well with experiment from low to intermediate range of momenta and favors Belle results.
The distribution amplitude (PDA) is broad and concave at the hadronic scale.

Satisfies abelian anomaly and agrees with the prediction of asymptotic QCD.

Within an error band stemming from the construction of the PDA from the lattice moments, it is
in good agreement.

K. Raya, et. al. Phys. Rev. D 93 (2016) 7, 074017, L. Chang, et. al., Phys. Rev. Lett. 110 (2013) 13, 132001, 
I.C. Cloet, et. al. Phys. Rev. Lett. 111 (2013) 092001, RQCD collaboration, JHEP 08 (2019) 065, JHEP 11 (2020) 037
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4!f̂qM!x"
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!
!
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"
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Containing an explicit dependence on the PDF, Eq. (47)
reveals a clear inter-relation between the momentum and
spatial distributions. In fact, the PDF is recovered from

qM!x" # 2!
Z

"

0
db!b!q!x; b!". !48"

Furthermore, considering the mean-squared transverse
extent (MSTE),

hb2!!x"i
q
M # 1

rM

Z
"

0
db! bq

M!x; b!"b2!; !49"

bq
M!x; b!" # 2!rMb!u

q
M!x; b!": !50"

The IPS-GPD defined in Eq. (47) yields the plain relation:

hb2!!x"i
q
M # 4

Z
1

0
dx f̂qM!x"qM!x": !51"

Integrating over x, and comparing with Eq. (45), one is left
with a compact expression for the expectation value:

hb2!i
q
M # 2

3
r2M

!
!rqM"2

eq!r
q
M"2 $ eh̄!rh̄M"2

"
; !52"

i.e., the expectation value of the MSTE of the valence quark
is directly correlated with the meson charge radius. In the
isospin symmetric limit, the following expected result
[30,31] is recovered:

hb2!i
q
M # 2

3
r2M: !53"

Interestingly, in the chiral limit, all the algebraic expres-
sions from this section, valid only at "H, become plainly
analogous to those from the factorized Gaussian model
in [30,31].
In the following section, we shall provide a collection of

results for the distributions discussed so far, using SDE
predictions as model inputs.

V. COMPUTED DISTRIBUTIONS

Now that, we have shown a variety of algebraic results for
different distributions of partons (and some other quan-
tities), we will particularize the inputs of the AM. The
starting point is Eq. (20), which directly relates the leading-
twist LFWF with the PDA such that, with the prior
knowledge of #q

M!x", the LFWF is derived straightfor-
wardly; the produced physical picture would be valid at
"H. Given the robustness of the SDE formalism to compute
PDAs, we shall employ predictions obtained within this

framework as model inputs [27,35]. The specific set of
PDAs, we consider is the following (x̄ # 1 ! x):

#u
!!x" # 20.226xx̄%1 ! 2.509

#####
xx̄

p
$ 2.025xx̄&;

#u
K!x" # 18.04xx̄%1$ 5x0.032x̄0.024 ! 5.97x0.064x̄0.048&;

#c
$c!x" # 9.222xx̄ exp%!2.89!1 ! 4xx̄"&;

#b
$b!x" # 12.264xx̄ exp%!6.25!1 ! 4xx̄"&: !54"

The expressions above properly capture our contemporary
knowledge of such distributions, namely, the soft endpoint
behavior and the dilation/compression with respect to the
asymptotic distribution [42]:

#asy!x" # 6x!1 ! x": !55"

As can be seen in Fig. 1, pion and kaon PDAs are dilated
with respect to #asy!x", while those containing heavy quarks
are narrower. As noted for the kaon, the asymmetry between
the s- and u-quark masses produces a skewed distribution,
while the rest of the PDAs are symmetrical.

FIG. 1. Upper panel: pion and kaon PDAs at "H . Lower panel:
the corresponding ones for $c and $b. The distributions were
obtained within the SDE formalism in Refs. [27,35], and para-
metrized according to Eqs. (54). For comparison, the asymptotic
distribution, #asy!x" # 6x!1 ! x", is also shown.

PSEUDOSCALAR MESONS: LIGHT FRONT WAVE FUNCTIONS, … PHYS. REV. D 106, 034003 (2022)

034003-7

ηc, ηb → 𝛾*𝛾 Transition Form Factor 

It slightly disagrees with the results of the nrQCD. It suggests that the nrQCD is perhaps not good
enough for ηc.

ηc: The agreement is noticeably better when NNLO contributions are added.

ηc transition form factor agrees with the only experimental results available.

K. Raya, et. al., Phys. Rev. D 95 (2017) 7, 074014

ηb: It agrees with the band provided by the nrQCD.

PDA is narrower. We expect asymptotic QCD limit to be reached at much higher Q2.
Albino, et. al. Phys. Rev. D 106 (2022) 3, 034003



η, η’ → 𝛾*𝛾 Transition Form Factor 

η and η’: In the distribution amplitude, the dotted curve is the
conformal limit
η: The dot-dashed curve is the DA at 2GeV.

M. Ding, et. al. Phys. Rev. D99 no.1, 014014 (2019)

Time like datum

Conformal limit

SDE Prediction with evolution

η and η’: The solid blue curve is the u-d DA.

η and η’: The dashed green curve is the s DA.



𝜋 ± Electromagnetic Form Factor 

The electromagnetic form factor of 𝜋± is central to the JLab research.

Our computation is consistent with the valence quark distribution amplitude (PDA) which is
broad and concave at the hadronic scale.

A. Miramontes et. al., Phys. Rev. 
D 105 (2022) 7, 074013

The results agree with earlier computation of the electromagnetic form factors of 𝜋±.

Lattice Hadron Physics Collaboration, Frederic D.R. Bonnet, et. al. Phys. Rev. D 72 (2005) 054506Jefferson Lab:

I.C. Cloet, et. al. 
Phys. Rev. Lett. 111 (2013) 092001

R. Zhang, et. al., 
Phys. Rev. D 102 (2020) 9, 094519 

L. Chang, et. al., Phys. Rev. Lett. 111 (2013) 14, 141802



K± Electromagnetic Form Factor 

The electromagnetic form factors of 𝜋± and K± can be measured till Q2 ~ 10 Gev2 and 5 GeV2
respectively in the 12 GeV upgrade of JLab.

The results obtained from the Schwinger-Dyson equations appear robust under the calculational
scheme employed and ingredients used as in the computation of the transition form factors and
the DA of the kaon.

J. Segovia et. Al. , Phys. Lett. B 731 (2014) 13-18 A. Miramontes et. al., Phys. Rev. D 105 (2022) 7, 074013

A. Aguilar, Eur. Phys. J. A55 (2019) 10, 190 



Neutral Pseudoscalar Pole Contributions 

The transition form factor 𝜋0 → 𝛾*𝛾 extended to 𝜋0 → 𝛾*𝛾*.

K. Raya, AB, P. Roig, 
Phys. Rev. D 101 (2020) 7, 074021

Dispersive 
methods:

Lattice:



𝜋 ± and K± Box Contributions

A. Miramontes, AB, K. Raya, P. Roig, Phys. 
Rev. D 105 (2022) 7, 074013

Dispersive methods:

A. Miramontes, et. al. In preparation
(Preliminary)

Radial excitations of 𝜋 and K:

Eichmann, et. al. Phys.Rev.D 101 (2020) 5, 054015



Summary and Outlook
We have calculated the light (𝜋0, η, η´) and heavy pseudoscalar (ηc, ηb) pole contributions to the
anomalous magnetic moment of the muon a𝛍.
We have also computed the 𝜋± and K± box diagram contributions to a𝛍.

"Timelike electromagnetic kaon form factor"
A.S. Miramontes, AB, Phys.Rev.D 107 (2023) 1, 014016 • e-Print: 2212.10800 [hep-ph]
"Pseudoscalar mesons: Light front wave functions, GPDs, and PDFs", L. Albino, I.M. Higuera-Angulo, 
K. Raya, AB, Phys.Rev.D 106 (2022) 3, 034003 • e-Print: 2207.06550 [hep-ph]

We have 1st results for the box diagram contributions for the first radial excitations 𝜋1 and K1 to a𝛍.
In this formalism we also compute pion/kaon electromagnetic form factors, pseudoscalar 
transition form factors, distribution amplitudes, distribution functions, generalized distribution 
functions, satisfying axial vector WTI and connecting with asymptotic QCD and computing 
transition form factors of nucleons to their excited states. 

“Dynamical diquarks in the 𝛾∗ P → N(1535) ½ − transition”, K. Raya, et. al. Eur. Phys. J. A57 (2021) 9, 266, 
e-Print: 2107.03910 [hep-th].

What next? Axial vectors, scalars, hadron vacuum polarization contributions.



Summary and Outlook

Phys. Rev. Lett. 92 1618102 (2004)
Phys. Rev. D73 072003 (2006) 

Phys. Rev. Lett. 126 141801 (2021)

Phys. Rep. 126 887 1 (2020)

The complete result for a𝛍 is

T. Aoyama, N. Asmussen, M. Benayoun et al. Physics Reports 887 (2020) 1–166

results using the so-called M2 trick, e.g., exhibit similar statistical precision as the connected diagram. It is expected that
the higher-order disconnected diagrams are negligible, and preliminary results for one of the additional diagrams, from
both groups, indicate this is true. However, all the diagrams need to be calculated to verify this expectation.

The RBC group has carried out preliminary calculations of both connected and leading disconnected diagrams in QED!
with physical masses. When combined with model or lattice calculations of the long-distance part of the pion-pole
contribution, precise results are obtained that are consistent with QEDL. While the results are obtained on a coarse lattice,
in finite volume, the subtraction kernel combined with the smaller lattice artifacts of QED! suggest the agreement may
hold even after residual QCD artifacts are extrapolated away.

Currently the lattice determination of the HLbL contribution is not as precise as the analytic methods. However, it is a
first-principles determination that is statistically and systematically improvable. The best determination from lattice QCD
so far is approximately at the current experimental precision and therefore serves as a very important consistency check.
Now that the methodology has been formulated and tested, improvements in precision are expected with additional
statistics and possible further methodological improvements.

5.8. Expected progress in the next few years

RBC is now improving its physical point QEDL calculation by quadrupling the statistics on the leading disconnected
diagram on the smallest-lattice-spacing ensemble, which is expected to reduce the total uncertainty in the current
continuum extrapolation by approximately 50%. At the same time results for QED! will be computed to investigate
residual QCD discretization errors. Together, these new computations should produce a significant reduction of the theory
uncertainty in the near term.

In the next few years it is expected that there will be a first-principles, continuum result for aHLbLµ from both the
Mainz and RBC approaches using infinite-volume QED and lattice QCD. After this the target will then be that of reducing
statistical uncertainty, which can be done by additional lattice QCD measurements. It is possible that new methodologies
and techniques will be invented to aid this calculation, but even without them an uncertainty of the order of 10"10 appears
feasible by the end of the Fermilab experiment.

Although thought to be small, it is still worthwhile to attempt to compute the contributions from the remaining
disconnected diagrams beyond leading order. This poses a significant challenge as they may be statistically noisy and
computationally expensive to compute. It is expected that an estimate of the size of these contributions directly measured
from the lattice will be made soon.

Over the next few years it is possible that more lattice collaborations may also choose to compute aHLbLµ , and this would
be most welcome, as different groups tend to have different systematics in their approaches allowing for an extended
global comparison. It is expected that the Mainz code for computing the QED kernel will be made public, which should
help facilitate such endeavors.

6. The QED contributions to aµ

T. Aoyama, T. Kinoshita, M. Nio

6.1. Introduction

In the SM of elementary particles, the anomalous magnetic moment of the muon, aµ # (g "2)µ/2, can be divided into
electromagnetic, hadronic, and electroweak contributions

aµ = aQEDµ + ahadµ + aEWµ . (6.1)

The QED contribution is further divided according to its lepton-mass dependence. Since the anomaly aµ is dimensionless,
the lepton-mass dependence appears in the form of the ratio between lepton masses. Thus, we may rewrite

aQEDµ = A1 + A2(mµ/me) + A2(mµ/m! ) + A3(mµ/me,mµ/m! ) , (6.2)

where me, mµ, and m! are masses of the electron, muon, and ! -lepton, respectively. The term A1 is independent of the
lepton-mass ratios and universal for all lepton species.

The smallness of the QED coupling constant, the fine-structure constant " = 1/137.035 . . . , allows us to calculate each
Ai by using perturbation theory for QED:

Ai =
! "
#

"
A(2)
i +

! "
#

"2
A(4)
i +

! "
#

"3
A(6)
i + · · · , for i = 1, 2, 3 . (6.3)

Because of renormalizability of QED, every A(n)
i is finite and calculable by using the Feynman-diagram techniques. Since

Schwinger’s result of 1947, A(2)
1 = 1/2, many researchers have been involved in the calculation of higher-order terms. By

2018, all terms up to the eighth order have been obtained and cross-checked by different groups using different methods.
On the other hand, the entire tenth-order contribution has been calculated only by one group with numerical means.
Only small portions of the tenth-order contribution have been independently double-checked. In the following sections,
we summarize all perturbative coefficients A(2n)

i up to the tenth order.
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Sz. Borsanyi et al., , Nature (London) 
593, 51 (2021).

Scale setting, statistical error, isospin symmetry breaking, finite 
size error, continuum extropolation

arXiv:2206.06582 [hep-lat], arXiv:2206.15084[hep-lat]



Summary and Outlook
FNL is analyzing data from run2 and run3.

run4 is finished; run5 is planned in future.

JPARC data taking will begin in 2025. First
results are expected in 2027.

The tension between experiment and theory provides exciting years of testing the standard
model through a𝛍 precision measurement and calculations.

It may provide indications of physics beyond the standard model of Salam, Glashow, Weinberg.

To be able to meet the final precision 
∆aμ(E989)=16×10-11 projected for the Fermilab
experiment is the challenge and goal for theory.

"Prospects for precise predictions of a𝛍", 
G. Colangelo et. al. Contribution to: 2022 Snowmass 

Summer Study, e-Print: 2203.15810 [hep-ph].


