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9+ years  
Summer of 2006: W&M / JLAb REU

2012: first three-body paper with Zohreh Davoudi
Fall of 2013: JLab postdoc

Fall of 2015: ODU postdoc
Fall of 2016: Isgur fellow 
 Summer of 2017: Joint ODU/JLab staff

realized that I was useless at the lab 😅

“friendliest group!”

0 COVID cases reported! 😅



Modern-day spectroscopy 
rooted in QCD 

QCD Lagrangian & 
electroweak probes, 
Lattice QCD

                   

+ electroweak sector

∑
f

ψf (iγμDμ − mf) ψf −
1
4

Tr[GμνGμν]
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Modern-day spectroscopy 

Amplitudes on the real axis

rooted in QCD 

QCD Lagrangian & 
electroweak probes, 
Lattice QCD

Finite-volume formalism
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Scattering theory & EFTs

Modern-day spectroscopy 

Amplitudes on the real axis

Analytic continuation: poles, 
widths, form factors,…  

rooted in QCD 

QCD Lagrangian & 
electroweak probes, 
Lattice QCD

Finite-volume formalism
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Scattering theory & EFTs

Modern-day spectroscopy 

Amplitudes on the real axis

Nature of states, patterns in the spectrum, …

rooted in QCD 

QCD Lagrangian & 
electroweak probes, 
Lattice QCD

Finite-volume formalism
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Few-nucleon systems:
ab-initio techniques

Many-body systems

Nuclear astro physics

QCD Lagrangian & 
electroweak probes, 
Lattice QCD

Finite-volume formalism

Modern-day  nuclear structure  

Amplitudes on the real axis



QCD Lagrangian & 
electroweak probes, 
Lattice QCD

Finite-volume formalism

Amplitudes on the real axis

The common thread
This is at the root of several areas of research:

hadron spectroscopy, 
 nuclear structure, 
hadron structure, 
electroweak precision decays,
…



the three-body problem in nuclear physics

Piarulli, Baroni, Schiavilla et al. (2017)

Green function Monte Carlo calculations 
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the three-body problem 
 the three-body potentials shifts spectra by about 10%-20%
 these emerge from “local” & “non-local” interactions

3n scattering

n
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in !gure  4. As long as this dissociation is weak, the trimer 
resnonances are narrow and follow the E!mov scenario. They 
can therefore be quali!ed as E!mov states. In fact, it is the 
situation encountered in ultra-cold atomic gases—see sec-
tion 2.1.7.2. For very strong losses by dissociation, the trimer 
resonances are broad and a theoretical study indicates that the 
E!mov spectrum is rotated in the complex energy plane [119], 
where the imaginary part of the energy correspond to the reso-
nance width.

2.1.5.2. Structure. Although the peculiar energy spectrum 
of E!mov states is often presented as their de!ning charac-
teristic, their spatial structure is also worth considering, as 
it makes them very different from other three-body bound 
states such as water or ozone molecules. Ozone molecules, 
for instance, have a relatively well de!ned geometry, with an 
O–O length of about 0.127 nm and an O–O–O angle of about 
117°. Although the electrons are delocalised around the oxy-
gen nuclei, the relative positions of the nuclei are quite local-
ised, as a result of the strong binding interaction provided by 

the bonding electrons. E!mov states, on the other hand, are 
very diffuse objects without a well de!ned geometry.

In the intuitive picture of the E!mov attraction, the par-
ticles keep moving back and forth between one another, 
thereby inducing the E!mov attraction that keeps them 
together. Thus, for an E!mov state made of atoms, one 
may say that the atoms themselves play the role of bonding 
electrons by performing an exchange motion. The electrons 
play a role only when the atoms come in contact, within the 
radius of their electronic cloud, which is on the order of a 
few tenths of nanometre for light atoms. The motion of the 
atoms, on the other hand, occurs at distances larger than 
the size of their electronic cloud, around three times for the 
ground state and much more for excited states. As result, 
E!mov states of atoms are much larger and diffuse than 
usual molecules. This is shown in !gure  6 for the case of 
helium-4 trimers, whose excited state is typically !fty times 
or more larger than ozone molecules.

In addition to the broad distribution of sizes, there is also 
a broad distribution of geometries for three particles form-
ing an E!mov state. The most probable geometries in this 

Figure 6. Ozone molecule (O3) compared to E!mov states of helium-4 atoms (He3) on the same scale. Each molecule is represented 
schematically as a typical snapshot of its geometry. The ozone molecule is enlarged to show its structure (readers of the electronic version 
are invited to zoom in). The nuclei are represented by small dots (red for oxygen, blue for helium), and the electronic cloud is shown as a 
grey halo. For the helium trimers, the atomic cloud formed by the motion of the helium atoms is shown as a light blue halo. The structure 
of the excited helium trimer is closest to that of an ideal E!mov state, which is typically described by an elongated triangle con!guration. 
The structural properties of the ground helium trimer do not conform fully to those of E!mov states, but are nonetheless very different from 
more compact molecules like O3.

Rep. Prog. Phys. 80 (2017) 056001

Unitary limit:

Pole in the two-body scattering amplitude at threshold:

Infinite tower of geometrically-separated three-body bound states:  where  EN+1 = EN /λ λ = 22.69438
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the three-body problem Efimov physics

Vitaly Efimov

 trimer 
(excited state)

4He

 trimer 
(ground state)

4He



mπ=391 MeV
Dudek, Edwards, Guo, Thomas (2013)

exotics
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the three-body problem QCD Spectroscopy
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the three-body problem QCD Spectroscopy
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Lattice QCD in a nut shell
lattice spacing: 
finite volume: 
quark masses
Euclidean spacetime:  
Importance sampling 
Correlation functions, …

a ∼ 0.03 − 0.12 fm
L ∼ 6 − 12 fm

tM → − itE
C2pt.(tE) ⌘ h0|O(tE)O

†(0)|0i =
X

n

cne
�EntE
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imaginary time



Lattice QCD in a nut shell

never free
no asymptotic states
no scattering

lattice spacing: 
finite volume: 
quark masses
Euclidean spacetime:  
Importance sampling 
Correlation functions, … 

a ∼ 0.03 − 0.12 fm
L ∼ 6 − 12 fm

tM → − itE



finite-volume 
spectroscopy 

infinite-volume  
scattering amplitudes

Lüscher (1986, 1991)

Rummukainen & Gottlieb (1995)

Kim, Sachrajda, & Sharpe (2005)

Christ, Kim & Yamazaki (2005)

Feng,  Li, &  Liu (2004)

Hansen & Sharpe (2021) 

RB & Davoudi (2012) 

RB (2014) 

Two-hadron systems

bound state and
resonance poles

det
h
F (EL, L) +M�1(EL)

i
= 0
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Infinite Minkowski spacetime

Two-hadron systems
iM = +

= +

=

⇢ ⌘ p

8⇡E
⇠

p
s� sth

=
i

K�1 � i⇢
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placing all 
legs on-shell

Im[s]

Re[s]



Infinite Minkowski spacetime

Two-hadron systems
iM = +

= +

=

=
i

K�1 � i⇢
<latexit sha1_base64="WGxVV+c56VxbvzGOPDwCexE0KWA=">AAACCnicbVDLSsNAFJ34rPUVdekmWgQ3LYkIuhGKbgQ3FewDmlgm00k7dDITZiZCGbJ246+4caGIW7/AnX/jpM1CWw9cOJxzL/feEyaUSOW639bC4tLyympprby+sbm1be/stiRPBcJNxCkXnRBKTAnDTUUUxZ1EYBiHFLfD0VXutx+wkISzOzVOcBDDASMRQVAZqWcfXPiRgEiTTPsxVEMEqb7J7nXVy6rEF0Oe9eyKW3MncOaJV5AKKNDo2V9+n6M0xkwhCqXsem6iAg2FIojirOynEicQjeAAdw1lMMYy0JNXMufIKH0n4sIUU85E/T2hYSzlOA5NZ36unPVy8T+vm6roPNCEJanCDE0XRSl1FHfyXJw+ERgpOjYEIkHMrQ4aQhONMumVTQje7MvzpHVS89yad3taqV8WcZTAPjgEx8ADZ6AOrkEDNAECj+AZvII368l6sd6tj2nrglXM7IE/sD5/AMFTmus=</latexit><latexit sha1_base64="WGxVV+c56VxbvzGOPDwCexE0KWA=">AAACCnicbVDLSsNAFJ34rPUVdekmWgQ3LYkIuhGKbgQ3FewDmlgm00k7dDITZiZCGbJ246+4caGIW7/AnX/jpM1CWw9cOJxzL/feEyaUSOW639bC4tLyympprby+sbm1be/stiRPBcJNxCkXnRBKTAnDTUUUxZ1EYBiHFLfD0VXutx+wkISzOzVOcBDDASMRQVAZqWcfXPiRgEiTTPsxVEMEqb7J7nXVy6rEF0Oe9eyKW3MncOaJV5AKKNDo2V9+n6M0xkwhCqXsem6iAg2FIojirOynEicQjeAAdw1lMMYy0JNXMufIKH0n4sIUU85E/T2hYSzlOA5NZ36unPVy8T+vm6roPNCEJanCDE0XRSl1FHfyXJw+ERgpOjYEIkHMrQ4aQhONMumVTQje7MvzpHVS89yad3taqV8WcZTAPjgEx8ADZ6AOrkEDNAECj+AZvII368l6sd6tj2nrglXM7IE/sD5/AMFTmus=</latexit><latexit sha1_base64="WGxVV+c56VxbvzGOPDwCexE0KWA=">AAACCnicbVDLSsNAFJ34rPUVdekmWgQ3LYkIuhGKbgQ3FewDmlgm00k7dDITZiZCGbJ246+4caGIW7/AnX/jpM1CWw9cOJxzL/feEyaUSOW639bC4tLyympprby+sbm1be/stiRPBcJNxCkXnRBKTAnDTUUUxZ1EYBiHFLfD0VXutx+wkISzOzVOcBDDASMRQVAZqWcfXPiRgEiTTPsxVEMEqb7J7nXVy6rEF0Oe9eyKW3MncOaJV5AKKNDo2V9+n6M0xkwhCqXsem6iAg2FIojirOynEicQjeAAdw1lMMYy0JNXMufIKH0n4sIUU85E/T2hYSzlOA5NZ36unPVy8T+vm6roPNCEJanCDE0XRSl1FHfyXJw+ERgpOjYEIkHMrQ4aQhONMumVTQje7MvzpHVS89yad3taqV8WcZTAPjgEx8ADZ6AOrkEDNAECj+AZvII368l6sd6tj2nrglXM7IE/sD5/AMFTmus=</latexit><latexit sha1_base64="WGxVV+c56VxbvzGOPDwCexE0KWA=">AAACCnicbVDLSsNAFJ34rPUVdekmWgQ3LYkIuhGKbgQ3FewDmlgm00k7dDITZiZCGbJ246+4caGIW7/AnX/jpM1CWw9cOJxzL/feEyaUSOW639bC4tLyympprby+sbm1be/stiRPBcJNxCkXnRBKTAnDTUUUxZ1EYBiHFLfD0VXutx+wkISzOzVOcBDDASMRQVAZqWcfXPiRgEiTTPsxVEMEqb7J7nXVy6rEF0Oe9eyKW3MncOaJV5AKKNDo2V9+n6M0xkwhCqXsem6iAg2FIojirOynEicQjeAAdw1lMMYy0JNXMufIKH0n4sIUU85E/T2hYSzlOA5NZ36unPVy8T+vm6roPNCEJanCDE0XRSl1FHfyXJw+ERgpOjYEIkHMrQ4aQhONMumVTQje7MvzpHVS89yad3taqV8WcZTAPjgEx8ADZ6AOrkEDNAECj+AZvII368l6sd6tj2nrglXM7IE/sD5/AMFTmus=</latexit>

placing all 
legs on-shell

Finite Minkowski spacetime

+

= +

= V
<latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit>

iML =
<latexit sha1_base64="pgKYICDla1QeN7yEApZNtctX7gk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQTdC0Y0LhQr2AW0Ik+mkHTqZhJmJUEO/xI0LRdz6Ke78GydtFtp6YOBwzr3cMydIOFPacb6t0srq2vpGebOytb2zW7X39tsqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCcbXud95pFKxWDzoSUK9CA8FCxnB2ki+XWX9COsRwTy7m/q3l75dc+rODGiZuAWpQYGmb3/1BzFJIyo04Vipnusk2suw1IxwOq30U0UTTMZ4SHuGChxR5WWz4FN0bJQBCmNpntBopv7eyHCk1CQKzGSeUi16ufif10t1eOFlTCSppoLMD4UpRzpGeQtowCQlmk8MwUQykxWREZaYaNNVxZTgLn55mbRP665Td+/Pao2roo4yHMIRnIAL59CAG2hCCwik8Ayv8GY9WS/Wu/UxHy1Zxc4B/IH1+QOhVZMN</latexit><latexit sha1_base64="pgKYICDla1QeN7yEApZNtctX7gk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQTdC0Y0LhQr2AW0Ik+mkHTqZhJmJUEO/xI0LRdz6Ke78GydtFtp6YOBwzr3cMydIOFPacb6t0srq2vpGebOytb2zW7X39tsqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCcbXud95pFKxWDzoSUK9CA8FCxnB2ki+XWX9COsRwTy7m/q3l75dc+rODGiZuAWpQYGmb3/1BzFJIyo04Vipnusk2suw1IxwOq30U0UTTMZ4SHuGChxR5WWz4FN0bJQBCmNpntBopv7eyHCk1CQKzGSeUi16ufif10t1eOFlTCSppoLMD4UpRzpGeQtowCQlmk8MwUQykxWREZaYaNNVxZTgLn55mbRP665Td+/Pao2roo4yHMIRnIAL59CAG2hCCwik8Ayv8GY9WS/Wu/UxHy1Zxc4B/IH1+QOhVZMN</latexit><latexit sha1_base64="pgKYICDla1QeN7yEApZNtctX7gk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQTdC0Y0LhQr2AW0Ik+mkHTqZhJmJUEO/xI0LRdz6Ke78GydtFtp6YOBwzr3cMydIOFPacb6t0srq2vpGebOytb2zW7X39tsqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCcbXud95pFKxWDzoSUK9CA8FCxnB2ki+XWX9COsRwTy7m/q3l75dc+rODGiZuAWpQYGmb3/1BzFJIyo04Vipnusk2suw1IxwOq30U0UTTMZ4SHuGChxR5WWz4FN0bJQBCmNpntBopv7eyHCk1CQKzGSeUi16ufif10t1eOFlTCSppoLMD4UpRzpGeQtowCQlmk8MwUQykxWREZaYaNNVxZTgLn55mbRP665Td+/Pao2roo4yHMIRnIAL59CAG2hCCwik8Ayv8GY9WS/Wu/UxHy1Zxc4B/IH1+QOhVZMN</latexit><latexit sha1_base64="pgKYICDla1QeN7yEApZNtctX7gk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQTdC0Y0LhQr2AW0Ik+mkHTqZhJmJUEO/xI0LRdz6Ke78GydtFtp6YOBwzr3cMydIOFPacb6t0srq2vpGebOytb2zW7X39tsqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCcbXud95pFKxWDzoSUK9CA8FCxnB2ki+XWX9COsRwTy7m/q3l75dc+rODGiZuAWpQYGmb3/1BzFJIyo04Vipnusk2suw1IxwOq30U0UTTMZ4SHuGChxR5WWz4FN0bJQBCmNpntBopv7eyHCk1CQKzGSeUi16ufif10t1eOFlTCSppoLMD4UpRzpGeQtowCQlmk8MwUQykxWREZaYaNNVxZTgLn55mbRP665Td+/Pao2roo4yHMIRnIAL59CAG2hCCwik8Ayv8GY9WS/Wu/UxHy1Zxc4B/IH1+QOhVZMN</latexit>

iF
<latexit sha1_base64="PAL9g4gJ/H2YzDdLcwHTgsAn550=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiIB6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKD+K2X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGV34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UPbfq3V9W6td5HEU4gVM4Bw9qUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AV7xjT0=</latexit><latexit sha1_base64="PAL9g4gJ/H2YzDdLcwHTgsAn550=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiIB6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKD+K2X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGV34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UPbfq3V9W6td5HEU4gVM4Bw9qUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AV7xjT0=</latexit><latexit sha1_base64="PAL9g4gJ/H2YzDdLcwHTgsAn550=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiIB6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKD+K2X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGV34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UPbfq3V9W6td5HEU4gVM4Bw9qUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AV7xjT0=</latexit><latexit sha1_base64="PAL9g4gJ/H2YzDdLcwHTgsAn550=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiIB6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKD+K2X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGV34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UPbfq3V9W6td5HEU4gVM4Bw9qUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AV7xjT0=</latexit>

= �<latexit sha1_base64="+uZfP8wbVItquFB0wCTrW6fkLq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LquVWvcVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHdI2MsQ==</latexit><latexit sha1_base64="+uZfP8wbVItquFB0wCTrW6fkLq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LquVWvcVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHdI2MsQ==</latexit><latexit sha1_base64="+uZfP8wbVItquFB0wCTrW6fkLq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LquVWvcVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHdI2MsQ==</latexit><latexit sha1_base64="+uZfP8wbVItquFB0wCTrW6fkLq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LquVWvcVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHdI2MsQ==</latexit>V
<latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit>

iF
<latexit sha1_base64="PAL9g4gJ/H2YzDdLcwHTgsAn550=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiIB6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKD+K2X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGV34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UPbfq3V9W6td5HEU4gVM4Bw9qUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AV7xjT0=</latexit><latexit sha1_base64="PAL9g4gJ/H2YzDdLcwHTgsAn550=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiIB6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKD+K2X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGV34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UPbfq3V9W6td5HEU4gVM4Bw9qUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AV7xjT0=</latexit><latexit sha1_base64="PAL9g4gJ/H2YzDdLcwHTgsAn550=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiIB6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKD+K2X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGV34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UPbfq3V9W6td5HEU4gVM4Bw9qUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AV7xjT0=</latexit><latexit sha1_base64="PAL9g4gJ/H2YzDdLcwHTgsAn550=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiIB6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKD+K2X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGV34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UPbfq3V9W6td5HEU4gVM4Bw9qUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AV7xjT0=</latexit>

iF =
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<latexit sha1_base64="HS5ztXm/srUkg6updS/+W85EFDI="></latexit><latexit sha1_base64="HS5ztXm/srUkg6updS/+W85EFDI="></latexit><latexit sha1_base64="HS5ztXm/srUkg6updS/+W85EFDI="></latexit><latexit sha1_base64="HS5ztXm/srUkg6updS/+W85EFDI="></latexit>

Im[s]

Re[s]



Infinite Minkowski spacetime

Two-hadron systems
iM = +

= +

=

=
i

K�1 � i⇢
<latexit sha1_base64="WGxVV+c56VxbvzGOPDwCexE0KWA=">AAACCnicbVDLSsNAFJ34rPUVdekmWgQ3LYkIuhGKbgQ3FewDmlgm00k7dDITZiZCGbJ246+4caGIW7/AnX/jpM1CWw9cOJxzL/feEyaUSOW639bC4tLyympprby+sbm1be/stiRPBcJNxCkXnRBKTAnDTUUUxZ1EYBiHFLfD0VXutx+wkISzOzVOcBDDASMRQVAZqWcfXPiRgEiTTPsxVEMEqb7J7nXVy6rEF0Oe9eyKW3MncOaJV5AKKNDo2V9+n6M0xkwhCqXsem6iAg2FIojirOynEicQjeAAdw1lMMYy0JNXMufIKH0n4sIUU85E/T2hYSzlOA5NZ36unPVy8T+vm6roPNCEJanCDE0XRSl1FHfyXJw+ERgpOjYEIkHMrQ4aQhONMumVTQje7MvzpHVS89yad3taqV8WcZTAPjgEx8ADZ6AOrkEDNAECj+AZvII368l6sd6tj2nrglXM7IE/sD5/AMFTmus=</latexit><latexit sha1_base64="WGxVV+c56VxbvzGOPDwCexE0KWA=">AAACCnicbVDLSsNAFJ34rPUVdekmWgQ3LYkIuhGKbgQ3FewDmlgm00k7dDITZiZCGbJ246+4caGIW7/AnX/jpM1CWw9cOJxzL/feEyaUSOW639bC4tLyympprby+sbm1be/stiRPBcJNxCkXnRBKTAnDTUUUxZ1EYBiHFLfD0VXutx+wkISzOzVOcBDDASMRQVAZqWcfXPiRgEiTTPsxVEMEqb7J7nXVy6rEF0Oe9eyKW3MncOaJV5AKKNDo2V9+n6M0xkwhCqXsem6iAg2FIojirOynEicQjeAAdw1lMMYy0JNXMufIKH0n4sIUU85E/T2hYSzlOA5NZ36unPVy8T+vm6roPNCEJanCDE0XRSl1FHfyXJw+ERgpOjYEIkHMrQ4aQhONMumVTQje7MvzpHVS89yad3taqV8WcZTAPjgEx8ADZ6AOrkEDNAECj+AZvII368l6sd6tj2nrglXM7IE/sD5/AMFTmus=</latexit><latexit sha1_base64="WGxVV+c56VxbvzGOPDwCexE0KWA=">AAACCnicbVDLSsNAFJ34rPUVdekmWgQ3LYkIuhGKbgQ3FewDmlgm00k7dDITZiZCGbJ246+4caGIW7/AnX/jpM1CWw9cOJxzL/feEyaUSOW639bC4tLyympprby+sbm1be/stiRPBcJNxCkXnRBKTAnDTUUUxZ1EYBiHFLfD0VXutx+wkISzOzVOcBDDASMRQVAZqWcfXPiRgEiTTPsxVEMEqb7J7nXVy6rEF0Oe9eyKW3MncOaJV5AKKNDo2V9+n6M0xkwhCqXsem6iAg2FIojirOynEicQjeAAdw1lMMYy0JNXMufIKH0n4sIUU85E/T2hYSzlOA5NZ36unPVy8T+vm6roPNCEJanCDE0XRSl1FHfyXJw+ERgpOjYEIkHMrQ4aQhONMumVTQje7MvzpHVS89yad3taqV8WcZTAPjgEx8ADZ6AOrkEDNAECj+AZvII368l6sd6tj2nrglXM7IE/sD5/AMFTmus=</latexit><latexit sha1_base64="WGxVV+c56VxbvzGOPDwCexE0KWA=">AAACCnicbVDLSsNAFJ34rPUVdekmWgQ3LYkIuhGKbgQ3FewDmlgm00k7dDITZiZCGbJ246+4caGIW7/AnX/jpM1CWw9cOJxzL/feEyaUSOW639bC4tLyympprby+sbm1be/stiRPBcJNxCkXnRBKTAnDTUUUxZ1EYBiHFLfD0VXutx+wkISzOzVOcBDDASMRQVAZqWcfXPiRgEiTTPsxVEMEqb7J7nXVy6rEF0Oe9eyKW3MncOaJV5AKKNDo2V9+n6M0xkwhCqXsem6iAg2FIojirOynEicQjeAAdw1lMMYy0JNXMufIKH0n4sIUU85E/T2hYSzlOA5NZ36unPVy8T+vm6roPNCEJanCDE0XRSl1FHfyXJw+ERgpOjYEIkHMrQ4aQhONMumVTQje7MvzpHVS89yad3taqV8WcZTAPjgEx8ADZ6AOrkEDNAECj+AZvII368l6sd6tj2nrglXM7IE/sD5/AMFTmus=</latexit>

placing all 
legs on-shell

Finite Minkowski spacetime

+

= +

= V
<latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit>

iML =
<latexit sha1_base64="pgKYICDla1QeN7yEApZNtctX7gk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQTdC0Y0LhQr2AW0Ik+mkHTqZhJmJUEO/xI0LRdz6Ke78GydtFtp6YOBwzr3cMydIOFPacb6t0srq2vpGebOytb2zW7X39tsqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCcbXud95pFKxWDzoSUK9CA8FCxnB2ki+XWX9COsRwTy7m/q3l75dc+rODGiZuAWpQYGmb3/1BzFJIyo04Vipnusk2suw1IxwOq30U0UTTMZ4SHuGChxR5WWz4FN0bJQBCmNpntBopv7eyHCk1CQKzGSeUi16ufif10t1eOFlTCSppoLMD4UpRzpGeQtowCQlmk8MwUQykxWREZaYaNNVxZTgLn55mbRP665Td+/Pao2roo4yHMIRnIAL59CAG2hCCwik8Ayv8GY9WS/Wu/UxHy1Zxc4B/IH1+QOhVZMN</latexit><latexit sha1_base64="pgKYICDla1QeN7yEApZNtctX7gk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQTdC0Y0LhQr2AW0Ik+mkHTqZhJmJUEO/xI0LRdz6Ke78GydtFtp6YOBwzr3cMydIOFPacb6t0srq2vpGebOytb2zW7X39tsqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCcbXud95pFKxWDzoSUK9CA8FCxnB2ki+XWX9COsRwTy7m/q3l75dc+rODGiZuAWpQYGmb3/1BzFJIyo04Vipnusk2suw1IxwOq30U0UTTMZ4SHuGChxR5WWz4FN0bJQBCmNpntBopv7eyHCk1CQKzGSeUi16ufif10t1eOFlTCSppoLMD4UpRzpGeQtowCQlmk8MwUQykxWREZaYaNNVxZTgLn55mbRP665Td+/Pao2roo4yHMIRnIAL59CAG2hCCwik8Ayv8GY9WS/Wu/UxHy1Zxc4B/IH1+QOhVZMN</latexit><latexit sha1_base64="pgKYICDla1QeN7yEApZNtctX7gk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQTdC0Y0LhQr2AW0Ik+mkHTqZhJmJUEO/xI0LRdz6Ke78GydtFtp6YOBwzr3cMydIOFPacb6t0srq2vpGebOytb2zW7X39tsqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCcbXud95pFKxWDzoSUK9CA8FCxnB2ki+XWX9COsRwTy7m/q3l75dc+rODGiZuAWpQYGmb3/1BzFJIyo04Vipnusk2suw1IxwOq30U0UTTMZ4SHuGChxR5WWz4FN0bJQBCmNpntBopv7eyHCk1CQKzGSeUi16ufif10t1eOFlTCSppoLMD4UpRzpGeQtowCQlmk8MwUQykxWREZaYaNNVxZTgLn55mbRP665Td+/Pao2roo4yHMIRnIAL59CAG2hCCwik8Ayv8GY9WS/Wu/UxHy1Zxc4B/IH1+QOhVZMN</latexit><latexit sha1_base64="pgKYICDla1QeN7yEApZNtctX7gk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQTdC0Y0LhQr2AW0Ik+mkHTqZhJmJUEO/xI0LRdz6Ke78GydtFtp6YOBwzr3cMydIOFPacb6t0srq2vpGebOytb2zW7X39tsqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCcbXud95pFKxWDzoSUK9CA8FCxnB2ki+XWX9COsRwTy7m/q3l75dc+rODGiZuAWpQYGmb3/1BzFJIyo04Vipnusk2suw1IxwOq30U0UTTMZ4SHuGChxR5WWz4FN0bJQBCmNpntBopv7eyHCk1CQKzGSeUi16ufif10t1eOFlTCSppoLMD4UpRzpGeQtowCQlmk8MwUQykxWREZaYaNNVxZTgLn55mbRP665Td+/Pao2roo4yHMIRnIAL59CAG2hCCwik8Ayv8GY9WS/Wu/UxHy1Zxc4B/IH1+QOhVZMN</latexit>

iF
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det[F�1(P,L) +M(P )] = 0

ππ scattering  
(I=2 channel, )mπ ∼ 390 MeV
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ππ scattering  
(I=2 channel, )mπ ∼ 390 MeV
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π1mπ ∼ 700 MeV

Woss, Dudek, Edwards, Thomas, Wilson (2020)
RB b1⇡ � [f1(1285)⇡ ⇠ ⇢⇡ ⇠ ⇡⌘ ⇠ ⇡⌘0 ⇠ K⇤K ⇠ f1(1420)⇡]

<latexit sha1_base64="3n2kBpzn1zoQZfSZbCpKndspHMo="></latexit><latexit sha1_base64="3n2kBpzn1zoQZfSZbCpKndspHMo="></latexit><latexit sha1_base64="3n2kBpzn1zoQZfSZbCpKndspHMo="></latexit><latexit sha1_base64="3n2kBpzn1zoQZfSZbCpKndspHMo="></latexit>



finite-volume 
spectroscopy 

infinite-volume  
scattering amplitudes

Hansen & Sharpe (’14, ’15)

Mai & Döring (’17)

RB, Hansen & Sharpe (’18)

Hansen, Romero-Lopez & Sharpe (’20)

Blanton & Sharpe (’20)

Jackura (’22)

Three-hadron systems

bound state and
resonance poles

?

?

?

?

? ?

?

?
?

det
h
F3(EL, L) +K�1

df,3(EL)
i
= 0

<latexit sha1_base64="34zfmGEJCFUmToTFgPxWSrESdi8="></latexit><latexit sha1_base64="ix1DFwSzO0jXK98WCJj5EQzKG7w="></latexit><latexit sha1_base64="ix1DFwSzO0jXK98WCJj5EQzKG7w="></latexit><latexit sha1_base64="ix1DFwSzO0jXK98WCJj5EQzKG7w="></latexit>



G ⇠ 1

(P � p� k)2 �m2
<latexit sha1_base64="sRHM0JcAvIzx6KyveCMqjT8yFIo=">AAACBnicbVDLSgMxFM3UV62vUZciBItQFy0zRdBl0YUuK9gHdKYlk2ba0CQzJBmhDF258VfcuFDErd/gzr8xbWehrQcuHM65l3vvCWJGlXacbyu3srq2vpHfLGxt7+zu2fsHTRUlEpMGjlgk2wFShFFBGppqRtqxJIgHjLSC0fXUbz0QqWgk7vU4Jj5HA0FDipE2Us8+vvEU5dALJcKpO0lL9XJcHp11q2XerU56dtGpODPAZeJmpAgy1Hv2l9ePcMKJ0JghpTquE2s/RVJTzMik4CWKxAiP0IB0DBWIE+Wnszcm8NQofRhG0pTQcKb+nkgRV2rMA9PJkR6qRW8q/ud1Eh1e+ikVcaKJwPNFYcKgjuA0E9inkmDNxoYgLKm5FeIhMolok1zBhOAuvrxMmtWK61Tcu/Ni7SqLIw+OwAkoARdcgBq4BXXQABg8gmfwCt6sJ+vFerc+5q05K5s5BH9gff4A+m2Xgg==</latexit><latexit sha1_base64="sRHM0JcAvIzx6KyveCMqjT8yFIo=">AAACBnicbVDLSgMxFM3UV62vUZciBItQFy0zRdBl0YUuK9gHdKYlk2ba0CQzJBmhDF258VfcuFDErd/gzr8xbWehrQcuHM65l3vvCWJGlXacbyu3srq2vpHfLGxt7+zu2fsHTRUlEpMGjlgk2wFShFFBGppqRtqxJIgHjLSC0fXUbz0QqWgk7vU4Jj5HA0FDipE2Us8+vvEU5dALJcKpO0lL9XJcHp11q2XerU56dtGpODPAZeJmpAgy1Hv2l9ePcMKJ0JghpTquE2s/RVJTzMik4CWKxAiP0IB0DBWIE+Wnszcm8NQofRhG0pTQcKb+nkgRV2rMA9PJkR6qRW8q/ud1Eh1e+ikVcaKJwPNFYcKgjuA0E9inkmDNxoYgLKm5FeIhMolok1zBhOAuvrxMmtWK61Tcu/Ni7SqLIw+OwAkoARdcgBq4BXXQABg8gmfwCt6sJ+vFerc+5q05K5s5BH9gff4A+m2Xgg==</latexit><latexit sha1_base64="sRHM0JcAvIzx6KyveCMqjT8yFIo=">AAACBnicbVDLSgMxFM3UV62vUZciBItQFy0zRdBl0YUuK9gHdKYlk2ba0CQzJBmhDF258VfcuFDErd/gzr8xbWehrQcuHM65l3vvCWJGlXacbyu3srq2vpHfLGxt7+zu2fsHTRUlEpMGjlgk2wFShFFBGppqRtqxJIgHjLSC0fXUbz0QqWgk7vU4Jj5HA0FDipE2Us8+vvEU5dALJcKpO0lL9XJcHp11q2XerU56dtGpODPAZeJmpAgy1Hv2l9ePcMKJ0JghpTquE2s/RVJTzMik4CWKxAiP0IB0DBWIE+Wnszcm8NQofRhG0pTQcKb+nkgRV2rMA9PJkR6qRW8q/ud1Eh1e+ikVcaKJwPNFYcKgjuA0E9inkmDNxoYgLKm5FeIhMolok1zBhOAuvrxMmtWK61Tcu/Ni7SqLIw+OwAkoARdcgBq4BXXQABg8gmfwCt6sJ+vFerc+5q05K5s5BH9gff4A+m2Xgg==</latexit><latexit sha1_base64="sRHM0JcAvIzx6KyveCMqjT8yFIo=">AAACBnicbVDLSgMxFM3UV62vUZciBItQFy0zRdBl0YUuK9gHdKYlk2ba0CQzJBmhDF258VfcuFDErd/gzr8xbWehrQcuHM65l3vvCWJGlXacbyu3srq2vpHfLGxt7+zu2fsHTRUlEpMGjlgk2wFShFFBGppqRtqxJIgHjLSC0fXUbz0QqWgk7vU4Jj5HA0FDipE2Us8+vvEU5dALJcKpO0lL9XJcHp11q2XerU56dtGpODPAZeJmpAgy1Hv2l9ePcMKJ0JghpTquE2s/RVJTzMik4CWKxAiP0IB0DBWIE+Wnszcm8NQofRhG0pTQcKb+nkgRV2rMA9PJkR6qRW8q/ud1Eh1e+ikVcaKJwPNFYcKgjuA0E9inkmDNxoYgLKm5FeIhMolok1zBhOAuvrxMmtWK61Tcu/Ni7SqLIw+OwAkoARdcgBq4BXXQABg8gmfwCt6sJ+vFerc+5q05K5s5BH9gff4A+m2Xgg==</latexit>

Three-hadron systems
Infinite Minkowski spacetime

=

<latexit sha1_base64="U0123CLV5CrhuTeuTy/P85HjYQY="></latexit>

+

<latexit sha1_base64="tYl44XCan+Zp5t+LNw2iUtBDLD8="></latexit>

+ · · ·iM3 =
<latexit sha1_base64="2UMyFVxYQRVpXK5t921JUQXjvIA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyVRQTdC0Y0boYJ9QBvCZDpph04mYWYi1NAvceNCEbd+ijv/xkmbhbYeGDiccy/3zAkSzpR2nG+rtLK6tr5R3qxsbe/sVu29/baKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gvFN7nceqVQsFg96klAvwkPBQkawNpJvV1k/wnpEMM/upv7ZlW/XnLozA1ombkFqUKDp21/9QUzSiApNOFaq5zqJ9jIsNSOcTiv9VNEEkzEe0p6hAkdUedks+BQdG2WAwliaJzSaqb83MhwpNYkCM5mnVIteLv7n9VIdXnoZE0mqqSDzQ2HKkY5R3gIaMEmJ5hNDMJHMZEVkhCUm2nRVMSW4i19eJu3TuuvU3fvzWuO6qKMMh3AEJ+DCBTTgFprQAgIpPMMrvFlP1ov1bn3MR0tWsXMAf2B9/gB7WJL0</latexit><latexit sha1_base64="2UMyFVxYQRVpXK5t921JUQXjvIA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyVRQTdC0Y0boYJ9QBvCZDpph04mYWYi1NAvceNCEbd+ijv/xkmbhbYeGDiccy/3zAkSzpR2nG+rtLK6tr5R3qxsbe/sVu29/baKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gvFN7nceqVQsFg96klAvwkPBQkawNpJvV1k/wnpEMM/upv7ZlW/XnLozA1ombkFqUKDp21/9QUzSiApNOFaq5zqJ9jIsNSOcTiv9VNEEkzEe0p6hAkdUedks+BQdG2WAwliaJzSaqb83MhwpNYkCM5mnVIteLv7n9VIdXnoZE0mqqSDzQ2HKkY5R3gIaMEmJ5hNDMJHMZEVkhCUm2nRVMSW4i19eJu3TuuvU3fvzWuO6qKMMh3AEJ+DCBTTgFprQAgIpPMMrvFlP1ov1bn3MR0tWsXMAf2B9/gB7WJL0</latexit><latexit sha1_base64="2UMyFVxYQRVpXK5t921JUQXjvIA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyVRQTdC0Y0boYJ9QBvCZDpph04mYWYi1NAvceNCEbd+ijv/xkmbhbYeGDiccy/3zAkSzpR2nG+rtLK6tr5R3qxsbe/sVu29/baKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gvFN7nceqVQsFg96klAvwkPBQkawNpJvV1k/wnpEMM/upv7ZlW/XnLozA1ombkFqUKDp21/9QUzSiApNOFaq5zqJ9jIsNSOcTiv9VNEEkzEe0p6hAkdUedks+BQdG2WAwliaJzSaqb83MhwpNYkCM5mnVIteLv7n9VIdXnoZE0mqqSDzQ2HKkY5R3gIaMEmJ5hNDMJHMZEVkhCUm2nRVMSW4i19eJu3TuuvU3fvzWuO6qKMMh3AEJ+DCBTTgFprQAgIpPMMrvFlP1ov1bn3MR0tWsXMAf2B9/gB7WJL0</latexit><latexit sha1_base64="2UMyFVxYQRVpXK5t921JUQXjvIA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyVRQTdC0Y0boYJ9QBvCZDpph04mYWYi1NAvceNCEbd+ijv/xkmbhbYeGDiccy/3zAkSzpR2nG+rtLK6tr5R3qxsbe/sVu29/baKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gvFN7nceqVQsFg96klAvwkPBQkawNpJvV1k/wnpEMM/upv7ZlW/XnLozA1ombkFqUKDp21/9QUzSiApNOFaq5zqJ9jIsNSOcTiv9VNEEkzEe0p6hAkdUedks+BQdG2WAwliaJzSaqb83MhwpNYkCM5mnVIteLv7n9VIdXnoZE0mqqSDzQ2HKkY5R3gIaMEmJ5hNDMJHMZEVkhCUm2nRVMSW4i19eJu3TuuvU3fvzWuO6qKMMh3AEJ+DCBTTgFprQAgIpPMMrvFlP1ov1bn3MR0tWsXMAf2B9/gB7WJL0</latexit>



iD = iM2iGiM2 +

Z
iM2iG iD

<latexit sha1_base64="dBuKdgWU8DBWzEl7HxN1sLqGnkg=">AAACRXicbVDNS8MwHE3n16xfVY9egkMQlNEOQS/C0IFehAnuA9ZS0izbwtIPklQYpf+cF+/e/A+8eFDEq6ZbkbntQeDlvd+PvDwvYlRI03zVCkvLK6trxXV9Y3Nre8fY3WuKMOaYNHDIQt72kCCMBqQhqWSkHXGCfI+Rlje8zvzWI+GChsGDHEXE8VE/oD2KkVSSa9jU9pEcYMSSWgovIYV/97vUrUB6MyvpJ9CmgVwwaZ9Oi7VUd42SWTbHgPPEykkJ5Ki7xovdDXHsk0BihoToWGYknQRxSTEjqW7HgkQID1GfdBQNkE+Ek4xbSOGRUrqwF3J1VL6xOr2RIF+Ike+pySyjmPUycZHXiWXvwkloEMWSBHjyUC9mUIYwqxR2KSdYspEiCHOqskI8QBxhqYrPSrBmvzxPmpWyZZat+7NS9SqvowgOwCE4BhY4B1VwC+qgATB4Am/gA3xqz9q79qV9T0YLWr6zD/5B+/kFlUSv4w==</latexit><latexit sha1_base64="dBuKdgWU8DBWzEl7HxN1sLqGnkg=">AAACRXicbVDNS8MwHE3n16xfVY9egkMQlNEOQS/C0IFehAnuA9ZS0izbwtIPklQYpf+cF+/e/A+8eFDEq6ZbkbntQeDlvd+PvDwvYlRI03zVCkvLK6trxXV9Y3Nre8fY3WuKMOaYNHDIQt72kCCMBqQhqWSkHXGCfI+Rlje8zvzWI+GChsGDHEXE8VE/oD2KkVSSa9jU9pEcYMSSWgovIYV/97vUrUB6MyvpJ9CmgVwwaZ9Oi7VUd42SWTbHgPPEykkJ5Ki7xovdDXHsk0BihoToWGYknQRxSTEjqW7HgkQID1GfdBQNkE+Ek4xbSOGRUrqwF3J1VL6xOr2RIF+Ike+pySyjmPUycZHXiWXvwkloEMWSBHjyUC9mUIYwqxR2KSdYspEiCHOqskI8QBxhqYrPSrBmvzxPmpWyZZat+7NS9SqvowgOwCE4BhY4B1VwC+qgATB4Am/gA3xqz9q79qV9T0YLWr6zD/5B+/kFlUSv4w==</latexit><latexit sha1_base64="dBuKdgWU8DBWzEl7HxN1sLqGnkg=">AAACRXicbVDNS8MwHE3n16xfVY9egkMQlNEOQS/C0IFehAnuA9ZS0izbwtIPklQYpf+cF+/e/A+8eFDEq6ZbkbntQeDlvd+PvDwvYlRI03zVCkvLK6trxXV9Y3Nre8fY3WuKMOaYNHDIQt72kCCMBqQhqWSkHXGCfI+Rlje8zvzWI+GChsGDHEXE8VE/oD2KkVSSa9jU9pEcYMSSWgovIYV/97vUrUB6MyvpJ9CmgVwwaZ9Oi7VUd42SWTbHgPPEykkJ5Ki7xovdDXHsk0BihoToWGYknQRxSTEjqW7HgkQID1GfdBQNkE+Ek4xbSOGRUrqwF3J1VL6xOr2RIF+Ike+pySyjmPUycZHXiWXvwkloEMWSBHjyUC9mUIYwqxR2KSdYspEiCHOqskI8QBxhqYrPSrBmvzxPmpWyZZat+7NS9SqvowgOwCE4BhY4B1VwC+qgATB4Am/gA3xqz9q79qV9T0YLWr6zD/5B+/kFlUSv4w==</latexit><latexit sha1_base64="dBuKdgWU8DBWzEl7HxN1sLqGnkg=">AAACRXicbVDNS8MwHE3n16xfVY9egkMQlNEOQS/C0IFehAnuA9ZS0izbwtIPklQYpf+cF+/e/A+8eFDEq6ZbkbntQeDlvd+PvDwvYlRI03zVCkvLK6trxXV9Y3Nre8fY3WuKMOaYNHDIQt72kCCMBqQhqWSkHXGCfI+Rlje8zvzWI+GChsGDHEXE8VE/oD2KkVSSa9jU9pEcYMSSWgovIYV/97vUrUB6MyvpJ9CmgVwwaZ9Oi7VUd42SWTbHgPPEykkJ5Ki7xovdDXHsk0BihoToWGYknQRxSTEjqW7HgkQID1GfdBQNkE+Ek4xbSOGRUrqwF3J1VL6xOr2RIF+Ike+pySyjmPUycZHXiWXvwkloEMWSBHjyUC9mUIYwqxR2KSdYspEiCHOqskI8QBxhqYrPSrBmvzxPmpWyZZat+7NS9SqvowgOwCE4BhY4B1VwC+qgATB4Am/gA3xqz9q79qV9T0YLWr6zD/5B+/kFlUSv4w==</latexit>

satisfies an integral equations

Three-hadron systems
Infinite Minkowski spacetime

=

<latexit sha1_base64="U0123CLV5CrhuTeuTy/P85HjYQY="></latexit>

+

<latexit sha1_base64="tYl44XCan+Zp5t+LNw2iUtBDLD8="></latexit>

+

<latexit sha1_base64="tYl44XCan+Zp5t+LNw2iUtBDLD8="></latexit>

+

<latexit sha1_base64="tYl44XCan+Zp5t+LNw2iUtBDLD8="></latexit>

+

<latexit sha1_base64="tYl44XCan+Zp5t+LNw2iUtBDLD8="></latexit>

iD + iL 1

K�1
3,df + F1

3

L
<latexit sha1_base64="aGEjDq0rApFhJ6Sx1L8OMSEi090="></latexit><latexit sha1_base64="aGEjDq0rApFhJ6Sx1L8OMSEi090="></latexit><latexit sha1_base64="aGEjDq0rApFhJ6Sx1L8OMSEi090="></latexit><latexit sha1_base64="aGEjDq0rApFhJ6Sx1L8OMSEi090="></latexit>

placing all 
legs on-shell

iM3 =
<latexit sha1_base64="2UMyFVxYQRVpXK5t921JUQXjvIA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyVRQTdC0Y0boYJ9QBvCZDpph04mYWYi1NAvceNCEbd+ijv/xkmbhbYeGDiccy/3zAkSzpR2nG+rtLK6tr5R3qxsbe/sVu29/baKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gvFN7nceqVQsFg96klAvwkPBQkawNpJvV1k/wnpEMM/upv7ZlW/XnLozA1ombkFqUKDp21/9QUzSiApNOFaq5zqJ9jIsNSOcTiv9VNEEkzEe0p6hAkdUedks+BQdG2WAwliaJzSaqb83MhwpNYkCM5mnVIteLv7n9VIdXnoZE0mqqSDzQ2HKkY5R3gIaMEmJ5hNDMJHMZEVkhCUm2nRVMSW4i19eJu3TuuvU3fvzWuO6qKMMh3AEJ+DCBTTgFprQAgIpPMMrvFlP1ov1bn3MR0tWsXMAf2B9/gB7WJL0</latexit><latexit sha1_base64="2UMyFVxYQRVpXK5t921JUQXjvIA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyVRQTdC0Y0boYJ9QBvCZDpph04mYWYi1NAvceNCEbd+ijv/xkmbhbYeGDiccy/3zAkSzpR2nG+rtLK6tr5R3qxsbe/sVu29/baKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gvFN7nceqVQsFg96klAvwkPBQkawNpJvV1k/wnpEMM/upv7ZlW/XnLozA1ombkFqUKDp21/9QUzSiApNOFaq5zqJ9jIsNSOcTiv9VNEEkzEe0p6hAkdUedks+BQdG2WAwliaJzSaqb83MhwpNYkCM5mnVIteLv7n9VIdXnoZE0mqqSDzQ2HKkY5R3gIaMEmJ5hNDMJHMZEVkhCUm2nRVMSW4i19eJu3TuuvU3fvzWuO6qKMMh3AEJ+DCBTTgFprQAgIpPMMrvFlP1ov1bn3MR0tWsXMAf2B9/gB7WJL0</latexit><latexit sha1_base64="2UMyFVxYQRVpXK5t921JUQXjvIA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyVRQTdC0Y0boYJ9QBvCZDpph04mYWYi1NAvceNCEbd+ijv/xkmbhbYeGDiccy/3zAkSzpR2nG+rtLK6tr5R3qxsbe/sVu29/baKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gvFN7nceqVQsFg96klAvwkPBQkawNpJvV1k/wnpEMM/upv7ZlW/XnLozA1ombkFqUKDp21/9QUzSiApNOFaq5zqJ9jIsNSOcTiv9VNEEkzEe0p6hAkdUedks+BQdG2WAwliaJzSaqb83MhwpNYkCM5mnVIteLv7n9VIdXnoZE0mqqSDzQ2HKkY5R3gIaMEmJ5hNDMJHMZEVkhCUm2nRVMSW4i19eJu3TuuvU3fvzWuO6qKMMh3AEJ+DCBTTgFprQAgIpPMMrvFlP1ov1bn3MR0tWsXMAf2B9/gB7WJL0</latexit><latexit sha1_base64="2UMyFVxYQRVpXK5t921JUQXjvIA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyVRQTdC0Y0boYJ9QBvCZDpph04mYWYi1NAvceNCEbd+ijv/xkmbhbYeGDiccy/3zAkSzpR2nG+rtLK6tr5R3qxsbe/sVu29/baKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gvFN7nceqVQsFg96klAvwkPBQkawNpJvV1k/wnpEMM/upv7ZlW/XnLozA1ombkFqUKDp21/9QUzSiApNOFaq5zqJ9jIsNSOcTiv9VNEEkzEe0p6hAkdUedks+BQdG2WAwliaJzSaqb83MhwpNYkCM5mnVIteLv7n9VIdXnoZE0mqqSDzQ2HKkY5R3gIaMEmJ5hNDMJHMZEVkhCUm2nRVMSW4i19eJu3TuuvU3fvzWuO6qKMMh3AEJ+DCBTTgFprQAgIpPMMrvFlP1ov1bn3MR0tWsXMAf2B9/gB7WJL0</latexit>



spectrum satisfies

Three-hadron systems
Infinite Minkowski spacetime

=

<latexit sha1_base64="U0123CLV5CrhuTeuTy/P85HjYQY="></latexit>

+

<latexit sha1_base64="tYl44XCan+Zp5t+LNw2iUtBDLD8="></latexit>

+

<latexit sha1_base64="tYl44XCan+Zp5t+LNw2iUtBDLD8="></latexit>

+

<latexit sha1_base64="tYl44XCan+Zp5t+LNw2iUtBDLD8="></latexit>

+

<latexit sha1_base64="tYl44XCan+Zp5t+LNw2iUtBDLD8="></latexit>

iM3 =
<latexit sha1_base64="2UMyFVxYQRVpXK5t921JUQXjvIA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyVRQTdC0Y0boYJ9QBvCZDpph04mYWYi1NAvceNCEbd+ijv/xkmbhbYeGDiccy/3zAkSzpR2nG+rtLK6tr5R3qxsbe/sVu29/baKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gvFN7nceqVQsFg96klAvwkPBQkawNpJvV1k/wnpEMM/upv7ZlW/XnLozA1ombkFqUKDp21/9QUzSiApNOFaq5zqJ9jIsNSOcTiv9VNEEkzEe0p6hAkdUedks+BQdG2WAwliaJzSaqb83MhwpNYkCM5mnVIteLv7n9VIdXnoZE0mqqSDzQ2HKkY5R3gIaMEmJ5hNDMJHMZEVkhCUm2nRVMSW4i19eJu3TuuvU3fvzWuO6qKMMh3AEJ+DCBTTgFprQAgIpPMMrvFlP1ov1bn3MR0tWsXMAf2B9/gB7WJL0</latexit><latexit sha1_base64="2UMyFVxYQRVpXK5t921JUQXjvIA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyVRQTdC0Y0boYJ9QBvCZDpph04mYWYi1NAvceNCEbd+ijv/xkmbhbYeGDiccy/3zAkSzpR2nG+rtLK6tr5R3qxsbe/sVu29/baKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gvFN7nceqVQsFg96klAvwkPBQkawNpJvV1k/wnpEMM/upv7ZlW/XnLozA1ombkFqUKDp21/9QUzSiApNOFaq5zqJ9jIsNSOcTiv9VNEEkzEe0p6hAkdUedks+BQdG2WAwliaJzSaqb83MhwpNYkCM5mnVIteLv7n9VIdXnoZE0mqqSDzQ2HKkY5R3gIaMEmJ5hNDMJHMZEVkhCUm2nRVMSW4i19eJu3TuuvU3fvzWuO6qKMMh3AEJ+DCBTTgFprQAgIpPMMrvFlP1ov1bn3MR0tWsXMAf2B9/gB7WJL0</latexit><latexit sha1_base64="2UMyFVxYQRVpXK5t921JUQXjvIA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyVRQTdC0Y0boYJ9QBvCZDpph04mYWYi1NAvceNCEbd+ijv/xkmbhbYeGDiccy/3zAkSzpR2nG+rtLK6tr5R3qxsbe/sVu29/baKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gvFN7nceqVQsFg96klAvwkPBQkawNpJvV1k/wnpEMM/upv7ZlW/XnLozA1ombkFqUKDp21/9QUzSiApNOFaq5zqJ9jIsNSOcTiv9VNEEkzEe0p6hAkdUedks+BQdG2WAwliaJzSaqb83MhwpNYkCM5mnVIteLv7n9VIdXnoZE0mqqSDzQ2HKkY5R3gIaMEmJ5hNDMJHMZEVkhCUm2nRVMSW4i19eJu3TuuvU3fvzWuO6qKMMh3AEJ+DCBTTgFprQAgIpPMMrvFlP1ov1bn3MR0tWsXMAf2B9/gB7WJL0</latexit><latexit sha1_base64="2UMyFVxYQRVpXK5t921JUQXjvIA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyVRQTdC0Y0boYJ9QBvCZDpph04mYWYi1NAvceNCEbd+ijv/xkmbhbYeGDiccy/3zAkSzpR2nG+rtLK6tr5R3qxsbe/sVu29/baKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gvFN7nceqVQsFg96klAvwkPBQkawNpJvV1k/wnpEMM/upv7ZlW/XnLozA1ombkFqUKDp21/9QUzSiApNOFaq5zqJ9jIsNSOcTiv9VNEEkzEe0p6hAkdUedks+BQdG2WAwliaJzSaqb83MhwpNYkCM5mnVIteLv7n9VIdXnoZE0mqqSDzQ2HKkY5R3gIaMEmJ5hNDMJHMZEVkhCUm2nRVMSW4i19eJu3TuuvU3fvzWuO6qKMMh3AEJ+DCBTTgFprQAgIpPMMrvFlP1ov1bn3MR0tWsXMAf2B9/gB7WJL0</latexit>

iD + iL 1

K�1
3,df + F1

3

L
<latexit sha1_base64="aGEjDq0rApFhJ6Sx1L8OMSEi090="></latexit><latexit sha1_base64="aGEjDq0rApFhJ6Sx1L8OMSEi090="></latexit><latexit sha1_base64="aGEjDq0rApFhJ6Sx1L8OMSEi090="></latexit><latexit sha1_base64="aGEjDq0rApFhJ6Sx1L8OMSEi090="></latexit>

placing all 
legs on-shell

Finite Minkowski spacetime

V
<latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit>=

<latexit sha1_base64="U0123CLV5CrhuTeuTy/P85HjYQY="></latexit>

+

<latexit sha1_base64="tYl44XCan+Zp5t+LNw2iUtBDLD8="></latexit>

+

<latexit sha1_base64="tYl44XCan+Zp5t+LNw2iUtBDLD8="></latexit>

+

<latexit sha1_base64="tYl44XCan+Zp5t+LNw2iUtBDLD8="></latexit>

+

<latexit sha1_base64="tYl44XCan+Zp5t+LNw2iUtBDLD8="></latexit>

V
<latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit>

V
<latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit>

V
<latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit><latexit sha1_base64="P7mc3gjcRrgVSL+Zc8k+RhpIZFI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AsrGM2g==</latexit>

iM3,L =
<latexit sha1_base64="aTzl5juJ4K2SbDQo5eCJ+cnG5LQ=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBhZREBd0IRTcuFCrYB7QhTKaTdujkwcxEKCH+ihsXirj1Q9z5N07aLLT1wMDhnHu5Z44XcyaVZX0bpaXlldW18nplY3Nre8fc3WvLKBGEtkjEI9H1sKSchbSlmOK0GwuKA4/Tjje+zv3OIxWSReGDmsTUCfAwZD4jWGnJNausH2A1Ipind5mbnh7fZpeuWbPq1hRokdgFqUGBpmt+9QcRSQIaKsKxlD3bipWTYqEY4TSr9BNJY0zGeEh7moY4oNJJp+EzdKiVAfIjoV+o0FT9vZHiQMpJ4OnJPKmc93LxP6+XKP/CSVkYJ4qGZHbITzhSEcqbQAMmKFF8ogkmgumsiIywwETpviq6BHv+y4ukfVK3rbp9f1ZrXBV1lGEfDuAIbDiHBtxAE1pAYALP8ApvxpPxYrwbH7PRklHsVOEPjM8fV3KUjA==</latexit><latexit sha1_base64="aTzl5juJ4K2SbDQo5eCJ+cnG5LQ=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBhZREBd0IRTcuFCrYB7QhTKaTdujkwcxEKCH+ihsXirj1Q9z5N07aLLT1wMDhnHu5Z44XcyaVZX0bpaXlldW18nplY3Nre8fc3WvLKBGEtkjEI9H1sKSchbSlmOK0GwuKA4/Tjje+zv3OIxWSReGDmsTUCfAwZD4jWGnJNausH2A1Ipind5mbnh7fZpeuWbPq1hRokdgFqUGBpmt+9QcRSQIaKsKxlD3bipWTYqEY4TSr9BNJY0zGeEh7moY4oNJJp+EzdKiVAfIjoV+o0FT9vZHiQMpJ4OnJPKmc93LxP6+XKP/CSVkYJ4qGZHbITzhSEcqbQAMmKFF8ogkmgumsiIywwETpviq6BHv+y4ukfVK3rbp9f1ZrXBV1lGEfDuAIbDiHBtxAE1pAYALP8ApvxpPxYrwbH7PRklHsVOEPjM8fV3KUjA==</latexit><latexit sha1_base64="aTzl5juJ4K2SbDQo5eCJ+cnG5LQ=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBhZREBd0IRTcuFCrYB7QhTKaTdujkwcxEKCH+ihsXirj1Q9z5N07aLLT1wMDhnHu5Z44XcyaVZX0bpaXlldW18nplY3Nre8fc3WvLKBGEtkjEI9H1sKSchbSlmOK0GwuKA4/Tjje+zv3OIxWSReGDmsTUCfAwZD4jWGnJNausH2A1Ipind5mbnh7fZpeuWbPq1hRokdgFqUGBpmt+9QcRSQIaKsKxlD3bipWTYqEY4TSr9BNJY0zGeEh7moY4oNJJp+EzdKiVAfIjoV+o0FT9vZHiQMpJ4OnJPKmc93LxP6+XKP/CSVkYJ4qGZHbITzhSEcqbQAMmKFF8ogkmgumsiIywwETpviq6BHv+y4ukfVK3rbp9f1ZrXBV1lGEfDuAIbDiHBtxAE1pAYALP8ApvxpPxYrwbH7PRklHsVOEPjM8fV3KUjA==</latexit><latexit sha1_base64="aTzl5juJ4K2SbDQo5eCJ+cnG5LQ=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBhZREBd0IRTcuFCrYB7QhTKaTdujkwcxEKCH+ihsXirj1Q9z5N07aLLT1wMDhnHu5Z44XcyaVZX0bpaXlldW18nplY3Nre8fc3WvLKBGEtkjEI9H1sKSchbSlmOK0GwuKA4/Tjje+zv3OIxWSReGDmsTUCfAwZD4jWGnJNausH2A1Ipind5mbnh7fZpeuWbPq1hRokdgFqUGBpmt+9QcRSQIaKsKxlD3bipWTYqEY4TSr9BNJY0zGeEh7moY4oNJJp+EzdKiVAfIjoV+o0FT9vZHiQMpJ4OnJPKmc93LxP6+XKP/CSVkYJ4qGZHbITzhSEcqbQAMmKFF8ogkmgumsiIywwETpviq6BHv+y4ukfVK3rbp9f1ZrXBV1lGEfDuAIbDiHBtxAE1pAYALP8ApvxpPxYrwbH7PRklHsVOEPjM8fV3KUjA==</latexit>

#

K�1
3,df + F3

<latexit sha1_base64="JU8NH/fC1oki/NUwNdap4t2LPkg=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0EQrCWxgi6LgghuKtgHNDVMppN26OTBzEQoQ37Cjb/ixoUibgV3/o2TtgttPXDhcM693HuPnzAqpG1/G4WFxaXlleJqaW19Y3PL3N5pijjlmDRwzGLe9pEgjEakIalkpJ1wgkKfkZY/vMz91gPhgsbRnRwlpBuifkQDipHUkmeWoRtwhJVrZcoNkRxgxNRN5qlq2eUh7AXZvTp2sqMrrwozz7Tsij0GnCfOlFhgirpnfrm9GKchiSRmSIiOYyeyqxCXFDOSldxUkAThIeqTjqYRConoqvFXGTzQSg8GMdcVSThWf08oFAoxCn3dmR8uZr1c/M/rpDI47yoaJakkEZ4sClIGZQzziGCPcoIlG2mCMKf6VogHSKckdZAlHYIz+/I8aZ5UHLvi3J5atYtpHEWwB/bBIXDAGaiBa1AHDYDBI3gGr+DNeDJejHfjY9JaMKYzu+APjM8fDy6eFQ==</latexit><latexit sha1_base64="JU8NH/fC1oki/NUwNdap4t2LPkg=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0EQrCWxgi6LgghuKtgHNDVMppN26OTBzEQoQ37Cjb/ixoUibgV3/o2TtgttPXDhcM693HuPnzAqpG1/G4WFxaXlleJqaW19Y3PL3N5pijjlmDRwzGLe9pEgjEakIalkpJ1wgkKfkZY/vMz91gPhgsbRnRwlpBuifkQDipHUkmeWoRtwhJVrZcoNkRxgxNRN5qlq2eUh7AXZvTp2sqMrrwozz7Tsij0GnCfOlFhgirpnfrm9GKchiSRmSIiOYyeyqxCXFDOSldxUkAThIeqTjqYRConoqvFXGTzQSg8GMdcVSThWf08oFAoxCn3dmR8uZr1c/M/rpDI47yoaJakkEZ4sClIGZQzziGCPcoIlG2mCMKf6VogHSKckdZAlHYIz+/I8aZ5UHLvi3J5atYtpHEWwB/bBIXDAGaiBa1AHDYDBI3gGr+DNeDJejHfjY9JaMKYzu+APjM8fDy6eFQ==</latexit><latexit sha1_base64="JU8NH/fC1oki/NUwNdap4t2LPkg=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0EQrCWxgi6LgghuKtgHNDVMppN26OTBzEQoQ37Cjb/ixoUibgV3/o2TtgttPXDhcM693HuPnzAqpG1/G4WFxaXlleJqaW19Y3PL3N5pijjlmDRwzGLe9pEgjEakIalkpJ1wgkKfkZY/vMz91gPhgsbRnRwlpBuifkQDipHUkmeWoRtwhJVrZcoNkRxgxNRN5qlq2eUh7AXZvTp2sqMrrwozz7Tsij0GnCfOlFhgirpnfrm9GKchiSRmSIiOYyeyqxCXFDOSldxUkAThIeqTjqYRConoqvFXGTzQSg8GMdcVSThWf08oFAoxCn3dmR8uZr1c/M/rpDI47yoaJakkEZ4sClIGZQzziGCPcoIlG2mCMKf6VogHSKckdZAlHYIz+/I8aZ5UHLvi3J5atYtpHEWwB/bBIXDAGaiBa1AHDYDBI3gGr+DNeDJejHfjY9JaMKYzu+APjM8fDy6eFQ==</latexit><latexit sha1_base64="JU8NH/fC1oki/NUwNdap4t2LPkg=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0EQrCWxgi6LgghuKtgHNDVMppN26OTBzEQoQ37Cjb/ixoUibgV3/o2TtgttPXDhcM693HuPnzAqpG1/G4WFxaXlleJqaW19Y3PL3N5pijjlmDRwzGLe9pEgjEakIalkpJ1wgkKfkZY/vMz91gPhgsbRnRwlpBuifkQDipHUkmeWoRtwhJVrZcoNkRxgxNRN5qlq2eUh7AXZvTp2sqMrrwozz7Tsij0GnCfOlFhgirpnfrm9GKchiSRmSIiOYyeyqxCXFDOSldxUkAThIeqTjqYRConoqvFXGTzQSg8GMdcVSThWf08oFAoxCn3dmR8uZr1c/M/rpDI47yoaJakkEZ4sClIGZQzziGCPcoIlG2mCMKf6VogHSKckdZAlHYIz+/I8aZ5UHLvi3J5atYtpHEWwB/bBIXDAGaiBa1AHDYDBI3gGr+DNeDJejHfjY9JaMKYzu+APjM8fDy6eFQ==</latexit>

det
⇥
K3,df + F�1

3

⇤
= 0

<latexit sha1_base64="HQk2AErybZXUrCDU3G7iNYZboro=">AAACG3icbVBNS8NAEN34bf2qevSyWARBLYkKehGKggheKlgVmhg2m0m7uPlgdyKUkP/hxb/ixYMingQP/hu3tQe/Hgw83pthZl6QSaHRtj+skdGx8YnJqenKzOzc/EJ1celCp7ni0OKpTNVVwDRIkUALBUq4yhSwOJBwGdwc9f3LW1BapMk59jLwYtZJRCQ4QyP51W03BHQlRNh2Y4ZdzmRxWvrFzqarYhpG5caxv3NdbDmlq0Sni96B7Vdrdt0egP4lzpDUyBBNv/rmhinPY0iQS6Z127Ez9AqmUHAJZcXNNWSM37AOtA1NWAzaKwa/lXTNKCGNUmUqQTpQv08ULNa6Fwems3+//u31xf+8do7RvleIJMsREv61KMolxZT2g6KhUMBR9gxhXAlzK+VdphhHE2fFhOD8fvkvudiuO3bdOdutNQ6HcUyRFbJK1olD9kiDnJAmaRFO7sgDeSLP1r31aL1Yr1+tI9ZwZpn8gPX+CVDRoOk=</latexit><latexit sha1_base64="HQk2AErybZXUrCDU3G7iNYZboro=">AAACG3icbVBNS8NAEN34bf2qevSyWARBLYkKehGKggheKlgVmhg2m0m7uPlgdyKUkP/hxb/ixYMingQP/hu3tQe/Hgw83pthZl6QSaHRtj+skdGx8YnJqenKzOzc/EJ1celCp7ni0OKpTNVVwDRIkUALBUq4yhSwOJBwGdwc9f3LW1BapMk59jLwYtZJRCQ4QyP51W03BHQlRNh2Y4ZdzmRxWvrFzqarYhpG5caxv3NdbDmlq0Sni96B7Vdrdt0egP4lzpDUyBBNv/rmhinPY0iQS6Z127Ez9AqmUHAJZcXNNWSM37AOtA1NWAzaKwa/lXTNKCGNUmUqQTpQv08ULNa6Fwems3+//u31xf+8do7RvleIJMsREv61KMolxZT2g6KhUMBR9gxhXAlzK+VdphhHE2fFhOD8fvkvudiuO3bdOdutNQ6HcUyRFbJK1olD9kiDnJAmaRFO7sgDeSLP1r31aL1Yr1+tI9ZwZpn8gPX+CVDRoOk=</latexit><latexit sha1_base64="HQk2AErybZXUrCDU3G7iNYZboro=">AAACG3icbVBNS8NAEN34bf2qevSyWARBLYkKehGKggheKlgVmhg2m0m7uPlgdyKUkP/hxb/ixYMingQP/hu3tQe/Hgw83pthZl6QSaHRtj+skdGx8YnJqenKzOzc/EJ1celCp7ni0OKpTNVVwDRIkUALBUq4yhSwOJBwGdwc9f3LW1BapMk59jLwYtZJRCQ4QyP51W03BHQlRNh2Y4ZdzmRxWvrFzqarYhpG5caxv3NdbDmlq0Sni96B7Vdrdt0egP4lzpDUyBBNv/rmhinPY0iQS6Z127Ez9AqmUHAJZcXNNWSM37AOtA1NWAzaKwa/lXTNKCGNUmUqQTpQv08ULNa6Fwems3+//u31xf+8do7RvleIJMsREv61KMolxZT2g6KhUMBR9gxhXAlzK+VdphhHE2fFhOD8fvkvudiuO3bdOdutNQ6HcUyRFbJK1olD9kiDnJAmaRFO7sgDeSLP1r31aL1Yr1+tI9ZwZpn8gPX+CVDRoOk=</latexit><latexit sha1_base64="HQk2AErybZXUrCDU3G7iNYZboro=">AAACG3icbVBNS8NAEN34bf2qevSyWARBLYkKehGKggheKlgVmhg2m0m7uPlgdyKUkP/hxb/ixYMingQP/hu3tQe/Hgw83pthZl6QSaHRtj+skdGx8YnJqenKzOzc/EJ1celCp7ni0OKpTNVVwDRIkUALBUq4yhSwOJBwGdwc9f3LW1BapMk59jLwYtZJRCQ4QyP51W03BHQlRNh2Y4ZdzmRxWvrFzqarYhpG5caxv3NdbDmlq0Sni96B7Vdrdt0egP4lzpDUyBBNv/rmhinPY0iQS6Z127Ez9AqmUHAJZcXNNWSM37AOtA1NWAzaKwa/lXTNKCGNUmUqQTpQv08ULNa6Fwems3+//u31xf+8do7RvleIJMsREv61KMolxZT2g6KhUMBR9gxhXAlzK+VdphhHE2fFhOD8fvkvudiuO3bdOdutNQ6HcUyRFbJK1olD9kiDnJAmaRFO7sgDeSLP1r31aL1Yr1+tI9ZwZpn8gPX+CVDRoOk=</latexit>
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https://arxiv.org/abs/2208.10587


Solving integral equations

Jackura, RB, Dawid, Islam, & McCarty (2020)

 Introduce 
 Assuming  and partial wave-projecting onto  sector, 

Soften or isolate possible singularities: non-zero epsilon, integrate out poles analytically, …
Write as a matrix form:  

Recover the exact results when taking . 
 Including  contributions is “easy”

𝒦df = 0 ℓ = 0

ϵ = η/N → 0
𝒦df ≠ 0

d(p0, s, p) = �G(p0, s, p)�
Z qmax

0

dq q2

(2⇡)2!q
G(p0, s, q)M2(q, s) d(q, s, p)

<latexit sha1_base64="nt5JfaHBG3gUDqh98K1H9lGqyGc="></latexit><latexit sha1_base64="nt5JfaHBG3gUDqh98K1H9lGqyGc="></latexit><latexit sha1_base64="nt5JfaHBG3gUDqh98K1H9lGqyGc="></latexit><latexit sha1_base64="nt5JfaHBG3gUDqh98K1H9lGqyGc="></latexit>

D = M2dM2
<latexit sha1_base64="XFDaiS4hi7Y/IYZ+TVCjItAWkyM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUmKoBuhqAs3QgX7gDaEyWTSDp1MwsxEKCHf4MZfceNCEbeu3Pk3TtogtvXAwJlz7uXee7yYUaks69soLS2vrK6V1ysbm1vbO+buXltGicCkhSMWia6HJGGUk5aiipFuLAgKPUY63ugq9zsPREga8Xs1jokTogGnAcVIack1T/ohUkOMWHqdXfzy28ytQx/O/F2zatWsCeAisQtSBQWarvnV9yOchIQrzJCUPduKlZMioShmJKv0E0lihEdoQHqachQS6aSTkzJ4pBUfBpHQjys4Uf92pCiUchx6ujJfUs57ufif10tUcO6klMeJIhxPBwUJgyqCeT7Qp4JgxcaaICyo3hXiIRIIK51iRYdgz5+8SNr1mm3V7LvTauOyiKMMDsAhOAY2OAMNcAOaoAUweATP4BW8GU/Gi/FufExLS0bRsw9mYHz+AA+onbA=</latexit><latexit sha1_base64="XFDaiS4hi7Y/IYZ+TVCjItAWkyM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUmKoBuhqAs3QgX7gDaEyWTSDp1MwsxEKCHf4MZfceNCEbeu3Pk3TtogtvXAwJlz7uXee7yYUaks69soLS2vrK6V1ysbm1vbO+buXltGicCkhSMWia6HJGGUk5aiipFuLAgKPUY63ugq9zsPREga8Xs1jokTogGnAcVIack1T/ohUkOMWHqdXfzy28ytQx/O/F2zatWsCeAisQtSBQWarvnV9yOchIQrzJCUPduKlZMioShmJKv0E0lihEdoQHqachQS6aSTkzJ4pBUfBpHQjys4Uf92pCiUchx6ujJfUs57ufif10tUcO6klMeJIhxPBwUJgyqCeT7Qp4JgxcaaICyo3hXiIRIIK51iRYdgz5+8SNr1mm3V7LvTauOyiKMMDsAhOAY2OAMNcAOaoAUweATP4BW8GU/Gi/FufExLS0bRsw9mYHz+AA+onbA=</latexit><latexit sha1_base64="XFDaiS4hi7Y/IYZ+TVCjItAWkyM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUmKoBuhqAs3QgX7gDaEyWTSDp1MwsxEKCHf4MZfceNCEbeu3Pk3TtogtvXAwJlz7uXee7yYUaks69soLS2vrK6V1ysbm1vbO+buXltGicCkhSMWia6HJGGUk5aiipFuLAgKPUY63ugq9zsPREga8Xs1jokTogGnAcVIack1T/ohUkOMWHqdXfzy28ytQx/O/F2zatWsCeAisQtSBQWarvnV9yOchIQrzJCUPduKlZMioShmJKv0E0lihEdoQHqachQS6aSTkzJ4pBUfBpHQjys4Uf92pCiUchx6ujJfUs57ufif10tUcO6klMeJIhxPBwUJgyqCeT7Qp4JgxcaaICyo3hXiIRIIK51iRYdgz5+8SNr1mm3V7LvTauOyiKMMDsAhOAY2OAMNcAOaoAUweATP4BW8GU/Gi/FufExLS0bRsw9mYHz+AA+onbA=</latexit><latexit sha1_base64="XFDaiS4hi7Y/IYZ+TVCjItAWkyM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUmKoBuhqAs3QgX7gDaEyWTSDp1MwsxEKCHf4MZfceNCEbeu3Pk3TtogtvXAwJlz7uXee7yYUaks69soLS2vrK6V1ysbm1vbO+buXltGicCkhSMWia6HJGGUk5aiipFuLAgKPUY63ugq9zsPREga8Xs1jokTogGnAcVIack1T/ohUkOMWHqdXfzy28ytQx/O/F2zatWsCeAisQtSBQWarvnV9yOchIQrzJCUPduKlZMioShmJKv0E0lihEdoQHqachQS6aSTkzJ4pBUfBpHQjys4Uf92pCiUchx6ujJfUs57ufif10tUcO6klMeJIhxPBwUJgyqCeT7Qp4JgxcaaICyo3hXiIRIIK51iRYdgz5+8SNr1mm3V7LvTauOyiKMMDsAhOAY2OAMNcAOaoAUweATP4BW8GU/Gi/FufExLS0bRsw9mYHz+AA+onbA=</latexit>

d(N, ✏) = �G(✏)�G(✏) · P · d(N, ✏)
<latexit sha1_base64="9YgYUA8U8ljnyvXWkDjjfV4r698="></latexit><latexit sha1_base64="9YgYUA8U8ljnyvXWkDjjfV4r698="></latexit><latexit sha1_base64="9YgYUA8U8ljnyvXWkDjjfV4r698="></latexit><latexit sha1_base64="9YgYUA8U8ljnyvXWkDjjfV4r698="></latexit>



Solving integral equations

Jackura, RB, Dawid, Islam, & McCarty (2020)

 Introduce 
 Assuming  and partial wave-projecting onto  sector, 

Soften or isolate possible singularities: non-zero epsilon, integrate out poles analytically, …
Write as a matrix form:  

Recover the exact results when taking . 
 Including  contributions is “easy”

𝒦df = 0 ℓ = 0

ϵ = η/N → 0
𝒦df ≠ 0

d(p0, s, p) = �G(p0, s, p)�
Z qmax

0

dq q2

(2⇡)2!q
G(p0, s, q)M2(q, s) d(q, s, p)

<latexit sha1_base64="nt5JfaHBG3gUDqh98K1H9lGqyGc="></latexit><latexit sha1_base64="nt5JfaHBG3gUDqh98K1H9lGqyGc="></latexit><latexit sha1_base64="nt5JfaHBG3gUDqh98K1H9lGqyGc="></latexit><latexit sha1_base64="nt5JfaHBG3gUDqh98K1H9lGqyGc="></latexit>

D = M2dM2
<latexit sha1_base64="XFDaiS4hi7Y/IYZ+TVCjItAWkyM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUmKoBuhqAs3QgX7gDaEyWTSDp1MwsxEKCHf4MZfceNCEbeu3Pk3TtogtvXAwJlz7uXee7yYUaks69soLS2vrK6V1ysbm1vbO+buXltGicCkhSMWia6HJGGUk5aiipFuLAgKPUY63ugq9zsPREga8Xs1jokTogGnAcVIack1T/ohUkOMWHqdXfzy28ytQx/O/F2zatWsCeAisQtSBQWarvnV9yOchIQrzJCUPduKlZMioShmJKv0E0lihEdoQHqachQS6aSTkzJ4pBUfBpHQjys4Uf92pCiUchx6ujJfUs57ufif10tUcO6klMeJIhxPBwUJgyqCeT7Qp4JgxcaaICyo3hXiIRIIK51iRYdgz5+8SNr1mm3V7LvTauOyiKMMDsAhOAY2OAMNcAOaoAUweATP4BW8GU/Gi/FufExLS0bRsw9mYHz+AA+onbA=</latexit><latexit sha1_base64="XFDaiS4hi7Y/IYZ+TVCjItAWkyM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUmKoBuhqAs3QgX7gDaEyWTSDp1MwsxEKCHf4MZfceNCEbeu3Pk3TtogtvXAwJlz7uXee7yYUaks69soLS2vrK6V1ysbm1vbO+buXltGicCkhSMWia6HJGGUk5aiipFuLAgKPUY63ugq9zsPREga8Xs1jokTogGnAcVIack1T/ohUkOMWHqdXfzy28ytQx/O/F2zatWsCeAisQtSBQWarvnV9yOchIQrzJCUPduKlZMioShmJKv0E0lihEdoQHqachQS6aSTkzJ4pBUfBpHQjys4Uf92pCiUchx6ujJfUs57ufif10tUcO6klMeJIhxPBwUJgyqCeT7Qp4JgxcaaICyo3hXiIRIIK51iRYdgz5+8SNr1mm3V7LvTauOyiKMMDsAhOAY2OAMNcAOaoAUweATP4BW8GU/Gi/FufExLS0bRsw9mYHz+AA+onbA=</latexit><latexit sha1_base64="XFDaiS4hi7Y/IYZ+TVCjItAWkyM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUmKoBuhqAs3QgX7gDaEyWTSDp1MwsxEKCHf4MZfceNCEbeu3Pk3TtogtvXAwJlz7uXee7yYUaks69soLS2vrK6V1ysbm1vbO+buXltGicCkhSMWia6HJGGUk5aiipFuLAgKPUY63ugq9zsPREga8Xs1jokTogGnAcVIack1T/ohUkOMWHqdXfzy28ytQx/O/F2zatWsCeAisQtSBQWarvnV9yOchIQrzJCUPduKlZMioShmJKv0E0lihEdoQHqachQS6aSTkzJ4pBUfBpHQjys4Uf92pCiUchx6ujJfUs57ufif10tUcO6klMeJIhxPBwUJgyqCeT7Qp4JgxcaaICyo3hXiIRIIK51iRYdgz5+8SNr1mm3V7LvTauOyiKMMDsAhOAY2OAMNcAOaoAUweATP4BW8GU/Gi/FufExLS0bRsw9mYHz+AA+onbA=</latexit><latexit sha1_base64="XFDaiS4hi7Y/IYZ+TVCjItAWkyM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUmKoBuhqAs3QgX7gDaEyWTSDp1MwsxEKCHf4MZfceNCEbeu3Pk3TtogtvXAwJlz7uXee7yYUaks69soLS2vrK6V1ysbm1vbO+buXltGicCkhSMWia6HJGGUk5aiipFuLAgKPUY63ugq9zsPREga8Xs1jokTogGnAcVIack1T/ohUkOMWHqdXfzy28ytQx/O/F2zatWsCeAisQtSBQWarvnV9yOchIQrzJCUPduKlZMioShmJKv0E0lihEdoQHqachQS6aSTkzJ4pBUfBpHQjys4Uf92pCiUchx6ujJfUs57ufif10tUcO6klMeJIhxPBwUJgyqCeT7Qp4JgxcaaICyo3hXiIRIIK51iRYdgz5+8SNr1mm3V7LvTauOyiKMMDsAhOAY2OAMNcAOaoAUweATP4BW8GU/Gi/FufExLS0bRsw9mYHz+AA+onbA=</latexit>

d(N, ✏) = �G(✏)�G(✏) · P · d(N, ✏)
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Consistency checks using toy models
Consider a toy theory with a two-body bound state

 Simple case 

if , there is a bound state with binding energy 

q cot δ = −
1
a

a > 0 mb = 2 m2 −
1
a2

(m + mb)2 (3m)2
Re[s]
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m2

m2 + 2m2
b



Alternatively to solving the integral equations, one can instead:
Fix  and 
obtain   using 3-body quantization by Hansen & Sharpe (2014), 
obtain   using the two-body Lüscher formalism. 

ma = 2 𝒦df = 0
EL
q cot δφb

Consistency checks for toy model

Romero-López, Sharpe, Blanton, RB, & Hansen (2019)
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= 0
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Jackura, RB, Dawid, Islam, & McCarty (2020)

M'b / d / 1

cot �'b � i
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finite-volume physics

integral equations



Trimers 
Scan for trimer poles as a function of energy

Fix  and ma = 16 𝒦df = 0 Dawid Islam



Recovering Efimov Physics
Remember , 

If , then  where  …
But as  life gets more complicated!
 

mb = 2 m2 −
1
a2

a → ∞ EN+1 = EN /λ2 λ = 22.69438
a → ∞

Im[s]

(m + mb)2 (3m)2
Re[s]

=
�i�2(k)

s� sb
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poles moving from 
the second to first 
sheet

threshold moving to the three-
particle threshold 

binding energy 
decreases



Recovering Efimov Physics
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Back to lattice QCD

finite-volume 
spectroscopy 

infinite-volume  
scattering amplitudes

Hansen & Sharpe (’14, ’15)

Mai & Döring (’17)

RB, Hansen & Sharpe (’18)

Hansen, Romero-Lopez & Sharpe (’20)

Blanton & Sharpe (’20)

Jackura (’22) bound state and
resonance poles
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Hansen, RB, Edwards, Thomas, & Wilson (2020)

mπ ∼ 390 MeV

πππ 
(I=3 channel, )mπ ∼ 390 MeV

103 energy levels described by 
three numbers:  mπ, aππ, 𝒦3,iso
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Hansen, RB, Edwards, Thomas, & Wilson (2020)

mπ ∼ 390 MeV

πππ scattering 
(I=3 channel, )mπ ∼ 390 MeV

first 3body scattering amplitude from the lattice QCD!

iD + iL 1

K�1
3,df + F1

3

L
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Hansen, RB, Edwards, Thomas, & Wilson (2020)

mπ ∼ 390 MeV m2
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m2
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πππ scattering 
(I=3 channel, )mπ ∼ 390 MeV

first 3body scattering amplitude from the lattice QCD!

iD + iL 1

K�1
3,df + F1

3
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Looking back at 2019!



Looking into the future
Lots of formal developments.
Lattice QCD calculations are catching up. 

Next obvious place to explore is the  channel, which is not so trivial. 
Coupled channels , 
non-zero angular momentum, 
 two-body resonances with non-zero helicity. 

I = 2
[ π(ππ)I=2, π(ππ)I=1 ]
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I = 2

I = 1

λ



Outstanding formal questions:

 non-zero orbital angular momentum, 
 analytic continuation into the complex plane,
coupled 2-3 bodies, 
 non-identical particles,
 electroweak production, 
 electroweak probes, 
 long-range processes,
 non-zero intrinsic spin.  

𝒪(10−23s)
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the Roper

the nucleon

Nππ ~ 25–50 %

Nπ
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Looking into the future

!



Scattering theory & EFTs

Modern-day few-body physics 

Amplitudes on the real axis

Nature of states, patterns in the spectrum, …

QCD Lagrangian & 
electroweak probes, 
Lattice QCD

Finite-volume formalism

Analytic continuation: poles, 
widths, form factors,…  Challenging but not impossible 

 Enhancement of operator basis, 
Tetraquarks, glueballs, pentraquarks, three-particles, ….

 Contraction costs, 
Cost grows with the number of externals legs…

 Extensions of finite- and infinite-volume formalism,
Multi-channel 3-body, spin, etc.
 Electroweak processes, … 

Scattering theory,
 “Earnest amplitudes”, analytic continuations,… 



Lots of great memories!
“friendliest group!”






