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• Quark-Gluon Plasma


• Equation of State of QCD, transport


• QCD Phase Diagram


• Key goal; locate the critical point in T-   plane


• Anomalies in QCD - Chiral Magnetic Effect, Chiral Vortical Effect,..

Macroscopic/
thermodynamic/emergent 

properties of QCD
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QCD thermodynamics via heavy-ion 

collision experiments

Not calculable from first-principles due to sign problem



 
QCD Phase Diagram

Map of singularities of the 
Equation of State , 
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P (µ, T )

At               : It is a cross-
over. — Lattice QCD

At T= 0 : Models predict a 
first order phase transition

Heavy-ion collisions at varying center of mass energies can scan the phase 
diagram ,eg. Beam Energy Scan Program at RHIC
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“Standard Model” of Heavy-Ion Collisions

QGP thermalizes in a relatively short amount of time ~ 1fm/c 

Freeze-out at about 10 fm/c

The event by event distribution of the particle multiplicities are fixed at freeze-out 

Freeze-out points move to lower values of baryon chemical potential as center of mass energy 
is increased

Trajectories of the fireball created in HIC

Freeze-out
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Signatures of the critical point

μB

C
4

Non-monotonic dependence of cumulants of baryon multiplicities as a function of 
collision energy is an indication of the presence of a critical point

Higher cumulants of baryon multiplicities show more prominent enhancements
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@µk

Trajectories of the fireball created in HIC

Freeze-out

Diverges at CPFluctuations are enhanced near CP

Connected event by event 
averages of baryon multiplicity 

fluctuations, also called cumulants

Stephanov, 09
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Relevant Observables 

• Indications of a non-monotonic behavior? — signaling a Critical Point?


• How are the hydro fluctuations translated into the measured cumulants of 
particle multiplicities at freeze-out?

STAR Collaboration, 21

Beam Energy Scan- I results;


BES-II results with better precision 

anticipated in near future
(For net proton multiplicity)
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↵
c

In a Boltzmann gas, 
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C4/C2 = 1

Particle Distribution 
Functions get frozen at  

Freeze-out

Require theoretical models for systematic exp-theory comparison



Freeze-out in heavy-ion collisions

• Evolution of fireball in the r-t plane in the center of mass frame


• Assume there is a hyper-surface in space-time where both the descriptions are valid
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Freeze-out : Transition from hydrodynamics to hadron gas

Hydrodynamic mean 
densities
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hfAi = f̄A , h�fA�fBi = GAB , h�fA�fB�fCi = GABC . . .
Particle distribution 

function at freeze-out

Hydrodynamic 
correlations
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Fluctuating particle 
distribution function

 Is the phase space distribution function for species A
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fA

Conserved energy, momentum and 
charge densities and their correlations
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Matching conditions at freeze-out

Matching conditions for averages of conserved densities 

Infinitely many sets of distribution functions that satisfy these matching conditions

Freeze-out prescription corresponds to choosing one of these sets - How to choose?
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Maximum entropy approach to freeze-out

Given only the information about the hydrodynamic densities on the freeze-
out hypersurface, what is the the least biased ensemble of free streaming 
particles after freeze-out that obeys the conservation laws? 

• EoS


• Conserved Densities and/or their 
Higher Point Correlations

• Masses, degeneracies


• Quantum numbers of 
the hadrons

Hydro HRG
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Maximum entropy freeze-out of ordinary 
hydrodynamics
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SA[fA] = fA [1� log fA] (Classical statistics)

Maximize thermodynamic entropy subject to conservation equations

Solution - well known Cooper-Frye freeze-out (74)

Hydrodynamic system freezes out into ideal hadron-resonance gas with the 
same values of conserved densities
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Cooper-Frye freeze-out Cooper,Frye, 74
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hNAi =

Z
dSµ

Z
Dppµ f̄A(x, p)

Ideal Hadron 
Resonance Gas

Cooper-Frye 
procedure doesn’t 

freeze-out of 
fluctuations

Averages of conserved densities are matched

11

Andronic et al., 2018



Maximum entropy approach to freeze-out 
hydrodynamic fluctuations

MP, Stephanov, 23

More entropy = Less information(assumptions) we have(make) about the system

• Generalization to Cooper-Frye freeze-out to include fluctuations


• Maximum entropy principle gives the least biased ensemble of hadron resonance gas 


• Matches all the information about the conserved densities and their correlations 


• Can be employed to freeze-out non-Gaussian correlations of all kinds of hydrodynamic densities

12



Matching correlations of conserved densities
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hfAi = f̄A , h�fA�fBi = GAB , h�fA�fB�fCi = GABC . . .Particle distribution 
function at freeze-out

More degrees of freedom on the kinetic side

Infinitely many solutions for the conservation equations
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• Maximize the relative entropy when correlations are out of equilibrium


• Constraints from matching conditions

Which entropy to maximize?
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S[P (f)]
<latexit sha1_base64="ur1py54+HjC9346RjNSinLow6b4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPbUCbbTbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGN1O/9cSU5rF8MOOE+REOJA85RWOlx/tON0CVhRO/V664VXcGsky8nFQgR71X/ur2Y5pGTBoqUOuO5ybGz1AZTgWblLqpZgnSEQ5Yx1KJEdN+Nrt4Qk6s0idhrGxJQ2bq74kMI63HUWA7IzRDvehNxf+8TmrCKz/jMkkNk3S+KEwFMTGZvk/6XDFqxNgSpIrbWwkdokJqbEglG4K3+PIyaZ5VvYuqe3deqV3ncRThCI7hFDy4hBrcQh0aQEHCM7zCm6OdF+fd+Zi3Fpx85hD+wPn8AZaWkN0=</latexit>

S[f̄ ]
Equilibrium Generalized

<latexit sha1_base64="rcH7k2ob65JbRncopLGmY74fLz4="></latexit>

S[P (f)] = S0

⇥
f̄
⇤
+

Z

f
P (f) log

Peq(f)

P (f)
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S[f̄ , G2, G3, . . . ]
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G s are the correlation 
functions in the Hadron 

Gas description
<latexit sha1_base64="AFeTOukqyb/eKnAKdr/+SwTdlaw=">AAACJnicbVBNS8NAEN34bf2qevSyWAQ9WBIR9VIQvXisaFVoQthsJ3Vxs4m7E7GE/Bov/hUvHhQRb/4Ut7UHtT4YeLw3w8y8KJPCoOt+OGPjE5NT0zOzlbn5hcWl6vLKhUlzzaHFU5nqq4gZkEJBCwVKuMo0sCSScBndHPf9yzvQRqTqHHsZBAnrKhELztBKYbVxFhZu2fYjpou4DBrbvlAYxrQZFj7CPRZwW5ab8Rb1ZdodUcNqza27A9BR4g1JjQzRDKsvfifleQIKuWTGtD03w6BgGgWXUFb83EDG+A3rQttSxRIwQTF4s6QbVunQONW2FNKB+nOiYIkxvSSynQnDa/PX64v/ee0c44OgECrLERT/XhTnkmJK+5nRjtDAUfYsYVwLeyvl10wzjjbZig3B+/vyKLnYqXt7dfd0t3Z4NIxjhqyRdbJJPLJPDskJaZIW4eSBPJEX8uo8Os/Om/P+3TrmDGdWyS84n1/YKqYB</latexit>

S0[f̄ ] = �
Z

f
Peq(f) logPeq(f)



Entropy to describe out-of equilibrium two-point correlations in ideal HRG

<latexit sha1_base64="W2i59PtXbVTnpPs3LOhXa6lVkRI="></latexit>

S2 = S +
1

2
Tr

⇥
logGḠ�1 �GḠ�1 + 1

⇤
,

Similar 2-PI action
Berges, 04, Stephanov, Yin, 17…
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2-PI entropy
Log[x]-x+1

0 2 4 6 8 10
-15
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Equilibrium 



Upon maximizing the 2PI entropy, subject to constraints of conservation

<latexit sha1_base64="EysUVjZeeVDKgMhSZuM4sWQsn00="></latexit>

G
�1
AB = Ḡ

�1
AB + (H�1 � H̄

�1)ab(H̄�1
PḠ)aA(H̄

�1
PḠ)bB

<latexit sha1_base64="szPKYVtNKJiWPyjNf+DIgssjB0o="></latexit>

GAB... = ḠAB +�Hab(H̄
�1

PḠ)aA(H̄
�1

PḠ)bB + . . . ,

Self 
correlations

<latexit sha1_base64="wTq8Z9DB9v9dIjzHiukDG/pElJE=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCGxUCUIAQtSBQwdi0QfUhOqG9dtrToP2Q5SFWVm4VdYGECIlS9g429w0wzQciTLx+fcq+t7vIgzqSzr2ygsLC4trxRXS2vrG5tb5vZOU4axILRBQh6KtgeSchbQhmKK03YkKPgepy1vdD3xWw9USBYGd2ocUdeHQcD6jIDSUtfcd24oV4Br9wl46eX0OnY8EEktzR5ds2xVrAx4ntg5KaMc9a755fRCEvs0UISDlB3bipSbgFCMcJqWnFjSCMgIBrSjaQA+lW6SrZLiQ630cD8U+gQKZ+rvjgR8Kce+pyt9UEM5603E/7xOrPoXbsKCKFY0INNB/ZhjFeJJLrjHBCWKjzUBIpj+KyZDEECUTq+kQ7BnV54nzZOKfVaxbk/L1as8jiLaQwfoCNnoHFVRDdVRAxH0iJ7RK3oznowX4934mJYWjLxnF/2B8fkD+e2adg==</latexit>

�H
ab = H

ab � H̄
ab

Contribution of 
self correlations 

to hydrodynamics 
is subtracted

Linearizing,

Contribution of self 
correlations to 
hydrodynamics

<latexit sha1_base64="iNQEkXjga9vJWZS7j7nYRdfisOw="></latexit>

H̄ab =
X

A,B

Z
ḠABP

a
AP

b
B
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When all but two-point correlations are in equilibrium, the solution given above is exact.



Generalization to Non-Gaussian 
Correlations

For classical gas, irreducible relative cumulants (IRCs) reduce to so called “factorial 
cumulants”.

IRC Self correlations
Total

Equilibrium
IRC IRC

18

<latexit sha1_base64="G4mH/COy3wi4FyGfG9LtQx30dm4="></latexit>

�̂GABC... = F(H̄, Ḡ) �̂HABC...



Irreducible relative cumulants
For classical gas, irreducible relative cumulants (IRCs) reduce to so called “factorial 

cumulants”.
IRC Self correlations

Total

19

• For gases obeying different statistics, IRCs quantify the non-trivial correlations

• Non-trivial correlations relative to any specified baseline distribution



Returning to the bigger picture : Is there a critical 
point in the QCD phase diagram?

•How large are the cumulants of particle multiplicities in equilibrium?


• In a realistic evolution in HICs, how large can they grow?

Intriguing results from Beam Energy Scan - I  (STAR: PRL 130, 082301 (2023))
Fourth factorial cumulants for proton multiplicity

If there is a CP in the QCD phase diagram, 

20

Build a theoretical framework for describing fluctuations in HICs.



Crucial elements of a theoretical 
description of thermodynamic 
fluctuations for BES program

21

• QCD EoS


• Evolve the hydrodynamic fluctuations - until freeze-out —Hydro+


• Freeze-out procedure
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(r, h) $ (µB , T )

Hydrodynamic correlation functions in equilibrium

Non-universal linear mapping

Parotto et al, 18

• r and h are linear functions of     and T       <latexit sha1_base64="JjqMnBgiI2E3Qni7SccS+rMAjRY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1DJoYxnRmEByhL3NXrJkd+/YnRNCyE+wsVDE1l9k579xk1yhiQ8GHu/NMDMvSqWw6PvfXmFldW19o7hZ2tre2d0r7x882iQzjDdYIhPTiqjlUmjeQIGSt1LDqYokb0bDm6nffOLGikQ/4CjloaJ9LWLBKDrpvqOybrniV/0ZyDIJclKBHPVu+avTS1imuEYmqbXtwE8xHFODgkk+KXUyy1PKhrTP245qqrgNx7NTJ+TEKT0SJ8aVRjJTf0+MqbJ2pCLXqSgO7KI3Ff/z2hnGV+FY6DRDrtl8UZxJggmZ/k16wnCGcuQIZUa4WwkbUEMZunRKLoRg8eVl8nhWDS6q/t15pXadx1GEIziGUwjgEmpwC3VoAIM+PMMrvHnSe/HevY95a8HLZw7hD7zPH18Ejds=</latexit>µ

Kahingarwe et al, 24

Class of QCD EoS with a CP

<latexit sha1_base64="33ZA9az2+hfn1NQ7Tv7szhtZ30w="></latexit>⌦
�Nk

A

↵
eq

hNAi
= 1 +#A(Mapping Parameters)@kG

22

QCD EoS is unknown from first principles<latexit sha1_base64="P1mONWAObpS3dqnAby2+mmmvXyU="></latexit>

PQCD(µ, T ) = Pbg(µ, T ) +A

universalz }| {
G(r, h)

Karthein, MP, Stephanov, Rajagopal, Yin (In preparation)



Realistic scenario 
<latexit sha1_base64="cAAAKhBbzRHvrlKSyEViDuoFSYI="></latexit>⌦
�N

k
A

↵

hNAi
= 1 +

Z

Q1...Qk�1

#A(Mapping Parameters;Q1 . . . Qk�1)�H̃
k(Q1, . . . Qk�1)
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u · @�Q = ��(|Q|⇠)
�
�Q � �̄Q

�
<latexit sha1_base64="7Rmdad7o9yhOkZmePHmtqBFM92E="></latexit>

�(Q⇠) ⇡ 2D0⇠0
⇠

Q2

Critical Slowing down MP, Stephanov, Rajagopal, Yin, 22
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Stephanov, Yin, 17

<latexit sha1_base64="MOiNBoRg/NhMXPEJAITF1RDCnqM="></latexit>

h�ŝ(x+)�ŝ(x�)i =
Z

eiQ·�x�Q , �x = x+ � x�



Cumulants out of equilibrium 24

critical point
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⇠max

Proximity of the 
trajectory to 
critical point 

MP, Stephanov, Rajagopal, Yin, 22

Tf = 140 MeV

Tf = 156 MeV

0 1 2 3 4 5
1.0

1.5

2.0

2.5

3.0

ξmax (in fm)

ω̃
p

D0 = 1 fm

Tf = 156 MeV
Tf = 140 MeV

1 2 3 4 5

2

4

6

8

10

ξmax (in fm)

ω̃
p

Equilibrium

Numerical Implementation of Maximum Entropy Freezeout of semi-realistic cumulants of proton multiplicity 
Karthein, MP, Stephanov, Rajagopal, Yin (In preparation)

The fluctuations are reduced relative to equilibrium value (conservation laws)
Fluctuations increase with  (faster diffusion)
Compared to the equilibrium scenario, the fluctuations are less sensitive to freeze-out temperature

D0



Summary

Fluctuations are inevitable in any realistic system, enhanced near CP 

We have developed a general prescription for freezing out hydrodynamic 
fluctuations- Maximum entropy approach

Thank you!

Dynamics of fluctuations have important consequences for their magnitude at 
freeze-out , it also reduces the sensitivity to the freeze-out location

BEST EoS

Hydro+ evolution

ME freezeout

• Test in simplified scenarios

• Identify the most consequential 

parameters/time scales in the 
paradigm


• Identify possible challenges

• Make estimates

• Simulate realistic scenarios

• Bayesian analysis to make 

comparisons to experiment


Future….Ongoing…

25



Fluctuations are key observables in critical point 
search 

• Thermodynamic fluctuations are enhanced near the critical point equilibrium


• Evolution of fluctuations as the fireball expands and cools


•Does the enhancement in the thermodynamic fluctuations survive till freeze-out?

If there is a CP in the QCD phase diagram, 

3

<latexit sha1_base64="5DWDVO17PAecWUleriupDZJLZBc="></latexit>

⌦
�nk

↵
c
/ @kP

@µk



Freeze-out in cosmology

• Particle distribution functions in phase space get fixed at freeze-out


• Obseved CMB reveals the relic density of photons at the instant of last 
scattering

Daniel D. Baumann, Lecture 
notes on Cosmology

Relic photon density ~ CMB
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Proximity of the 
trajectory to 
critical point 
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Cumulants out of equilibrium
<latexit sha1_base64="cAAAKhBbzRHvrlKSyEViDuoFSYI="></latexit>⌦
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q = 0.44 fm�1
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�T = 5MeV
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�T = Tf (µc)� Tc

Karthein, MP, Stephanov, Rajagopal, Yin (in preparation)



Maximum entropy freeze-out of two point 
fluctuations

Entropy to describe out-of equilibrium two-point correlations in ideal HRG
<latexit sha1_base64="W2i59PtXbVTnpPs3LOhXa6lVkRI="></latexit>
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,

<latexit sha1_base64="1lXZymFA75CgoZmTccOPKA6uVWU="></latexit>

H
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Similar 2-PI action

<latexit sha1_base64="3mgMFDs6wu/DcOPFpo82alY7uF8=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0UQhJKIqBuhVqEuK9gHNCFMptN26GQSZiZCCVm78VfcuFDErV/gzr9xmmahrQcunDnnXube40eMSmVZ30ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdHwkCaOcNBVVjHQiQVDgM9L2R9cTv/1AhKQhv1fjiLgBGnDapxgpLXnmft1LrmrppeMjkdTT7HHs3BCmEJxanlm2KlYGOE/snJRBjoZnfjm9EMcB4QozJGXXtiLlJkgoihlJS04sSYTwCA1IV1OOAiLdJDslhYda6cF+KHRxBTP190SCAinHga87A6SGctabiP953Vj1L9yE8ihWhOPpR/2YQRXCSS6wRwXBio01QVhQvSvEQyQQVjq9kg7Bnj15nrROKvZZxbo7LVdreRxFsAcOwBGwwTmoglvQAE2AwSN4Bq/gzXgyXox342PaWjDymV3wB8bnD9C+mbQ=</latexit>

GAB = ḠAB +�GAB

Berges, 04, Stephanov, Yin, 17…

<latexit sha1_base64="iNQEkXjga9vJWZS7j7nYRdfisOw="></latexit>
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2-PI entropy
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