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• Polarized protons up to 275 GeV


• Nuclei up to Z/A*275 GeV


• Electrons up to 18 GeV


• Sqrt(s) = 20-140 GeV


• Luminosity 1034 cm-2sec-1


• First polarized electron - 
polarized proton collider


• First electron-nucleus collider

Electron-Ion Collider (EIC)

https://www.bnl.gov/eic/



Deep inelastic scattering
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qµ = kµ � k0µ
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Virtuality: measure of 
resolution power

Q2 = �q2
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Bjorken variable: measure 
of momentum fraction of a 
struck parton

xB =
Q2

2P · q
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Landscape of QCD Aschenauer et al., arXiv:1708.01527  
Rep. Prog. Phys. 82, 024301 (2019)  
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Figure 1: Landscape of QCD. The vertical axis represents varying resolution Q2 and the horizontal axis varying
parton density, an increasing function of 1/x.

polarized, is not known.

At very large parton densities, or small x,
gluon degrees of freedom become dominant. Total
cross-sections in high energy scattering are dom-
inated by the physics of small x and low Q2.
Nonperturbative QCD dynamics in this kinematic
regime has historically been parametrized in terms
of e↵ective color singlet degrees of freedom called
“Pomerons” and “Reggeons” and their interac-
tions. How they are constituted fundamentally
in terms of the dynamics of the underlying quark
and gluon degrees of freedom, and that of the vac-
uum, is terra incognita. Remarkably, this corner
of the QCD landscape, which contributes the most
to the high energy scattering of hadrons, is per-
haps the least understood. The takeaway message
here is that even though there are aspects of the
regimes discussed in Fig. 1 that are known, essen-
tial elements in constructing dynamical pictures of

hadrons and nuclei that are important for a first
principles understanding of strong interaction phe-
nomena are missing.

A novel regime of QCD may exist in the up-
per right corner of Fig. 1, where parton densities
are high. For high but fixed values of the res-
olution Q2, the density of gluons saturates with
decreasing x. In this gluon saturation regime, the
chromo-electric and chromo-magnetic fields are as
strong as allowed in QCD–the strongest fields in
nature– even though asymptotic freedom ensures
that the QCD coupling is weak. The feature of
weak coupling is key because it allows, for the
first time, systematic computations of the many-
body dynamics of quarks and gluons in an in-
trinsically nonlinear regime of QCD. Note that
lattice QCD primarily studies static quantities–
dynamical quantities, especially at high parton
densities, are mostly outside its purview.
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An Assessment of U.S.-Based Electron-Ion Collider Science

Copyright National Academy of Sciences. All rights reserved.
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a laboratory for studying QCD—the theory of quarks and gluons producing the 
strong forces holding matter together—with unprecedented depth, opening the 
study of the collective behavior of quarks and especially gluons. The situation 
is analogous to going from a knowledge of the Coulomb force between electric 
charges to seeing the complex phenomena that the force can produce, from su-
perconductivity to weather. Understanding the collective physics of gluons offers 
the opportunity for the most surprises, including new phases of matter and deep 
insights about quantum field theory. Furthermore, the increased understanding of 
nucleons, nuclei, and QCD itself that an EIC would bring would have direct impact 
in particle physics, basic energy sciences, plasma physics, and astrophysics, as well 
as revealing connections to the study of materials and other fields of science.

The committee also finds that an EIC would be much more capable and much 
more challenging to build than earlier electron or polarized proton machines. The 
accelerator challenges are twofold: a high degree of polarization for both beams 
and high luminosity. It would be the most sophisticated and challenging accelerator 
currently proposed for construction in the United States and would significantly 
advance accelerator science and technology here and around the world. The com-
mittee’s study resulted in a set of nine findings, which are summarized here.

Hearing from experts on the science that an EIC would be able to carry out, 
the committee finds that

Finding 1: An EIC can uniquely address three profound questions about 
nucleons—neutrons and protons—and how they are assembled to form the 
nuclei of atoms:

z� How does the mass of the nucleon arise?
z� How does the spin of the nucleon arise? 
z� What are the emergent properties of dense systems of gluons? 

Consideration of the accelerator requirements to answer these questions leads 
to the second finding.

Finding 2: These three high-priority science questions can be answered by an 
EIC with highly polarized beams of electrons and ions, with sufficiently high 
luminosity and sufficient, and variable, center-of-mass energy. 

As a result of the comprehensive survey the committee made of existing and 
planned accelerator facilities in both nuclear and particle physics around the world, 
it finds that

Finding 3: An EIC would be a unique facility in the world and would maintain 
U.S. leadership in nuclear physics.



The proton’s spin puzzle
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Quark helicity

Gluon helicity

Orbital angular 
momentumSpin

• DIS experiments showed that quarks carry only 
about 30% of the proton’s spin 


• Failure of the constituent quark model to explain 
spin of the proton - spin crisis

ΔΣ = 0.25 ∼ 0.3



DIS structure functions
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DIS cross-section:

Hadron tensor:

Structure function:

W̃µ⌫(q, P, S) =
2MN

P · q ✏µ⌫↵�q
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Wµ⌫(q, P, S) = W̄µ⌫
sym.(q, P ) + iW̃µ⌫

asym.(q, P, S)
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Structure function g1 Wµ⌫(q, P, S) =
1

2⇡

Z
d4x eiqxhP, S|jµ(x)j⌫(0)|P, Si
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polarized parton distribution function (pdf):



First moment of g1
Z 1

0
dxB g1(xB , Q

2) =
1
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�
3F +D + 2⌃(Q2)

�
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Combination of F and D can be measured in -decay and hyperon decay experimentsβ

In term of helicity PDFs iso-singlet quark helicity is

⌃(Q2) =
X

f

Z 1

0
dxB

�
�qf (xB , Q

2) +�q̄f (xB , Q
2)
�
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hP, S|Jµ

5 (0)|P, Si
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Quark spin contribution is defined by iso-singlet axial vector current



Iso-singlet axial vector current
Sµ⌃(Q2) =

1

MN
hP, S|Jµ

5 (0)|P, Si
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The current is not conserved. The anomaly 
equation:

Jµ
5
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Chern-Simons current:
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Why is  small?Σ
Write quark helicity in terms of the conserved current (add and subtract ):Kμ

Sµ⌃(Q2) = Sµ⌃̃(Q2) +
2nf

MN
hP, S|Kµ|P, Si
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Efremov, Teryaev (1988) 
Altarelli, Ross (1988) 
Carlitz, Collins, Mueller (1988) 
Bodwin, Qiu (1990)

Introduce a conserved curent :J̃μ
5

Sµ⌃(Q2) = Sµ⌃(Q2)� 2nf

MN
hP, S|Kµ|P, Si+ 2nf

MN
hP, S|Kµ|P, Si
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Why is  small?Σ
Write quark helicity in terms of the conserved current (add and subtract ):Kμ

Sµ⌃(Q2) = Sµ⌃̃(Q2) +
2nf

MN
hP, S|Kµ|P, Si
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Sµ⌃̃(Q2) =
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µ|P, Si, J̃5
µ = J5

µ � 2nfKµ
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where

Quark and gluon contribution:

⌃̃(Q2) = ⌃(Q2)� nf↵S

2⇡
�G
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 is not gauge invariant!Kμ

If  is large, this would provide a natural explanation of the spin crisis.ΔG

Criticized by Jaffe, Manohar in
Nucl. Phys., B337:509–546, 1990 

Efremov, Teryaev (1988) 
Altarelli, Ross (1988) 
Carlitz, Collins, Mueller (1988) 
Bodwin, Qiu (1990)



Gluon spin contribution in OPE
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In the Operator Product Expansion (OPE) the gluon spin is defined by 
a non-local gauge-invariant operator:

•  cannot be expressed by a local operator


• It becomes local only in the light-cone gauge and coincides with  (  is no )

ΔG

K+ ΔG Kμ



Resolving the proton’s spin crisis
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shaded band denotes the DSSV08 [17] fit which includes primarily DIS data. The blue-shaded band is based on
the DSSV14 fit [18], which includes polarized p+p data from RHIC collected prior to 2012. The yellow-shaded
band is a projection, which accounts for the most recent RHIC data [19]. The region constrained by current data
lies to the right of the vertical dashed lines.

Q2, the spin of the proton can be written in terms
of its constituents using the Ja↵e–Manohar sum
rule [21]
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where 1
2�⌃(x,Q2) represents the quark helicity

contribution, and �g(x,Q2) represents the gluon
helicity contribution to the total spin of the pro-
ton. The respective orbital angular momenta of
quarks and gluons are represented by L(Q2) =P

q

⇥
Lq(Q2) + Lq̄(Q2)

⇤
+ Lg(Q2).

Figure 9 shows an extraction of the integrals of
the quark and gluon contributions in Eq. 2, run-
ning between x = xmin and x = 1 with their 90%
confidence level (C.L) uncertainties. The gray-
shaded band is the outcome of the DSSV08 [17]
analysis, which is almost exclusively based on
the existing DIS data. The blue-shaded band
shows the result of the DSSV14 [18] fit, which in-
cludes polarized p+p data from RHIC. The yellow-
shaded region shows the projected constraints on
the parton distributions once all RHIC data col-
lected through 2015 is included. In the plots, the
region to the right of the dashed vertical line is
constrained by current data. It is clear that preci-

sion data are needed to determine the parton con-
tribution to the proton’s spin, especially at low x.
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alternative fits that are within the 90% C.L. limit.

The fraction of the spin from angular mo-
menta can be obtained by subtracting 1

2�⌃(Q2)
and �G(Q2) from the total spin of the proton, us-
ing the sum rule in Eq. 2. The right panel in Fig. 9
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Resolving the proton’s spin crisis

! single anomalous dimension controls all evolution 

! straightforward to solve analytically 

evolution equation becomes: 
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• The evolution is controlled by a single anomalous dimension. This is a consequence 

of the anomaly equation for the iso-singlet axial current


• This suggests that  only mixes with itselfΔΣ
Altarelli and Lampe (1990)
Vogt, Moch, Rogal, Vermaseren (2008) 
DeFlorian, Vogelsang (2019)



Alternative picture: Anomalous chiral Ward identities

Figure 8: Illustration of the decomposition of the matrix element 〈p|Q|p〉 into two-point Green
functions and 1PI vertices. The Green function in the first diagram is χ(0); in the second it is
√

χ′(0).

that d/dp2 Γη̂0η̂0 |p=0 = 1. As we have seen in eq.(4.51), the corresponding 1PI vertex is

then RG invariant. Writing the 1PI vertices in terms of nucleon couplings as in eq.(4.45),

we find

Γp
1(Q

2)singlet =
2

3

1

2mN
∆CS

1 (αs)
(

〈0|T Q Q|0〉 gQNN + 〈0|T Q η̂0|0〉 gη̂0NN

)

(5.18)

Recalling that the matrix of two-point Green functions is given by the inversion formula

(

Wθθ WθSη̂0

WSη̂0θ
WSη̂0Sη̂0

)

= −
(

ΓQQ ΓQη̂0

Γη̂0Q Γη̂0η̂0

)−1

(5.19)

and using the normalisation condition for η̂0, we can easily show that at zero momentum,

W 2
θSη̂0

=
d

dp2
Wθθ|p=0 (5.20)

Finally, therefore, we can represent the first moment of gp1 in the following, physically

intuitive form:

Γp
1(Q

2)singlet =
2

3

1

2mN
∆CS

1 (αs)
(

χ(0) gQNN +
√

χ′(0) gη̂0NN

)

(5.21)

This shows that the first moment is determined by the gluon topological susceptibility in

the QCD vacuum as well as the couplings of the proton to the pseudoscalar operators Q

and η̂0. In the chiral limit, χ(0) = 0 so the first term vanishes. The entire flavour singlet

contribution is therefore simply

Γp
1(Q

2)singlet =
2

3

1

2mN
∆CS

1 (αs)
√

χ′(0) gη̂0NN (5.22)

The 1PI vertex gη̂0NN is RG invariant, and we see from eq.(2.25) that in the chiral limit

the slope of the topological susceptibility scales with the anomalous dimension γ, viz.

d

d lnQ2

√

χ′(0) = γ
√

χ′(0) (5.23)

ensuring consistency with the RGE for the flavour singlet axial charge.

The formulae (5.21) and (5.22) are our key result. They show how the first moment

of gp1 can be factorised into couplings gQNN and gη̂0NN which carry information on the
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Topological charge density:

Alternative picture: topological charge screening of spin
Shore, Veneziano, PLB (1990); NPB (1992)
Narison, Shore, Veneziano, hep-ph/9812333

Anomalous chiral Ward identities 
and extended PCAC from UA(1) breaking

Example: Witten-Veneziano formula m
2
⌘0 =

2nf

f2
⇡

�YM(0) +O((
nf

Nc
)2)
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In this picture, 

In chiral limit z 0 → 0, ΔΣ “controlled” by the slope χ" at p2=0 – estimated to be small by Veneziano et al.

What about dynamics – can we reconcile this picture with the perturbative one ?

OZI-allowed OZI-suppressed
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In the chiral limit , the slope  is estimated 
to be small. Topological charge screening of spin.

χ(0) → 0 χ′ (0) Shore, Veneziano (1990) 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Perturbative and non-perturbative interplaySeparating fact from fantasy*: The chiral anomaly and the proton spin puzzle 
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The key role of the anomaly is seen from the structure 
of the triangle graph in the off-forward limit

t ⌘ l2
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The triangle diagram has an infrared pole and (t) / FF̃
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Pseudoscalar contribution

In the forward limit only  contribute,  doesn’t have a poleΣ h
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OPE vs. exact off-forward calculation
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Exact result of 
the off-forward 
calculation is 
divergent:

In the forward 
OPE calculation 
the result is finite:
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fra c tion  o f the  p ro to n 's  s p in  ca rrie d  b y up  down  a n d  s tra nge  qua rks . Th is  na ive  in te rp re ta tio n  is  inco rre c t due  
to  the  a xia l a noma ly.  We  re s e rve  the  n o ta tio n  Aqj (with  no  p rim e s ) to  re fe r to  the  a c tua l p a rto n  s p in  fra c tions  
de fine d  be low in e q. (2 5 ).  Th e  p e rh a p s  s u rpris ing  re s ult th a t one  finds  is  

Au ' + Ad '  + As '  =0.00___0.24, (4 ) 

tha t is , ve ry little  o f the  p ro to n 's  s p in  s e e ms  to  be  ca rrie d  b y qua rks . Th is  re s ult a n d  its  in te rp re ta tio n  h a ve  be e n  
wide ly d is cus s e d  re ce n tly [ 6 -1 0  ]. 

Th e  a xia l ve c to r cu rre n t which  co rre s ponds  to  (4 ) is  the  fla vor-s ing le t cu rre n t 

2 m  Aq' s ~ '=2 m (A u ' + Ad ' + As ' )s U(p) = (p lj~ '(O )IP ).  (5 ) 

Be ca us e  o f the  a n o m a ly a s s oc ia te d  with  th is  cu rre n t ~2, 

NI L 
i=, 8= i=1 - ' " p " - '  - - ' '  (6) 

we shall see that i t  does not measure quark spins alone. ( In the above equation our convention for eu.p. is that 
(o,_~3 = + 1.) Since so much of  our discussion wi l l  center on the anomaly [ 12.13] and how it  appears in an 
o p e ra to r p ro d u c t e xpa ns ion , we  be gin  o u r d is cus s ion  with  a n  e va lu a tio n  o f the  re le va n t tria ng le  gra ph. 

2. The  triangle  graph 

C o n s id e r the  g ra ph  s hown  in fig. 1, whe re  j~' is  e va lu a te d  be twe e n  off-s he ll gluons . We  choos e  ligh t-cone  
coo rd ina te s  

P"=  (P- ,  P+, PT) = (P- ,  P+, 0, 0 ) ,  (7) 

with  p2 = _ 2/7 + p -  > 0. In  o rde r to  s tudy ca re fu lly the  d e p e n d e n c e  on  the  in fra re d  re gu la to r we  ke e p  p2  # 0 ,3  
a n d  a ls o give  the  qua rks  a  ma s s . To  re gula te  the  u ltra vio le t d ive rge nce  we  work in n # 4 d im e n s io n s  a n d  ta ke  
75 = iY°7~273 in n d im e n s io n s  (s e e  re f. [ 14 ] a n d  s e c tio n  13.2 o f re f. [ 15] ). Th e n  the  c o n trib u tio n  o f the  g ra ph  
in fig. 1 a long  with  a  g ra ph  h a vin g  the  qua rks  c ircu la ting  in  the  oppos ite  s e ns e  is  

2 N r~ g  2 f tr{7 .~*(7 .k +m )7 +7 5 (7 .k +m )7 .~[7  • ( p - k )  - m ]} 
F ~ - -  (27r)-------- ~ d "-2 kvd k  + d k -  ( k 2 _ m 2 +i~ ) Z [( p _ k ) 2 _ m 2 +ie  ] (8) 

He re  T=  ½  a n d  

~2 Re fs . [ 9 -11  ] a ls o  e m p h a s iz e  th e  ro le  o f th e  a n o m a ly,  in  po la riz e d  de e p  ine la s tic  s ca tte ring .  J a ffe  a c tua lly p re d ic te d  a  re s u lt c o m p a tib le  
with  ( l ), a n d  in te rp re te d  th is  a s  a  ra p id  va ria tio n  o f th e  s p in -d e p e n d e n t q u a rk d is trib u tio n s  with  Q-'. If th e  d a ta  s h o w a  ra p id  Q2 
va ria tio n ,  we  wo u ld  in te rp re t it a s  a  va ria tio n  o f th e  s p in  c a rrie d  b y th e  g luon .  O n e  o f o u r m a in  c o n c lu s io n s ,  e q . (2 5 ),  is  ide n tica l to  
th a t o f re f. [ 10 ]. O u r tre a tm e n t o f th e  a m b ig u itie s  d u e  to  in fra re d  d ive rg e n c e s  a n d  o f th e  o p e ra to r p ro d u c t e xp a n s io n ,  a n d  o u r in te r- 
p re ta tio n  o f wh y th e  a n o m a ly a c tua lly c o rre s p o n d s  to  a  m e a s u re m e n t  o fg lu o n  he lic ity re fle c t a  s o m e wh a t d iffe re n t p o in t o f vie w fro m  
th a t o f th e  a b o ve  pa pe rs .  

~3 We  n o te  th a t th e  tria ng le  g ra ph  re m a in s  ga uge  in d e p e n d e n t e ve n  wh e n  p2 # O. 

p k- p 

Fig. 1. Th e  tria ng le  g ra p h  for j~' b e twe e n  e xte rn a l g lu o n s .  
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~ ' =  (1 /xf2 ) (O ,  0 , 1, _+i) (9 ) 

is  th e  tra n s ve rs e  p o la riz a tio n  o f th e  e xte rn a l g luons .  Ca lling  k + = xp + we  fin d  
! 

o g s g f p +f ~  dn- 2IT [ (nn--~-- 2 4 ) ] F~=T- n------------y--- dx  [k 2 +m 2 +p 2 x ( l_ x )] 2 ( k ~ +m 2 ) ( l- 2 x ) - 2 m 2 ( 1 - x ) - 2  _ k ~ ( 1 - x )  , 
0 

(lO) 
with  the  s igns  -T- re fe rring  to  the  he lic itie s  _+ in  (9 ).  Th e  n -  4 te rm  a ris e s  b e c a u s e  75 is  n o t Lo re n tz  in va ria n t in  
n d im e n s io n s .  Th is  p ro d u c e s  a  te rm  wh ic h  is  p ro p o rtio n a l to /~2, wh e re /~  is  th e  p ro je c tio n  o f k o n to  th e  n - 4  
re g u la to r d im e n s io n s .  Afte r a n  a z im u th a l a ve ra g e  ~ . 2 =k ~ (n -4 ) / (n -2 ) .  Th e  te rm  p ro p o rtio n a l to  1 - 2 x  o n  
th e  rig h t-h a n d  s ide  o f (1 0 ) va n is h e s  wh e n  th e  x in te g ra tio n  is  c a rrie d  ou t.  Th e  re s t o f the  kf in te g ra ls  c a n  be  
d o n e  e xa c tly g iving  

l 
F+=_T_ 2°qN,P + f (~-'"-4>/2F(l-Z (n -'4 )/2 ) m E ) 

7~ \[m 2..FpZx(l_x)](n_4)/2  -- [m 2..}_pEx(l_x)](n_2)/2 ( l- - x )  dx. (1 1 ) 0 
G o in g  to  n = 4 yie lds  

1 
F ~ =T _ e q N f P +( I_ ! 2 m 2 ( 1 - x )  d x .~ 

[m2 + p2x( l_ x )  ]] , (1 2 ) 

wh o s e  va lu e  n o w d e p e n d s  o n  th e  ra tio  m Z/P 2. We  n o te  th a t 

lim  F ~  = -T- - -  
I~t2/P 2 ~ 0  

while  

lim F ~ -  = 0 .  
P 2 /It l2 ~ O  

as Nfp + 
(1 3 a ) 

(1 3 b ) 

Th u s  th e  va lu e  o f th e  tria ng le  g ra p h  d e p e n d s  o n  h o w th e  in fra re d  re g u la tio n  o f th is  fo rwa rd  m a trix e le m e n t is  
d o n e .  We  s ha ll s o o n  s e e  th a t th e  s a m e  is  tru e  fo r th e  fe rm io n  b o x g ra p h s  re p re s e n tin g  d e e p  ine la s tic  s ca tte ring  
o ff a n  e xte rna l g luon . Wh e n  p 2 /m  2 << 1 th e  - 2 m  2( 1 - x )  te rm  in  th e  b ra c ke t o n  th e  rig h t-h a n d  s ide  o f (1 0 ) 
ge ts  its  m a jo r  c o n trib u tio n  in  th e  re g io n  k~ ~ m 2. Th e  z e ro  e xp re s s e d  o n  th e  rig h t-h a n d  s ide  o f (1 3 b ) th u s  o c c u rs  
b e c a u s e  o f a  c a n c e lla tio n  b e twe e n  a  k~--,  ~ re g io n  a n d  a  k~ ~ m 2 re g ion  o f in te g ra tio n .  We  be lie ve  th a t m a s s  
re gu la tion ,  wh ic h  g ive s  th e  lim it (1 3 b ),  is  m is le a d in g  fo r th e  p h ys ic s  o f light qua rks .  In s id e  a  h a d ro n  g lu o n s  a re  
off-s he ll b y a n  a m o u n t  g o ve rn e d  b y th e  c o n fin e m e n t s ca le , a n d  th e  q u a rks  a re  light o n  th a t s ca le . Th e  ch ira l 
s ym m e try wh ic h  is  b ro ke n  b y th e  a n o m a ly is  a ls o  b ro ke n  b y q u a rk ma s s e s .  

No w ta ke  m = 0  a n d  re tu rn  to  e q. (8 ).  If we  we re  to  fix kz  a n d  le t n - , 4 ,  we  wo u ld  a ls o  fin d  z e ro  fo r F~-. O f 
c o u rs e  th is  wo u ld  n o t be  co rre c t.  Ho we ve r,  a  p h ys ic a l in te rp re ta tio n  o f th is  z e ro  will he lp  in  u n d e rs ta n d in g  th e  
n o n -z e ro  va lu e  g ive n  in  (1 3 a ).  To  th a t e n d  we  write  (8 )  a s  

p+ 
2 (fflr(k)~+~sur(k) F~ '~ T N fE  J d2kT J  dk+ I~,[r,r,(p-k,k) f) , , (p -k )y +y s v , , (p -k ) ~ 

r,r' 0 k 2 k + + ~ ],  (1 4 ) 

with  th e  ligh t-cone  wa ve fu n c tio n  o f th e  g lu o n  g ive n  a s  

[tr(k)y 'e Vr,(p-k) 
~,.,.,(p-k, k )=g /(2 1 r)a 2 k +2 (p -k )  [P- - k 2  /2 k  +-k 2  / 2 ( p - k )  + ] (1 5 ) 
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Perturbative and non-perturbative interplaySeparating fact from fantasy*: The chiral anomaly and the proton spin puzzle 

R. L. Jaffe A. Manohar
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The G(1) Problem: Fact and Fantasy on the Spin of the Proton.
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Separating fact from fantasy*: The chiral anomaly and the proton spin puzzle 

R. L. Jaffe A. Manohar

30th anniversary of their  seminal paper which strongly inspired the work reported here:

The G(1) Problem: Fact and Fantasy on the Spin of the Proton.
Nucl. Phys., B337:509–546, 1990

The key role of the anomaly is seen from the structure 
of the triangle graph in the off-forward limit

t ⌘ l2
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The triangle diagram has an infrared pole and (t) / FF̃
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Pseudoscalar contribution

In the forward limit only  contribute,  doesn’t have a poleΣ h

/ lµ
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Perturbative and non-perturbative interplay
The infrared pole of the triangle diagram must be cancelled by a pole in the non-
perturbative contribution:

⌃(Q2) =
nf ↵s

2⇡MN
lim
lµ!0

hP 0, S| 1

il · sTr
⇣
FF̃

⌘
(0)|P, Si
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The result is manifestly gauge invariant!

The existence of the infrared pole of the triangle 
diagram has not been addressed in pQCD 
calculations. In the OPE in the forward limit the 
triangle diagram is finite, i.e it doesn’t have the 
infrared pole and  FF̃ / lµ

l2
FF̃
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The triangle diagram
In the Feynman diagram approach the calculation 
of the triangle anomaly is ambiguous
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A brute force calculation yields a wrong result. 
The value of the triangle diagram depends on 
how the loop momentum is parametrized. The 
“correct” parametrization can be achieved by 
imposing the vector Ward identities.

Linearly divergent 
integrals!�µ�5
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k � p� q
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Our approach is to use the 
worldline formalism which 
doesn’t have these ambiguities



The worldline formalism
One-loop effective action:
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�QED[A] = lnDet[/p+ /A]
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Heat-kernel regularization:

One can introduce bosonic and fermionic coherent states 
and construct a functional integral representation:

Z
d4x |xihx| =

Z
d4p |pihp| = 1; hx|pi = eipx
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Grassmann numbers

Bern,Kosower, NPB 379 (1992) 145  
Strassler, NPB 385 (1992) 145 
Schubert, Phys. Rep. (2001) 
D’Hoker, Gagne (1996) 
Berezin, Marinov (1976) 
Barducci (1977)



The triangle anomaly in the worldline formalism
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Functional integrals over 
trajectories of a point-like 
particle

Free “propagation” Vector coupling Axial coupling

hP 0, S|J
5 |P, Si =

Z
d4y

@

@A5(y)
�[A,A5]

���
A5=0

eily ⌘ �
5 [l]

<latexit sha1_base64="WnbZfSTSfZAaz8h7XI8WXX9wexg="></latexit>

The triangle anomaly: D.G.C. McKeon, C. Schubert, Phys. Lett. B 440 (1998) 101



The triangle anomaly in the worldline formalism

A5(l)
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ẋ↵
2 + 2i ↵

2  
�
2 k2�

⌘
eik2x2

⇣
ẋ�
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Axial current

Vector currents
• Calculation of the functional integrals is 

straightforward and doesn’t contain any 
ambiguity


•  changes anti-periodic boundary 
condition of the Grassmann functional 
integral to periodic

ψ5

⌧l
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Tarasov, Venugopalan (2020)
c.f. McKeon, Schubert (1998)



The triangle anomaly in the worldline formalism
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We reproduce famous infrared pole of the anomaly

M.Á. Vázquez-Mozo                                                              Introduction to Anomalies in QFT                                                PhD Course, Universidad Autónoma de MadridM.Á. Vázquez-Mozo                                                              Introduction to Anomalies in QFT                                                PhD Course, Universidad Autónoma de Madrid
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Having shown that the correlation function of one vector and one axial-vector current does
not contribute to the anomaly of the axial current, we study the second term in Eq. (2.14).
Again, we work in momentum space

e
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so the quantum conservation equation takes the form
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.

To find whether the classical Ward identity (2.7) is corrected quantum mechanically, we
have to compute (p + q)µ�µ↵�(p, q). As in the previous computation, the Wick contractions
required to evaluate the previous correlation function can be summarized in terms of Feynman
diagrams. The momentum space correlation function i�µ↵�(p, q) is given at one loop by the
two Feynman diagrams

i�µ↵�(p, q) =

q
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p
↵

(p+ q)µ +

q
�

p
↵

(p+ q)µ (2.22)

whose contributions can be found using the Feynman rules of QED
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Linearly divergent integrals. These integrals are linearly divergent and therefore ambigu-
ous. To see what is meant by this, we look at a the simple integral

I(⇠) =

Z 1

�1
dx

h
f(x+ ⇠) � f(x)

i
. (2.24)

When the integral converges, a simple change of variables shows that I(⇠) = 0. To see what
happens when the integral diverges linearly or logarithmically, we expand the integrand of

11

where the conservation equation of the axial-vector current picks up an anomalous term that
survives in the massless limit

(p+ q)µi�µ↵�(p, q) =
ie

2

2⇡2
✏µ��⌫p

�
q
⌫ + 2mi�↵�(p, q) (2.62)

Looking at (2.60) we notice another important point. There is no value of a for which both
Ward identities are simultaneously satisfied. This is a general feature of the axial anomaly.
There is a tension between vector and axial-vector current conservation. Of course, the only
physical choice is the one we took: the vector current coupling to the photon has to be conserved
to preserve the consistency of QED.

To find the corresponding expressions for the expectation value of the axial current diver-
gence in position space, we only have to use Eq. (2.21). After a couple of integrations by parts,
we find

@µhJµ

A
(x)iA =

e
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16⇡2
✏
µ⌫↵�Fµ⌫F↵� + 2imh (x)�5 (x)iA . (2.63)

The second term is the quantum version of the right-hand side of the classical equation (2.7).
The first term, however, is completely new and independent of the fermion mass. This means
that it survive the limit m ! 0 where the theory is classically invariant under chiral transfor-
mations. This spoils the Ward identity associated with the conservation of the axial current
and the corresponding symmetry is anomalous, i.e. broken by quantum e↵ects. This result is
the celebrated Adler-Bell-Jackiw anomaly [3, 4]

(p+ q)µi�µ↵�(p, q) =
ie

2~
2⇡2

✏↵���p
�
q
�
, (2.64)

or in position space
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A
(x)iA =

e
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16⇡2
✏
µ⌫↵�Fµ⌫F↵�. (2.65)

Here we have restored the powers of ~ to stress the quantum nature of the axial anomaly.
The calculation we have presented highlights the fact that the axial anomaly in QED is

the result of Bose symmetry and both Lorentz and gauge invariance, and is determined by
ultraviolet finite integrals. All ambiguities associated with the linearly divergent integral has
been fixed by requiring that the quantum theory satisfies the vector Ward identity at one
loop. The anomaly can be then calculated using any regularization scheme preserving gauge
invariance, such as Pauli-Villars or dimensional regularization4 (see, for example, [9, 8]). As we
have seen, the anomaly is independent of the particular method used as far as it preserves the
vector Ward identity.

4The use of dimensional regularization requires some care due to the problem of defining the chirality matrix
for general dimensions.
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Having shown that the correlation function of one vector and one axial-vector current does
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Again, we work in momentum space

e
2h0|T [Jµ

A(0)J
↵

V(x1)J
�

V(x2)]|0i =
Z

d
4
p

(2⇡)4

Z
d

4
q

(2⇡)4
i�µ↵�(p, q)eip·x1+iq·x2 , (2.20)

so the quantum conservation equation takes the form

@µhJµ

A(x)iA =
i

2

Z
d

4
y1d

4
y2A

↵(y1)A
�(y2) (2.21)

⇥
Z

d
4
p

(2⇡)4

Z
d

4
q

(2⇡)4
(p+ q)µi�µ↵�(p, q)e

ip·(y1�x)+iq·(y2�x)
.

To find whether the classical Ward identity (2.7) is corrected quantum mechanically, we
have to compute (p + q)µ�µ↵�(p, q). As in the previous computation, the Wick contractions
required to evaluate the previous correlation function can be summarized in terms of Feynman
diagrams. The momentum space correlation function i�µ↵�(p, q) is given at one loop by the
two Feynman diagrams
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whose contributions can be found using the Feynman rules of QED
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Linearly divergent integrals. These integrals are linearly divergent and therefore ambigu-
ous. To see what is meant by this, we look at a the simple integral
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When the integral converges, a simple change of variables shows that I(⇠) = 0. To see what
happens when the integral diverges linearly or logarithmically, we expand the integrand of
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Looking at (2.60) we notice another important point. There is no value of a for which both
Ward identities are simultaneously satisfied. This is a general feature of the axial anomaly.
There is a tension between vector and axial-vector current conservation. Of course, the only
physical choice is the one we took: the vector current coupling to the photon has to be conserved
to preserve the consistency of QED.

To find the corresponding expressions for the expectation value of the axial current diver-
gence in position space, we only have to use Eq. (2.21). After a couple of integrations by parts,
we find
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The second term is the quantum version of the right-hand side of the classical equation (2.7).
The first term, however, is completely new and independent of the fermion mass. This means
that it survive the limit m ! 0 where the theory is classically invariant under chiral transfor-
mations. This spoils the Ward identity associated with the conservation of the axial current
and the corresponding symmetry is anomalous, i.e. broken by quantum e↵ects. This result is
the celebrated Adler-Bell-Jackiw anomaly [3, 4]
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Here we have restored the powers of ~ to stress the quantum nature of the axial anomaly.
The calculation we have presented highlights the fact that the axial anomaly in QED is

the result of Bose symmetry and both Lorentz and gauge invariance, and is determined by
ultraviolet finite integrals. All ambiguities associated with the linearly divergent integral has
been fixed by requiring that the quantum theory satisfies the vector Ward identity at one
loop. The anomaly can be then calculated using any regularization scheme preserving gauge
invariance, such as Pauli-Villars or dimensional regularization4 (see, for example, [9, 8]). As we
have seen, the anomaly is independent of the particular method used as far as it preserves the
vector Ward identity.

4The use of dimensional regularization requires some care due to the problem of defining the chirality matrix
for general dimensions.
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Having shown that the correlation function of one vector and one axial-vector current does
not contribute to the anomaly of the axial current, we study the second term in Eq. (2.14).
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To find whether the classical Ward identity (2.7) is corrected quantum mechanically, we
have to compute (p + q)µ�µ↵�(p, q). As in the previous computation, the Wick contractions
required to evaluate the previous correlation function can be summarized in terms of Feynman
diagrams. The momentum space correlation function i�µ↵�(p, q) is given at one loop by the
two Feynman diagrams
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Linearly divergent integrals. These integrals are linearly divergent and therefore ambigu-
ous. To see what is meant by this, we look at a the simple integral
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When the integral converges, a simple change of variables shows that I(⇠) = 0. To see what
happens when the integral diverges linearly or logarithmically, we expand the integrand of
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Looking at (2.60) we notice another important point. There is no value of a for which both
Ward identities are simultaneously satisfied. This is a general feature of the axial anomaly.
There is a tension between vector and axial-vector current conservation. Of course, the only
physical choice is the one we took: the vector current coupling to the photon has to be conserved
to preserve the consistency of QED.

To find the corresponding expressions for the expectation value of the axial current diver-
gence in position space, we only have to use Eq. (2.21). After a couple of integrations by parts,
we find
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The second term is the quantum version of the right-hand side of the classical equation (2.7).
The first term, however, is completely new and independent of the fermion mass. This means
that it survive the limit m ! 0 where the theory is classically invariant under chiral transfor-
mations. This spoils the Ward identity associated with the conservation of the axial current
and the corresponding symmetry is anomalous, i.e. broken by quantum e↵ects. This result is
the celebrated Adler-Bell-Jackiw anomaly [3, 4]
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Here we have restored the powers of ~ to stress the quantum nature of the axial anomaly.
The calculation we have presented highlights the fact that the axial anomaly in QED is

the result of Bose symmetry and both Lorentz and gauge invariance, and is determined by
ultraviolet finite integrals. All ambiguities associated with the linearly divergent integral has
been fixed by requiring that the quantum theory satisfies the vector Ward identity at one
loop. The anomaly can be then calculated using any regularization scheme preserving gauge
invariance, such as Pauli-Villars or dimensional regularization4 (see, for example, [9, 8]). As we
have seen, the anomaly is independent of the particular method used as far as it preserves the
vector Ward identity.

4The use of dimensional regularization requires some care due to the problem of defining the chirality matrix
for general dimensions.
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The infrared pole must be cancelled by a pseudoscalar 
contribution
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In this paper we present the results for the ~2 corrections to the flavour singlet 
coefficient functions of polarized electroproduction. We have performed our cal- 
culations in the conventional renormalization scheme with massless quarks. In order 
to obtain the full g2 corrections we have also to calculate the two-loop anomalous 
dimensions. However, we believe that the results in this paper will be useful for the 
full order ~2 analyses in the future. 

In addition to the ~2 correction to the coefficient functions, we will also discuss 
the corrections to the sum rules in polarized electroproduction. The QCD cor- 
rection to the sum rule which corresponds to the Bjorken sum rule in the non- 
singlet case deserves particular attention. In the singlet case the anomalous dimen- 
sion of the relevant operator does not vanish because of the Adler-Bell-Jackiw 
anomaly [14, 15]. Therefore the full ~2 correction, including the two-loop 
anomalous dimension, to the sum rule turns out to exhibit a different form from 
that in the non-singlet case and the magnitude of the correction depends on the 
number of flavours. 

In sect. 2, we shall give a brief review of the theoretical framework*. In sect. 3 
we calculate the next-to-leading order ~2 corrections to the singlet coefficient 
functions. We discuss the normalization of operators. In sect. 4 we shall discuss the 
sum rules in polarized electroproduction as well as the two-loop anomalous dimen- 
sion of the relevant operators. Sect. 5 will be devoted to concluding remarks. 

2. Theoretical framework 

The Fourier transform of the time-ordered product of two electromagnetic 
currents can be expanded near the light-cone as follows [11]**: 

f f  iqx i d4x e T ( Y ~ ( x ) J ~ ( O ) )  = [symmetric terms under/~ ~ v ]  

-ie~-,a,~q'~E½[1-(-) "] q~,l ... q u ,  i E E ' ~ , i ( - q 2 ,  g )  
n x - - q /  i 

X R ~(,~1 --. ~ . . . .  i(e~,oa~,q~qO _ e~ox,~quqO _ q 2e~,,Xo.) 

n n - l /  2 \ n  , , ~ R A ¢ , I . . . , °  2 ×2½ [ 1 - ( - )  ] 7 [ - - ~ }  qgl '"q~'. ~ 2E2, i ( -q2 ,  s '  2,i • 
n H k - - q  / i 

(2.1) 

The terms symmetric under # ~ v contribute to the spin-averaged structure 
functions. The index i denotes the various operators of equal twist. R I ' [ ~  1 "'" ~ "  1 and 
R~,~-I --- -,-2 are the leading operators with twist 2 and 3, respectively. 

* For the details, see ref. [11]. 
**As discussed in ref. [11], in the massive quark case there appears another twist-3 operator 

which contributes to eq. (2.1). In this paper we shall work with only the massless quark 
case. 

In the Bjorken limit when 
 the leading 

contribution corresponds to 
 and is defined by the 

axial current

Q2 → ∞

n = 1
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In QCD the singlet operators contributing to Rl , i  " (-RL~= '~'~ ' " " - ' )  and R2,in 
__ Ao '~  1 ... (=R2,i  ~ ~) are given by [4] 

R'],6 = (i)"-I SO-ysy~D ~'' ... D m' '¢J, 

R?,~ = ½(i) ~ I S~°'°~[3"YF[3~DI~I . , .  D ~'" 'F~" - '  , 

(2.2a) 

(2.2b) 

and 

R~,~ = ( i ) " - lS 'O-ysyAD~D "'  ... D ~'" ~¢,, (2.3a) 

R'~.~ = ½( i ) " -  I s 'E~OVFovD ~'' ... D r" ~F], (2.3b) 

where S(S')  denotes symmetrization on the indices o'Iza .../z, 1 (symmetrization on 
o'/za . . . /Z,-z and antisymmetrization on Ao-). D is the covariant derivative. 

The Wilson's coefficients E~'.i and E~.i are C-number functions of 02( = _q2) 
and the renormalized coupling constant g. Their dependence on O 2 can be deter- 
mined by the renormalization group equations and the general solution for the 
flavour singlet part can be expressed as follows [2]: 

t 
2 

E~,i( ~-~, g) : ~ E~,j(1, 8){ T e x p  [ - f  y~(~(t', g ) ) d t ' ]  }fi 
o 

(k = 1, 2), 

(2.4) 

where # is the renormalization point and i , j  run over ~p and v. y~'[y~] is the 
anomalous dimension (2 × 2) matrix of the operators eq. (2.2) [eq. (2.3)] T 
indicates t-ordering, t =~ In (oz /~2) ,  and ~ is the running coupling constant. 

Now we can relate the above coefficients " 2 E k  i(Q , g) to the polarized structure 
functions gl(x, 0 2) and gz(X, 0 2) through the optical theorem* [4, 11, 23]: 

1 

f n-1 2 1 i n 2 d x x  g l ( x , O  ) _ ~ a  (n odd) nEl,i(O , g ) ,  , (2.5) 
i 

o 

1 

f n 1 n - 1  i n 2 d x x  gZ(X, 0 2) = - - - } ~  [a,,E1 i(O , g) i ,, 2 - d , E 2 3 ( O  , g)], (n odd). 2n i 
0 

(2.6) 

Here x = Q2/ (2p  • q) and p is the nucleon four-momentum, a in and di, are the 

* In the following arguments, we shall neglect the target mass effects for simplicity [16, 17]. 

OPE expansion of the product of two 
electromagnetic currents (hadronic tensor):

Kodaira (1980)



The box diagram in the worldline approach

6

One can rewrite this further in terms of the Fourier transforms of the background gauge fields
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as

�µ⌫
A [k1, k3] =

Z
d
4
k2

(2⇡)4

Z
d
4
k4

(2⇡)4
�µ⌫↵�

A [k1, k3, k2, k4] Trc(Ã↵(k2)Ã�(k4)) , (29)
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corresponds to the well-known box diagram of DIS with four incoming momenta ki shown in Fig. 1.
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<latexit sha1_base64="WbMgSVmoEeiMzwywRAGCEDjb4WQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oN6KXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2L1gJOE+xEdKhEKRtFK9+P+eb9ccavuHOQv8XJSgRyNfvmzN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkxCoDEsbalkIyV39OZDQyZhIFtjOiODLL3kz8z+umGF76mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sLcSNqKaMrTplGwI3vLLf0nrrOrVqld3tUr9Oo+jCEdwDKfgwQXU4RYa0AQGQ3iCF3h1pPPsvDnvi9aCk88cwi84H9/+u42h</latexit>

⌧1

<latexit sha1_base64="YRrl7iwIA5s72O/3LQCBEXPuauo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsB/QhrLZbtq1m03YnQgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVWj2kad/rlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr92Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhlZ8JlaTIFVssClNJMCaz18lAaM5QTiyhTAt7K2EjqilDG1DJhuAtv7xKWhdVr1a9vq9V6jd5HEU4gVM4Bw8uoQ530IAmMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB0zdjvg=</latexit>

⌧3

<latexit sha1_base64="klLdHl9SiQJTxm18yZYc+k0YX8A=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KokW1FvRi8cK9gPaUDbbTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsGpVqxhtMSaXbATVcipg3UKDk7URzGgWSt4LR7dRvPXFthIofcJxwP6KDWISCUbRSs4s07V30SmW34s5AlomXkzLkqPdKX92+YmnEY2SSGtPx3AT9jGoUTPJJsZsanlA2ogPesTSmETd+Nrt2Qk6t0ieh0rZiJDP190RGI2PGUWA7I4pDs+hNxf+8TorhlZ+JOEmRx2y+KEwlQUWmr5O+0JyhHFtCmRb2VsKGVFOGNqCiDcFbfHmZNM8rXrVyfV8t127yOApwDCdwBh5cQg3uoA4NYPAIz/AKb45yXpx352PeuuLkM0fwB87nD0/ljvo=</latexit>

⌧2

<latexit sha1_base64="pK+f/0leYl6+EKsYQx8vbjKDT9g=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeiF48V7Ae0oWy2m3btJht2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMirVjDeZkkp3Amq4FDFvokDJO4nmNAokbwfj25nffuLaCBU/4CThfkSHsQgFo2ilVg9p2q/2S2W34s5BVomXkzLkaPRLX72BYmnEY2SSGtP13AT9jGoUTPJpsZcanlA2pkPetTSmETd+Nr92Ss6tMiCh0rZiJHP190RGI2MmUWA7I4ojs+zNxP+8borhlZ+JOEmRx2yxKEwlQUVmr5OB0JyhnFhCmRb2VsJGVFOGNqCiDcFbfnmVtKoVr1a5vq+V6zd5HAU4hTO4AA8uoQ530IAmMHiEZ3iFN0c5L86787FoXXPymRP4A+fzB05hjvk=</latexit>

⌧4

<latexit sha1_base64="bX/tu+wDwN5e2KyMX5sp7tX79lU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsB/QhrLZbtq1m03YnQgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVWj2kab/WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7tlJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDKz8TKkmRK7ZYFKaSYExmr5OB0JyhnFhCmRb2VsJGVFOGNqCSDcFbfnmVtC6qXq16fV+r1G/yOIpwAqdwDh5cQh3uoAFNYPAIz/AKb07svDjvzseiteDkM8fwB87nD1Fpjvs=</latexit>

A↵(k2)

<latexit sha1_base64="DhEK6qXCtV/LKditzAY4iK6RFmo=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHBC9klJOoN9eIRE0ES2Gx6h1mYMPtwZpaEEL7DiweN8erHePNvHGAPClbSSaWqO91dfiK40rb9beXW1jc2t/LbhZ3dvf2D4uFRS8WppKxJYxHLto+KCR6xpuZasHYiGYa+YI/+8HbmP46YVDyOHvQ4YW6I/YgHnKI2knvtdVEkAywPveq5VyzZFXsOskqcjJQgQ8MrfnV7MU1DFmkqUKmOYyfanaDUnAo2LXRTxRKkQ+yzjqERhky5k/nRU3JmlB4JYmkq0mSu/p6YYKjUOPRNZ4h6oJa9mfif10l1cOlOeJSkmkV0sShIBdExmSVAelwyqsXYEKSSm1sJHaBEqk1OBROCs/zyKmlVK06tcnVfK9VvsjjycAKnUAYHLqAOd9CAJlB4gmd4hTdrZL1Y79bHojVnZTPH8AfW5w+TWZFX</latexit>

A�(k4)

<latexit sha1_base64="dGyL2Nk56QNV4q92IAcXEo5BfK4=">AAAB83icbVBNS8NAEN3Ur1q/qh69BItQLyWRgnqrevFYwX5AE8JmO2mXbjZhdyKU0r/hxYMiXv0z3vw3btsctPXBwOO9GWbmhangGh3n2yqsrW9sbhW3Szu7e/sH5cOjtk4yxaDFEpGobkg1CC6hhRwFdFMFNA4FdMLR3czvPIHSPJGPOE7Bj+lA8ogzikbybgIvBKTVUVA/D8oVp+bMYa8SNycVkqMZlL+8fsKyGCQyQbXuuU6K/oQq5EzAtORlGlLKRnQAPUMljUH7k/nNU/vMKH07SpQpifZc/T0xobHW4zg0nTHFoV72ZuJ/Xi/D6MqfcJlmCJItFkWZsDGxZwHYfa6AoRgbQpni5labDamiDE1MJROCu/zyKmlf1Nx67fqhXmnc5nEUyQk5JVXikkvSIPekSVqEkZQ8k1fyZmXWi/VufSxaC1Y+c0z+wPr8Acv4kOU=</latexit>

µ

<latexit sha1_base64="f07fvjvEmfORWUNjRlniwZ57t5Q=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKQb0VvXisaD+gXUo2zbahSXZJskJZ+hO8eFDEq7/Im//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMnGqKWvSWMS6ExLDBFesabkVrJNoRmQoWDsc38789hPThsfq0U4SFkgyVDzilFgnPfRk2i9XvKo3B14lfk4qkKPRL3/1BjFNJVOWCmJM1/cSG2REW04Fm5Z6qWEJoWMyZF1HFZHMBNn81Ck+c8oAR7F2pSyeq78nMiKNmcjQdUpiR2bZm4n/ed3URldBxlWSWqboYlGUCmxjPPsbD7hm1IqJI4Rq7m7FdEQ0odalU3Ih+Msvr5LWRdWvVa/va5X6TR5HEU7gFM7Bh0uowx00oAkUhvAMr/CGBHpB7+hj0VpA+cwx/AH6/AFhPo3i</latexit>

⌫

<latexit sha1_base64="3C0HiAm+hgVAw6FNqb9y4lWpXE4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ0+m/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeOVnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVa9Wvb6vVeo3eRxFOIFTOAcPLqEOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AFiw43j</latexit>

FIG. 1. The box diagram �µ⌫↵�
A [k1, k3, k2, k4] for polarized DIS.

Taking the product of the four worldline interaction vertices V
µ
i (ki), and removing the terms proportional to ẋ

µ
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↵
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�
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where the coordinate (xi ⌘ x(⌧i)) and Grassmann variables ( i ⌘  (⌧i)) in the coe�cients Cµ⌫↵�
n;(⌧1,⌧2,⌧3,⌧4)
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1 ẋ
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<latexit sha1_base64="LYC01nJX2nwcmQOMw9aJ+WHkhKw="></latexit>
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<latexit sha1_base64="1TQOvW0QBMOJ0JBuC3i6TgZTXSo="></latexit>

Worldline representation of the box diagram:

�µ⌫
A [k1, k3] =

Z
d4k2
(2⇡)4

Z
d4k4
(2⇡)4

�µ⌫↵�
A [k1, k3, k2, k4] Trc(Ã↵(k2)Ã�(k4))

<latexit sha1_base64="3sy38M2vySXE6zoqX6aInqtDTK4="></latexit>

Hadronic tensor Box diagram

where the vector current
V µ
i (ki) ⌘

Z T

0
d⌧i(ẋ

µ
i + 2i µ

i kj ·  j)e
iki·xi

<latexit sha1_base64="TkU4juMLsYJOd79DXqLAw6Yx/Dw="></latexit>

Tarasov, Venugopalan (2019) 



The box diagram in the Bjorken limit
In the Bjorken limit  and  is fixedQ2 → ∞ xB

8

In the following two sections, we will explore in the physically interesting Bjorken and Regge asymptotics respectively
the structure of the box diagram represented by Eq. (38). We will show explicitly in both limits that the leading
contribution to the box diagram is given by the triangle anomaly.

a

<latexit sha1_base64="bihfQSgohUCaiZLH8E/K/puHk0I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2VmrRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1arXzVqlfpPHUYQTOIVz8OAS6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fxz2M8Q==</latexit>

b

<latexit sha1_base64="9Y1xYV9hakFu8xV0cEnjrRUGU9E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2VmkG/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/yMGM8g==</latexit>

k1

<latexit sha1_base64="6wuQJuDrVp8L9tRa5PbveQ9iIlQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw7jv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL1a9fq+Vqnf5HEU4QRO4Rw8uIQ63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wf7s42f</latexit>

k2

<latexit sha1_base64="EggZBQXb6Mxyzvj9Xu4JwQddQls=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvXisaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMb2b+4xMqzWP5YCYJ+hEdSh5yRo2V7sf9Wr9ccavuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE176GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5J2rerVq1d39UrjOo+jCCdwCufgwQU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz/9N42g</latexit>

k3

<latexit sha1_base64="WbMgSVmoEeiMzwywRAGCEDjb4WQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oN6KXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2L1gJOE+xEdKhEKRtFK9+P+eb9ccavuHOQv8XJSgRyNfvmzN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkxCoDEsbalkIyV39OZDQyZhIFtjOiODLL3kz8z+umGF76mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sLcSNqKaMrTplGwI3vLLf0nrrOrVqld3tUr9Oo+jCEdwDKfgwQXU4RYa0AQGQ3iCF3h1pPPsvDnvi9aCk88cwi84H9/+u42h</latexit>

k4

<latexit sha1_base64="4jskZJLpNYS6LdYBVqE7uOEVrW4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw7hf65crbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHq16vV9rVK/yeMowgmcwjl4cAl1uIMGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w8ATo2i</latexit>

k1

<latexit sha1_base64="6wuQJuDrVp8L9tRa5PbveQ9iIlQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw7jv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL1a9fq+Vqnf5HEU4QRO4Rw8uIQ63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wf7s42f</latexit>

k3

<latexit sha1_base64="WbMgSVmoEeiMzwywRAGCEDjb4WQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oN6KXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2L1gJOE+xEdKhEKRtFK9+P+eb9ccavuHOQv8XJSgRyNfvmzN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkxCoDEsbalkIyV39OZDQyZhIFtjOiODLL3kz8z+umGF76mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sLcSNqKaMrTplGwI3vLLf0nrrOrVqld3tUr9Oo+jCEdwDKfgwQXU4RYa0AQGQ3iCF3h1pPPsvDnvi9aCk88cwi84H9/+u42h</latexit>

k2

<latexit sha1_base64="EggZBQXb6Mxyzvj9Xu4JwQddQls=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvXisaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMb2b+4xMqzWP5YCYJ+hEdSh5yRo2V7sf9Wr9ccavuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE176GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5J2rerVq1d39UrjOo+jCCdwCufgwQU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz/9N42g</latexit>

k4
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FIG. 2. Two “triangle” limits of the box diagram: a) the Bjorken limit, given by Eq. (39), b) the Regge limit given by Eq. (40).

In the Bjorken limit of QCD, when the virtuality of the incoming photons Q
2 ! 1 and xB = Q2

2P ·q is fixed, the

distance between the points of interaction of the worldline with the incoming photons (⌧1 ! ⌧3) is defined by a
negligibly small number u1 � u3 ⇠ ⇤2

QCD/Q
2, where ⇤QCD ⇡ 200 MeV is the intrinsic non-perturbative scale of the

theory. This limit of the box diagram is illustrated in Fig. 2a. In this limit,
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Corrections to this formula are suppressed by a relative power 1/Q
2.

In a similar fashion, the Regge limit of perturbative QCD (pQCD) is characterized by a fixed virtuality Q
2 � ⇤2

QCD
and xBj ! 0. In these asymptotics, the interaction of the worldline with the background gluons corresponds to an
instantaneous interaction with a shock wave; in the box diagram, this corresponds to ⌧2 ! ⌧4, or equivalently, u2 ' u4,
as shown in Fig. 2b. As a result, in this limit,
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In analogy to the Bjorken limit, corrections to this expression are suppressed by a relative power ⇠ Q
2
s/M

2, where
M

2 = 2xP · q is a large scale when s ! 1. Here x denotes the longitudinal momentum fraction of the proton
momentum carried by the background gluon, and Qs denotes the typical transverse momentum6 of the background
gluons in Regge asymptotics.

6
We will discuss this emergent scale further in section IV.
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The structure function  in the Regge limitg1

8

In the following two sections, we will explore in the physically interesting Bjorken and Regge asymptotics respectively
the structure of the box diagram represented by Eq. (38). We will show explicitly in both limits that the leading
contribution to the box diagram is given by the triangle anomaly.
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FIG. 2. Two “triangle” limits of the box diagram: a) the Bjorken limit, given by Eq. (39), b) the Regge limit given by Eq. (40).

In the Bjorken limit of QCD, when the virtuality of the incoming photons Q
2 ! 1 and xB = Q2

2P ·q is fixed, the

distance between the points of interaction of the worldline with the incoming photons (⌧1 ! ⌧3) is defined by a
negligibly small number u1 � u3 ⇠ ⇤2

QCD/Q
2, where ⇤QCD ⇡ 200 MeV is the intrinsic non-perturbative scale of the

theory. This limit of the box diagram is illustrated in Fig. 2a. In this limit,
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. (39)

Corrections to this formula are suppressed by a relative power 1/Q
2.

In a similar fashion, the Regge limit of perturbative QCD (pQCD) is characterized by a fixed virtuality Q
2 � ⇤2

QCD
and xBj ! 0. In these asymptotics, the interaction of the worldline with the background gluons corresponds to an
instantaneous interaction with a shock wave; in the box diagram, this corresponds to ⌧2 ! ⌧4, or equivalently, u2 ' u4,
as shown in Fig. 2b. As a result, in this limit,
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In analogy to the Bjorken limit, corrections to this expression are suppressed by a relative power ⇠ Q
2
s/M

2, where
M

2 = 2xP · q is a large scale when s ! 1. Here x denotes the longitudinal momentum fraction of the proton
momentum carried by the background gluon, and Qs denotes the typical transverse momentum6 of the background
gluons in Regge asymptotics.

6
We will discuss this emergent scale further in section IV.

Shock-wave approximation

In the Regge limit  and  is fixedxB → 0 Q2

u2 � u4 ⇠ Q2
s

2xP · q ⇠ xB
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In Regge asymptotics:  and x > xB xB → 0

The result for  is formally 
identical in Bjorken and Regge limits

g1(xB, Q2)
k = xP
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 is topological in both 
asymptotic limits of QCD
g1(xB, Q2)



Pseudoscalar contribution
To take into account contribution of the pseudoscalar sector we use 
the most general form of the imaginary part of the effective action

We want to perform a perturbative analysis to better understand how 
the anomalous Ward identities are satisfied 
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J  = de t ( 0 0 ~ ) = i.  (4 .18) 

This  ide ntity, DODO = -iD~9, m a y a ls o be  e a s ily che cke d  by dire ct compa ris on  with  
the  F -m a trix a lge bra . 

As  in the  p re vious  s e ction, the  te rms  in the  e xpone ntia l o f the  pa th  inte gra l in (4 .16) 
involving  the  m o m e n tu m  m a y be  a rra nge d a s  in (3 .25) a nd a ga in  the  te rm i± /g  m a y be  
s h ifte d  a wa y by the  p -in te g ra tion  (which  in troduce s  i± /g  in to  the  ins e rtion). S howing  
the n tha t p - A m a y a ga in  be  re pla ce d by p ,  e ve n in the  ins e rtion, is  p rove n  in 
Appe nd ix A. O f cours e  the n a fte r this  re pla ce me nt, the  te rm in the  ins e rtion line a r in 
the  m o m e n tu m  ca n not contribute  to  the  pa th  inte gra l. He nce  the  pa th  inte gra l o f (4 .16) 
a cquire s  the  s a me  norma liza tion  fa c tor a s  in (3 .26 ).  We  the re fore  obta in  the  fina l fo rm 
for the  ima g ina ry pa rt o f the  e ffe c tive  a ction, which  is  the  principa l re s ult in this  s e ction, 

1 c ~  

W ~[,t,,n,a]=l fdafdT./V'fVxVOtrcJ(O) Y'e-f~o a~c° (4 .19) 
- 1 0 P B C  

The  world line  ins e rtion, if(7 -),  is  g ive n by 

,.7(7-) = [2i~9u~621,~ - g ffs ~6 {H,  qO}] ( r )  (4 .20) 

a nd the  world line  La gra ngia n , E,~, is  g ive n by 

±2 1 • 

+ice g~tz ~6Duq  ~ + ig ~ jz ~ s Diz lI + O~g~5 ~6  [/ / ,  (~] . (4 .21) 

The  fina l P BC  is  ( x ( T ) , ¢ A ( T ) )  = (X(0 ),~kA(0 )).  Notice  tha t the  te rms  in this  ne w 
world line  La gra ng ia n  a nd ins e rtion be a r c los e  re s e mbla nce  to  the  s tructure  o f s upe rs tring  
pe rtu rba tion  the ory to  one -loop  orde r fo r odd s pin  s tructure  [ 10]. Furthe rmore , notice  
tha t £ ~  a t ce = 1 is  e xa ctly the  s a me  world line  La gra ngia n  us e d to de s cribe  the  re a l pa rt 
o f the  e ffe c tive  a ction. The  ne w world line  La gra ng ia n  is  a ga in  ma nife s tly ga uge  inva ria nt 
but now, due  to the  e xplic it p re s e nce  o f the  a -pa ra me te r,  g loba l chira l s ymme try is  not 
re a lize d in a  ma nife s t wa y. 

The  Gre e n  function  a nd pe rtu rba tive  rule s  fo r the  bos onic  s e ctor o f the  one -d ime n- 
s iona l fie ld the ory de s cribe d  by (4 .19) a re  the  s a me  a s  thos e  g ive n fo r the  re a l ca s e . 
In  contra s t with  the  re a l ca s e , the  p re s e nce  o f the  ze ro m o d e  o f C A(r) re quire s  tha t 
the  Gre e n  function , G, o f the  corre s ponding  fre e  fie ld ope ra tor fo r the  fe rmionic  s e ctor, 
d /d r,  be  de fine d on  the  s ubs pa ce  o rthogona l to  the  ze ro mode : 

d 1 
~-~rG(r - 7") = 6 ( r  - r ' )  - ~ (4 .22) 

a nd mus t s a tis fy G (T  - r I) = G (0  - ~a ); de ma nding  fu rthe rmore  tha t G(7- - 7 "~) = 
- G ( r  / - 7-) le a ds  to  the  s o lu tion  
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where the worldline Lagrangian scalar field pseudoscalar field

+ axial vector coupling
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Summary
• We revisit the role of the chiral “triangle” anomaly in deeply 

inelastic scattering (DIS) of electrons off polarized protons 
employing a powerful worldline formalism 


• We demonstrate how the triangle anomaly appears at high 
energies in the DIS box diagram 


• We show that the anomaly appears in both the Bjorken limit of 
large  and in the Regge limit of small 


• We find that the infrared pole in the anomaly arises in both limits


• The leading contribution to , in both asymptotics, is given by the 
expectation value of the topological charge density (it’s relation to 

 is unclear), which is a generalization of a result previously 
argued by Jaffe and Manohar for the first moment of 


• The cancellation of this pole involves a subtle interplay of 
perturbative and nonperturbative physics that is deeply related to 
the  problem in QCD
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