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Generic problem: In a Global Analysis, how to combine data sets 
from different experiments with different overall normalization 
(multiplicative) uncertainties?


A simple example
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Fig. 1. Data from two different experiments.

where the zr scale factors have mean 1.0.
We shall show that these apparently different fitting procedures lead

to the same result.

2. Past approaches

D’Agostini [4] discusses the structure of the covariance matrix
for multiplicative systematic uncertainties. In considering the special
case of forming the average of two quantities (which corresponds to
f (x; a) = a) it is asserted that the methods give the same result, but this
statement is not generalised. Demortier, in an unpublished note [5],
shows the methods are equivalent for additive uncertainties, giving
quite a complicated proof. Mo [6] considers multiplicative uncertainties
but only considers linear fits, for which it is stated without explicit
proof that the methods are equivalent (they refer to a paper which
is unfortunately only in Chinese.) Blobel [7] asserts that the two
approaches are equivalent ‘‘for simple problems’’ and ‘‘for additive
uncertainties’’ but does not offer a proof. Fogli et al. [8] give a proof
of equivalence for the additive case.

3. Additive systematic errors

The inversion of the matrix V can be performed algebraically. First,
note that if the data are grouped together according to their experi-
ment, V is block-diagonal, each block being written (Vr)ij = �ij�2i + S2
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so the inverse of V is also block diagonal in the individual inverse
matrices V *1

r , and Eq. (2) has the form
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where the sums over i and j run over measurements of the experiment
r and �i = yi * f (xi; a).

The individual submatrices can also be inverted. To see this, we first
consider the case where all �i are the same. Introduce the matrix U for
which all members are unity, and note that for an n ù n square matrix,
U2 = nU . The submatrix may be written as Vr = �2I +S2

r U , and V *1
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If the �i are different then the situation is not quite so elegant, but
the inverse is still writeable in closed form as
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as can be seen by matrix multiplication by Eq. (5): �jl�2l + S2
r . The

product of the two � terms gives the unit matrix and the positive
term S2
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The �2 to be minimised in the first method is thus

�2 =
…

r

…

iÀEr

�2
i

�2i
*
…

r

S2
r

1 +≥

kÀEr
S2
r

�2k

…

iÀEr

…

jÀEr

�i�j

�2i �
2
j
. (9)

For the second method the expression for �2 is given by Eq. (3).
To find the minimum the differentials are set to zero, and the resulting
system of simultaneous equations partially decouples. The differential
for one of the zr is
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which gives the estimate of zr for a particular a, writing, for conve-
nience, ⇣r =
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Inserting Eq. (11) into Eq. (3) gives
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which reduces to the expression in Eq. (9).
The two methods are thus equivalent, minimising the same �2. (This

is used to obtain the dotted line in Fig. 1.) From the mathematical point
of view this may be surprising as the formulæ are very different; it is
gratifying from the statistical viewpoint as both approaches make the
same assumptions.

Either method can therefore be chosen in a particular problem. The
matrix method is simpler, particularly if the model f (x; a) is linear in
a as the normal equations can be solved directly, without the need
for iteration. However the second method gives the zr offsets as a
by-product, and these may be useful to investigate the quality of the
different datasets.

The second method increases the difficulty of the minimisation by
more than just having extra parameters to fit. If the function includes
an additive constant term (which it generally will), the search space
includes a direction in which a change in this term can be balanced by
an opposite shift in the mean z. In this direction �2 changes slowly,
through the 1_S2 terms, whereas the change in any orthogonal direc-
tion is, assuming that there are many more datapoints than datasets,
much larger. This causes a problem of the Rosenbrock’s Valley type.
Even if the minimiser reports ‘successful convergence’, the result should
be confirmed with care. It may be preferable, rather than setting a and
all the zr as adjustable parameters in the �2 of Eq. (3), to work solely
using the a parameters, with the zr at every step being given explicitly
by Eq. (11).
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• Form factors and the GE/GM ratio discrepancy
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Two Photon Exchange (TPE) 
leading candidate to explain 
the discrepancy

“Rosenbluth” separation (LT)

Polarization Transfer (PT)

• Proton radius discrepancy: muonic H vs electron scattering
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• Conventional approach: “Penalty Trick”


• “t0 method” of NNPDF collaboration  Ball et al., JHEP 05, 075 (2010)


• Modification for multiple kinematics (“IMF method”)  us


• Global fits and extraction of


• IMF vs penalty trick (linear model): reanalysis of SLAC data (48 points) 
for Q² > 1 GeV² by  Gramolin & Nikolenko, PRC 93, 055201 (2016)


• IMF vs penalty trick (nonlinear model): SLAC + other + new data (121 
points) by Gmp12 collaboration  Christy et al., PRL 128, 102002 (2022)


• The importance of correlations


• Inclusion of TPE in reconciling GE/GM  discrepancy
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Penalty Trick
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• N experiments labelled r = 1, 2 . . .N (indices r, s, t . . .)

• data yr,j for each experiment, labelled j = 1, 2 . . . Nr (indices i, j, k, . . .)
has both additive (�yr,j) and overall multiplicative (�nr) uncertainties

• model M = �red = ⌧G2
M (Q2) + "G2

E(Q
2); ⌧ ⌘ Q2/(4M2), 0 < " < 1

• normalization parameters nr assumed to be normally distributed around 1
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Find model parameters plus the normalization parameters by minimizing chi-square

Updated penalty trick scales uncertainties as well (avoids D’Agostini bias)

Likelihood function                           no longer Gaussian in normalization parameters nr
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t0 method (a more sound alternative?)
Seminal paper by NNPDF collaboration  Ball et al., JHEP 05, 075 (2010)

• demonstrate the statistical biases in usual approach when combining multiple data sets

• construct a Monte Carlo method that accounts for normalization uncertainty without 

compromising the integrity of the fit
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»Build a chi-square for model M   

(likelihood no longer Gaussian in 
the data)

»Use model as a stand-in for data in 
the denominator (likelihood not 
Gaussian in the model parameters)

»Replace model by “best guess”             
(achieved by iterating until model 
converges)  
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Generalize the method to allow for multiple kinematics, using full covariance matrix

Iterated Model Fit (IMF) method

Monte Carlo procedure:

• For each datum generate replica data          from a normal distribution around the 

point’s central value and uncertainty

• Generate a normalization factor          around 1 with uncertainty  

• The final chi-square to minimize is given in matrix form as
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• For      replica’s (we use                      ) we have       best-fit models and        sets of 
best-fit parameters


• These fits are averaged together to produce an updated best-fit model      ,     
which is then used to update


• Iterate until convergence
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SLAC E140/NE11 LT: Walker et al, PRD 49, 5671 (1994); Andivahis et al, PRD 50, 5491 (1994)

Super Rosenbluth LT: Qattan et al, PRL 94, 142301 (2005)

Polarization Transfer (PT): (various)

• To extract GE  and GM  from LT 
measurements we should correct 
the data for TPE at the same level 
as other RCs. 

• SLAC: all details of RC are published 

• Super Rosenbluth: no RC details are 
published, not even cross sections!

Form factors and the GE/GM ratio

PT data

• Band is at 90% confidence interval

1 GeV2  Q2  8.83 GeV2
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Radiative correction improvements: Gramolin & Nikolenko, PRC 93, 055201 (2016)

• Reanalyze old SLAC data     
(48 points)


• Use Maximon-Tjon instead of 
Mo-Tsai (no difference at 
order Z⁰)


• Improvements to hard 
internal and external δbrem 

bremsstrahlung

• Minor improvements to VP 

and ionization factors

• No inclusion of TPE

“Penalty trick” with linear model
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TABLE I. Form factor parameters extracted from the penalty
trick and iterated model fit (IMF) methods for the linear model of
Eq. (7). We use the same three data sets as Ref. [6], but with updated
radiative corrections from Ref. [9].

Penalty trick IMF

a1 0.23 ± 0.22 0.17 ± 0.22
a2 0.47 ± 0.44 0.55 ± 0.44
a3 −0.35 ± 0.21 −0.38 ± 0.21
b1 −0.407 ± 0.045 −0.413 ± 0.045
b2 0.373 ± 0.045$ 0.375 ± 0.046
b3 −0.076 ± 0.013 −0.077 ± 0.013

n1 1.008 ± 0.012 –
n2 1.008 ± 0.012 –
n3 0.963 ± 0.013 –

χ 2/d.o.f. 28.3/39 28.1/42

To implement the IMF method we begin with a guess
of all parameters being 0, which sets the form factors to
standard dipoles. Convergence required only two iterations of
the IMF procedure with R = 1000 replica data sets fitted at
each iteration. The parameters in the column labeled IMF in
Table I are the mean and standard deviation of the final six
dimensional distribution of 1000 fitted parameters. In Fig. 1

FIG. 1. (a) The normalized G2
M (Q2) for both the IMF method

(solid line) and the penalty trick (dashed line), and (b) the squared
form factor ratio µ2

pG2
E/G2

M , plotted with PT data itemized in the
Supplementary Material of Ref. [9] with Q2 > 1 GeV2 (not included
in the fit).

we can see plots of the G2
M and G2

E/G2
M form factor fits,

suitably normalized.

B. IMF vs. penalty trick (nonlinear model)

The application of the IMF method to nonlinear models
creates a potential difficulty. Generically, the average of sev-
eral functions that share the same functional form F (x; α) will
only maintain that functional form when the function is linear
in α. This ruins the iterative step because we do not have the
same functional form at each iteration. There are two possible
ways out of this. First, one could find the parameters α for
the chosen functional form that are closest to the average of
the replica fits 〈FR(x)〉 by minimizing the L2 norm

∂

∂α

∫ xmax

xmin

dx (F (x,α) − 〈FR(x)〉)2 = 0. (8)

This minimization is computationally expensive, but it en-
sures that the functions are similar as possible over the
relevant range. Alternatively, one may simply keep tak-
ing average parameters and plugging them into the model,
understanding that this is only an approximation for the afore-
mentioned closest model to the average model, and hope for
convergence, as convergence is all one needs for the results
to be statistically sound. The second option works for the
following model, and is used throughout the remainder of this
paper.

A flexible parametrization for the form factors is the z-
expansion model presented in Ref. [10]. The model is

GE (z; a) =
kmax∑

k=0

akzk, GM (z; b)/µp =
kmax∑

k=0

bkzk,

z(Q2) =
√

tcut + Q2 −
√

tcut − t0√
tcut + Q2 +

√
tcut − t0

. (9)

In all fits we use the values tcut = 4m2
π and t0 = tcut (1 −√

1 + Q2
max/tcut ), but the fits are rather insensitive to these

particular values. To ensure that GE (Q2) ∼ 1/Q4 as Q2 → ∞
there are constraints

kmax∑

k=n

k!
(k − n)!

ak = 0, n = 0, 1, 2, 3, (10)

and similarly for bk . Additionally we require GE (0) = 1 and
GM (0) = µp. Choosing kmax = 8 therefore leaves four free
parameters for each form factor, which we designate to be
those with k = 0, 1, 2, 3.

For the following fits we use the global cross section data
from the GMp12 analysis [9] with Q2 < 16 GeV2 (115 points,
only six points are excluded). This compilation was built
specifically from experiments for which past radiative cor-
rections could be undone and then recalculated with updated
corrections to ensure the analysis was consistent across all the
data. The GMp12 analysis uses the penalty trick to account for
the normalization uncertainty in their fits, but with a different
parametrization than given in Eq. (9). Implementing the IMF
method, and comparing against PT data, gives us another
clean comparison between the fitting procedures.

015503-3
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TABLE I. Form factor parameters extracted from the penalty
trick and iterated model fit (IMF) methods for the linear model of
Eq. (7). We use the same three data sets as Ref. [6], but with updated
radiative corrections from Ref. [9].

Penalty trick IMF

a1 0.23 ± 0.22 0.17 ± 0.22
a2 0.47 ± 0.44 0.55 ± 0.44
a3 −0.35 ± 0.21 −0.38 ± 0.21
b1 −0.407 ± 0.045 −0.413 ± 0.045
b2 0.373 ± 0.045$ 0.375 ± 0.046
b3 −0.076 ± 0.013 −0.077 ± 0.013

n1 1.008 ± 0.012 –
n2 1.008 ± 0.012 –
n3 0.963 ± 0.013 –

χ 2/d.o.f. 28.3/39 28.1/42

To implement the IMF method we begin with a guess
of all parameters being 0, which sets the form factors to
standard dipoles. Convergence required only two iterations of
the IMF procedure with R = 1000 replica data sets fitted at
each iteration. The parameters in the column labeled IMF in
Table I are the mean and standard deviation of the final six
dimensional distribution of 1000 fitted parameters. In Fig. 1

FIG. 1. (a) The normalized G2
M (Q2) for both the IMF method

(solid line) and the penalty trick (dashed line), and (b) the squared
form factor ratio µ2

pG2
E/G2

M , plotted with PT data itemized in the
Supplementary Material of Ref. [9] with Q2 > 1 GeV2 (not included
in the fit).

we can see plots of the G2
M and G2

E/G2
M form factor fits,

suitably normalized.

B. IMF vs. penalty trick (nonlinear model)

The application of the IMF method to nonlinear models
creates a potential difficulty. Generically, the average of sev-
eral functions that share the same functional form F (x; α) will
only maintain that functional form when the function is linear
in α. This ruins the iterative step because we do not have the
same functional form at each iteration. There are two possible
ways out of this. First, one could find the parameters α for
the chosen functional form that are closest to the average of
the replica fits 〈FR(x)〉 by minimizing the L2 norm

∂

∂α

∫ xmax

xmin

dx (F (x,α) − 〈FR(x)〉)2 = 0. (8)

This minimization is computationally expensive, but it en-
sures that the functions are similar as possible over the
relevant range. Alternatively, one may simply keep tak-
ing average parameters and plugging them into the model,
understanding that this is only an approximation for the afore-
mentioned closest model to the average model, and hope for
convergence, as convergence is all one needs for the results
to be statistically sound. The second option works for the
following model, and is used throughout the remainder of this
paper.

A flexible parametrization for the form factors is the z-
expansion model presented in Ref. [10]. The model is

GE (z; a) =
kmax∑

k=0

akzk, GM (z; b)/µp =
kmax∑

k=0

bkzk,

z(Q2) =
√

tcut + Q2 −
√

tcut − t0√
tcut + Q2 +

√
tcut − t0

. (9)

In all fits we use the values tcut = 4m2
π and t0 = tcut (1 −√

1 + Q2
max/tcut ), but the fits are rather insensitive to these

particular values. To ensure that GE (Q2) ∼ 1/Q4 as Q2 → ∞
there are constraints

kmax∑

k=n

k!
(k − n)!

ak = 0, n = 0, 1, 2, 3, (10)

and similarly for bk . Additionally we require GE (0) = 1 and
GM (0) = µp. Choosing kmax = 8 therefore leaves four free
parameters for each form factor, which we designate to be
those with k = 0, 1, 2, 3.

For the following fits we use the global cross section data
from the GMp12 analysis [9] with Q2 < 16 GeV2 (115 points,
only six points are excluded). This compilation was built
specifically from experiments for which past radiative cor-
rections could be undone and then recalculated with updated
corrections to ensure the analysis was consistent across all the
data. The GMp12 analysis uses the penalty trick to account for
the normalization uncertainty in their fits, but with a different
parametrization than given in Eq. (9). Implementing the IMF
method, and comparing against PT data, gives us another
clean comparison between the fitting procedures.
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TABLE I. Form factor parameters extracted from the penalty
trick and iterated model fit (IMF) methods for the linear model of
Eq. (7). We use the same three data sets as Ref. [6], but with updated
radiative corrections from Ref. [9].

Penalty trick IMF

a1 0.23 ± 0.22 0.17 ± 0.22
a2 0.47 ± 0.44 0.55 ± 0.44
a3 −0.35 ± 0.21 −0.38 ± 0.21
b1 −0.407 ± 0.045 −0.413 ± 0.045
b2 0.373 ± 0.045$ 0.375 ± 0.046
b3 −0.076 ± 0.013 −0.077 ± 0.013

n1 1.008 ± 0.012 –
n2 1.008 ± 0.012 –
n3 0.963 ± 0.013 –

χ 2/d.o.f. 28.3/39 28.1/42

To implement the IMF method we begin with a guess
of all parameters being 0, which sets the form factors to
standard dipoles. Convergence required only two iterations of
the IMF procedure with R = 1000 replica data sets fitted at
each iteration. The parameters in the column labeled IMF in
Table I are the mean and standard deviation of the final six
dimensional distribution of 1000 fitted parameters. In Fig. 1

FIG. 1. (a) The normalized G2
M (Q2) for both the IMF method

(solid line) and the penalty trick (dashed line), and (b) the squared
form factor ratio µ2

pG2
E/G2

M , plotted with PT data itemized in the
Supplementary Material of Ref. [9] with Q2 > 1 GeV2 (not included
in the fit).

we can see plots of the G2
M and G2

E/G2
M form factor fits,

suitably normalized.

B. IMF vs. penalty trick (nonlinear model)

The application of the IMF method to nonlinear models
creates a potential difficulty. Generically, the average of sev-
eral functions that share the same functional form F (x; α) will
only maintain that functional form when the function is linear
in α. This ruins the iterative step because we do not have the
same functional form at each iteration. There are two possible
ways out of this. First, one could find the parameters α for
the chosen functional form that are closest to the average of
the replica fits 〈FR(x)〉 by minimizing the L2 norm

∂

∂α

∫ xmax

xmin

dx (F (x,α) − 〈FR(x)〉)2 = 0. (8)

This minimization is computationally expensive, but it en-
sures that the functions are similar as possible over the
relevant range. Alternatively, one may simply keep tak-
ing average parameters and plugging them into the model,
understanding that this is only an approximation for the afore-
mentioned closest model to the average model, and hope for
convergence, as convergence is all one needs for the results
to be statistically sound. The second option works for the
following model, and is used throughout the remainder of this
paper.

A flexible parametrization for the form factors is the z-
expansion model presented in Ref. [10]. The model is

GE (z; a) =
kmax∑

k=0

akzk, GM (z; b)/µp =
kmax∑

k=0

bkzk,

z(Q2) =
√

tcut + Q2 −
√

tcut − t0√
tcut + Q2 +

√
tcut − t0

. (9)

In all fits we use the values tcut = 4m2
π and t0 = tcut (1 −√

1 + Q2
max/tcut ), but the fits are rather insensitive to these

particular values. To ensure that GE (Q2) ∼ 1/Q4 as Q2 → ∞
there are constraints

kmax∑

k=n

k!
(k − n)!

ak = 0, n = 0, 1, 2, 3, (10)

and similarly for bk . Additionally we require GE (0) = 1 and
GM (0) = µp. Choosing kmax = 8 therefore leaves four free
parameters for each form factor, which we designate to be
those with k = 0, 1, 2, 3.

For the following fits we use the global cross section data
from the GMp12 analysis [9] with Q2 < 16 GeV2 (115 points,
only six points are excluded). This compilation was built
specifically from experiments for which past radiative cor-
rections could be undone and then recalculated with updated
corrections to ensure the analysis was consistent across all the
data. The GMp12 analysis uses the penalty trick to account for
the normalization uncertainty in their fits, but with a different
parametrization than given in Eq. (9). Implementing the IMF
method, and comparing against PT data, gives us another
clean comparison between the fitting procedures.
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GMp12 experiment
Goals of GMp-12

• Precise e-p elastic cross section over wide range of JLab-12 kinematics
• Expand measurements of TPE to higher Q2 values
• Improved extraction of GMp at high Q2

Accepted by PRL (last week), with 16 page

supplement on experiment, analysis, RC, fits, TPE

Goals of GMp-12
• Precise e-p elastic cross section over wide range of JLab-12 kinematics

– Input to a wide range of analyses: QE scattering, GEp/GEn/GMn form factors

• Expand measurements of TPE to higher Q2 values

• Improved extraction of GMp at high Q2 (TPE constraints; lower ε for smaller extrapolation)

High precision, wide kinematic range:

• Checks of tracking, optics,…

• Updated radiative corrections
A.V.Gramolin and D.M.Nikolenko, PRC 93 (2016) 055201 

• Excellent systematic uncertainties

– 1.2-1.3% point-to-point

– 1.6% (2% RHRS) normalization

Critical for Q2 > 6 GeV2

• Performed global analysis of new data plus 6 other experiments (121 points) 
with Q² > 1 GeV²


• Apply updated radiative corrections to old data

Christy et al., PRL 128, 102002 (2022)
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2

where t = Q2/(4M2
p). We selected these functional forms to provide a simple parametrization with sufficient flexibility to

describe the data without overfitting. We discuss comparisons to other functional forms in Sec. I E.
We allowed the overall normalization of each experiment to vary in the global fit, except for the data from Ref. [6], for which

the normalization was fixed to unity. The data of Ref. [6] cover a wide range of Q2 with the best precision and accuracy among
the measurements used in the global fit. The parameters describing GM and RS, as well as the experiment-specific normalization
constants ni, were determined by minimizing the c2 defined as follows:

c2 =
Nexp

Â
i=1

2

4
N(i)

data

Â
j=1

 
nis ( j)

R
�s f it

R

�
Q2

j ,e j
�

niDs ( j)
R

!2
3

5+
Nexp

Â
i=1

✓
ni �1

Dsi

◆2
, (2)

where Nexp is the number of experiments, N(i)
data is the number of cross section measurements for experiment i, s ( j)

R
is the

reduced cross section for data point j with uncertainty Ds ( j)
R

, s f it
R

is the result of the fit at the kinematics of point j, and ni is
the normalization of experiment i, with Dsi the scale uncertainty according to the original publication (modified for the 1.6 GeV
data of Ref. [3] as described in Sec. I A above).
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FIG. 1. Global fit results for the Rosenbluth slope RS compared to our direct L/T separations (black filled circles; see section II) and
our polarization transfer fit (see Appendix C) The black solid (red dashed) curve shows the global fit result with (without) the GMp12 data.
The blue dot-dashed curve shows the prediction of the polarization transfer fit. The shaded bands show the 68% confidence intervals of the
respective fits. The dotted lines at RS = 0 and RS = 1 are intended to guide the eye.

TABLE I. Global fit results. The top table lists the experiments included in the fit, and provides the normalization factor ni obtained from the
fit and its uncertainty. The final column is the scale uncertainty Dsi from the original publication (with modification according to Ref. [4] for
the 1.6 GeV data from Ref. [3]). The bottom table gives the parameters and uncertainties (see Eq. (1)), along with the total chi-squared value
and number of degrees of freedom. Full details of the final fit including the parameter correlation coefficients are given in a separate file [5].

Experiment ni ±Dni Scale uncertainty(%)
Kirk [7] 1.023±0.008 4

Rock [8] 1.068±0.006 3
Sill [9] 1.015±0.014 3.6

Christy [6] 1 (fixed) 1.7
Andivahis (8 GeV) [3] 1.006±0.004 1.77

Andivahis (1.6 GeV) [3] 0.960±0.007 2.7
Walker [2] 1.008±0.004 1.9

This work (LHRS) 0.982±0.006 1.6
This work (RHRS) 1.006±0.011 2

Parameter a1 b1 b2 b3 c1 c2 c2 d.o.f.
Value 0.072±0.022 10.73±0.11 19.81±0.17 4.75±0.65 �0.46±0.12 0.12±0.10 88.7 107

Figure 1 shows the same results as Fig. 2 of the main paper, plotted in terms of the Rosenbluth slope instead of the moreBlack dots from direct LT separations 
(interpolate to a common Q2)


Is this meaningful?
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I. GLOBAL CROSS SECTION FIT

A. Cross section data selection and radiative corrections

The cross section database used for our global fit consists of 121 individual differential cross section measurements from
7 experiments, including the new data reported in the present work. These are the experiments for which the original pub-
lications provided sufficient details of the prescription used for radiative corrections that the published cross sections could be
self-consistently corrected according to the improved formalism for elastic e-p radiative corrections detailed in Ref. [1]. The pro-
cedure for applying the improved radiative correction formulas to each experiment in the database is described in Appendix A.
The dataset spans a wide range of Q2 from 0.4  Q2 (GeV/c)2  31.2, and a wide range of e , as shown in Fig. 1 of the main
paper. While far from comprehensive, the data are sufficiently representative of the world data at large values of Q2, and include
nearly all of the high accuracy world data above 1 (GeV/c)2. We excluded six data points from Ref. [2] and separated the data
sets using different spectrometers in [3], following Ref. [4], taking the updated scale uncertainty for the Andivahis 1.6 GeV data
set [3]. For all other datasets, the scale uncertainties are taken from the original publications.

The main purpose of our global fit was to obtain an accurate description of the cross section data for modest-to-large Q2

values, to interpolate the cross section data for each of our L/T separations to a common central Q2. The final cross section
database is given in a compact form in Tables IV, V, and VI in Appendix B. The full database, including additional information
about the kinematics, the effect of the modified radiative corrections [1] on each data point, the normalization resulting from
our global fit and its uncertainty, and other ancillary details, is provided in a separate file [5] in a convenient format for use in
external analysis programs.

B. Cross section parametrization and fit results

To fit the cross section data, we parametrize the proton magnetic form factor GM and the Rosenbluth slope (RS) as:

GM = µp
1+a1t

1+b1t +b2t2 +b3t3 ; RS = 1+ c1t + c2t2, (1)
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Improved parametrization of form factors: z-expansion model

Choosing  kmax = 8  leaves 4 free parameters for each of GE  and GM 
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Potential difficulty:  average of a functional form                will not 
be of the same form when not linear in the parameters α, ruining 
iterative steps for best fit model.


Two possible solutions:
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F (x,↵)

1. Find parameters  α  that are closest to the average of the 
replica fits               in the least squares sense:


2. Proceed regardless and hope for convergence of the iterative 
process (convergence is all that’s needed to be statistically 
sound).
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• We manually exclude ~10% of replica form factors that change sign for        

Q² < 1 GeV² (model depends on form factors squared).
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TABLE II. Form factor parameters from the penalty trick and
IMF methods for the nonlinear model of Eq. (9). Fitted normaliza-
tions for the nine data sets (not shown) range from 0.95 to 1.06,
consistent with Ref. [9].

Penalty trick IMF

a0 −0.847 ± 0.028 −0.847 ± 0.028
a1 1.269 ± 0.065 1.269 ± 0.067
a2 0.47 ± 0.34 0.45 ± 0.34
a3 −2.36 ± 0.49 −2.31 ± 0.51
b0 −0.821 ± 0.015 −0.822 ± 0.015
b1 1.374 ± 0.058 1.377 ± 0.057
b2 −0.513 ± 0.086 −0.516 ± 0.083
b3 −1.082 ± 0.056 −1.085 ± 0.059

χ 2/d.o.f. 76.9/98 76.5/107

Using the IMF method with 1500 replicas per iteration we
find convergence within five iterations. In each iteration about
10% of replica form factor fits were discarded as they rapidly
changed sign in the region Q2 < 1 GeV2. This happens be-
cause the model is insensitive to the sign of the form factors,
and we have not included any data in this region in the fit. The
z-expansion model form factors for both the IMF and penalty
trick methods are given in Table II and plotted in Fig. 2. These
fits demonstrate that unless further PT data reveals an upturn,
TPE corrections become increasingly important at large Q2.
The relative sizes of the error bands are not surprising. The
Hessian method for approximating parameter errors in nonlin-

FIG. 2. The z-expansion model fits to the global cross sec-
tion data from the nine data sets of Ref. [9] with Q2 < 16 GeV2.

ear model fitting is known to be less accurate than bootstrap
methods. We also note that the central value of the penalty
trick fit pulls further away from the PT data than the IMF fit
does. Thus it may be the case that the use of the penalty trick
method accentuates the disagreement with the PT data.

III. THE IMPORTANCE OF CORRELATIONS

It is clear that the IMF method achieves fits of the same
quality as the penalty trick fits without the need for the ad-
ditional normalization parameters ni, some of which differ
substantially from 1. This demonstrates that these additional
parameters are simply a means to approximate the correlated
nature of the data, and are not physically meaningful on their
own. Correlations enter via the normalization uncertainty due
to the fact that if the true value of the normalization is varied
the whole data set should vary in tandem.

This covariance of whole data sets requires extra atten-
tion when fitting said data, particularly when faced with the
realities of fitting to data subsets. When fitting with only point-
to-point errors, the addition or removal of a data point from
the fit will only affect the fit locally near that point. However,
when covariance is of the order of the point-to-point error,
truncation and binning of the data set can significantly alter
the best fit as the presence of covariance affects the fit function
globally. In principle, the choice of inclusion or exclusion of
a single data point can significantly tense or relax a fit. It is
for this reason we do not perform LT separations invoking the
IMF method, as separate linear fits to the relevant data subsets
would be blind to the covariance of data at different Q2 values.

With the same goal in mind, there is often a temptation
to treat the normalization factors from the penalty trick as a
pseudo-model-independent means to rescale data sets for sub-
sequent analysis. This was done in Ref. [9] to facilitate an LT
separation of the rescaled data, giving ‘model-independent’
form factors that could be compared to those obtained directly
from the penalty trick fit. This approach ignores the other
correlations between data, and therefore, in our view, does
not achieve the goal of improving our knowledge of the true
values of the form factors. Fitted normalizations are designed
to pull the cross section data towards the model, and thus it is
no surprise that an LT separation performed on rescaled data
gives form factors that are very similar to the those obtained
from the penalty trick fit.

All this furthers a point made by Bernauer et al. [4] that LT
separations are not particularly helpful for fitting when com-
pared to using cross section data. A global fit appears the only
reasonable tool for form factor extraction when normalization
uncertainty is present because the total covariance matrix can
be incorporated during the fitting procedure. By contrast, an
LT separation is forced to focus on only a subset of the data,
ignoring said correlations.

IV. SUMMARY AND CONCLUSIONS

In this work a model-dependent but statistically unbiased
global analysis of the proton’s elastic form factors was pre-
sented. To perform these fits we introduced the IMF method,
an extension of the statistically unbiased t0 fitting method used

015503-4
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where t = Q2/(4M2
p). We selected these functional forms to provide a simple parametrization with sufficient flexibility to

describe the data without overfitting. We discuss comparisons to other functional forms in Sec. I E.
We allowed the overall normalization of each experiment to vary in the global fit, except for the data from Ref. [6], for which

the normalization was fixed to unity. The data of Ref. [6] cover a wide range of Q2 with the best precision and accuracy among
the measurements used in the global fit. The parameters describing GM and RS, as well as the experiment-specific normalization
constants ni, were determined by minimizing the c2 defined as follows:
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where Nexp is the number of experiments, N(i)
data is the number of cross section measurements for experiment i, s ( j)

R
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reduced cross section for data point j with uncertainty Ds ( j)
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, s f it
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is the result of the fit at the kinematics of point j, and ni is
the normalization of experiment i, with Dsi the scale uncertainty according to the original publication (modified for the 1.6 GeV
data of Ref. [3] as described in Sec. I A above).
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FIG. 1. Global fit results for the Rosenbluth slope RS compared to our direct L/T separations (black filled circles; see section II) and
our polarization transfer fit (see Appendix C) The black solid (red dashed) curve shows the global fit result with (without) the GMp12 data.
The blue dot-dashed curve shows the prediction of the polarization transfer fit. The shaded bands show the 68% confidence intervals of the
respective fits. The dotted lines at RS = 0 and RS = 1 are intended to guide the eye.

TABLE I. Global fit results. The top table lists the experiments included in the fit, and provides the normalization factor ni obtained from the
fit and its uncertainty. The final column is the scale uncertainty Dsi from the original publication (with modification according to Ref. [4] for
the 1.6 GeV data from Ref. [3]). The bottom table gives the parameters and uncertainties (see Eq. (1)), along with the total chi-squared value
and number of degrees of freedom. Full details of the final fit including the parameter correlation coefficients are given in a separate file [5].

Experiment ni ±Dni Scale uncertainty(%)
Kirk [7] 1.023±0.008 4

Rock [8] 1.068±0.006 3
Sill [9] 1.015±0.014 3.6

Christy [6] 1 (fixed) 1.7
Andivahis (8 GeV) [3] 1.006±0.004 1.77

Andivahis (1.6 GeV) [3] 0.960±0.007 2.7
Walker [2] 1.008±0.004 1.9

This work (LHRS) 0.982±0.006 1.6
This work (RHRS) 1.006±0.011 2

Parameter a1 b1 b2 b3 c1 c2 c2 d.o.f.
Value 0.072±0.022 10.73±0.11 19.81±0.17 4.75±0.65 �0.46±0.12 0.12±0.10 88.7 107

Figure 1 shows the same results as Fig. 2 of the main paper, plotted in terms of the Rosenbluth slope instead of the more
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The importance of correlations
• IMF method achieves fits of the same quality as penalty trick without the 

need for normalization parameters ni.


• The additional parameters ni are a means to approximate the correlated 
nature of the data. They are not physically meaningful on their own!


• Hence we do not perform LT separations using the IMF method to subsets 
of the data at fixed Q2, as this is blind to covariance of data at different Q2.


• With the penalty trick fits there is a temptation to treat the normalization 
factors ni as a pseudo model-independent means to bring data sets into 
agreement (e.g. Andivahis 1.6 GeV).


• This was done in Gmp12 analysis to facilitate comparison LT separation fits 
with those from global analysis.


• Fitted normalizations are designed to pull cross section data toward the 
model, so it’s no surprise that fits are similar.
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Radiative corrections and TPETwo-photon exchange corrections (early days)

Two-photon exchange effects can explain 
discrepancy in GE

Requires ~6% ε-dependence, weakly 
dependent on Q2, roughly linear in ε

If this were the complete story, LT would give GM, 
Polarization gives GE/GM
• This is wrong and introduces large errors -

sometimes larger than the real TPE corrections!

Important to quantify TPE and to constrain calculations 
to estimate TPE on other reactions

Guichon and Vanderhaeghen, 
PRL 91, 142303 (2003)

JA, PRC 69, 022201 (2004)
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improved RC + TPE

original data

<latexit sha1_base64="o0SBAM/8M8cQQrMk4rZwU/2qmuA="></latexit>
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• Example from Andivahis data 

• Uses improved RC + our TPE 

applied to data

• No evidence of non-linearity 

in ε

Conceptual picture (no TPE)
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GMp12 experiment

Radiative corrections and TPE

New data, updated RC:  <∆2γ> = 4.2 ± 2.0% (Q2>6 GeV2)
Using conventional RC:  <∆2γ> = 6.6 ± 2.1% (Q2>6 GeV2)

New RC resolves roughtly one-third of the discrepancy

Even after this, discrepancy between continues to Q2 > 15 GeV2
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TPE corrections to cross section (CLAS resonances)
Ahmed, Blunden & Melnitchouk, PRC102, 045205 (2020)

•Linear over mid-range of ε 
values, but curves towards 
endpoints


•Presence of TPE allows for 
smaller contribution of        

<latexit sha1_base64="qwuns0CEjcedpt2d+h1RRSF/HJo=">AAAB7HicbVDLSgNBEJyNrxhfUS+CIINB8BR2Az5OElDRYwQ3CSRrmJ3MJmNmZ5eZXiEs+QYPelDEq1/hV3jzb5w8DppY0FBUddPd5ceCa7DtbyszN7+wuJRdzq2srq1v5De3qjpKFGUujUSk6j7RTHDJXOAgWD1WjIS+YDW/dz70aw9MaR7JW+jHzAtJR/KAUwJGcq9al3elVr5gF+0R8CxxJqRQ3rvYeYLP+0or/9VsRzQJmQQqiNYNx47BS4kCTgUb5JqJZjGhPdJhDUMlCZn20tGxA3xglDYOImVKAh6pvydSEmrdD33TGRLo6mlvKP7nNRIITr2UyzgBJul4UZAIDBEefo7bXDEKom8IoYqbWzHtEkUomHxyJgRn+uVZUi0VnePi0Y1J4wyNkUW7aB8dIgedoDK6RhXkIoo4ekQv6NWS1rP1Zr2PWzPWZGYb/YH18QPr4JEQ</latexit>
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IMF fit including TPE as a RC

Suggests TPE can fully resolve the proton form factor discrepancy

Fits including two-photon exchange
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Summary
• Model-dependent but statistically unbiased fitting leads to 

minor improvements to global fits to cross section data

• Penalty trick seems to consistently provide similar fits.     

Why bother with the more involved method?

• Lesson from D’Agostini bias: naive treatment of 

normalization uncertainties can lead to “repulsion” of the fit 
from the data while keeping the chi-square the same.


• No a priori criteria to determine when such misbehaviour is 
likely to occur.


• Plan to reanalyze penalty trick fits to global data sets 
including data at low Q2 (over 1,500 data points) to 
determine possible impact on proton radius discrepancy.
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