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The anomalous magnetic moment of the muon
Aoyama et al., Phys. Rept. (2020)

Hadronic vacuum polarisation
e The 77— 7Y channel Hoferichter, Hoid, BK, JHEP 1908 (2019) 137
e The 7'~ channel Hoid, Hoferichter, BK, Eur. Phys. J. (2020)

Hadronic light-by-light scattering
o Dispersive analysis of the 7" transition form factor
e High-energy asymptotics
e Putting pieces together
Hoferichter, Hoid, BK, Leupold, Schneider, Phys. Rev. Lett. 121 (2018) 112002;
JHEP 1810 (2018) 141

Summary / Outlook
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The anomalous magnetic moment of the muon

e gyromagnetic ratio: magnetic moment < spin
, e g
B = 92—5
m
e Dirac theory for spin-1/2 fermions: g, = 2
rad. corr.: g, = 2(1 4+ a,), a, “anomalous magnetic moment”
e one of the most precisely measured quantities in particle physics

a® = (116592089 £ 63) x 10~""  BNL E821 2006




The anomalous magnetic moment of the muon

e gyromagnetic ratio: magnetic moment < spin
- _ ig
H ng
e Dirac theory for spin-1/2 fermions: g, = 2
rad. corr.: g, = 2(1 4+ a,), a, “anomalous magnetic moment”
e one of the most precisely measured quantities in particle physics

a® = (116592089 £ 63) x 10~""  BNL E821 2006

e ... with a significant (??) deviation from the Standard Model:

ab™ = (116591 810 + 43) x 10~

— 3.70 discrepancy:

b _ "M — (279 4+ 76) x 10~

ay I

Aoyama et al. 2020
e new Fermilab experiment: reduce experimental error by factor 4




Hadronic contributions to a,

a, [107']  Aa, [1071]
experiment 116 592 089. 63.
QED O(«) 116 140 973.321 0.023
QED O(a?) 413217.626  0.007
QED O(a?) 30 141.902 0.000
QED O(a*) 381.004 0.017
QED O(a?) 5.078 0.006
QED total 116 584 718.931 0.030
electroweak 153.6 1.0
had. VP (LO) 6931. 40.
had. VP (NLO) —98.3 0.7
had. LbL 92. 19.
total 116 591 810. 43.
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Hadronic vacuum polarization

e how to control hadronic vacuum polarization?

e characteristic scale set by muon mass
— this is not a perturbative QCD problem!

e dispersion relations to the rescue:
use the optical theorem!

hadrons
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e K(s): kinematical function, for large s:  K(s) oc 1/s,
oiot(€T€e” — hadrons) o< 1/s




Hadronic vacuum polarization

e how to control hadronic vacuum polarization?

e characteristic scale set by muon mass
— this is not a perturbative QCD problem! m T

e dispersion relations to the rescue:

use the optical theorem!
hadrons

x K(s)owt(eTe™ — hadrons)
AM?2

had VP
ay

e K(s): kinematical function, for large s:  K(s) oc 1/s,
oiot(€T€e” — hadrons) o< 1/s

e more than 75% of af2? V¥ given by
energies s < 1GeV? Jegerlehner, Nyffeler 2009

. 0.0 GeV, oo
e dominated by ete™ — nn~ o
. . . (§
— pion electromagnetic form factor 2.0 GeV

e well constrained by data KLOE, BABAR. ..

1.0 GeV




Motivation: v~ 7" with analyticity constraints

e second largest exclusive channel nextto 77—
e large discrepancy between different data integration analyses:

Channel KNT18 DHMZ17 Difference
Data based channels (1/s < 1.8 GeV)
Tt 503.74 +1.96 | 506.70 &+ 2.58 —2.96
atr 47.70 + 0.89 46.20 + 1.45 1.50
o omir | 13.99+0.19 13.68 + 0.31 0.31
T w07 18.15+ 0.74 18.03 + 0.54 0.12
KTK~ 23.00 £ 0.22 23.06 £+ 0.41 —0.06
K.KY 13.04+£0.19 | 12.82+0.24 0.22
Total 693.3 + 2.5 693.1 + 3.4 0.2

in units of 10—10 (!) A. Keshavarzi, Mainz 2018
— factor ~10 smaller overall, absolute uncertainty comparable
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0

with analyticity constraints

e second largest exclusive channel nextto 7+«

e large discrepancy between different data integration analyses:

Channel KNT18 FJ17 Difference
Data based channels (0.318 < v/s < 2 GeV)

T 501.68 + 1.71 | 502.16 + 2.44 —0.48

+7r 7r0 47.83 +0.89 44.32 4+ 1.48 3.51
I SR 15.17 £ 0.21 14.80 + 0.36 0.37
T w07 19.80 + 0.79 19.69 + 2.32 0.11
KTK~ 23.05 + 0.22 21.99 + 0.61 1.06
K{K?} 13.05+0.19 | 13.10£0.41 —0.05
Total 693.27 + 2.46 | 688.07 + 4.14 5.20

in units of 10—10 (!)

A. Keshavarzi, Mainz 2018

— factor ~10 smaller overall, absolute uncertainty comparable




Motivation: v~ 7" with analyticity constraints

e second largest exclusive channel nextto 77—
e large discrepancy between different data integration analyses:

Channel KNT18 DHMZ17 Difference
Data based channels (1/s < 1.8 GeV)
Tt 503.74 +1.96 | 506.70 &+ 2.58 —2.96
atr 47.70 + 0.89 46.20 + 1.45 1.50
o omir | 13.99+0.19 13.68 + 0.31 0.31
T w07 18.15+ 0.74 18.03 + 0.54 0.12
KTK~ 23.00 £ 0.22 23.06 £+ 0.41 —0.06
K.KY 13.04+£0.19 | 12.82+0.24 0.22
Total 693.3 + 2.5 693.1 + 3.4 0.2

in units of 10—10 (!) A. Keshavarzi, Mainz 2018
— factor ~10 smaller overall, absolute uncertainty comparable
e independent cross-check with dispersion-theoretical amplitude:
analyticity, unitarity, QCD constraints
analogous to TtoT Colangelo, Hoferichter, Stoffer 2018




Dispersive representation v* — 37
e v (¢) = 7" (p4)7~ (p-)7°(po) amplitude:
(017, (0) |7 (P )7~ (p- )7 (P0)) = —€pwpo PYPLDG F (5,1, u;¢7)

s, t,u: pion—pion invariant masses, s +t + u = ¢ + 3M?
e “reconstruction theorem”: neglect discontinuities in F-waves. ..
— decomposition into single-variable functions

F(s,t,usq%) = F(s,q%) + F(t,q*) + Flu, ¢*)
e normalisation fixed from Wess—Zumino—-Witten anomaly:

1
A2 F3

‘F(O7O7O7O):F37T:

e (s-channel) P-wave projection: fi(s,q¢?) = F(s,¢*) + F(s,q?)
F(s,q%): contribution from crossed channels F(t/u, ¢?)

B. Kubis, Hadronic contributions to —2 from analyticity — p. 7
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Dispersive representation v* — 37

Unitarity relation for F(s, ¢?):
disc F(s,q*) = 2i{ F(s,¢*) + F(s,4%) } x 0(s — 4 M2) x sin &{(s) e~ 101 (s)
N—_—— N —

right-hand cut left-hand cut




Dispersive representation v* — 37

Unitarity relation for F(s, ¢?):
disc (s, q%) = 2i{ F(s,¢") L x O(s — 4 M2) x sin 81 (s) e 1)
N——

right-hand cut

e right-hand cut only — Omnés problem

Flsf)=al)0s) . o —epf s [© S

M2 S8 —s

— amplitude given in terms of pion vector form factor




Dispersive representation v* — 37

Unitarity relation for F(s, ¢?):
disc F (s, ¢%) = 27l{ F(s,¢%)+ F(s,¢%) } x (s — 4 M?) x sin 61 (s) e~ 01 (s)
—_—— N —

right-hand cut left-hand cut

e inhomogeneities 7 (s, ¢?): angular averages over the F(t), F(u)
/

> ds' sindl(s")F(s', ¢ )}
a2z 8" [QUs)|(s" = )
A 3

Float) =3 [ (1= 2)F(t(s.2).0)

Wm<;wmggifywmg7\ .

2

Fis ) = a1+ = [




Dispersive representation v* — 37

Unitarity relation for F(s, ¢?):
disc F (s, ¢%) = 27l{ F(s,¢%)+ F(s,¢%) } x (s — 4 M?) x sin 61 (s) e~ 01 (s)
—_—— N —

right-hand cut left-hand cut

e inhomogeneities 7 (s, ¢?): angular averages over the F(t), F(u)
/

2\ — a(a? S f T ods Slné}( )f(S7Q)
Flo) =a) et T [ SR

1

Foa®) =5 [ Az (1= F (1(5:2),0°)

e crossed-channel scatt. between s-, t-, u-channel (lefti-hand cuts)




Dispersive representation v* — 37

e parameterisation of subtraction function a(¢?)
— to be fitted to eTe~ — 37 cross section data:

F: 2 [ Im A(s")

2 37 q / 2
= — + — d + C,
a(q ) 3 T Jthr ’ S/(S/ q2) (q )

e A(q?) includes resonance poles:

/ /!
V=w0¢w,w

cy real

Ccy
Alg?) = .
e conformal polynomial (inelasticities); S-wave cusp eliminated:

Culg®) =Y ei(2(¢®) =2(0)),  2(e®) = V/Sinel = 51—/ Sinel — ¢°

i—1 v/ Sinel — 81 + \/Sinel — q?

e exact implementation of v* — 37 anomaly:

for 1 /OO dS,Ima(s’)
3 Sthr s’

B. Kubis, Hadronic contributions to (g — 2) ;, from analyticity — p. 9



eTe~ — 37 cross section data sets

experiment region of /s [GeV] # data points  normalisation uncertainty
SND 2002 [0.98, 1.38] 67 5.0% or 5.4%
SND 2003 [0.66,0.97] 49 3.4% or 4.5%
SND 2015 [1.05, 1.80] 31 3.7%
CMD-2 1995 [0.99, 1.03] 16 4.6%
CMD-2 1998 [0.99, 1.03] 13 2.3%
CMD-2 2004 [0.76,0.81] 13 1.3%
CMD-2 2006 [0.98, 1.06] 54 2.5%
DM1 1980 [0.75,1.10] 26 3.2%

ND 1991 [0.81,1.39] 28 10% or 20%
DM2 1992 [1.34,1.80] 10 8.7%
BaBar 2004 [1.06, 1.80] 30 all systematics

e normalisation-type systematics assumed 100% correlated

e avoid biased fit for empirical full covariance matrix
— iterative solution D’Agostini 1994, NNPDF 2010

B. Kubis, Hadronic contributions to (g — 2 ;, from analyticity —p. 10



Fit results

Parameters:

e resonance parameters M, I',,, My, I'y, ¢, Cpy Cury Coor
e conformal parameters cq, cs, c3

e energy rescaling /s — /s + £(1/s — 3M,,)
— far less an issue than for 77—




Fit results

Parameters:

e resonance parameters M, I',,, My, I'y, ¢, Cpy Cury Coor
e conformal parameters cq, cs, c3

e energy rescaling /s — /s + £(1/s — 3M,,)
— far less an issue than for 77—

e quality of the combined fit to all data:

this work
x?/dof 430.8/305 = 1.41

> correlations increase x“/dof by ~ 0.3
> significantly better fits to individual data sets
— fit errors inflated by scale factor S = /x?/dof




Fit results eTe~ — 3 data up to 1.8 GeV

I T I T I T I T I
1000 ¢ : *  BaBar 2004 ;
[ ’L : = CMD-2 1995-2006 I
o) [ ' |
= DM1 1980
— 100 E
& A ND 1991
g
0 v SND 2002-2015
v 10E
+
2
b
1E
R A
0.6 0.8

Vs [GeV]
Hoferichter, Hoid, BK 2019
e black / gray bands represent fit and total uncertainties

e vacuum polarisation removed from the cross section

B. Kubis, Hadronic contributions to (g — 2) I from analyticity — p. 12



Fit results eTe~™ — 37: w, ¢ peaks

1000 ‘ |
. CMD-2 2004 . CMD-2 1995 X

1000} DMI 1980 | . CMD-2 1998 ?&‘1 {g(
— . SND 2003 . . CMD-2 2006 /
< e
=2 = DM1 1980
& e . SND 2002
(am] o™
T T
N . 100} S
+ + )
> &L
) > ) //ﬁ \

076 077 _ 0.78 ‘

0.79 0.8 0.81 1 1005 101 1.015  1.02 _ 1.025

V5 [GeV] V5 [GeV]
e VP-subtraction: expect AN, = —0.13MeV, AMy = —0.26 MeV
M, = 782.63(3) MeV I, = 8.71(6) MeV
Mg = 1019.20(2) MeV [y = 4.23(4) MeV
...vs. PDG:
M,, = 782.65(12) MeV I, = 8.49(8) MeV
Mg = 1019.461(16) MeV Iy = 4.249(13) MeV

— M, compatible with PDG [but tension with 77 (1) channel]

B. Kubis, Hadronic contributions to (g — 2 ;, from analyticity — p. 13



Fit results: 37 contribution to HVP

e central result for the 37 contribution to HVP:

afmgl.seev = 462(6)(6) x 10711 = 462(8) x 10~ 11

Hoferichter, Hoid, BK 2019

e interpolation errors main discrepancy between different groups:

Davier et al. 2017, 2019 Keshavarzi et al. 2018

462.0(14.5) 477.0(8.9)

— linear interpolation overestimates narrow resonances

e consistently above values as small as
a7 |<2.0cev = 443(15) x 107! Jegerlehner 2017

B. Kubis, Hadronic contributions to (g — 2) I from analyticity — p. 14



Hadronic light-by-light scattering

e hadronic light-by-light:
> subleading in agep
> large relative uncertainty




Hadronic light-by-light scattering

e hadronic light-by-light:
> subleading in aqep
> large relative uncertainty

e different contributions calculated or estimated
(in 1011):

axials,

7Ti, Ki
scalars

quarks

- - - -
94+4 —24+1 ot/ 18+10

— Increasing systematic control over HLbL Aoyama et al. 2020




Hadronic light-by-light scattering

e hadronic light-by-light:
> subleading in aqep
> large relative uncertainty

e different contributions calculated or estimated
(in 1011):

T K 2 quarks
I M W f
94+4 —24+1 547 18+10
— Increasing systematic control over HLbL Aoyama et al. 2020

e largest (and unambiguous!) individual contribution: 7" pole term
— depends on 7 — ~*~* form factor (doubly virtual in general!)




Hadronic light-by-light: the ¥ pole
dispersive approach to HLbL: Colangelo, Hoferichter, Procura, Stoffer 2013—

e largest individual HLbL contribution:
7V pole term .
singly / doubly virtual form factors

Froen(g%,0) @and oo (g7, ¢3)
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e largest individual HLbL contribution:
7V pole term .
singly / doubly virtual form factors

e normalisation fixed by Wess—Zumino—Witten anomaly:
1
A2 F_
— measured at 0.75% (F.: pion decay constant) PrimEx 2020

Fﬂ-O,-y*,.Y* (0, O) —




Hadronic light-by-light: the ¥ pole
dispersive approach to HLbL: Colangelo, Hoferichter, Procura, Stoffer 2013—

e largest individual HLbL contribution:
7V pole term .
singly / doubly virtual form factors

FT('O"}/*’}/* (q27 O) and Fﬁofy*’y* (Q%a qg)

e normalisation fixed by Wess—Zumino—Witten anomaly:
1
A2 F_
— measured at 0.75% (F.: pion decay constant) PrimEx 2020

Fﬂ-O,-Y*,.Y* (O, O) —

e two-loop integral with constant form factors does not converge
— no full prediction from e.g. chiral perturbation theory
— sensible high-energy behaviour required!




Pion-pole contribution to a,,

e 3-dimensional integral representation: Jegerlehner, Nyffeler 2009

8 Y
q2 qs3 q1
Y v H p K
—> >— —> — —>

7V-pole __ a\? OO OO '
ar P _(;) /O d@1/0 ngf_ldT
X |:w1(Q17 QQ; 7-) Fwofy*fy* (_Q%7 _Qg) Fwofy*fy* (_an O)

+02(Q1,Q2,7) Froeys (—QF, —Q3) Froyee (—Q3,0)]

o wy/2(Q1,Q2,7): Kinematical weight functions, 7 = cos

e I o 2, —Q3%): space-like on-shell 7° TFF

'y*'y*<_

B. Kubis, Hadronic contributions to (g — 2) I from analyticity — p. 17



Pion-pole contribution to a,,

e weight functions w; /2(Q1, Q2,7 = 0): Nyffeler 2016

— 4 — 0.35
S 35| < o
| I

=~ - v

2.5 -

Qﬁ 9 | Qﬁ 0.2
- 1.5 + - 0.15
@ 1+ 9 @

= 05 = 0.05
ISEE) 3

)

05 5 Qu[GeV]

1
Qi[Gev] 0 20

e concentrated for ; < 0.5 GeV
— pion-pole contribution dominantly from low-energy region
— pion transition form factor can be determined
model-independently and with high precision
using dispersion relations

B. Kubis, Hadronic contributions to (g — 2 ;, from analyticity — p. 18



Dispersive analysis of m°% — ~*~*
e Isospin decomposition:

FT('O’Y*’}/* (Q%a qg) — Fvs(q%7 qg) + Fvs(q§7 q%)




Dispersive analysis of m°% — ~*~*
e Isospin decomposition:

FT('O’Y*’}/* (Q%a qg) — Fvs(q%7 qg) + Fvs(q§7 q%)

e analyse the leading hadronic intermediate states:
Hoferichter et al. 2014

> Isovector photon: 2 pions
o« pion vector form factor x ~* — 37w
all determined in terms of pion—pion P-wave phase shift
+ Wess—Zumino—Witten anomaly for normalisation




Dispersive analysis of m°% — ~*~*
e Isospin decomposition:

FT('O’Y*’}/* (Q%a q%) — Fvs(q%7 qg) + Fvs(q§7 q%)

e analyse the leading hadronic intermediate states:
Hoferichter et al. 2014

e %K)*)
T gl

> Isovector photon: 2 pions
o« pion vector form factor x ~* — 37w
all determined in terms of pion—pion P-wave phase shift
+ Wess—Zumino—Witten anomaly for normalisation
> isoscalar photon: 3 pions




Dispersive analysis of w0 — ~*~*
e Isospin decomposition:
L0y (41, 65) = Fus(a1,43) + Fus(a3, q7)
e analyse the leading hadronic intermediate states:

Hoferichter et al. 2014

/*\
S

vE AN w’§¢

> Isovector photon: 2 pions
o« pion vector form factor x ~* — 37w
all determined in terms of pion—pion P-wave phase shift
+ Wess—Zumino—Witten anomaly for normalisation
> isoscalar photon: 3 pions
dominated by narrow resonances w, ¢




7w — v*(g?)v*(q?) transition form factor




7w — v*(g?)v*(q?) transition form factor

x F§ x T'(ym — 7o)




7w — v*(g?)v*(q?) transition form factor

x FJ x T'(ym — 7o)




Pion vector form factor vs. Omnes representation

Data on pion form factor in 7= — 7w~ n%, Belle 2008

10°F

[F7 (s)]?

- L | ! | ! | ! | ! | ! ! E
0.2 0.4 0.6 0.8 2 1.4 1.6 1.8
V5 [GeV]

mm P-wave phase shift / effective form factor phase incl. p/, p”
Schneider et al. 2012

B. Kubis, Hadronic contributions to (g — 2) I from analyticity — p. 21



Comparisonto ete™ — 7~ data

2 | e« SND ]
10 = CMD2 ]
«  SND (2016)

10!

S 100 ]
=
T

T 107! -

;‘1’ g;_.__ -

1072 /

103 |

10—4 7 ‘ \ ‘ - ‘ T ‘ : ‘\ — ‘ : ‘\ : ‘ \
0.5 0.6 0.7 0.8 0.9 1 1.1

V% [GeV]
Hoferichter, Hoid, BK, Leupold, Schneider 2018
e "prediction"—no further parameters adjusted
e data very well reproduced

B. Kubis, Hadronic contributions to (g — 2) I from analyticity — p. 22



Fit to v~ instead: HVP contribution

o fit disp. representation to et e~ — 7'y instead of 37 data
— excellent consistency, average pole parameters:

ete” — 3m, w0y PDG
M, [MeV] 782.736(24) 782.65(12)
I, [MeV] 8.63(5) 8.49(8)
M, [MeV] 1019.457(20)  1019.461(16)
Ty [MeV] 4.22(5) 4.249(13)
o 7y HVP contribution: Hoid, Hoferichter, BK 2020

a207’§1.35(}ev = 43.8(6)(1) x 10~ = 43.8(6) x 10~ 11

e good agreement (except small interpolation errors):

Davier et al. 2019 Keshavarzi et al. 2019

44.1(1.0) 45.8(1.0)

B. Kubis, Hadronic contributions to (g — 2 ;, from analyticity — p. 23



Towards the doubly-virtual ¥ transition form factor

e so far: subtracted dispersion relation
> high precision at low energies
> uses 7 — v as input for form factor normalisation

> asymptotically:  lim Fro,«\- ( — Q% 0) = const.

QR2— o0

im  Fro,«\- ( — Q% —Q%) = const.

Q2 —o00
— unfit for (¢ — 2), implementation
— switch to unsubtracted representation




Towards the doubly-virtual ¥ transition form factor

e so far: subtracted dispersion relation
> high precision at low energies

> uses 7 — v as input for form factor normalisation
> asymptotically:  lim Fro,«\- ( — Q% 0) = const.

QR2— o0

im  Fro,«\- ( — Q% —Q%) = const.

Q2 —o00
— unfit for (¢ — 2), implementation
— switch to unsubtracted representation

e double-spectral-function representation:

1 [ > p(z,y)
2 2\ _ _— ;
Froyeoe (0 03) = 5 f | da / N e (o)
3
qTr(x) Vi
2ryi P @) filmy)] + [ o 4]

p(z,y) =

fl(S, (]2)3 W*(QQ)W — 7 P-wave
— doubly-virtual form factor fixed from singly-virtual input!




Asymptotics and pQCD constraints (1)

o asymptotically, 7 TFF can be expressed via pion wave function:

oF  [1 O ()
Frops(qi,q5) = ——= dz " +0(Q™*
v (01 2) 3 Jo oz +(1—x)¢} @)

Gr(x) =62(1 —2)+ ... Brodsky, Lepage 1979—1981

® ImplleS FT('O’}/*’}/* ( — Q27 _QQ) — ;g; + O(Q_4)
F _
Froyere (= @2,0) = 57+ 0(Q7)




Asymptotics and pQCD constraints (1)

o asymptotically, 7 TFF can be expressed via pion wave function:

2F, [* Ox ()
Foovil®.2) = -7 | 4 ul 00—
vy (015 43) 3 | Prra_oa (@)
Gr(x) =62(1 —2)+ ... Brodsky, Lepage 1979—1981
. . 2 2 2F7T —4
o implies  Froye (- Q% -Q%) = 555 +O(Q7)
255 _
ooy (= @%.0) = 7 + 0(Q)

e change of variables: rewrite this as dispersion relation

QCD 2

1 r° ImFP*.". (x,q

Fft%(fs*(ﬁ,qg):—/ g ey (7, 02)
0

T T — ¢

2 F
3(r —y)

XT
O ( ) Khodjamirian 1999

Im F2250 (2, y) =
r—y

7-(-0,7*,7*




Asymptotics and pQCD constraints (2)

e formally, write this as a double-spectral representation:

QCD

CD pP 5’3 y)

F0. (a7, 03) / dx/ dy 5
55' - q1 — q2)

PP (2,y) = —ZWQF zyd(z—y)




Asymptotics and pQCD constraints (2)

e formally, write this as a double-spectral representation:
QCD
C pPP (x y)
F0. (a7, 03) / dx/ dy (@ = — )
ql q5
PRED (1 4) = —27‘(‘2F ryd’(r —y)

0

e decomposition of the full form factor:

1 @] o0
Fwovv Q1 C]z / dl’/ SC—ql — 772/3 de/ dya:—ql

—QQ)

C_l2
p(x y 1 [~
+ — d:I: dy 5 dx dy
(z —¢)(y — ¢3) 7T 0 (z — ql

_qz)




Asymptotics and pQCD constraints (2)

e formally, write this as a double-spectral representation:
C PpQCD (z,y
F0. (a7, 03) / dx/ dy )2
(z —ai)(y — ¢3)
T,y) = —27‘(’2F ryd'(x—vy)

prCD<

o decomposition of the full form factor:

1 (©.@) ©.@)

—QQ)

C_l2
p(x y 1 [~
+ — d:I: dy 5 dx dy
(z —¢)(y — ¢3) 7T 0 (z — ql

e use dispersive p(x,y) at low energies
e doubly-asymptotic: pPYP (2, ) o 2y
— does not contribute to singly-virtual TFF!

e mixed regions: nothing known, pPQ“P (. y) vanishes there
— all constraints can be fulfilled setting these to zero

_qz)




Asymptotics and pQCD constraints (3)

dlSp pQCD CL‘ Z/
o =) —q2 "C— Dy —a)

e PQCD piece alone:  Fro,«( — Q2% —Q?) = 3@2 (Q Y)

pP (2, y)
(z 4+ Q%) (y + Q?)

. . 1 Sm Sm
o dispersive part: —2/ dx/ dy =0(Q™)
™ Jo 0




Asymptotics and pQCD constraints (3)

dlSp pQCD ;L‘
Froeqe (1, 03) / de/ T / d*’”/ L
:E—ql —q2 51?—6]1 —q2)

e PQCD piece alone:  Fro,«( — Q2% —Q?) = 3@2 (@)

o dispersive part: —/ dx/ il at) =0(Q™")
+Q2 )y + Q?)

e all constraints okay if pdP(z, 1) fulflls two sum rules:

dlSp 1
N / dx / dy = 127 [anomaly]

dlSp
— / dx / dy (z.y) = 2F; [Brodsky—Lepage]
™ Jo 0 L




Asymptotics and pQCD constraints (3)

dlSp pQCD CL‘
Frronen (43, 43) / dﬂﬁ/ T / d*’”/ v
(z — ql - qz (z — CI1 (y — QQ)

e PQCD piece alone:  Fro,«( — Q2% —Q?) = 3@2 (@)

o dispersive part: —/ dx/ it ) =0(Q™")
+Q2 )(y + Q)

e all constraints okay if pdP(z, 1) fU|fI|S two sum rules:

dlSp 1
N / dx / dy = 127 [anomaly]

dlSp
— / dx / dyp (z.y) = 2F; [Brodsky—Lepage]
™ Jo 0 L

e add effective pole:  peff = Zﬁ—ﬁﬂrﬁMfM(x — MZ)0(y — MZ)

find gog ~ 10% (small), M.z ~ 1.5...2.0GeV (reasonable)
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Uncertainties in the dispersive approach

Normalisation

e uncertainty on 7° — vy +1.5% PrimEx 2020
— implemented via effective pole coupling g

Dispersive input
e different =7 phase shift inputs:

> Bern vs. Madrid Colangelo et al. 2011, Garcia-Martin et al. 2011
> effective form factor phase (incl. p/, p") Schneider et al. 2012

e cutoff in Khuri—Treiman integrals 1.8...2.5 GeV

Brodsky-Lepage limit uncertainty

o allow for 7207, 30 band around data BaBar 2009, Belle 2012
— variation in effective pole mass M.
Onset of pQCD asymptotics

o vary s,, = 1.7(3)GeV”




Results: singly-virtual
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Results: singly-virtual
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Hoferichter, Hoid, BK, Leupold, Schneider 2018




Results: doubly-virtual (diagonal)

in comparison to Gérardin, Meyer, Nyffeler 2016
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Results: doubly-virtual (diagonal)

in comparison to Gérardin, Meyer, Nyffeler 2016
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Comparison dispersive vs. LMD+V-lattice

® pIOt (Q% + Q%)Fwov*’y* ( — %7 _Q%):

dispersive LMD-+V fit to lattice

0.25 08
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N% 0.1 f._'vj 03
[e) -
S 0.05 o 9 02 00
0 ‘g o . 0
0, 0 0y 0
0 Q.2 [GeV? 7 0 Q.2 [GeV?
6 6 0
Q% [GeV? 8 ot Q2 [GeV?] p
Hoferichter, Hoid, BK, Gérardin, Meyer, Nyffeler 2016

Leupold, Schneider 2018
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Results: (g — 2), from ¥ pole

Final result for the 7° pole contribution [10711]

63.0 + 0.9 chiral anomaly / 7% — ~~
+ 1.1 dispersive input
+ fji Brodsky—Lepage
4+ 0.6 onset of pQCD contribution s,,,
=63.0 T 27

e first model-independent, data-driven determination
with all physical low- and high-energy constraints implemented

e dominant uncertainties are all accessible in real-photon or
singly-virtual experiments
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Towards 77, 1)’: transition form factor p — ~*~

Hanhart et al. 2013, BK, Plenter 2015

2 o 3 FV % pN—>TTY
Fon (q270) —F g ds @ (s) F7 (s)]" [ (s)
ny*y YT 1oq2 $372(s — @)
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Towards 77, 1)’: transition form factor p — ~*~

Hanhart et al. 2013, BK, Plenter 2015

Foo (0 = F L /°° L GB)EY ()] 77T (s)
ny vy ’ nyy 19272 M2 83/2(8 B q2) *
y
+ AR (¢%,0) [ VMD] .. jf
. . . . 7r—|—// !
1 gt
y
EO_T ‘/I/ . — huge statistical advan-
< b tage of using hadronic input
5 24 - for n — 7 7~ over direct
measurement of n — T/~
(rate suppressed by ag,ep)

| 0 005 o1 015 02 0.;5 data: NA60 2009, 2016
¢ [CeV?) A2 2014, 2017




Prediction for 77" transition form factor

e isovector: combine high-precision data o
onn —watr vandete  — ™ /J

e isoscalar: VMD, couplings fixed from y L 7T_
n — wyand ¢ — n'y §

. -

10— —

(4%, 0)]

1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

¢* [GeV?] S. Holz, BSc thesis 2016
data: BESIII 2015
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How to go doubly virtual? —eTe™ — nmtm™

o idea (again): beat a2 suppression ol
of eTe™ — neTe~ by measuring . dﬁ
ete” — prtw instead 7T+/v.\"',‘..’.

o /7T_\




How to go doubly virtual? —eTe™ — nmtm™

o idea (again): beat a2 suppression ol
of eTe™ — neTe~ by measuring . dﬁ
ete” — nrtw instead T Ry

s
fy* /ﬂ__
n

e test factorisation hypothesisin ete™ — nrt7:

I (s, K%)= fT () x FT ()
> allow same form for f{""7(s)asinn — 7tw "~
> fit subtractions to 77~ distributionineTe™ — nrt
— are they compatible to the ones in n — 77 ~?
> parametrise 7" (k?) by sum of Breit—Wigners (p, o)

Xiao et al. (preliminary)




How to go doubly virtual? —eTe™ — nmtm™

200 T | T

[T T T 5 T | T | T T

150

—_
el
(=)

do/dy/s [arb. units]

W
(e}

1.0 1.5 2.0 2.5 3.0

VE2 [GeV]

Utot(kz)
Xiao et al. (preliminary); data: BaBar 2007

e do/dy/s integrated over 1 GeV < Vk2 < 4.5GeV
e factorisation seems to work only if curvature (~ a-) retained
e more differential/binned data highly desirable!
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How to go doubly virtual? — ' — i wtmw™

e prediction of n” — 4x branching ratios based on ChPT + VMD:

— By »rtr ataT) = (10£3) x 107>  Guo, BK, Wirzba 2012
exp: B —ata atrT) = (8540.7£0.6) x 107> BESII 2014




How to go doubly virtual? — ' — i wtmw™

e prediction of n” — 4x branching ratios based on ChPT + VMD:

— By »rtr ataT) = (10£3) x 107>  Guo, BK, Wirzba 2012
exp: B —ata atrT) = (8540.7£0.6) x 107> BESII 2014
e start analysis of doubly virtual n’ transition form factor from here?

ot ot
' SO _Yavavii
T], %i T :</I
,7.7_-.. B \\
i -7 | NaVavis
. o+
factorising non-factorising

e aim: build double-spectral function for n'") transition form factor




Summary / Outlook

Dispersive analyses of 7°, n(") transition form factors:
e high-precision data on
ete” wntn 7 var./ n—7ata~y KLOE / n' — w7~ BESII
allow for high-precision dispersive predictions of 70, n() — ~*~
Merge with high-energy constraints on 7°:
e double-specitral representation, dispersive (low) + pQCD (high)
e addition of one effective pole allows to fulfil constraints:
anomaly Brodsky—Lepage limit PQCD limit

o 70 pole (g —2)7 =63.0727 x 10~

uncertainties: 7 — v~ PrimEx-Il
dispersive uncertainties BES Il
BL limit (BaBar vs. Belle) Belle Il

In progress:

o ™ —wete™ & similar program for n/n’  B.-L. Hoid, S. Holz et al.
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Spares
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Charged pion form factor

1
21
— final-state theorem: phase of FV (s) is just 6{(s) Watson 1954

disc FY (s) = ImEY (s) = FY(s)x0(s—4 M2)xsin o} (s) e 191




Charged pion form factor

1 .. N

% discFV (s) = ImEY (s) = FY(s)x0(s—4 M?)xsind;(s) o—191(s)
1

— final-state theorem: phase of FV (s) is just 61 (s) Watson 1954

e solution:
ol
FVY(s) = P(s)Q Q(s) = expq — _—
Y@ = PR, o =eni s [ a i
P(s) polynomial, 2(s) Omnes function Omnés 1958

> 7w phase shifts from Roy equations
Ananthanarayan et al. 2001, Garcia-Martin et al. 2011

> P(0) =1 from symmetries (gauge invariance)
e below 1GeV: FV(s) ~ (14 0.1 GeV25)Q(s)

slope due to inelastic resonances p/, p”. .. Hanhart 2012




Final-state universality: 17, ' — w7~

e n") — 7tx~~ driven by the chiral anomaly, 7+~ in P-wave
— final-state interactions the same as for vector form factor
o ansatz: F1\) = A x P(s) x Q(s), P(s)=1+a"s, s=M2_

Ty
e divide data by pion form factor — P(s) Stollenwerk et al. 2012
1.5 wi w w \ \ !
1.4 H{ v |
’ i /%%ﬁ [ |
Ol b .
E: - H‘;j? .
| % n
L % # ? % |
Lok O (U Y F (T S|V AT
s [GeV?]
— exp.: akloe = (1.52 £ 0.06) GeV ™~ of. KLOE 2013
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n, 1’ — w1~ ~ with left-hand cuts

. . . +
e include a,: leading resonance in ") M
/ 7T+ / T / T / 7T+ ------- (/‘@ T
/, // // // - I// ...... ‘Iﬂ-
(/> / / (/) / ,/ n( )
! o " TR o
gl Y Y
2.6 — 1.6— :
2.45 //// 15
221 il - }i ______
I e 14 "o
/_\2.0
SOPNI o 13
Q 1.87 5: I
1.6 1.2 ol
4] 11’
Al n— Tty o n — Tty
1.0 . |
0'%.;) 0T 02 03 04 05 06 07 05 09 10 06 0T 02 03 04 05 06 07 08 09 1.0
s [GeV?] s [GeVv?]
KLOE 2013; BK, Plenter 2015 BESIII 2017; Hanhart et al. 2017
e induces curvature in P(s) e curvature, plus p—w mixing
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How to go doubly virtual? — ' — i wtmw™

e work in progress: S. Holz, J. Plenter, MSc theses
implement a- left-hand cut for ” — #t7~ 7T 7, too!

e pairwise rescattering only (no Khuri—Treiman for four-body!)
e ay-exchange provides natural factorisation-breaking

e aim: build double-spectral function for n\") transition form factor
based on n') — 77~ 7T~ amplitude

e next step: consistency with ¥’ — 77—~ data
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Summary: processes and unitarity relations for ) — Y™

process  unitarity relations SC 1 SC2 Colangelo, Hoferichter,
- - BK, Procura, Stoffer 2014

Froyy
YT — T
F3q o(ymr — )
Lo,
w — 3T, ¢ — 3T
Uar %(w, ¢ — 3m)

o(ymr — ) v — 3w

Fyr o(ete — 37)  common theme: |
resum m rescattering
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