
Many-body factorization and position-momentum 
equivalence of nuclear short-range correlations

JLab Theory Seminar - March 1, 2021

Diego Lonardoni

In collaboration with: 

✓ R. Cruz-Torres @ MIT 

✓ R. Weiss @ Hebrew U. 

✓ M. Piarulli @ Washington U. 

✓ N. Barnea @ Hebrew U. 

✓ D. W. Higinbotham @ JLab 

✓ E. Piasetzky @ Tel Aviv U. 

✓ A. Schmidt @ MIT 

✓ L. B. Weinstein @ ODU 

✓ R. B. Wiringa @ ANL 

✓ O. Hen @ MIT 

✓ And more… 

LA-UR-21-21660



2Outline

✓ (Biased) Introduction 

‣ Nuclear short range correlations (SRCs) 

✓ Quantum Monte Carlo (QMC) 

‣ General idea 

‣ QMC wave functions 

✓ Generalized Contact Formalism (GCF) 

‣ General idea 

‣ r- and k-space distributions 

✓ QMC + GCF 

‣ Results 

‣ More results 

‣ Even more results 

✓ Summary & Perspectives



3Nuclear Short-Range Correlations

Goal: build a predictive understanding of nuclear systems, from nuclei to neutron stars 

Challenge: strongly correlated many-body systems

theory

nuclei

R ⇠ 10�15 m

M ⇠ 10�27 kg
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neutron stars

R ⇠ 104 m

M ⇠ 1030 kg
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baryons, mesons

nucleonic densities
and currents

collective coordinates

constituent quarks

quarks, gluons
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Energy (MeV)

940
neutron mass

140
pion mass

8
proton separation

energy in lead

1.32
vibrational
state in tin

0.043
rotational

state in uranium

protons, neutrons

Degrees of Freedom

a)

b)

c)

d)

e)

f )

-

building blocks, quarks and gluons, and the funda-

somewhat larger scales, hadrons (the baryons and 

tions in the nucleus are of the order of the proton 

-
cult. 

approaches that identify the important degrees of 

elds of science, in particular in condensed 

well as of extended asymmetric nucleonic matter. 
elds” 

densities, and to currents of protons and neutrons 
(e). Finally, for certain classes of nuclear modes, in 

body phenomena that happen on a much lower 

ex
pe

rim
en

ts

observations
• Nuclear Hamiltonian? Scheme and scale? 
• Many-body methods? Nuclear structure, nuclear 

dynamics, nuclear reactions, dense matter 
• How to connect theory and experiments?

short-range correlations (SRCs):
powerful tool to investigate nuclear systems
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Fermi gas

Nuclear Short-Range Correlations

one-body k-space distribution two-body r-space distribution
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Nuclei: realistic nuclear Hamiltonian (two- and three-body interactions) 

Nuclear Short-Range Correlations

Question 1: why do we care about SRCs?

Question 2: can mean-field still be relevant in the study of SRCs?
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D.L. et al., Phys. Rev. C 98, 014322 (2018)

VMC
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Def: SRC pairs: pairs of nucleons having large relative momentum compared to their  
 center-of-mass momentum and to the typical nuclear Fermi momentum
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internal structure of  
nucleons bound in nuclei 

lepton scattering  
from nuclei

nuclear charge radii

nuclear symmetry  
energy

neutron star  
properties

neutrinoless double beta  
decay matrix elements

F. Simkovic et al., Phys. Rev. C 79, 055501 (2009) 
V. Cirigliano et al., Phys. Rev. Lett. 120, 202001 (2018)

O. Hen et al., Rev. Mod. Phys. 89, 045002 (2017) 

G. A. Miller, et al.,  
Phys. Lett. B 793, 360-364 (2019)

B. A. Li et al., Prog. Part. Nucl. Phys. 99, 29-119 (2018) 

SRCs

interpretation of neutrino 
oscillation measurements 

H. Gallagher et al., Annu. Rev. Nucl. Part. Sci. 
61, 355-378 (2011) 



8

Probing Cold Dense Nuclear Matter
R. Subedi,1 R. Shneor,2 P. Monaghan,3 B. D. Anderson,1 K. Aniol,4 J. Annand,5 J. Arrington,6
H. Benaoum,7,8 F. Benmokhtar,9 W. Boeglin,10 J.-P. Chen,11 Seonho Choi,12 E. Cisbani,13
B. Craver,14 S. Frullani,13 F. Garibaldi,13 S. Gilad,3 R. Gilman,11,15 O. Glamazdin,16
J.-O. Hansen,11 D. W. Higinbotham,11* T. Holmstrom,17 H. Ibrahim,18 R. Igarashi,19
C. W. de Jager,11 E. Jans,20 X. Jiang,15 L. J. Kaufman,9,21 A. Kelleher,17 A. Kolarkar,22
G. Kumbartzki,15 J. J. LeRose,11 R. Lindgren,14 N. Liyanage,14 D. J. Margaziotis,4
P. Markowitz,10 S. Marrone,23 M. Mazouz,24 D. Meekins,11 R. Michaels,11 B. Moffit,17
C. F. Perdrisat,17 E. Piasetzky,2 M. Potokar,25 V. Punjabi,26 Y. Qiang,3 J. Reinhold,10
G. Ron,2 G. Rosner,27 A. Saha,11 B. Sawatzky,14,28 A. Shahinyan,29 S. Širca,25,30 K. Slifer,14
P. Solvignon,28 V. Sulkosky,17 G. M. Urciuoli,13 E. Voutier,24 J. W. Watson,1 L. B. Weinstein,18
B. Wojtsekhowski,11 S. Wood,11 X.-C. Zheng,3,6,14 L. Zhu31

The protons and neutrons in a nucleus can form strongly correlated nucleon pairs. Scattering
experiments, in which a proton is knocked out of the nucleus with high-momentum transfer and
high missing momentum, show that in carbon-12 the neutron-proton pairs are nearly 20 times as
prevalent as proton-proton pairs and, by inference, neutron-neutron pairs. This difference
between the types of pairs is due to the nature of the strong force and has implications for
understanding cold dense nuclear systems such as neutron stars.

Nuclei are composed of bound protons (p)
and neutrons (n), referred to collectively
as nucleons (N). A standard model of the

nucleus since the 1950s has been the nuclear
shell model, in which neutrons and protons move
independently in well-defined quantum orbits in
the average nuclear field created by their mu-
tually attractive interactions. In the 1980s and
1990s, proton-removal experiments using elec-
tron beams with energies of several hundred

megaelectron volts showed that only 60 to 70%
of the protons participate in this type of inde-
pendent particle motion in nuclear valence states
(1, 2). At the time, it was assumed that this low
occupancy was caused by correlated pairs of
nucleons within the nucleus. The existence of nu-
cleon pairs that are correlated at distances of
several femtometers, known as long-range correla-
tions, has been established (3), but these accounted
for less than half of the predicted correlated nu-
cleon pairs. Recent high-momentum transfer mea-
surements (4–12) have shown that nucleons in
nuclear ground states can form pairs with large
relative momentum and small center-of-mass
(CM) momentum due to the short-range (scalar
and tensor) components of the nucleon-nucleon
interaction. These pairs are referred to as short-
range correlated (SRC) pairs. The study of these
SRC pairs allows access to cold dense nuclear
matter, such as that found in a neutron star.

Experimentally, a high-momentum probe can
knock a proton out of a nucleus, leaving the rest
of the system nearly unaffected. If, on the other
hand, the proton being struck is part of an SRC
pair, the high relative momentum in the pair
would cause the correlated nucleon to recoil and
be ejected as well (Fig. 1). High-momentum
knockout by both high-energy protons (8–10)
and high-energy electrons (12) has shown, for kin-
ematics far from particle-production resonances,
that when a proton with high missing momentum
is removed from the 12C nucleus, the momentum
is predominantly balanced by a single recoiling
nucleon. This is consistent with the theoretical
description that large nucleon momenta in the nu-
cleus are predominantly caused by SRC pairing
(13). This effect has also been shown when in-
clusive incident electron, scattered electron (e,e')
data were used (4, 5, 14), although that type of
measurement is not sensitive to the type of SRC
pair. Here we identify the relative abundance of
p-n and p-p SRC pairs in 12C nuclei.

We performed our experiment in Hall A of
the Thomas Jefferson National Accelerator Facil-
ity (JLab), using an incident electron beam of
4.627 GeV with a beam current between 5 and
40 mA. The beam was incident on a 0.25-mm-
thick pure 12C sheet rotated 70° to the beam line to
minimize the material through which the recoiling
protons passed.We used two high-resolution spec-
trometers (HRS) (15) to define proton-knockout
events for 12C(e,e'p). The left HRS detected
scattered electrons at a central scattering angle
(momentum) of 19.5° (3.724 GeV/c). These val-
ues correspond to the quasi-free knockout of a
single proton with transferred three-momentum
q = 1.65 GeV/c, transferred energy w = 0.865
GeV, Q2 = q2 − (w/c)2 = 2(GeV/c)2 (where Q2 is
the four-momentum, squared), and Bjorken
scaling parameter xB = Q2/2mw = 1.2, where m
is the mass of the proton. The right HRS detected
knocked-out protons at three different values for
the central angle (momentum): 40.1° (1.45GeV/c),
35.8° (1.42 GeV/c), and 32.0° (1.36 GeV/c).

Fig. 1. Illustration of the 12C(e,e'pN)
reaction. The incident electron beam
couples to a nucleon-nucleon pair via
a virtual photon. In the final state,
the scattered electron is detected
along with the two nucleons that
are ejected from the nucleus. Typi-
cal nuclear density is about 0.16
nucleons/fm3, whereas for pairs the
local density is approximately five
times larger.

1Kent State University, Kent State, OH 44242, USA. 2Tel
Aviv University, Tel Aviv 69978, Israel. 3Massachusetts Insti-
tute of Technology, Cambridge, MA 02139, USA. 4Califor-
nia State University Los Angeles, Los Angeles, CA 90032,
USA. 5University of Glasgow, Glasgow G12 8QQ, Scotland, UK.
6Argonne National Laboratory, Argonne, IL 60439, USA.
7Syracuse University, Syracuse, NY 13244, USA. 8Prince
Mohammad University, Al-Khobar 31952, Saudi Arabia. 9Uni-
versity of Maryland, College Park, MD 20742, USA. 10Florida
International University, Miami, FL 33199, USA. 11Thomas
Jefferson National Accelerator Facility, Newport News, VA
23606, USA. 12Seoul National University, Seoul 151-747,
Korea. 13Istituto Nazionale de Fisica Nucleare (INFN), Sezione di
Roma, I-00185 Rome, Italy. 14University of Virginia, Charlottes-
ville, VA 22904, USA. 15Rutgers, The State University of New
Jersey, Piscataway, NJ 08855, USA. 16Kharkov Institute of
Physics and Technology, Kharkov 310108, Ukraine. 17College
of William and Mary, Williamsburg, VA 23187, USA. 18Old
Dominion University, Norfolk, VA 23508, USA. 19University of
Saskatchewan, Saskatoon, Saskatchewan, S7N 5E2 Canada.
20Nationaal Instituut voor Subatomaire Fysica, Amsterdam,
Netherlands. 21University of Massachusetts Amherst, Amherst,
MA 01003, USA. 22University of Kentucky, Lexington, KY
40506, USA. 23Dipartimento di Fisica and INFN sezione Bari,
Bari, Italy.24LaboratoiredePhysiqueSubatomiqueetdeCosmologie,
F-38026 Grenoble, France. 25Institute “Jožef Stefan,” 1000
Ljubljana, Slovenia. 26Norfolk State University, Norfolk, VA
23504, USA. 27University of Glasgow, Glasgow G12 8QQ, Scot-
land, UK. 28Temple University, Philadelphia, PA 19122, USA.
29Yerevan Physics Institute, Yerevan 375036, Armenia. 30De-
partment of Physics, University of Ljubljana, 1000 Ljubljana,
Slovenia. 31University of Illinois at Urbana–Champaign, Urbana,
IL 61801, USA.

*To whom correspondence should be addressed. E-mail:
doug@jlab.org

REPORTS

13 JUNE 2008 VOL 320 SCIENCE www.sciencemag.org1476

 o
n 

Ja
nu

ar
y 

17
, 2

01
7

ht
tp

://
sc

ie
nc

e.
sc

ie
nc

em
ag

.o
rg

/
D

ow
nl

oa
de

d 
fr

om
 

These kinematic settings covered (e,e'p) missing
momenta, which is the momentum of the
undetected particles, in the range from 300 to
600 MeV/c, with overlap between the different
settings. For highly correlated pairs, the missing
momentum of the (e,e'p) reaction is balanced
almost entirely by a single recoiling nucleon,
whereas for a typical uncorrelated (e,e'p) event,
themissingmomentum is balanced by the sum of
many recoiling nucleons. In a partonic picture, xB
is the fraction of the nucleon momentum carried
by the struck quark. Hence, when xB > 1, the
struck quark has more momentum than the entire
nucleon, which points to nucleon correlation. To
detect correlated recoiling protons, a large
acceptance spectrometer (“BigBite”) was placed
at an angle of 99° to the beam direction and 1.1
m from the target. To detect correlated recoiling
neutrons, a neutron array was placed directly
behind the BigBite spectrometer at a distance of 6
m from the target. Details of these custom proton
and neutron detectors can be found in the
supporting online material (16).

The electronics for the experiment were set
up so that for every 12C(e,e'p) event in the HRS
spectrometers, we read out the BigBite and
neutron-detector electronics; thus, we could deter-
mine the 12C(e,e'pp)/12C(e,e'p) and the 12C(e,e'pn)/
12C(e,e'p) ratios. For the 12C(e,e'pp)/12C(e,e'p)
ratio, we found that 9.5 ± 2% of the (e,e'p) events
had an associated recoiling proton, as reported in
(12). Taking into account the finite acceptance of
the neutron detector [using the same procedure
as with the proton detector (12)] and the neutron
detection efficency, we found that 96 ± 22% of
the (e,e'p) events with a missing momentum above
300 MeV/c had a recoiling neutron. This result
agrees with a hadron beam measurement of
(p,2pn)/(p,2p), in which 92 ± 18% of the (p,2p)
events with a missing momentum above the Fermi

momentum of 275 MeV/c were found to have a
single recoilingneutroncarrying themomentum(11).

Because we collected the recoiling proton
12C(e,e'pp) and neutron 12C(e,e'pn) data simulta-
neously with detection systems covering nearly
identical solid angles, we could also directly
determine the ratio of 12C(e,e'pn)/12C(e,e'pp). In
this scheme, many of the systematic factors
needed to compare the rates of the 12C(e,e'pn)
and 12C(e,e'pp) reactions canceled out. Correct-
ing only for detector efficiencies, we determined
that this ratio was 8.1 ± 2.2. To estimate the effect
of final-state interactions (that is, reactions that
happen after the initial scattering), we assumed
that the attenuations of the recoiling protons and
neutrons were almost equal. In this case, the only
correction related to final-state interactions of the
measured 12C(e,e'pn)/12C(e,e'pp) ratio is due to a
single-charge exchange. Because the measured
(e,e'pn) rate is about an order of magnitude larger
than the (e,e'pp) rate, (e,e'pn) reactions followed
by a single-charge exchange [and hence detected
as (e,e'pp)] dominated and reduced the measured
12C(e,e'pn)/12C(e,e'pp) ratio. Using the Glauber
approximation (17), we estimated that this effect
was 11%. Taking this into account, the corrected
experimental ratio for 12C(e,e'pn)/12C(e,e'pp) was
9.0 ± 2.5.

To deduce the ratio of p-n to p-p SRC pairs in
the ground state of 12C, we used the measured
12C(e,e'pn)/12C(e,e'pp) ratio. Because we used
(e,e'p) events to search for SRC nucleon pairs, the
probability of detecting p-p pairs was twice that
of p-n pairs; thus, we conclude that the ratio of
p-n/p-p pairs in the 12C ground state is 18 ± 5
(Fig. 2). To get a comprehensive picture of the
structure of 12C, we combined the pair faction
results with the inclusive 12C(e,e') measurements
(4, 5, 14) and found that approximately 20% of
the nucleons in 12C form SRC pairs, consistent

with the depletion seen in the spectroscopy ex-
periments (1, 2). As shown in Fig. 3, the com-
bined results indicate that 80% of the nucleons in
the 12C nucleus acted independently or as de-
scribed within the shell model, whereas for the
20% of correlated pairs, 90 ± 10% were in the
form of p-n SRC pairs; 5 ± 1.5%were in the form
of p-p SRC pairs; and, by isospin symmetry, we
inferred that 5 ± 1.5% were in the form of SRC
n-n pairs. The dominance of the p-n over p-p
SRC pairs is a clear consequence of the nucleon-
nucleon tensor force. Calculations of this effect
(18,19) indicate that it is robust anddoes not depend
on the exact parameterization of the nucleon-
nucleon force, the type of the nucleus, or the
exact ground-state wave function used to de-
scribe the nucleons.

If neutron stars consisted only of neutrons, the
relatively weak n-n short-range interaction would
mean that they could be reasonably well approxi-
mated as an ideal Fermi gas, with only perturba-
tive corrections. However, theoretical analysis of
neutrino cooling data indicates that neutron stars
contain about 5 to 10% protons and electrons in
the first central layers (20–22). The strong p-n
short-range interaction reported here suggests
that momentum distribution for the protons and
neutrons in neutron stars will be substantially
different from that characteristic of an ideal Fermi
gas. A theoretical calculation that takes into
account the p-n correlation effect at relevant
neutron star densities and realistic proton concen-
tration shows the correlation effect on the mo-
mentum distribution of the protons and the
neutrons (23). We therefore speculate that the
small concentration of protons inside neutron
stars might have a disproportionately large effect
that needs to be addressed in realistic descriptions
of neutron stars.
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increased fraction of SRC nucleons in an asymmetric nucleus compared 
to carbon. We used carbon as a reference because it is a well studied, 
medium-mass symmetric nucleus and has similar average density to the 
other nuclei measured here. In addition, forming cross-section ratios 
relative to carbon significantly reduces the effects of detector accept-
ance and efficiency corrections (see Supplementary Information). For 
each kinematical setting, we used the same selection criteria on the 
detected scattered electron and associated knocked-out nucleon to 
select quasi-elastic A(e,e′p) and A(e,e′n) events.

Low-initial-momentum events are characterized by low miss-
ing energy and low missing momentum (Emiss < 80–90 MeV and 
pmiss = |pmiss| < 250 MeV c−1, where c is the speed of light in vacuum; 
see Supplementary Information). Because the neutron momentum 
resolution was not good enough to select these events directly, we 
developed a set of alternative constraints to select the same events by 
using the detected electron momentum and the knocked-out nucleon 
angle, which were unaffected by the neutron momentum resolution 
(see Methods).

Similarly, we selected the high-initial-momentum events in two 
steps. We first selected quasi-elastic events with a leading nucleon by 
setting conditions on the energy and momentum transfer and requir-
ing that the outgoing nucleon be emitted with most of the transferred 
momentum in the general direction of the momentum transfer. We 
then selected high-initial-momentum events by requiring large missing 
momentum (pmiss > 300 MeV c−1). These selection criteria ensured that 
the electron interacted with a single high-initial-momentum proton  
or neutron in the nucleus2,3,12. Lastly, we optimized the nucleon- 
momentum-dependent conditions to account for the neutron  
momentum reconstruction resolution and corrected for any remaining 
bin-migration effects (see Methods).

To verify the neutron detection efficiency, detector acceptance  
corrections and event selection method, we extracted the neutron- 
to-proton reduced cross-section ratio for carbon, for both high and low 
initial nucleon momenta: [σ12C

(e,e′n)/σn]/[σ12C
(e,e′p)/σp] (that is, the 

ratio of measured cross-sections for the scattering of electrons from 
carbon, scaled by the known elastic-scattering electron–neutron, σn, 
and electron–proton, σp, cross-sections). Figure 2 shows that these two 
measured cross-section ratios are consistent with unity, as expected for 
a symmetric nucleus. This shows that in both high- and low-initial- 
momentum kinematics, we have restricted the reaction mechanisms 
to primarily quasi-elastic scattering and have correctly accounted for 
the various detector-related effects.

For the other measured nuclei, the low-momentum (e,e′n)/(e,e′p) 
reduced cross-section ratios grow approximately as N/Z, as expected 
from the number of neutrons (N) and protons (Z) in the nucleus. 
However, the high-momentum (e,e′n)/(e,e′p) ratios are consistent with 
unity for all measured nuclei (see Fig. 2).

The struck nucleons could reinteract as they emerge from the 
nucleus, which we refer to as final-state interaction. Such an effect 
would cause the number of detected outgoing nucleons to decrease 
and also modify the angles and momenta of the knocked-out nucleons.  
These effects were estimated for symmetric and asymmetric nuclei 
using a relativistic Glauber framework, which showed that the decrease 
in the measured cross-section is similar for protons and neutrons and 
thus has a minor impact on cross-section ratios (see Methods).

Because rescattering changes the event kinematics, some of the 
events with high measured pmiss could have originated from electron 
scattering from a low-initial-momentum nucleon, which then re -
scattered, thus increasing pmiss. If the high-initial-momentum (high-
pmiss) nucleons originated from electron scattering from the more 
numerous low-initial-momentum nucleons, followed by nucleon res-
cattering, then the high-momentum (e,e′n)/(e,e′p) ratio would show the 
same N/Z dependence as the low-momentum ratio. Because the high- 
momentum (e,e′n)/(e,e′p) ratio is independent of A, these nucleon- 
rescattering effects must be small in this measurement.

Thus, the constant (e,e′n)/(e,e′p) high-momentum ratios indicate 
that there are equal numbers of high-initial-momentum protons and 

neutrons in asymmetric nuclei, even though these nuclei contain up to 
50% more neutrons than protons. This observation is consistent with 
high-initial-momentum nucleons belonging primarily to np SRC pairs, 
even in neutron-rich nuclei25. This equality implies a greater fraction 
of high-initial-momentum protons. For example, if 20% of the 208 
nucleons in 208Pb have high initial momentum, then these consist of 
21 protons and 21 neutrons. This corresponds to a high-momentum 
proton fraction of 21/82 ≈ 25% and a corresponding neutron fraction 
of only 21/126 ≈ 17%.

To quantify the relative fraction of high-momentum protons and 
neutrons in different nuclei with minimal experimental and theoretical  
uncertainties, we extracted the double ratio of (e,e′x) high-initial- 
momentum to low-initial-momentum events for nucleus A relative to 
carbon for both protons and neutrons. We found that the fraction of 
high-initial-momentum protons increases by about 50% from carbon 
to lead (see Fig. 3).

Moreover, the corresponding fraction of high-initial-momentum 
neutrons seems to decrease by about 10% ± 5% (1σ). Nucleon rescat-
tering, if substantial, should increase in larger nuclei and should affect 
protons and neutrons equally (see Methods). Because, unlike the pro-
ton ratio, the neutron ratio decreases slightly with mass number, this 
also rules out sizeable nucleon rescattering effects.

Figure 3 also shows the results of a simple phenomenological  
(that is, experiment-based) np-dominance model5,26 that uses a mean-
field momentum distribution at low momentum (k < kF) and a scaled 
deuteron-like high-momentum tail. This model agrees with our data 
and also predicts momentum-sharing inversion, that is, on average 
protons move faster than neutrons in neutron-rich nuclei.

These results indicate that high-momentum nucleons and short-
range two-body currents are universal and independent of the 
shell model. This conclusion holds for both the quasi-elastic and  
unitary-transformed pictures of the interaction and indicate that 
nuclei must be viewed in a scale-dependent way: nuclear structure 
at higher momentum scales and shorter distances must be described 

Fig. 3 | Relative high-momentum fractions for neutrons and protons. 
Red circles with error bars denote the double ratio of the number of (e,e′p) 
high-momentum proton events to low-momentum proton events for 
nucleus A relative to carbon. The inner error bars are statistical and the 
outer ones include both statistical and systematic uncertainties, both at the 
1σ or 68% confidence level. Blue squares with error bars show the same 
for neutron events. Red and blue rectangles show the range of predictions 
of the phenomenological np-dominance model for proton and neutron 
ratios, respectively (see Supplementary Information). The red line (high-
momentum fraction equal to N/Z) and the blue line (high-momentum 
fraction equal to 1) are drawn to guide the eye. The inset demonstrates 
how adding neutrons to the target nucleus (solid red curve) increases the 
fraction of protons in the high-momentum tail (shaded region).
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Nucleon knockout experiments 

tail with equal numbers of majority and minority
fermions, thereby leaving a larger fraction of majo-
rity fermions in low-momentumstates (k< kF) (see
Fig. 1). In neutron-rich nuclei, this increases the
average protonmomentumandmay even result in
protons having higher average momentum than
neutrons, inverting the momentum sharing in im-
balanced nuclei from that in noninteracting sys-
tems. Theoretically, this can happen because of
the tensor part of the nucleon-nucleon interac-
tion, which creates predominantly spin-1, isospin-
0 neutron-proton (np) SRC pairs (17, 18).

Here we identify SRC pairs in the high-
momentum tail of nuclei heavier than carbonwith
more neutrons (N) than protons (Z) (i.e., N > Z).
The data show the universal nature of SRC pairs,
which even in lead (N/Z = 126/82) are still pre-
dominantly np pairs. This np-pair dominance
causes a greater fraction of protons than neutrons
to have high momentum in neutron-rich nuclei.
The data presented here were collected in 2004

in Hall B of the Thomas Jefferson National Ac-
celerator Facility using a 5.014-GeV electron beam
incident on 12C, 27Al, 56Fe, and 208Pb targets. We

measured electron-induced two-proton knockout
reactions (Fig. 2). The CEBAF Large Acceptance
Spectrometer (CLAS) (20) was used to detect the
scattered electron and emitted protons. CLAS uses
a toroidal magnetic field and six independent
sets of drift chambers, time-of-flight scintillation
counters, Cerenkov counters, and electromag-
netic calorimeters for charged-particle identifi-
cation and trajectory reconstruction (Fig. 2) (16).
We selected events in which the electron in-

teracts with a single fast proton from an SRC pair
in the nucleus (9, 16) by requiring a large four-
momentumtransferQ2 ¼ q→2−ðw=cÞ2 > 1:5 GeV2/c2

[where q→ and w are the three-momentum and
energy, respectively, transferred to the nucleus
and c is the speed of light] and Bjorken scaling
parameter xB ¼ Q2=ð2mN ⋅ wÞ > 1:2 (wheremN

is the nucleonmass). To ensure selection of events
in which the knocked-out proton belonged to
an SRC pair, we further required missing mo-
mentum 300 < jp→missj < 600 MeV/c, where
p→miss ¼ p→p − q→ with p→p the measured proton
momentum. We suppressed contributions from
inelastic excitations of the struck nucleon by lim-
iting the reconstructed missing mass of the two-
nucleon systemmmiss < 1.1 GeV/c2. In each event,
the leading proton that absorbed the transferred
momentum was identified by requiring that its
momentum p→p is within 25° of q→ and that
jp→pj=jq

→j ≥ 0:6 (16, 21).
When a second proton was detected with mo-

mentum greater than 350 MeV/c, it was emitted
almost diametrically opposite to p→miss (see fig. S19).
The observed backward-peaked angular distribu-
tions are very similar for all four measured

SCIENCE sciencemag.org 31 OCTOBER 2014 • VOL 346 ISSUE 6209 615

Fig. 2. Illustration of the CLAS detector with
a reconstructed two-proton knockout event.
For clarity, not all CLAS detectors and sectors
are shown.The inset shows the reaction in which
an incident electron scatters fromaproton-proton
pair via the exchange of a virtual photon. The
human figure is shown for scale.

Fig. 1. Schematic
representation
of the momentum
distribution, n(k), of
two-component
imbalanced Fermi
systems. Red and blue
dashed lines show the
noninteracting system,
whereas the solid
lines show the effect of
including a short-range
interaction between
different fermions.
Such interactions create
a high-momentum tail
(k > kF, where kF is the
Fermi momentum of
the system). This is
analogous to a dance
party with a majority of girls, where boy-girl interactions will make the average boy dance more than the
average girl.
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Nuclear Short-Range Correlations

Question: how can we quantitatively study SRCs and compare to observations?

H. Hergert, Front. Phys. 8, 379 (2020)

several options: 
• IMSRG 
• CC 
• SCGF 
• MBPT 
• …

but: 
• “soft” Hamiltonians 
• weaker SRC 
• induced many-body terms

reliable ab-initio many-body  
method capable of handling SRCsNeed:

Quantum Monte Carlo
<latexit sha1_base64="LiS0D3boOs4Ydi78U3sjkYIY0ig="></latexit>
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Nuclear Short-Range Correlations

Question: how can we quantitatively study SRCs and compare to observations?

Quantum Monte Carlo (QMC)

reliable ab-initio many-body  
method capable of handling SRCsNeed:

• limited to relatively light nuclei 
• difficult to describe relevant reactions

effective theory to connect  
ab-initio results to observables

Generalized Contact Formalism (GCF)

short-range expansion 
high-momentum expansion

QMC + GCF quantitative study of SRCs

+

11



Quantum Monte Carlo

GFMCVMC AFDMCCVMC

A

12

40

1
<latexit sha1_base64="RYMMaja+E5U6m/ZXbJD5gRPlsCA=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQFeyx48VjBfkAbyma7addudsPuRAih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLE8ENet63s7a+sbm1Xdop7+7tHxxWjo7bRqWashZVQuluSAwTXLIWchSsm2hG4lCwTji5nfmdJ6YNV/IBs4QFMRlJHnFK0ErtPpcRZoNK1at5c7irxC9IFQo0B5Wv/lDRNGYSqSDG9HwvwSAnGj kVbFrup4YlhE7IiPUslSRmJsjn107dc6sM3UhpWxLdufp7IiexMVkc2s6Y4NgsezPxP6+XYlQPci6TFJmki0VRKlxU7ux1d8g1oygySwjV3N7q0jHRhKINqGxD8JdfXiXty5p/VfPvr6uNehFHCU7hDC7AhxtowB00oQUUHuEZXuHNUc6L8+58LFrXnGLmBP7A+fwBwCmPNQ==</latexit>

H =
X

i

Ti +
X

i<j

Vij +
X

i<j<k

Vijk

<latexit sha1_base64="Ue/iLZtsuKWMV4yl593m5SfvlxE="></latexit>

Vij : fit to NN scattering & d

Vijk : fit to nuclei observables

<latexit sha1_base64="Xm3T2sLSfbWQFmv6jH/E9T823c0="></latexit>

phenomenological & �EFT

<latexit sha1_base64="XtBl4QF8cTL1POMs87IDfliHu2o="></latexit>

h T |H| T i
h T | T i

= ET � E0

<latexit sha1_base64="V6pLbvSNmNWr3t0pvvJ1SG0uRas="></latexit>

| T i optimization

<latexit sha1_base64="YWLutoEiqCYxLLNk0r+jDZRkki8="></latexit>

| 0i / lim
⌧!1

e�(H�ET )⌧ | T i

<latexit sha1_base64="PdzhNrf/8yJ93oHdK3sMppgijsc="></latexit>

imaginary time propagation

<latexit sha1_base64="nh0M4ZMUCpII9dBghd3wu6/n8Nw="></latexit>

VMC:

<latexit sha1_base64="4YiDbn0lvLEjzDfxv4a9szpozhI="></latexit>

DMC:

<latexit sha1_base64="RR5uMx2bJfg6ADXtnE8oJMpDL64="></latexit>

Pros: • non-perturbative 
• controlled approx.

• uncertainty quantification 
• scalability

• correlated systems  
• bare nuclear interactions

| T i = F |�i

<latexit sha1_base64="iEAP3fvTJV/VQCF5/XX0p5SDkWg="></latexit>

|�i : mean-field component, proper quantum numbers

F : correlations (2b & 3b)

<latexit sha1_base64="waLXtuJfhJH+jZSD9OTGhQ4lcyA="></latexit>

(

<latexit sha1_base64="UyEUYScy3dOgJtMwTk8oCXOjYQY="></latexit>

induced by H

<latexit sha1_base64="8Jo6DRc/uGa21sERK4QDZwTNz0E="></latexit>

quantum numbers, symmetry

12



Quantum Monte Carlo

GFMCVMC AFDMCCVMC

A

12

40

1
<latexit sha1_base64="RYMMaja+E5U6m/ZXbJD5gRPlsCA=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQFeyx48VjBfkAbyma7addudsPuRAih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLE8ENet63s7a+sbm1Xdop7+7tHxxWjo7bRqWashZVQuluSAwTXLIWchSsm2hG4lCwTji5nfmdJ6YNV/IBs4QFMRlJHnFK0ErtPpcRZoNK1at5c7irxC9IFQo0B5Wv/lDRNGYSqSDG9HwvwSAnGj kVbFrup4YlhE7IiPUslSRmJsjn107dc6sM3UhpWxLdufp7IiexMVkc2s6Y4NgsezPxP6+XYlQPci6TFJmki0VRKlxU7ux1d8g1oygySwjV3N7q0jHRhKINqGxD8JdfXiXty5p/VfPvr6uNehFHCU7hDC7AhxtowB00oQUUHuEZXuHNUc6L8+58LFrXnGLmBP7A+fwBwCmPNQ==</latexit>

H =
X

i

Ti +
X

i<j

Vij +
X

i<j<k

Vijk

<latexit sha1_base64="Ue/iLZtsuKWMV4yl593m5SfvlxE="></latexit>

Vij : fit to NN scattering & d

Vijk : fit to nuclei observables

<latexit sha1_base64="Xm3T2sLSfbWQFmv6jH/E9T823c0="></latexit>

phenomenological & �EFT

<latexit sha1_base64="XtBl4QF8cTL1POMs87IDfliHu2o="></latexit>

• written in r-space: direct access to nucleon coordinates 
• spinor structure: direct access to nucleon spin/isospin projections 
• transform to k-space: possible access to nucleon momenta 
• access to the short-range and high-momentum components of the wave function

(ri, r, R)

<latexit sha1_base64="05Wi41B4/0QN8yzD7pTzPno4c9U="></latexit>

(k, q, Q)

<latexit sha1_base64="UXOGQ2qhzxyQjm6uAqpqT91lqsw="></latexit>

QMC review: J. A. Carlson et al., Rev. Mod. Phys. 87, 1067 (2015)

| T i = F |�i

<latexit sha1_base64="iEAP3fvTJV/VQCF5/XX0p5SDkWg="></latexit>

|�i : mean-field component, proper quantum numbers

F : correlations (2b & 3b)

<latexit sha1_base64="waLXtuJfhJH+jZSD9OTGhQ4lcyA="></latexit>

(

<latexit sha1_base64="UyEUYScy3dOgJtMwTk8oCXOjYQY="></latexit>

induced by H

<latexit sha1_base64="8Jo6DRc/uGa21sERK4QDZwTNz0E="></latexit>

quantum numbers, symmetry

13



Quantum Monte Carlo

GFMCVMC AFDMCCVMC

A

12

40

1
<latexit sha1_base64="RYMMaja+E5U6m/ZXbJD5gRPlsCA=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQFeyx48VjBfkAbyma7addudsPuRAih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLE8ENet63s7a+sbm1Xdop7+7tHxxWjo7bRqWashZVQuluSAwTXLIWchSsm2hG4lCwTji5nfmdJ6YNV/IBs4QFMRlJHnFK0ErtPpcRZoNK1at5c7irxC9IFQo0B5Wv/lDRNGYSqSDG9HwvwSAnGj kVbFrup4YlhE7IiPUslSRmJsjn107dc6sM3UhpWxLdufp7IiexMVkc2s6Y4NgsezPxP6+XYlQPci6TFJmki0VRKlxU7ux1d8g1oygySwjV3N7q0jHRhKINqGxD8JdfXiXty5p/VfPvr6uNehFHCU7hDC7AhxtowB00oQUUHuEZXuHNUc6L8+58LFrXnGLmBP7A+fwBwCmPNQ==</latexit>

H =
X

i

Ti +
X

i<j

Vij +
X

i<j<k

Vijk

<latexit sha1_base64="Ue/iLZtsuKWMV4yl593m5SfvlxE="></latexit>

Vij : fit to NN scattering & d

Vijk : fit to nuclei observables

<latexit sha1_base64="Xm3T2sLSfbWQFmv6jH/E9T823c0="></latexit>

phenomenological & �EFT

<latexit sha1_base64="XtBl4QF8cTL1POMs87IDfliHu2o="></latexit>

QMC review: J. A. Carlson et al., Rev. Mod. Phys. 87, 1067 (2015)

| T i = F |�i

<latexit sha1_base64="iEAP3fvTJV/VQCF5/XX0p5SDkWg="></latexit>

|�i : mean-field component, proper quantum numbers

F : correlations (2b & 3b)

<latexit sha1_base64="waLXtuJfhJH+jZSD9OTGhQ4lcyA="></latexit>

(

<latexit sha1_base64="UyEUYScy3dOgJtMwTk8oCXOjYQY="></latexit>

induced by H

<latexit sha1_base64="8Jo6DRc/uGa21sERK4QDZwTNz0E="></latexit>

quantum numbers, symmetry

• single- and two-nucleon coordinate-space distributions: 
• single- and two-nucleon momentum-space distributions:
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Two-nucleon coordinate-space distributions

15



0.2
0.4
0.6
0.8

1
1.2

(r)
A pnρ

AV18+UX
cAV4'+UIX

LO(1.0fm)2N
LO(1.2fm)2N

NV2+3-Ia*

He4a

0.2
0.4
0.6
0.8

1
1.2

(r)
A ppρ

He4b

1 2 3 4 5
r [fm]

0.2
0.4
0.6
0.8

1
1.2

(r)
A pnρ

O16c

1 2 3 4 5
r [fm]

0.2
0.4
0.6
0.8

1
1.2

(r)
A ppρ

O16d

3−10

2−10

1−10
1

10
210

310

410

(q
)

A pnn

He4e

3−10

2−10

1−10
1

10

210

310

(q
)

A ppn

He4f

1 2 3 4
]-1q [fm

3−10
2−10
1−10
1

10
210
310
410

(q
)

A pnn

O16g

1 2 3 4
]-1q [fm

3−10
2−10
1−10
1

10
210

310
410

(q
)

A ppn
O16h

0.2
0.4
0.6
0.8

1
1.2

(r)
A pnρ

AV18+UX
cAV4'+UIX

LO(1.0fm)2N
LO(1.2fm)2N

NV2+3-Ia*

He4a

0.2
0.4
0.6
0.8

1
1.2

(r)
A ppρ

He4b

1 2 3 4 5
r [fm]

0.2
0.4
0.6
0.8

1
1.2

(r)
A pnρ

O16c

1 2 3 4 5
r [fm]

0.2
0.4
0.6
0.8

1
1.2

(r)
A ppρ

O16d

3−10

2−10

1−10
1

10
210

310

410

(q
)

A pnn

He4e

3−10

2−10

1−10
1

10

210

310

(q
)

A ppn

He4f

1 2 3 4
]-1q [fm

3−10
2−10
1−10
1

10
210
310
410

(q
)

A pnn

O16g

1 2 3 4
]-1q [fm

3−10
2−10
1−10
1

10
210

310
410

(q
)

A ppn

O16h

Quantum Monte Carlo

R. Cruz-Torres, D.L. et al., Nat. Phys. (2020)

interactions

phenomen.: 
AV18+UIX 
AV4’+UIXc

harder

chiral EFT: 
N2LO(1.0fm) 
N2LO(1.2fm) 
NV2+3-Ia*

softer

Two-nucleon momentum-space distributions
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R. Weiss et al., Phys. Rev. C 92, 054311 (2015)

17Generalized Contact Formalism

<latexit sha1_base64="ujSW5E9ItwihuuFPl88bzRxZIkw="></latexit> rij = ri � rj

Rij =
ri + rj

2

two-body 
system

(A-2)-body 
system

<latexit sha1_base64="5Sk0jTeA5X+xdBpn2WBKw++BbUE="></latexit>

 (r1, . . . , ri, rj , . . . , rA)
rij!0�! ' (rij)A (Rij , {rk}k 6=i,j)

Note:

<latexit sha1_base64="HDzcYUI1yG96e9ChkVQZrfTY1hU="></latexit>

'(r) : universal function, nucleus-independent (only depends on V (r))

A (Rij , {rk}k 6=i,j) : nucleus-dependent function

Idea: factorization of the many-body wave function

<latexit sha1_base64="CKupyMTuDcOYZT+fpQJXuRJ8k/M="></latexit>

for rij ! 0 the energy becomes negligible: E ⌧ ~2
mr2

<latexit sha1_base64="AzND3+p+U+KQ4p2JDHAEHf5gbOs="></latexit>
�~2
m

r2 + V (r)

�
'(r) = E'(r)

<latexit sha1_base64="6lfQty0LSlcM45b4RkZ1xQDC+DM="></latexit>

'(r) ⌘ zero-energy solution of the two-body Schrödinger eq.
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AV18+UIX 
AV4’+UIXc

harder

chiral EFT: 
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NV2+3-Ia*

softer

R. Cruz-Torres, D.L. et al., Nat. Phys. (2020)
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'̃(q) : Fourier transform of '(r)
Universal functions
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19Generalized Contact Formalism

R. Weiss et al., Phys. Rev. C 92, 054311 (2015)
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two-body operator O(rij) :

N : number  
of pairs

Def: contact

<latexit sha1_base64="HZOyDWQ2BUHqRK1mngKaJNhZuuk="></latexit>

= h' |O (rij)|'iC

<latexit sha1_base64="nSqPUjcRmFQkBYfmq56rpE3kc9E="></latexit>

C = N hA|Ai

<latexit sha1_base64="K+VcyxZZ+OXoQ/aHS1VMSfeLoIU=">AAAELHiclVJLbxMxEN4k0JbwauHIJSI9FBRF3iXkIVGpFRdOECTSVoqjyOs4iRs/trY3JXL213Dn1yAhhLjyL5DwboLIphISI688Hn/f7DeeCSNGtQHgW6FYunV7Z3fvTvnuvfsPHu4fPDrTMlaY9LBkUl2ESBNGBekZahi5iBRBPGTkPJy9Tu/P50RpKsUHs4jIgKOJoGOKkXGh4UEhgoyMDWRITBiBHJkpRqzyDio6mRqosv </latexit>

hOi =
X

i<j

h |O (rij)| i
rij!0
�! h' |O (rij)|'iN hA|Ai

<latexit sha1_base64="ujSW5E9ItwihuuFPl88bzRxZIkw="></latexit> rij = ri � rj

Rij =
ri + rj

2

two-body 
system

<latexit sha1_base64="5Sk0jTeA5X+xdBpn2WBKw++BbUE="></latexit>

 (r1, . . . , ri, rj , . . . , rA)
rij!0�! ' (rij)A (Rij , {rk}k 6=i,j)

Idea: factorization of the many-body wave function

(A-2)-body 
system

describes the behavior 
of the pair

indicates the probability  
to find a correlated pair



20Generalized Contact Formalism

Note: atomic contact

S. Tan, Ann. Phys. 323, 2952 (2008); Ann. Phys. 323, 2971 (2008); Ann. Phys. 323, 2987 (2008)

<latexit sha1_base64="+SS9+vRs1H76UVBxhVqFiWolIvU="></latexit>

r0 ⌧ a, dzero-range condition:

interaction 
range

scattering 
length

interparticle 
distance

two component Fermi gas + short-range force (nonzero s-wave scattering length a)

several quantities are connected to the contact C

and many more…

<latexit sha1_base64="Cj7VpzVI9+upLUB61mPR8nmbGMI="></latexit>(
<latexit sha1_base64="4+ZvaAovzVqqmpe9eXadxNt4Fz8="></latexit>

k ! 1
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n(k) =
C

k4

T + U =
~2

4⇡ma
C +

X

�

d3k

(2⇡)3
~2k2
2m

✓
n�(k)�

C

k4

◆
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rij!0�!

✓
1

rij
� 1

a

◆
A (Rij , {rk}k 6=i,j)
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C = 16⇡2N"# hA|Ai      : number of  
spin up/down pairs 

<latexit sha1_base64="5PMXz7UxgEYjhi6vCbxvodajlSw="></latexit>

N"#

experimentally verified 
in ultra cold atomic 
systems consisting of 

40K and 6Li atoms



21Generalized Contact Formalism

Problem: from atomic contact to nuclear contact?

<latexit sha1_base64="+SS9+vRs1H76UVBxhVqFiWolIvU="></latexit>

r0 ⌧ a, d
atomic 
systems

<latexit sha1_base64="x+xaPJBAC3ltJKv15D1Z72Xfd9U="></latexit>

 
rij!0�!

✓
1

rij
� 1

a

◆
A (Rij , {rk}k 6=i,j)

nuclear 
systems
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r0 ⌧ a, d

R. Weiss et al., Phys. Rev. C 92, 054311 (2015)

r0 ⇡ 1.4 fm asinglets-wave ⇡ �20 fm

d ⇡ 1.8 fm atriplets-wave ⇡ 5.38 fm
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R. Weiss et al., Phys. Rev. C 92, 054311 (2015)
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rij!0�! ' (rij)A (Rij , {rk}k 6=i,j)

nucleons: two-component Fermions 
<latexit sha1_base64="s7gzljQUV5BaO7f4rUz2XlnMDuQ="></latexit>

 
rij!0�!

X

↵

'↵
ij (rij)A

↵
ij (Rij , {rk}k 6=i,j)

channels
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↵ = (l2s2) j2m2

nucleon pair
<latexit sha1_base64="I+SHTlOYbAN2R3ySW2BuDfLXGCs="></latexit>

ij 2 {pp, nn, pn}

nuclear contacts:
<latexit sha1_base64="sBlgoqglwJGaG1NwirIHsJm8bD4="></latexit>

C↵�
ij /

D
A↵

ij

���A�
ij

E

3 matrices of contacts
(deuteron) spin-one:

spin-zero:
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l2 = 0, 2; s2 = 1; j2 = 1; t2 = 0
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l2 = 0; s2 = 0; j2 = 0; t2 = 1

Problem: from atomic contact to nuclear contact?

<latexit sha1_base64="+SS9+vRs1H76UVBxhVqFiWolIvU="></latexit>

r0 ⌧ a, d
atomic 
systems

<latexit sha1_base64="x+xaPJBAC3ltJKv15D1Z72Xfd9U="></latexit>

 
rij!0�!

✓
1

rij
� 1

a

◆
A (Rij , {rk}k 6=i,j)

nuclear 
systems
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momentum 
distributions

coordinate-space 
densities

charge 
density

photo-absorption 
(Levinger)

Coulomb sum 
rule

spectral function & 
electron scattering

PRC 92, 054311 (2015) 
PLB 780, 211 (2018)  

Nat. Phys. (2020)

nuclear  
contacts

correlation 
functions

coupled-channel 
theory

PRL 114, 012501 (2015) 
EPJA 52, 92 (2016)

Few-Body Syst. 58, 9 (2017)

PLB 791, 242 (2019); PRL 122, 172502 (2019) 
Nature 578, 540 (2020); PLB 805, 135429 (2020) 

arXiv:2005.01621 [nucl-th] (2020)

PRC 96, 041303(R) (2017) 
arXiv:1801.04526 [nucl-th] (2017)

PLB 790, 484 (2019)

PLB 785, 304 (2018)



strong interaction among the  
nucleons in an SRC pair

pair’s weaker interaction  
with its surroundings scale separation

r ! 0

q ! 1

<latexit sha1_base64="3WjWzya/AQh/YlRi5hkHalHT6Jg="></latexit>

(r), (q)
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(R), (Q)
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CA
↵,NN ⌘

Z
dR CA

↵,NN (R),

C̃A
↵,NN ⌘ 1

(2⇡)3

Z
dQ C̃A

↵,NN (Q),
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(r,R), (q,Q)
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Generalized Contact Formalism
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⇢A↵,NN (r,R) = |'↵
NN (r)|2 ⇥ CA

↵,NN (R)

nA
↵,NN (q,Q) = |'̃↵

NN (q)|2 ⇥ C̃A
↵,NN (Q)

nuclear contacts: number of 
NN SRC pairs in a nucleus A

<latexit sha1_base64="Zpd3IK2SakMtqIZDFmCtXACg2/4="></latexit>

CA
↵,NN

C̃A
↵,NN
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CA
↵,NN (R)

C̃A
↵,NN (Q)

density distributions of NN 
SRC pairs in a nucleus A

universal two-body  
functions
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'↵
NN (r)

'↵
NN (q)
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Generalized Contact Formalism

model dependent 
nucleus independent

<latexit sha1_base64="2b6AJ9yXMLWq++RqfOaOm7NLaWk="></latexit>

'↵
NN (r)

'↵
NN (q)

<latexit sha1_base64="Zpd3IK2SakMtqIZDFmCtXACg2/4="></latexit>

CA
↵,NN

C̃A
↵,NN

nucleus dependent 
model independent?

encapsulate the many-body dynamics 
driving the formation of SRC pairs 

they should be: 
• scale separated from the correlated two-body part 
• less sensitive to the short-distance NN interaction

Questions:
• validity of the factorization? 
• contacts: short-range vs mean-field? 
• r-space vs k-space? 
• what can we learn?
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factorization!

26



R. Cruz-Torres, D.L. et al., Nat. Phys. (2020)
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(⇥0.65 for pn, ⇥0.87 for pp)

QMC two-nucleon coordinate-space distributions absolute contact distributions
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⇢A↵,NN (r,R) = |'↵
NN (r)|2 ⇥ CA

↵,NN (R) integrate over r in [0-1] fm
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16
O

density distribution of 
SRC pairs (shape of C(R))

mean-field property, 
minimal sensitivity to 
the short-distance NN 

interaction!

agreement is insensitive to the  
integration range in [0-1] fm
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strong interaction among the  
nucleons in an SRC pair

pair’s weaker interaction  
with its surroundings scale separation

r ! 0

q ! 1
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⇢A↵,NN (r,R) = |'↵
NN (r)|2 ⇥ CA

↵,NN (R)

nA
↵,NN (q,Q) = |'̃↵

NN (q)|2 ⇥ C̃A
↵,NN (Q)

integrate over R or Q:
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⇢A↵,NN (r) = |'↵
NN (r)|2 ⇥ CA

↵,NN

nA
↵,NN (q) = |'̃↵

NN (q)|2 ⇥ C̃A
↵,NN

Note:
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⇢/n norm.: number of pairs

' norm.: choice
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short-distance 
factorization!

QMC two-nucleon coordinate-space distributions (scaled)
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high-momentum 
factorization!

QMC two-nucleon momentum-space distributions (scaled)

QMC + GCF: results 30



0.2
0.4
0.6
0.8

1
1.2

(r)
A nnρ

AV18+UXe cAV4'+UIXf

1 2 3 4 5
r [fm]

0.2
0.4
0.6
0.8

1
1.2

(r)
A nnρ

LO(1.0fm)2Ng

1 2 3 4 5
r [fm]

NV2+3-Ia* NN H3 He3

He4 Li6 Li7

Be8 Be9 B10

C12 O16 Ca40

h

2

4

6

82
(q

)|
nns=

0
ϕ∼

(q
) /

 |
A nnn

AV18+UXm cAV4'+UIXn

1 2 3 4
]-1q [fm

2

4

6

82
(q

)|
nns=

0
ϕ∼

(q
) /

 |
A nnn

LO(1.0fm)2No

1 2 3 4
]-1q [fm

NV2+3-Ia*p

0.2
0.4
0.6
0.8

1
1.2

(r)
A ppρ

AV18+UXa cAV4'+UIXb

1 2 3 4 5
r [fm]

0.2
0.4
0.6
0.8

1
1.2

(r)
A ppρ

LO(1.0fm)2Nc

1 2 3 4 5
r [fm]

NV2+3-Ia*d

2

4

6

82
(q

)|
pps=

0
ϕ∼

(q
) /

 |
A ppn

AV18+UXi cAV4'+UIXj

1 2 3 4
]-1q [fm

2

4

6

82
(q

)|
pps=

0
ϕ∼

(q
) /

 |
A ppn

LO(1.0fm)2Nk

1 2 3 4
]-1q [fm

NV2+3-Ia*l

R. Cruz-Torres, D.L. et al., Nat. Phys. (2020)

<latexit sha1_base64="DUURewgmLcU9a103WrAP7B8PnpM="></latexit>pp

<latexit sha1_base64="B7jxCohxBH00ZyQs0VFkC6vlbj8="></latexit>nn

QMC + GCF: results 31



R. Cruz-Torres, D.L. et al., Nat. Phys. (2020)

1
2
3
4
5

 ra
tio

s
s=

1
pnC

 
 

 
 
 

r   k r   k
A / da

pn, s=1

AV18+UX
cAV4'+UIX

LO(1.0fm)2N
LO(1.2fm)2N

NV2+3-Ia*

0.5

1

1.5

 ra
tio

s
s=

1
pnC

He4A / 
b

pn, s=1

1

2

3

 ra
tio

s
s=

0
ppC

He4H3 He3 Li6 C12 O16 Ca40

He4A / 
c

pp, s=0

Nuclear contact ratios
<latexit sha1_base64="WjYzU2pCaGPP5qmQUvdSbuLsqhE=">AAAEIHicnVFdb9MwFE1WPkb52uCRl4hOaKCqskPpx8Okob7wNA2JbpOarnJcrzG149R2Oiovfwb+DBIPiEf4F7zCC05aCaVFSHAVy1f3nnNyrm+YMKo0AF/drcq16zdubt+q3r5z9979nd0HJ0qkEpM+FkzIsxApwmhM+ppqRs4SSRAPGTkNp728fzonUlERv9GLhAw5msT0gmKkbWm0644DGYmRCRBLIlT3jo6yc/My25dPvS </latexit>

⇢A↵,NN (r) = |'↵
NN (r)|2 ⇥ CA

↵,NN

nA
↵,NN (q) = |'̃↵

NN (q)|2 ⇥ C̃A
↵,NN
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⇢A↵,NN (r)

⇢A0
↵,NN (r)

=
CA

↵,NN

CA0
↵,NN

r-space:

k-space:

<latexit sha1_base64="p6FZmMgOGvkS5zW2tYlA+s19Fp8="></latexit>

nA
↵,NN (q)

nA0
↵,NN (q)

=
C̃A

↵,NN

C̃A0
↵,NN

1. scale- & scheme-independent! 

2. same for short-distance & 
high-momentum pairs!

QMC + GCF: results

A to A0
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Implications: 
• contact ratios: determined by mean-field physics, i.e., by the average field of the other 

A-2 nucleons  
• contact ratios: insensitive to the details of the NN interaction at short distance  
• contact ratios: simplify calculations for heavier nuclei!

bonus 1: works in both r- and k-space 

bonus 2: many observables have been already derived with the GCF

Example:
hard interactions (such as AV18) difficult to use in many-body  

calculations of medium-mass nuclei

QMC + GCF: results

Nuclear contact ratios

1. calculate CA0
↵,NN for a light nucleus A0 using the hard interaction

2. calculate the ratio CA
↵,NN/CA0

↵,NN using a soft interaction

3. multiply the two to get CA
↵,NN for the hard interaction
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Nuclear contact ratios

Implications: 
• A/d (e,e’) inclusive cross section ratios: observed scaling for xB>1.5

LETTER RESEARCH

We also constrained the internal structure of the free neutron using 
the extracted universal modification function and we concluded that 
in neutron-rich nuclei the average proton structure modification will 
be larger than that of the average neutron.

We analysed experimental data taken using CLAS (CEBAF Large 
Acceptance Spectrometer)23 at the Thomas Jefferson National 
Accelerator Facility (Jefferson Laboratory). In our experiment, a  
5.01-GeV electron beam impinged upon a dual target system with a 
liquid deuterium target cell followed by a foil24 of either C, Al, Fe or 
Pb. The scattered electrons were detected in CLAS over a wide range of 
angles and energies, which enabled the extraction of both quasi-elastic 
and DIS reaction cross-section ratios over a wide kinematical region 
(see Supplementary Information section I).

The electron scattered from the target by exchanging a single virtual 
photon with momentum q and energy ν, giving a four-momentum trans-
fer of Q2 = |q|2 – ν2. We used these variables to calculate the invariant 
mass of the nucleon plus virtual photon, W2 = (m + ν)2 − |q|2 (where 
m is the nucleon mass), and the Bjorken scaling variable xB = Q2/(2mν).

We extracted cross-section ratios from the measured event yields by 
correcting for effects of the experimental conditions, acceptance and 
momentum reconstruction, as well as reaction effects and bin-centring 
effects (see Supplementary Information section I). To our knowledge, 
this was the first precision measurement of inclusive quasi-elastic scat-
tering for SRCs in both Al and Pb, as well as the first measurement of 
the EMC effect on Pb. For other measured nuclei our data are consistent 
with previous measurements, but with reduced uncertainties.

The DIS cross-section on a nucleon can be expressed as a function 
of a single structure function, F2(xB, Q2). In the parton model, xB  
represents the fraction of the nucleon momentum carried by the  
struck quark. F2(xB, Q2) describes the momentum distribution of the 
quarks in the nucleon, and the ratio / / /F x Q A F x Q[ ( , ) ] [ ( , ) 2]2

A
B

2
2
d

B
2  

describes the relative quark momentum distributions in a nucleus A 
with mass number A and deuterium2,7 (d). For brevity, we often omit 
explicit reference to xB and Q2—that is, we write /F F2

A
2
d—with the 

understanding that the structure functions are being compared at iden-
tical xB and Q2 values. Because the DIS cross-section is proportional to 
F2, experimentally the cross-section ratio of two nuclei is assumed to 
equal their structure-function ratio1,2,6,7. The magnitude of the EMC 
effect is defined by the slope of either the cross-section ratios or the 
structure-function ratios for 0.3 ≤ xB ≤ 0.7 (see Supplementary 
Information sections IV and V).

Similarly, the relative probability for a nucleon to belong to an SRC 
pair is interpreted as equal to a2, which denotes the average ratio 
of the inclusive quasi-elastic electron scattering cross-section per 
nucleon of nucleus A to that of deuterium at momentum transfer1,11–15 
Q2 > 1.5 GeV2 and 1.45 ≤ xB ≤ 1.9 (see Supplementary Information 
section III).

Other nuclear effects are expected to be negligible. The contribu-
tion of three-nucleon SRCs should be an order of magnitude smaller 
than the SRC-pair contributions. The contributions of two-body cur-
rents (called ‘higher-twist effects’ in DIS) should also be small (see 
Supplementary Information section VIII).

Figure 1 shows the DIS and quasi-elastic cross-section ratios for 
scattering off a solid target relative to deuterium as a function of xB. 
The red lines are fits to the data that are used to determine the EMC-
effect slopes or SRC scaling coefficients (see Extended Data Tables 1, 2). 
Typical 1σ cross-section-ratio normalization uncertainties of 1%–2% 
directly contribute to the uncertainty in the SRC scaling coefficients but 
introduce negligible uncertainty in the EMC slope. None of the ratios 
presented has isoscalar corrections (cross-section corrections for une-
qual numbers of protons and neutrons), in contrast to much published 
data. We did not apply such corrections for two reasons: (1) to focus 
on asymmetric nuclei and (2) because isoscalar corrections are model- 
dependent and differ among experiments9,10 (see Extended Data Fig. 1).

The DIS data were cut at Q2 > 1.5 GeV2 and W > 1.8 GeV, which 
is just above the resonance region25 and higher than the W > 1.4 GeV 
cut used in previous Jefferson Laboratory measurements10. The 
extracted EMC slopes are insensitive to variations in these cuts over 
Q2 and W ranges of 1.5−2.5 GeV2 and 1.8−2 GeV, respectively (see 
Supplementary Information Table 7).

Motivated by the correlation between the magnitude of the EMC 
effect and the SRC-pair density (a2), we model the modification of the 
nuclear structure function, F2

A, as entirely caused by the modification 
of np SRC pairs. F2

A is therefore decomposed into contributions from 
unmodified mean-field protons and neutrons (the first and second 
terms in equation (1)) and np SRC pairs with modified structure func-
tions (third term):
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Fig. 1 | DIS and quasi-elastic (e,e′) cross-section ratios. a–d, Ratio 
of the per-nucleon electron scattering cross-section of nucleus A 
(A = 12C (a), 27Al (b), 56Fe (c) and 208Pb (d)) to that of deuterium for DIS 
kinematics (0.2 ≤ xB ≤ 0.6 and W ≥ 1.8 GeV). The solid points show 
the data obtained in this work, the open squares show SLAC (Stanford 
Linear Accelerator Center) data9 and the open triangles show Jefferson 

Laboratory data10. The red lines show a linear fit. e, f, Corresponding 
ratios for quasi-elastic kinematics (0.8 ≤ xB ≤ 1.9). The solid points show 
the data obtained in this work and the open squares the data of ref. 11. The 
red lines show a constant fit. The error bars shown include both statistical 
and point-to-point systematic uncertainties, both at the 1σ or 68% 
confidence level. The data do not include isoscalar corrections.
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B. Schmookler et al., Nature 566, 354-358 (2019)

extraction of SRC scaling 
coefficient a2(A/d)

contact ratios: doubts about the 
sensitivity of a2(A/d) to the 

nuclear interaction!

traditionally: 
• interpreted as relative abundance 

of SRC pairs 
• thought to be sensitive to the 

nature of the NN interaction 
• can be computed as k- or r-space 

distribution ratios

NN-SRC

QMC + GCF: results
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Q2 > 1.5GeV2/c2
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Nuclear contacts

Implications: 
• exclusive measurements of two-nucleon knockout A(e,e’NN): sensitive to NN interaction
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QMC + GCF: results

contacts: key for 
relating A(e,e’NN) 

measurements to NN 
interaction models and 
ab-initio many-body 

calculations!
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Nuclear contacts

• r- to k-space equivalence 
• scale & scheme independ.
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pn, s = 1 channel

exception: AV4’+UIXc

expected: no tensor force!

<latexit sha1_base64="QsdpMxj40akbr9gpaEoiiQuX9n8="></latexit>

pp, s = 0 channel

• more complex 
• similar conclusions

pp discrepancy: 
• regulator artifacts and three-body effects: difficult to identify a clear high-momentum 

scaling plateau in the spin-0 pp channel  
• A to 4He contact ratios: r- to k-space equivalence pp discrepancy not beyond  

three-body level
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Summary & Perspectives

• QMC calculations have been performed for nuclei from 2H to 40Ca with different nuclear 
interaction models: phenomenological and chiral EFT 

• QMC r- and k-space distributions have been analyzed using the GCF and spin/isospin-
dependent nuclear contacts and contact ratios have been extracted 

• Result: universal factorization of the many-body nuclear wave function at short-distance 
into a strongly-interacting pair and a weakly-interacting residual system 

• Result: position-momentum equivalence of SRC 

• Result: the relative abundance of SRC pairs in the nucleus is a long-range (mean-field) 
quantity that is insensitive to the short-distance nature of the nuclear force 

• Many-body methods benchmark 

• Applications of the nuclear contacts and contact ratios 

• Derive next order corrections to the current formulation of the GCF 

• Study three-nucleon correlations 

• Combining GCF with long-range/low-momentum expansions

Future work

Thank you!!
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