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Reminder on transverse momentum dependent 
parton distribution functions (TMDs)



PDF

Primordial example: semi-inclusive DIS (SIDIS)

Transverse momentum  
of the outgoing hadron 
(generated by recoil off 
unobserved parton) sets 
another scale

p⊥

4

is the hard scale which 
allows for a perturbative 
description ( )αs(Q2) ≪ 1

Q2 = − (e − e′ )2

If , collinear 
factorization applies:

Q ∼ p⊥
σγ*p→hX = ̂σ(Q2) ⊗ ∑

i

fi(x, Q2) ⊗ ∑
j

Dj(z, Q2)

x =
Q2

2P ⋅ q
≃

k+

P+
hard part PDFs FFs



TMD

Primordial example: semi-inclusive DIS (SIDIS)
What if  ? If 
transverse momentum is 
generated by soft 
emissions or stems from 
the primordial motion of 
the parton inside the 
hadron?

p⊥ ≪ Q

5

TMD factorization:

Need to resum large logs 
and introduce transverse 
momentum dependent 
PDFs (TMDs)

σγ*p→hX = ̂σ(Q2) ⊗ ∫ d2k⊥ ∑
i

fi(x, k⊥, Q2) ⊗ ∑
j

Dj(z, p⊥ − k⊥, Q2)

hard part TMD PDFs TMD FFs



Transverse momentum dependent PDFs (TMDs)

6

PDFs parameterize longitudinal structure of hadron
TMDs parameterize 3D momentum structure + 
spin correlations

Angelez-Martinez et al. (2015)
Collins (2011)

Many intricacies: process dependence due to 
gauge invariance, complicated evolution, etc.

Mulders & Rodrigues (2001)Gluon TMDs are experimentally (almost) 
completely unknown!
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Operator definitions of (TMD) PDFs

Collinear gluon PDF:

gauge links/Wilson lines to 
preserve gauge invariance

Gluon TMD:

U [+]

Collins (2011)

different possible paths in -plane                
to connect field strengths, TMDs 
come in different types

(x+, x)

U[⇠+,0+] = Peigs
R
dx+A�

c (x+,0)tc

<latexit sha1_base64="cXkHb25a13g5qo2X2d1jtBSU2U0="></latexit>



Towards CGC-TMD correspondence at NLO: 
gluon TMDs in trijet photoproduction at small x



s � Q2
<latexit sha1_base64="9VhljW9cyqBvNM1iEf88odd1gm4=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9mtgh6LXjy2YD+gXUs2zW5Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEdoikkvVDbCmnAnaMsxw2k0UxXHAaScY3878zhNVmklxbyYJ9WMcCRYygo2VurofRaj5UBuUK27VnQOtEi8nFcjRGJS/+kNJ0pgKQzjWuue5ifEzrAwjnE5L/VTTBJMxjmjPUoFjqv1sfu8UnVlliEKpbAmD5urviQzHWk/iwHbG2Iz0sjcT//N6qQmv/YyJJDVUkMWiMOXISDR7Hg2ZosTwiSWYKGZvRWSEFSbGRlSyIXjLL6+Sdq3qXVRrzctK/SaPowgncArn4MEV1OEOGtACAhye4RXenEfnxXl3PhatBSefOYY/cD5/ADYcj2w=</latexit>

The energy is the largest scale in the process

Need to resum large logarithms
ln

s

Q2
' ln

1

x
� 1

<latexit sha1_base64="ny5y7FQsU2JegHRQjbzfF4MfgEc=">AAACInicbVDLSsNAFJ3UV62vqks3g0VwVZIqqLuiG5ct2Ac0sUymk3TozCTOTMQS8i1u/BU3LhR1JfgxTtoutPXAhcM593LvPX7MqNK2/WUVlpZXVteK66WNza3tnfLuXltFicSkhSMWya6PFGFUkJammpFuLAniPiMdf3SV+517IhWNxI0ex8TjKBQ0oBhpI/XLFy5Heih5ykTmBhLhVGVp87aWuYpycrfgOln6kLlhCJ1+uWJX7QngInFmpAJmaPTLH+4gwgknQmOGlOo5dqy9FElNMSNZyU0UiREeoZD0DBWIE+WlkxczeGSUAQwiaUpoOFF/T6SIKzXmvunMT1bzXi7+5/USHZx7KRVxoonA00VBwqCOYJ4XHFBJsGZjQxCW1NwK8RCZKLRJtWRCcOZfXiTtWtU5qdaap5X65SyOIjgAh+AYOOAM1ME1aIAWwOARPINX8GY9WS/Wu/U5bS1Ys5l98AfW9w+M+KYa</latexit>

Low-  evolution equation (BFKL) predicts very fast growth of the 
gluon distribution:

x

At high enough density, semiclassical regime is reached where
gsA ⇠ 1

<latexit sha1_base64="AaZuKYErZ0gfMYMLjWpRatIb7Bk=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgh6rXjxWsB/QLiWbZtvQJLsm2UJZ+ju8eFDEqz/Gm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gfJf57QlVmkXy0Uxj6gs8lCxkBBsr+cO+Rjeop5lAXqlfrrhVdw60SrycVCBHo1/+6g0ikggqDeFY667nxsZPsTKMcDor9RJNY0zGeEi7lkosqPbT+dEzdGaVAQojZUsaNFd/T6RYaD0Vge0U2Iz0speJ/3ndxITXfspknBgqyWJRmHBkIpQlgAZMUWL41BJMFLO3IjLCChNjc8pC8JZfXiWtWtW7qNYeLiv12zyOIpzAKZyDB1dQh3toQBMIPMEzvMKbM3FenHfnY9FacPKZY/gD5/MHrF6Qug==</latexit>

This regime is characterized by dynamically generated hard 
saturation scale , low-  evolution becomes nonlinear:  
BK-JIMWLK equations

Qs x

9

QCD at high energies or small x

x𝒢(x, Q2) ≃
1

x2.77 αsNc
π

McLerran, Venugopalan, Balitsky, Kovchegov, Iancu, Jalilian-Marian, Kovner, Leonidov, Weigert (1994-2002)



10

Dijet production in the CGC

In Mueller’s dipole frame, the virtual photon dissociates in a quark-
antiquark pair long before the scattering off a highly boosted proton

Semiclassical approximation: frozen quark-antiquark dipole interacts with dense 
classical gluon fields through Wilson lines:

Color Glass Condensate (CGC): nonperturbative model of initial state + 
perturbative evolution

SF,A(x) = Peigs
R
dx+A�

c (x+,x)tcF,A
<latexit sha1_base64="6GKvwnJKjkP2k8hBWd2rMYtWf4o="></latexit>
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Dijet production in the CGC

eikonal interaction of dipole with semiclassical 
gluon fields through Wilson lines:

perturbative splitting functions

Scales: ,  
a priori no restrictions on the 
scales formed by the 
transverse momenta  & 

s ≫ Q2 ≫ Q2
s

p1T p2T

 = average over 
classical gluon fields of the 
target: nonperturbative info

⟨ . . . ⟩xA
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Correlation limit

Dominguez, Marquet, Xiao, Yuan (2011)

In the transverse back-to-back regime, one recovers an additional 
small scale given by the vector sum of the outgoing transverse 
momenta: kT ≃ |p1T + p2T |

Scales:  
similar hierarchy as in TMD factorization!

s ≫ Q2 ∼ p2
1T ∼ p2

2T ≫ k2
T ∼ Q2

s

Perform a twist expansion in  = “correlation limit”kT /Q

Wilson line structures involving derivatives:
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@iSF (x) = @iPeigs
R +1
�1 dx+A�(x+,x)

= igs

Z
dx+SF (x;�1, x+)F i�(x+,x)SF (x;x

+,+1)
<latexit sha1_base64="9VqSWcM1ovgM3qIisXF1X8yaT0A="></latexit>

Derivative on Wilson line  field strength→

After some algebra:

…and finally:

Unpolarized and linearly polarized gluon TMDs of the Weizsäcker-Williams type 

Emergence of gluon TMDs

unpolarized linearly pol.
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Correlation limit

Dominguez, Marquet, Xiao, Yuan (2011)

TMD-factorized expression is recovered!

σγ*p→qq̄+X = ̂σ(Q2) ⊗ ∑
i

fi(x, k⊥, Q2)

unpolarized linearly polarized



For 2 2 processes in unpolarized collisions at low , at LO 
the CGC and TMD frameworks yield exactly the same result.

→ x

15

CGC framework (low-x) TMD framework (Q>>k)

CGC calculation Calculate collinear hard parts

Correlation limit Insert gauge links (Bomhof, 
Mulders, Pijlman 2006)

Take low-x limit

Low-x TMD expression

Gluon TMDs at low x

CGC machinery can be applied to TMD physics and vice versa!

Does this also hold for more complicated reactions, or beyond 
leading order?



Expansion of the photon Fock state 
|γ⟩dressed = Z0 |γ⟩0 + geZ1 |qq̄⟩0 + gegsZ2 |qq̄g⟩0 + 𝒪

Cross section is given by:

16

Towards NLO: three-jet photoproduction

Altinoluk, Boussarie, Marquet, PT (2020)



SF,A(x) = Peigs
R
dx+A�

c (x+,x)tcF,A
<latexit sha1_base64="6GKvwnJKjkP2k8hBWd2rMYtWf4o="></latexit>
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Wilson line:

In our frame, dressed photon hits Lorentz contracted proton or 
nucleus target = ‘shockwave’

Eikonal approximation
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Outgoing photon state
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Outgoing photon state
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Outgoing photon state
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Outgoing photon state
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Differential  cross sectionγA → qq̄g + X
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Differential  cross sectionγA → qq̄g + X



’s are combinations of dipoles and quadrupoles: W
+ . . .

 is the average over the semiclassical gluon fields 
of the target  contains the nonperturbative information 
on the hadron structure

⟨ . . . ⟩xA

→

24

Differential  cross sectionγA → qq̄g + X



Defining the total transverse momentum: , 
study the limit 

qT ≡ k1 + k2 + k3
|qT | ≪ |k1 | ∼ |k2 | ∼ |k3 |

|ki | ≫ 1 ↔ |ri | ≪ 1

25

Perform Taylor expansion around small dipole sizes  
 derivatives enter Wilson line structures:

r
→

TrhS†
F (x)[@iSF (x)]S

†
F (y)[@jSF (y)]ix

<latexit sha1_base64="yGyBInYaIjpvJsJRXoBtdt6cwDE="></latexit>

Correlation limit
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Final result

Again the result is written in the form of a LO TMD factorization 
cross section.
Let us apply some CGC results to this cross section to do 
phenomenology.
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Langevin formulation of JIMWLK: Weigert (2002), 
Rummukainen; Weigert (2004); Lappi (2008)

Marquet, Petreska, Roiesnel (2016); 
Marquet, Roiesnel, PT (2018)

JIMWLK evolution of  and f g
1 hg⊥

1
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JIMWLK evolution of  and f g
1 hg⊥

1
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qT =

p
10GeV

<latexit sha1_base64="STamKWkNvjXpRFArBZdMKqfovRs=">AAACGnicbVDJSgNBEO1xjXEb9ehlMAgeJMy4oBch6EGPEbJBJoSeTiVp0rOku0YIw3yHF3/FiwdFvIkX/8ZOMgdNfNDN470qqup5keAKbfvbWFhcWl5Zza3l1zc2t7bNnd2aCmPJoMpCEcqGRxUIHkAVOQpoRBKo7wmoe4ObsV9/AKl4GFRwFEHLp72AdzmjqKW26QzbiauY5BFmP44EJJU0vXLVUGLi2Kl77PoU+9JPbqGWts2CXbQnsOaJk5ECyVBum59uJ2SxDwEyQZVqOnaErYRK5ExAmndjBRFlA9qDpqYB9UG1kslpqXWolY7VDaV+AVoT9XdHQn2lRr6nK8c7qllvLP7nNWPsXrYSHkQxQsCmg7qxsDC0xjlZHS6BoRhpQnUweleL9amkDHWaeR2CM3vyPKmdFJ3T4vn9WaF0ncWRI/vkgBwRh1yQErkjZVIljDySZ/JK3own48V4Nz6mpQtG1rNH/sD4+gHCjKKK</latexit>

⇠i = 1/3 and |ki| = 10GeV
<latexit sha1_base64="hHEcpWimJTDQh4/IN0WD7l0WptU="></latexit>

Final result in the MV model

Dominguez, Xiao, Yuan (2011) 
Metz, Zhou (2011)

McLerran, Venugopalan (1994)
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JIMWLK evolution of final result



Gluon TMDs in electroproduction of quarkonium



P

! !′

Pψ

p

q Q2

}

X

1

32

ℓ + p → ℓ + J/ψ + X



P

! !′

Pψ

p

q Q2

}

X

1

d� = �⌦ |M |2 ⌦ �
<latexit sha1_base64="cAJyz3MCuNSDIhAmXfGKyskNBls=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0VwVZJa0Y1QdKEboYJ9QBPLZDJph84kYWYilLQ/4sZfceNCERduxL9x0hbR1gMD555zL3fu8WJGpbKsLyO3sLi0vJJfLaytb2xumds7DRklApM6jlgkWh6ShNGQ1BVVjLRiQRD3GGl6/YvMb94TIWkU3qpBTFyOuiENKEZKSx2z4nCkeoKn/siRtMsRPIPOJeKaOJGinEg4vB7elX8qp9ajHbNolawx4Dyxp6QIpqh1zA/Hj3DCSagwQ1K2bStWboqEopiRUcFJJIkR7qMuaWsaIr3JTcfXjeCBVnwYREK/UMGx+nsiRVzKAfd0Z3aLnPUy8T+vnajg1E1pGCeKhHiyKEgYVBHMooI+FQQrNtAEYUH1XyHuIYGw0oEWdAj27MnzpFEu2Uel45tKsXo+jSMP9sA+OAQ2OAFVcAVqoA4weABP4AW8Go/Gs/FmvE9ac8Z0Zhf8gfH5DfPeodA=</latexit>

Hadron tensor‘Hard’ partLepton tensor
33

ℓ + p → ℓ + J/ψ + X

Ansatz!
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QQ̄[2S+1L(8)
J ]

1

O(↵em↵s)
<latexit sha1_base64="iFJwf+x8sAqv6Mw1Q1eiGz04PII="></latexit><latexit sha1_base64="iFJwf+x8sAqv6Mw1Q1eiGz04PII="></latexit><latexit sha1_base64="iFJwf+x8sAqv6Mw1Q1eiGz04PII="></latexit><latexit sha1_base64="iFJwf+x8sAqv6Mw1Q1eiGz04PII="></latexit>

Color octet (CO) mechanism: heavy-quark pair is produced with all 
allowed quantum numbers and then hadronizes as encoded in the 
non-perturbative long-distance matrix elements (LDMEs)  

h|O
J/ 
8 (1S0)|0i ⇠ v4

<latexit sha1_base64="NcyBtw+tkjmIqeJ3jvC5o9ygbug="></latexit><latexit sha1_base64="NcyBtw+tkjmIqeJ3jvC5o9ygbug="></latexit><latexit sha1_base64="NcyBtw+tkjmIqeJ3jvC5o9ygbug="></latexit><latexit sha1_base64="NcyBtw+tkjmIqeJ3jvC5o9ygbug="></latexit>

h|O
J/ 
8 (3PJ)|0i ⇠ v4

<latexit sha1_base64="xjVaS1h5rpSEPbaQ7C7z8tpEBvk="></latexit><latexit sha1_base64="xjVaS1h5rpSEPbaQ7C7z8tpEBvk="></latexit><latexit sha1_base64="xjVaS1h5rpSEPbaQ7C7z8tpEBvk="></latexit><latexit sha1_base64="xjVaS1h5rpSEPbaQ7C7z8tpEBvk="></latexit>

NRQCD also encompasses color singlet (CS) mechanism where 
 is directly produced with correct quantum numbersJ/ψ

Non-relativistic QCD (NRQCD)

Bodwin, Braaten and Lepage (1995)



unpolarized gluons linearly polarized gluons

�µ⌫
T (x,p2

T ) =
x

2

⇢
gµ⌫T

✏⇢�T p?⇢S?�

Mp
f?g
1T (x,p2

T ) + i✏µ⌫T

p? · S?
Mp

gg1T (x,p
2
T )

+
p?⇢✏

⇢{µ
T p⌫}?

2M2
p

p? · S?
Mp

h?g
1T (x,p2

T )�
p?⇢✏

⇢{µ
T S⌫}

? + S?⇢✏
⇢{µ
T p⌫}?

4Mp
hg
1T (x,p

2
T )

�

1

Sivers function

linearly polarized gluons

circularly polarized gluons

35
Mulders & Rodrigues (2001); Meissner, Metz & Goeke (2007)

Hadron tensor



Bacchetta, D’Alesio, Diehl & Miller (2004)
36

Reference frame
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d�

dydxBd2qT
⌘ d�U (�T ) + d�T (�T ,�S)

<latexit sha1_base64="ZX5GRdqYYNqbRjnGYdbCfYedt+c="></latexit><latexit sha1_base64="ZX5GRdqYYNqbRjnGYdbCfYedt+c="></latexit><latexit sha1_base64="ZX5GRdqYYNqbRjnGYdbCfYedt+c="></latexit><latexit sha1_base64="ZX5GRdqYYNqbRjnGYdbCfYedt+c="></latexit>

unpolarized linearly polarized

Sivers function

linearly polarized

T odd -> only CO!

T even

Cross section
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probe ratios of gluon TMDs

…we have:

38 Bachetta, Boer, Pisano, PT (2018)

Azimuthal asymmetries
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Polarized gluon TMDs satisfy the following positivity bounds:

We can use the maximum allowed values of the gluon TMDs 
to illustrate the sensitivity of our inclusive charmonium 
electroproduction to the gluon content of the proton:

Upper bounds
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Bachetta, Boer, Pisano, PT (2018)

Upper bounds
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Notion of LDMEs needs to be extended to small transverse 
momenta (cfr. fragmentation functions).

If  is the hard scale, collinear factorization holds when 
.

μ
μ ∼ PψT ≫ Mp

TMD factorization is applicable when .μ ≫ PψT ≳ Mp

The two calculations should match in the region where both 
frameworks are valid, i.e. when .μ ≫ PψT ≫ Mp

Strategy: assume TMD factorization, and study which 
conditions follow from the matching requirement.

:  
matching of collinear and TMD calculation

ℓ + p → ℓ + J/ψ + X
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In the collinear regime:  with μ ∼ PψT ≫ Mp μ = Q2 + M2
ψ

 is generated by recoil off hard partonPψT

PDF

:  
matching of collinear and TMD calculation

ℓ + p → ℓ + J/ψ + X



P

! !′

Pψ

p

q Q2

}

X

1
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:  
matching of collinear and TMD calculation

ℓ + p → ℓ + J/ψ + X

In the TMD regime: μ ≫ PψT ≳ Mp

 stems from intrinsic transverse momentum in target, 
or from soft emissions
PψT

TMD
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:  
matching of collinear and TMD calculation

ℓ + p → ℓ + J/ψ + X

If TMD factorization holds, both the collinear and the TMD 
calculation should match in overlapping kinematic region      
μ ≫ PψT ≫ Mp

From collinear calculation: hard emission is absorbed into DGLAP

From TMD calculation: high-  tail also matches to DGLAPp⊥

Bacchetta, Boer, Diehl & Mulders (2008) 
Bacchetta, Bozzi, Echevarria, Pisano, Prokudin & Radici (2019)
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:  
matching of collinear and TMD calculation

ℓ + p → ℓ + J/ψ + X

Collinear calculation at small :qT

TMD calculation at high :qT

transverse γ* longitudinal γ* lin. pol. γ*

In kinematic region of overlap:
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:  
matching of collinear and TMD calculation

ℓ + p → ℓ + J/ψ + X

Therefore, assuming both TMD factorization and enforcing the 
matching:

we have to introduce the following ‘smearing’ function:

Boer, D’Alesio, Murgia, Pisano, PT (2020) 
Echevarria (2019); Fleming, Makris, Mehen (2019)
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:  
matching of collinear and TMD calculation

ℓ + p → ℓ + J/ψ + X

Matching perfectly works (at LO) if we expand the LDMEs as 
follows:

Boer, D’Alesio, Murgia, Pisano, PT (2020) 
Echevarria (2019); Fleming, Makris, Mehen (2019)

This is exactly the perturbative part of the LDME shape 
functions introduced by our colleagues from SCET !

Important step towards proof of TMD factorization of single-
inclusive quarkonium production.

At least for  and  states, the transverse momentum 
dependence of the shape function is the same.

1S[8]
0

3P[8]
J



Conclusions and outlook
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Conclusions & outlook
Gluon TMDs provide valuable insight in three-dimensional proton 
structure, unfortunately for the moment no fits available !

Leptoproduction of  (+jet) at the Electron-Ion Collider 
seems a very promising process to probe gluon TMDs. 
Factorization Ansatz is reasonable and corroborated by 
SCET studies and matching. We need dedicated fit at 
low transverse momentum of the shape functions.

J/ψ

TMDs in the CGC at NLO in progress, hopeful that the 
correspondence at LO for 2->2 processes is not coincidental.

Thanks for your attention !


