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Outline
! Background and motivation: why dihadron fragmentation?

! New DiFF theory developments: number density interpretation, 
sum rules, and evolution equations

! New DiFF phenomenology from the JAM Collaboration

! Summary and outlook
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From Bianconi, et al. (2000)
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Bianconi, et al. (2000); Bacchetta, Radici (2003, 2004), … 
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! Dihadron fragmentation involves more structures than single-hadron 
fragmentation (only unpolarized hadron FFs are shown below)
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! Dihadron fragmentation involves more structures than single-hadron 
fragmentation (only unpolarized hadron FFs are shown below)

      
Single-hadron FFs

Dihadron FFs
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! Dihadron fragmentation involves more structures than single-hadron 
fragmentation (only unpolarized hadron FFs are shown below)

      
Single-hadron FFs

Dihadron FFs
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chiral-odd “interference” FF (IFF)

(Collins, et al. (1994); Bianconi, et al. (2000); Bacchetta, Radici (2003, 2004); Courtoy, et al. (2012); 
Matevosyan, et al. (2018); Radici, et al. (2013, 2015, 2018); Benel, et al. (2020), Courtoy, et al. (2014, 2022))
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! DiFFs are interesting in their own right, e.g., one can test models for 
(un)polarized parton fragmentation/hadronization (Collins, Ladinsky (1994); Jaffe, 
et al. (1998); Bianconi, et al. (2000); Bacchetta, Radici (2006); Matevosyan, et al. (2017, 2018); 
Kerbizi, et al. (2019))

      

From Matevosyan, et al. (2017)

From Jaffe, et al. (1998)From Kerbizi, et al. (2019)
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Belle (2017)

! There is also a complicated/interesting resonance structure that can/must be 
analyzed



New DiFF Theory Developments
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DP, Cocuzza, Metz, Prokudin, Sato, arXiv:2305.11995 
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! (TMD) PDFs and (single-hadron) FFs are defined in a way so that they are 
number densities (before renormalization) 
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! (TMD) PDFs and (single-hadron) FFs are defined in a way so that they are 
number densities (before renormalization) 
• crucial property for our ability to use them to understand hadronic 

structure (e.g., calculating expectation values)

Constantinou, et al., PDFLattice Report (2020) Barry, et al. (2023) - JAM Collaboration
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! (TMD) PDFs and (single-hadron) FFs are defined in a way so that they are 
number densities (before renormalization) 
• certain sum rules are satisfied that can be used to constrain/cross-check 

phenomenological extractions of PDFs/FFs and model calculations

(B is the baryon number, 
e.g.,= 3 for a proton)

Number sum rules

Momentum sum rules
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! An aside: reference frames (Collins (2011))

! NB: All proofs discussed follow closely the work of Meissner, Metz, DP, 
Phys. Lett. B690, 296 (2010)
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• “Parton frame” (p): parton has no transverse momentum, hadron has 
transverse momentum 𝑃! - useful in the formulation of FFs as number 
densities and proofs of sum rules

• “Hadron frame” (h): hadron has no transverse momentum, parton has 
transverse momentum kT - more practical for phenomenology
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This prefactor is key to the number density interpretation of single-
hadron FFs → allows us to introduce the number operator when 
deriving the number sum rule
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This prefactor is key to the number density interpretation of 
dihadron FFs (see also Majumder, Wang (2004)) because in order to 
prove a number sum rule we need to introduce the number 
operator separately for each hadron ( j = 1, 2)
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The proof is not possible if a prefactor of 1/(4z) = 1/(4(z1+z2)) is used!



D. PitonyakD. Pitonyak

13

NB: number density interpretation holds not only for unpolarized quarks (𝛾⎻ projection) but 
also for longitudinally (𝛾⎻𝛾5 projection) and transversely (iσi ⎻ 𝛾5 projection) polarized quarks
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Number sum rule

is a number density
Jacobian for the variable 

transformation
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Number sum rule

is a number density
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Using our new definition, DiFFs can now be interpreted as 
densities in any momentum variables of choice for the number 

of hadron pairs (h1 h2 ) fragmenting from the parton

Jacobian for the variable 
transformation
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Number sum rule

Momentum sum rule
<latexit sha1_base64="IuNLJGRmzHwNgtoahwHBgDnqSgY="></latexit>X

h1

Z 1�z2

0
dz1

Z
d2 ~P1? z1 D

h1h2/i
1 (z1, z2, ~P

2
1?, ~P

2
2?, ~P1?· ~P2?) = (1� z2)D

h2/i
1 (z2, ~P

2
2?)

is a number density

<latexit sha1_base64="xExHWtfuYRZkvaaOSuv8n87g0Tw="></latexit>

Dh1h2/i
1 (w, x, ~Y 2, ~Z2, ~Y · ~Z) ⌘ J ·Dh1h2/i

1 (z1, z2, ~P
2
1?, ~P

2
2?, ~P1? · ~P2?)

NB:                                                                                          is a conditional number density
<latexit sha1_base64="Nngi4MLcEdfGpGOlxXgDEklIsP4="></latexit>

Dh1h2/i
1 (z1, z2, ~P

2
1?, ~P

2
2?, ~P1?· ~P2?)/D

h2/i
1 (z2, ~P

2
2?)

<latexit sha1_base64="ulWIc6sWaWSWmqUIMsH0Euu4CsI="></latexit>X

h1

X

h2

Z 1

0
dz2

Z 1�z2

0
dz1

Z
d2 ~P1?

Z
d2 ~P2?D

h1h2/i
1 (z1, z2, ~P

2
1?, ~P

2
2?, ~P1? · ~P2?) = N (N � 1)
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Generalization to n-hadron fragmentation
<latexit sha1_base64="ZzcsGDXnHlc+/SYdP7CbmnE6gZk="></latexit>

1

4(16⇡3)n�1z1 · · · zn
Tr

h
�{hi}n/q({zi}n, {~Pi?}n)��

i
= D{hi}n/q

1 ({zi}n, {~P 2
i?}n, {~Pi? · ~Pj?}n)

<latexit sha1_base64="dCWaMazyUDQ8w+C5Dl8D4CNASFY=">AAAC4XicbVJNbxMxEPUuXyV8BThycYmQWikN66oFLpUq4MAJBYm0leLE8nqdxsTrtWxvpdTaGxcOIMSVf8WNf8IRb3apStuRbD2/N+MZzzjVUliXJL+j+Nr1Gzdvrd3u3Ll77/6D7sNHB7YoDeMjVsjCHKXUcikUHznhJD/ShtM8lfwwXbyp9cMTbqwo1Ee31HyS02MlZoJRFyjS/QOxLXPi5wT1cVY424dzoiq8joVyYV+H2SlRmNVSDRGsyUYMMJtu4xPO/LAiHmHNja7++Z5TVKv04VuCph6HbAJXRD0X1Qb2p82hj/1ZgGgCwhVXC6GCOssZ/amlg/dmBwbbg1ibIiN+sZdUU6+ 2UMiUUzdnVPr31dZik3R7ySBZGbwMUAt6oLUh6f4K/WFlzpVjklo7Rol2E0+NE0zyqoNLyzVlC3rMxwEqmnM78asJVfBZYDI4K0xYysEVez7C09zaZZ4Gz7pKe1Gryau0celmryZeKF06rliTaFZK6ApYjxtmwnDm5DIAyowItUI2p4YyFz5FJzQBXXzyZXCwPUAvBrsfdnr7r9t2rIEn4CnYAAi8BPvgHRiCEWDRNPocfY2+xSz+En+PfzSucdTGPAb/WfzzLwH06C4=</latexit>

X

h1,...,hn

Z
dzn · · · dz1

Z
d2 ~P1? · · · d2 ~Pn? D{hi}n/i

1 ({zi}n, {~P 2
i?}n, {~Pi? · ~Pj?}n) =

n�1Y

k=0

(N � k)



! Connection to phenomenology - work in a frame where the dihadron has no 
transverse momentum

D. PitonyakD. Pitonyak

16

<latexit sha1_base64="q5BGIJCt2r0IHaPE0Qg1kJIk0Wg="></latexit>

Ph = P1 + P2 R = (P1 � P2)/2 z = z1 + z2 ⇣ = (z1 � z2)/z

<latexit sha1_base64="XRufqTz7k2iwBLMhjytzVFMriVc="></latexit>

(z1, z2, ~P1?, ~P2?) �! (z, ⇣,~kT , ~RT ) : J = z3/2
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<latexit sha1_base64="XRufqTz7k2iwBLMhjytzVFMriVc="></latexit>

(z1, z2, ~P1?, ~P2?) �! (z, ⇣,~kT , ~RT ) : J = z3/2

<latexit sha1_base64="sE0I0HmveIuBOi5JGQGSw15QLbI="></latexit>

Dh1h2/q
1 (z, ⇣,~k 2

T , ~R
2
T ,~kT · ~RT ) =

z

32⇡3(1 � ⇣2)
Tr

h
�h1h2/q(z1, z2, ~P1?, ~P2?)�

�
i

is a number density in 
<latexit sha1_base64="m49YreIC6/QZSrpH0Wq5gevPec4=">AAACCnicbZDLSsNAFIYnXmu9RV26iRahQimJeFsW3bis0hs0pUymJ+3QyYWZSaENWbvxVdy4UMStT+DOt3GaZqGtPwx8/OcczpzfCRkV0jS/taXlldW19dxGfnNre2dX39tviCDiBOokYAFvOVgAoz7UJZUMWiEH7DkMms7wdlpvjoALGvg1OQ6h4+G+T11KsFRWVz8qTkr2BCQu2SMg8TDpxrVkxg8pn3b1glk2UxmLYGVQQJmqXf3L7gUk8sCXhGEh2pYZyk6MuaSEQZK3IwEhJkPch7ZCH3sgOnF6SmKcKKdnuAFXz5dG6v6eiLEnxNhzVKeH5UDM16bmf7V2JN3rTkz9MJLgk9kiN2KGDIxpLkaPciCSjRVgwqn6q0EGmGMiVXp5FYI1f/IiNM7K1mX54v68ULnJ4sihQ3SMishCV6iC7lAV1RFBj+gZvaI37Ul70d61j1nrkpbNHKA/0j5/ACftmpU=</latexit>

(z, ⇣,~kT , ~RT )

<latexit sha1_base64="q5BGIJCt2r0IHaPE0Qg1kJIk0Wg="></latexit>

Ph = P1 + P2 R = (P1 � P2)/2 z = z1 + z2 ⇣ = (z1 � z2)/z
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<latexit sha1_base64="sE0I0HmveIuBOi5JGQGSw15QLbI="></latexit>

Dh1h2/q
1 (z, ⇣,~k 2

T , ~R
2
T ,~kT · ~RT ) =

z

32⇡3(1 � ⇣2)
Tr

h
�h1h2/q(z1, z2, ~P1?, ~P2?)�

�
i

is a number density in 
<latexit sha1_base64="m49YreIC6/QZSrpH0Wq5gevPec4=">AAACCnicbZDLSsNAFIYnXmu9RV26iRahQimJeFsW3bis0hs0pUymJ+3QyYWZSaENWbvxVdy4UMStT+DOt3GaZqGtPwx8/OcczpzfCRkV0jS/taXlldW19dxGfnNre2dX39tviCDiBOokYAFvOVgAoz7UJZUMWiEH7DkMms7wdlpvjoALGvg1OQ6h4+G+T11KsFRWVz8qTkr2BCQu2SMg8TDpxrVkxg8pn3b1glk2UxmLYGVQQJmqXf3L7gUk8sCXhGEh2pYZyk6MuaSEQZK3IwEhJkPch7ZCH3sgOnF6SmKcKKdnuAFXz5dG6v6eiLEnxNhzVKeH5UDM16bmf7V2JN3rTkz9MJLgk9kiN2KGDIxpLkaPciCSjRVgwqn6q0EGmGMiVXp5FYI1f/IiNM7K1mX54v68ULnJ4sihQ3SMishCV6iC7lAV1RFBj+gZvaI37Ul70d61j1nrkpbNHKA/0j5/ACftmpU=</latexit>

(z, ⇣,~kT , ~RT )

<latexit sha1_base64="q5BGIJCt2r0IHaPE0Qg1kJIk0Wg="></latexit>

Ph = P1 + P2 R = (P1 � P2)/2 z = z1 + z2 ⇣ = (z1 � z2)/z

<latexit sha1_base64="iqm9GYIcCFkQ+KhDsh41x5u8c0A="></latexit>

Dh1h2/q,BBJR
1 (z, ⇣,~k 2

T , ~R
2
T ,~kT · ~RT ) =

1

4z
Tr

h
�h1h2/q(z1, z2, ~P1?, ~P2?)�

�
i

Compare this to the original definition of Bianconi, Boffi, Jakob, Radici (2000) that 
has been the basis for all dihadron research (sensitive to RT) for the last 20+ years

Does not allow sum rules to be derived that 
justify a number density interpretation

<latexit sha1_base64="XRufqTz7k2iwBLMhjytzVFMriVc="></latexit>

(z1, z2, ~P1?, ~P2?) �! (z, ⇣,~kT , ~RT ) : J = z3/2
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<latexit sha1_base64="qGnsj3B/LioJCw4Xi96qF18k1AY="></latexit>

z

32⇡3(1� ⇣2)

Z
d
2~kT Tr

h
�h1h2/q(z1, z2, ~P1?, ~P2?)�

�
i
= D

h1h2/q
1 (z, ⇣, ~R2

T )

z

32⇡3(1� ⇣2)

Z
d
2~kT Tr

h
�h1h2/q(z1, z2, ~P1?, ~P2?)i�

i�
�5

i
= �✏

ij
T R

j
T

Mh
H

^h1h2/q
1 (z, ⇣, ~R2

T )

are number densities in 
<latexit sha1_base64="r7hYLam9HlQ2APMMNAewBhaplAM=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyxChVIS8bUsunFZpS9oQphMb9uhkwczk0IbAv6KGxeKuPU73Pk3TtsstPXAhcM593LvPV7EqJCm+a3lVlbX1jfym4Wt7Z3dPX3/oCnCmBNokJCFvO1hAYwG0JBUMmhHHLDvMWh5w7up3xoBFzQM6nIcgePjfkB7lGCpJFc/Kk3K9gQkLtsjIMlj6ib19MzVi2bFnMFYJlZGiihDzdW/7G5IYh8CSRgWomOZkXQSzCUlDNKCHQuIMBniPnQUDbAPwklm56fGqVK6Ri/kqgJpzNTfEwn2hRj7nur0sRyIRW8q/ud1Ytm7cRIaRLGEgMwX9WJmyNCYZmF0KQci2VgRTDhVtxpkgDkmUiVWUCFYiy8vk+Z5xbqqXD5cFKu3WRx5dIxOUAlZ6BpV0T2qoQYiKEHP6BW9aU/ai/aufcxbc1o2c4j+QPv8AZ2AlUk=</latexit>

(z, ⇣, ~RT )
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<latexit sha1_base64="qGnsj3B/LioJCw4Xi96qF18k1AY="></latexit>

z

32⇡3(1� ⇣2)

Z
d
2~kT Tr

h
�h1h2/q(z1, z2, ~P1?, ~P2?)�

�
i
= D

h1h2/q
1 (z, ⇣, ~R2

T )

z

32⇡3(1� ⇣2)

Z
d
2~kT Tr

h
�h1h2/q(z1, z2, ~P1?, ~P2?)i�

i�
�5

i
= �✏

ij
T R

j
T

Mh
H

^h1h2/q
1 (z, ⇣, ~R2

T )

One cannot simply replace the RT dependence in the DiFF with an Mh and still maintain a 
number density interpretation in Mh 

<latexit sha1_base64="esklVGeBHmwkWDAjgGqJAxUvm5A="></latexit>

~R 2
T =

1� ⇣2

4
M2

h � 1� ⇣

2
M2

1 � 1 + ⇣

2
M2

2

<latexit sha1_base64="NYhFr8orGPtPhEESsOxD/TMcJUc="></latexit>

(z1, z2, ~P1?, ~P2?) �! (z, ⇣,~kT ,Mh,�RT ) : J = z3(1� ⇣2)/8

are number densities in 
<latexit sha1_base64="r7hYLam9HlQ2APMMNAewBhaplAM=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyxChVIS8bUsunFZpS9oQphMb9uhkwczk0IbAv6KGxeKuPU73Pk3TtsstPXAhcM593LvPV7EqJCm+a3lVlbX1jfym4Wt7Z3dPX3/oCnCmBNokJCFvO1hAYwG0JBUMmhHHLDvMWh5w7up3xoBFzQM6nIcgePjfkB7lGCpJFc/Kk3K9gQkLtsjIMlj6ib19MzVi2bFnMFYJlZGiihDzdW/7G5IYh8CSRgWomOZkXQSzCUlDNKCHQuIMBniPnQUDbAPwklm56fGqVK6Ri/kqgJpzNTfEwn2hRj7nur0sRyIRW8q/ud1Ytm7cRIaRLGEgMwX9WJmyNCYZmF0KQci2VgRTDhVtxpkgDkmUiVWUCFYiy8vk+Z5xbqqXD5cFKu3WRx5dIxOUAlZ6BpV0T2qoQYiKEHP6BW9aU/ai/aufcxbc1o2c4j+QPv8AZ2AlUk=</latexit>

(z, ⇣, ~RT )

NB: Experiments report measurements in terms of Mh 
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<latexit sha1_base64="zgYnI8IzHcuJqrg5GLx0w0KhYmA="></latexit>

Dh1h2/i
1 (z,Mh) ⌘

⇡

2
Mh

Z 1

�1
d⇣ (1� ⇣2)Dh1h2/i

1 (z, ⇣, ~R2
T )

is a number density in
<latexit sha1_base64="Jk+/w2kxcoQOjUfBrX/NuHbXq5s=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQQcKu+DoGvXgRIpgHJEuYncwmQ2ZnlplZIS75CC8eFPHq93jzb5wke9DEgoaiqpvuriDmTBvX/XZyS8srq2v59cLG5tb2TnF3r6FlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDG8mfvORKs2keDCjmPoR7gsWMoKNlZrlp5O77uC4Wyy5FXcKtEi8jJQgQ61b/Or0JEkiKgzhWOu258bGT7EyjHA6LnQSTWNMhrhP25YKHFHtp9Nzx+jIKj0USmVLGDRVf0+kONJ6FAW2M8JmoOe9ifif105MeOWnTMSJoYLMFoUJR0aiye+oxxQlho8swUQxeysiA6wwMTahgg3Bm395kTROK95F5fz+rFS9zuLIwwEcQhk8uIQq3EIN6kBgCM/wCm9O7Lw4787HrDXnZDP78AfO5w8wBo7V</latexit>

(z,Mh)
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<latexit sha1_base64="zgYnI8IzHcuJqrg5GLx0w0KhYmA="></latexit>

Dh1h2/i
1 (z,Mh) ⌘

⇡

2
Mh

Z 1

�1
d⇣ (1� ⇣2)Dh1h2/i

1 (z, ⇣, ~R2
T )

is a number density in
<latexit sha1_base64="Jk+/w2kxcoQOjUfBrX/NuHbXq5s=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQQcKu+DoGvXgRIpgHJEuYncwmQ2ZnlplZIS75CC8eFPHq93jzb5wke9DEgoaiqpvuriDmTBvX/XZyS8srq2v59cLG5tb2TnF3r6FlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDG8mfvORKs2keDCjmPoR7gsWMoKNlZrlp5O77uC4Wyy5FXcKtEi8jJQgQ61b/Or0JEkiKgzhWOu258bGT7EyjHA6LnQSTWNMhrhP25YKHFHtp9Nzx+jIKj0USmVLGDRVf0+kONJ6FAW2M8JmoOe9ifif105MeOWnTMSJoYLMFoUJR0aiye+oxxQlho8swUQxeysiA6wwMTahgg3Bm395kTROK95F5fz+rFS9zuLIwwEcQhk8uIQq3EIN6kBgCM/wCm9O7Lw4787HrDXnZDP78AfO5w8wBo7V</latexit>

(z,Mh)

<latexit sha1_base64="YBGqjpSUijpnfK1v04WegRDxcwc="></latexit>

d�

dz dMh
=

4⇡Nc↵2
em

3Q2

X

q

e2q D
h1h2/q
1 (z,Mh)

Measured by Belle (2017) for 
𝜋"𝜋# and 𝜋"𝜋" 

New definition will allow us to calculate, e.g., the 
average value of z or of Mh for the ensemble of all 
𝜋"𝜋# (or 𝜋"𝜋") pairs from the fragmentation of 
an unpolarized quark 

<latexit sha1_base64="Eb1bO+agP8+4ksAmb9mVZp3/GXY="></latexit>

hO(z,Mh)i
h1h2/i=

Z
dz dMh O(z,Mh)D

h1h2/i
1 (z,Mh)
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<latexit sha1_base64="zgYnI8IzHcuJqrg5GLx0w0KhYmA="></latexit>

Dh1h2/i
1 (z,Mh) ⌘

⇡

2
Mh

Z 1

�1
d⇣ (1� ⇣2)Dh1h2/i

1 (z, ⇣, ~R2
T )

is a number density in
<latexit sha1_base64="Jk+/w2kxcoQOjUfBrX/NuHbXq5s=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQQcKu+DoGvXgRIpgHJEuYncwmQ2ZnlplZIS75CC8eFPHq93jzb5wke9DEgoaiqpvuriDmTBvX/XZyS8srq2v59cLG5tb2TnF3r6FlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDG8mfvORKs2keDCjmPoR7gsWMoKNlZrlp5O77uC4Wyy5FXcKtEi8jJQgQ61b/Or0JEkiKgzhWOu258bGT7EyjHA6LnQSTWNMhrhP25YKHFHtp9Nzx+jIKj0USmVLGDRVf0+kONJ6FAW2M8JmoOe9ifif105MeOWnTMSJoYLMFoUJR0aiye+oxxQlho8swUQxeysiA6wwMTahgg3Bm395kTROK95F5fz+rFS9zuLIwwEcQhk8uIQq3EIN6kBgCM/wCm9O7Lw4787HrDXnZDP78AfO5w8wBo7V</latexit>

(z,Mh)

partonic cross section for 
<latexit sha1_base64="kBicT6yFYEOfPN37xGDNUlaUX0k=">AAACJnicbVDLSgMxFM34tr6qLkUIFkEQy4z4WhbduKxgW6FTy530tg0mM2OSEcvQlT+jW/0PdyLu/Aa/wLSdhVYPBA7nPnLuCWLBtXHdD2dicmp6ZnZuPrewuLS8kl9dq+ooUQwrLBKRugpAo+AhVgw3Aq9ihSADgbXg5mxQr92h0jwKL00vxoaETsjbnIGxUjO/ide7eL3nm4j6HZAS6IDe+gGo9LbfzBfcojsE/Uu8jBRIhnIz/+W3IpZIDA0ToHXdc2PTSEEZzgT2c36iMQZ2Ax2sWxqCRN1Ih2f06bZVWrQdKftCQ4fqz4kUpNY9GdhOCaarx2sD8b9aPTHtk0bKwzgxGLLRR+1EUHvpIBPa4gqZET1LgCluvVLWBQXM2OR+bWrd8Vhnru9HtnM2JG88kr+kul/0joqHFweF0mkW1xzZIFtkh3jkmJTIOSmTCmHkgTyRZ/LiPDqvzpvzPmqdcLKZdfILzuc3g2WmHQ==</latexit>

e+e� ! � ! qq̄

<latexit sha1_base64="gbF1NaGJFsAR3EhgdeCFwxPy4w4="></latexit>

d�

dz dMh
=

4⇡Nc↵2
em

3Q2

X

q

e2q D
h1h2/q
1 (z,Mh)

This is exactly the structure dσ should have if D1 has a 
number density interpretation
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<latexit sha1_base64="zgYnI8IzHcuJqrg5GLx0w0KhYmA="></latexit>

Dh1h2/i
1 (z,Mh) ⌘

⇡

2
Mh

Z 1

�1
d⇣ (1� ⇣2)Dh1h2/i

1 (z, ⇣, ~R2
T )

is a number density in
<latexit sha1_base64="Jk+/w2kxcoQOjUfBrX/NuHbXq5s=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQQcKu+DoGvXgRIpgHJEuYncwmQ2ZnlplZIS75CC8eFPHq93jzb5wke9DEgoaiqpvuriDmTBvX/XZyS8srq2v59cLG5tb2TnF3r6FlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDG8mfvORKs2keDCjmPoR7gsWMoKNlZrlp5O77uC4Wyy5FXcKtEi8jJQgQ61b/Or0JEkiKgzhWOu258bGT7EyjHA6LnQSTWNMhrhP25YKHFHtp9Nzx+jIKj0USmVLGDRVf0+kONJ6FAW2M8JmoOe9ifif105MeOWnTMSJoYLMFoUJR0aiye+oxxQlho8swUQxeysiA6wwMTahgg3Bm395kTROK95F5fz+rFS9zuLIwwEcQhk8uIQq3EIN6kBgCM/wCm9O7Lw4787HrDXnZDP78AfO5w8wBo7V</latexit>

(z,Mh)

partonic cross section for 
<latexit sha1_base64="kBicT6yFYEOfPN37xGDNUlaUX0k=">AAACJnicbVDLSgMxFM34tr6qLkUIFkEQy4z4WhbduKxgW6FTy530tg0mM2OSEcvQlT+jW/0PdyLu/Aa/wLSdhVYPBA7nPnLuCWLBtXHdD2dicmp6ZnZuPrewuLS8kl9dq+ooUQwrLBKRugpAo+AhVgw3Aq9ihSADgbXg5mxQr92h0jwKL00vxoaETsjbnIGxUjO/ide7eL3nm4j6HZAS6IDe+gGo9LbfzBfcojsE/Uu8jBRIhnIz/+W3IpZIDA0ToHXdc2PTSEEZzgT2c36iMQZ2Ax2sWxqCRN1Ih2f06bZVWrQdKftCQ4fqz4kUpNY9GdhOCaarx2sD8b9aPTHtk0bKwzgxGLLRR+1EUHvpIBPa4gqZET1LgCluvVLWBQXM2OR+bWrd8Vhnru9HtnM2JG88kr+kul/0joqHFweF0mkW1xzZIFtkh3jkmJTIOSmTCmHkgTyRZ/LiPDqvzpvzPmqdcLKZdfILzuc3g2WmHQ==</latexit>
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This is exactly the structure dσ should have if D1 has a 
number density interpretation
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The analytical formulas in the literature need to be modified 
to account for these new definitions



! Evolution equations for extended DiFFs

D. PitonyakD. Pitonyak

22

“Homogeneous term” “Inhomogeneous term”
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The inhomogeneous terms are not UV divergent when one keeps the dependence on RT 
(see also Ceccopieri, et al. (2007))
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𝜻 dependence is not altered by evolution
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Evolution is independent of the target (in the case of 
PDFs) or final (in the case of FFs) state (Collins (2011))

The evolution equations of the extended DiFFs are the same as 
single-hadron collinear FFs

𝜻 dependence is not altered by evolution
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D = D1 or H^
1where

use unpolarized 
splitting kernels

use transversely polarized 
splitting kernels
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Note: all phenomenological results are PRELIMINARY



D. Pitonyak

25

(Collins, et al. (1994); Bianconi, et al. (2000); Bacchetta, Radici (2003, 2004); Courtoy, et al. (2012); 
Matevosyan, et al. (2018); Radici, et al. (2013, 2015, 2018); Benel, et al. (2020), …)

<latexit sha1_base64="imjrEpT/LMk7waLB0peNu5XB1aM=">AAACFXicbZDLSgMxFIYz9VbrrerSTbAILdYyU7wti25cVrAX6LRDJj3thGYuJBmhDH0JN76KGxeKuBXc+TamF0Fbfwh8+c85JOd3I86kMs0vI7W0vLK6ll7PbGxube9kd/fqMowFhRoNeSiaLpHAWQA1xRSHZiSA+C6Hhju4Htcb9yAkC4M7NYyg7ZN+wHqMEqUtJ1uEzjF0TrCtQpz3HAt7TrmQt10iEm+krz9ULtjFppPNmSVzIrwI1gxyaKaqk/20uyGNfQgU5UTKlmVGqp0QoRjlMMrYsYSI0AHpQ0tjQHyQ7WSy1QgfaaeLe6HQJ1B44v6eSIgv5dB3dadPlCfna2Pzv1orVr3LdsKCKFYQ0OlDvZhjHcE4ItxlAqjiQw2ECqb/iqlHBKFKB5nRIVjzKy9CvVyyzktnt6e5ytUsjjQ6QIcojyx0gSroBlVRDVH0gJ7QC3o1Ho1n4814n7amjNnMPvoj4+MbZOScgA==</latexit>

e+e� ! (h1h2)(h̄1h̄2)X
<latexit sha1_base64="D89k0WF1u3u6ygyYHLE5aA4p4/g=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0WpUEpSfC2LblxJBfuAJobJdNIOnWTCzEQpoX/gxl9x40IRt27d+TdO2yy09cDA4Zx7uXOOHzMqlWV9G7mFxaXllfxqYW19Y3PL3N5pSp4ITBqYMy7aPpKE0Yg0FFWMtGNBUOgz0vIHl2O/dU+EpDy6VcOYuCHqRTSgGCkteeahQxhzytd3ThIjIfgDdBSHU7HU9+y+Vz1yym3PLFoVawI4T+yMFEGGumd+OV2Ok5BECjMkZce2YuWmSCiKGRkVnESSGOEB6pGOphEKiXTTSZ4RPNBKFwZc6BcpOFF/b6QolHIY+noyRKovZ72x+J/XSVRw7qY0ihNFIjw9FCQM6sjjcmCXCoIVG2qCsKD6rxD3kUBY6QoLugR7NvI8aVYr9mnl5Oa4WLvI6siDPbAPSsAGZ6AGrkAdNAAGj+AZvII348l4Md6Nj+lozsh2dsEfGJ8/tRybLA==</latexit>

`N" ! ` (h1h2)X
<latexit sha1_base64="fAEmwYMoU3UWNNPMWin3jxD0aic=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahgpSk+FoW3bisYB/QxDCZTpqhk2SYmSgldOPGX3HjQhG3/oM7/8Zpm4W2Hhg4nHMvd87xOaNSWda3UVhYXFpeKa6W1tY3NrfM7Z2WTFKBSRMnLBEdH0nCaEyaiipGOlwQFPmMtP3B1dhv3xMhaRLfqiEnboT6MQ0oRkpLnrnP75yUIyGSB8ihoxJYCT079GpHznHHM8tW1ZoAzhM7J2WQo+GZX04vwWlEYoUZkrJrW1y5GRKKYkZGJSeVhCM8QH3S1TRGEZFuNkkxgoda6cEgEfrFCk7U3xsZiqQcRr6ejJAK5aw3Fv/zuqkKLtyMxjxVJMbTQ0HKoA47rgT2qCBYsaEmCAuq/wpxiATCShdX0iXYs5HnSatWtc+qpzcn5fplXkcR7IEDUAE2OAd1cA0aoAkweATP4BW8GU/Gi/FufExHC0a+swv+wPj8AWYAlzg=</latexit>

p"p ! (h1h2)X

Artru-Collins asymmetry

<latexit sha1_base64="/PfyhYjVuIc+QVxC8XDYP7Xliis="></latexit>

d�

dz dMh
=

4⇡Nc↵2
em

3Q2

X

q

e2q D
q
1(z,Mh)

Note: D1 can be constrained using data on 
dσ/dzdMh from BELLE (2017)

<latexit sha1_base64="RFbB7kP3wUHbWIPtM8BhUZ5/GXA="></latexit>

a12R =
sin2 ✓2

P
q e

2
q H

^,q
1 (z,Mh)H

^,q̄
1 (z̄,Mh)

(1 + cos2 ✓2)
P

q e
2
q D

q
1(z,Mh)D

q̄
1(z̄,Mh)

<latexit sha1_base64="DpdcIuCFhCULAffTQYearRH7MTA="></latexit>

Asin(�R+�S)
UT =

P
q e

2
q h

q
1(x)H

^,q
1 (z,Mh)P

q e
2
q f

q
1 (x)D

q
1(z,Mh)

<latexit sha1_base64="B8NsRiZZHetGhIFb0FMFiGPNHQ0="></latexit>

Asin(�R��S)
UT ⇠

d��̂a"b!c"

dt̂
⌦ h

a
1(xa)⌦ f b

1(xb)⌦H
^,c
1 (z,Mh)

d�̂ab!c

dt̂
⌦ fa

1 (xa)⌦ f b
1(xb)⌦D

c
1(z,Mh)



 

D. PitonyakD. Pitonyak

QCD Pheno for 
Transversity

Low-Energy 
BSM

Physics

Lattice 
QCD, 

Models

Tensor 
charges

26

Anselmino, et al. (2007, 2009, 2013, 2015); 
Goldstein, et al. (2014); Kang, et al. (2016); Radici, et al. (2013, 2015, 2018); 

Benel, et al. (2020); D’Alesio, et al. (2020); Cammarota, et al. (2020); 
Gamberg, et al. (2022); Cocuzza, et al. (2023)

He, Ji (1995); 
Barone, et al. (1997);

Schweitzer, et al. (2001); 
Gamberg, Goldstein (2001);

Pasquini, et al. (2005);
Wakamatsu (2007);

Lorce (2009);
Gupta, et al. (2018); 

Yamanaka, et al. (2018); 
Hasan, et al. (2019); 

Alexandrou, et al. (2019, 2023); 
Yamanaka, et al. (2013);

Pitschmann, et al. (2015);
Xu, et al. (2015);

Wang, et al. (2018);
Liu, et al. (2019) 

Herczeg (2001);
Erler, Ramsey-Musolf (2005);

Pospelov, Ritz (2005);
Severijns, et al. (2006);
Cirigliano, et al. (2013);
Courtoy, et al. (2015); 

Yamanaka, et al. (2017);   
Liu, et al. (2018);   

Gonzalez-Alonso, et al. (2019)

<latexit sha1_base64="/logdCjvPw8cpU5BTujitjwzdwY="></latexit>

�q⌘
Z 1

0
dx [hq

1(x)� hq̄
1(x)] gT ⌘ �u� �d



OPE

 

D. PitonyakD. Pitonyak

F sin(�h+�S)
UT = C

"
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Parton model

TMD/Collins-Soper-Sterman (CSS) Evolution
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f̃?(1)
1T (x, bT ; Q2, µQ) ⇠ FF T (x, x; µb⇤) exp

h
�Spert(b⇤(bT );µb⇤ , Q, µQ)� S

f?1T
NP (bT , Q)

i

gf?1T
(x, bT ) + gK(bT ) ln(Q/Q0)

(Aybat, et al. (2012); Bury, et al. (2021); 
Echevarria, et al. (2014, 2021))

Qiu-Sterman 
function

<latexit sha1_base64="O7p/o6gw8wFdvguParcl6q+OHIU=">AAACJHicbVC7TsMwFHXKq5RXgLGLRYXEVCUIBGMFC2OR6ENqSuU4TmvVcSzbKVRRB34GVvgPNsTAwkfwBbhpBtpyJEtH5z587vEFo0o7zpdVWFldW98obpa2tnd29+z9g6aKE4lJA8cslm0fKcIoJw1NNSNtIQmKfEZa/vB6Wm+NiFQ05nd6LEg3Qn1OQ4qRNlLPLnuEMSjuvUQgKeMH6OkYZtqg3bMrTtXJAJeJm5MKyFHv2T9eEOMkIlxjhpTquI7Q3RRJTTEjk5KXKCIQHqI+6RjKUURUN82OmMBjowQwjKV5XMNM/TuRokipceSbzgjpgVqsTcX/ap1Eh5fdlHKRaMLx7KMwYdAcOk0EBlQSrNnYEIQlNV4hHiCJsDa5zW0KRlSo3PXjzHbJhOQuRrJMmqdV97zq3J5Vald5XEVQBkfgBLjgAtTADaiDBsDgCbyAV/BmPVvv1of1OWstWPnMIZiD9f0LMRelaA==</latexit>

`p" ! `hX
<latexit sha1_base64="DSlk0XQrIuEI0RIRcangjBkWIoQ="></latexit>

{⇡, p}p" ! {`+`�,W±, Z}X

OPE

F sin(�h��S)
UT = C

"
� ĥ · ~kT

M
f?
1T D1

# <latexit sha1_base64="N+DGK5hWyPNeK0Z7f/iKgkPHEOY="></latexit>

F sin�
TU = C

"
� ĥ · ~kaT

Ma
f?
1T f̄1

#

29
(Boer, Mulders, Pijlman (2003))

Parton model

TMD/Collins-Soper-Sterman (CSS) Evolution
Sudakov exponentials (gluon radiation)
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H
?(1)
1

FF T h1, FF T , H
?(1)
1 , H̃

D. Pitonyak

h1, FF T , H
?(1)
1 , H̃
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Gamberg, Malda, Miller, DP, Prokudin, Sato, PRD 106, 034014 (2022)

User-friendly jupyter notebook to calculate functions and asymmetries: 
https://colab.research.google.com/github/pitonyak25/jam3d_dev_lib/blob/main/JAM3D_Library.ipynb 

LHAPDF tables available (thanks to C. Cocuzza):
https://github.com/pitonyak25/jam3d_dev_lib/tree/main/LHAPDF_tables
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First direct 
information 
from 
experiment 
on  

<latexit sha1_base64="fTu+xmdHd28aAAJUumxF0wybkrk=">AAAB83icbVBNS8NAEJ34WetX1aOXYBHqpSRS1GPRS48V7Ac0oWw203bpZhN2N0IN/RtePCji1T/jzX/jts1BWx8MPN6bYWZekHCmtON8W2vrG5tb24Wd4u7e/sFh6ei4reJUUmzRmMeyGxCFnAlsaaY5dhOJJAo4doLx3czvPKJULBYPepKgH5GhYANGiTaS52nGQ8wa08rTRb9UdqrOHPYqcXNShhzNfunLC2OaRig05USpnusk2s+I1IxynBa9VGFC6JgMsWeoIBEqP5vfPLXPjRLag1iaEtqeq78nMhIpNYkC0xkRPVLL3kz8z+ulenDjZ0wkqUZBF4sGKbd1bM8CsEMmkWo+MYRQycytNh0RSag2MRVNCO7yy6ukfVl1r6q1+1q5fpvHUYBTOIMKuHANdWhAE1pAIYFneIU3K7VerHfrY9G6ZuUzJ/AH1ucPq8yRdA==</latexit>

H̃(z)
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! Dihadron (e.g., Radici, Bacchetta (2018); Benel, Courtoy, Ferro-Hernandez (2019)) and TMD 
analyses that only include e+e- and SIDIS Collins effect data (e.g., Kang, et al. (2016)), 
are generally below the lattice values for gT and 𝛅u 

! Because of the Soffer bound on h1, one initially finds JAM3D-22 has more tension 
with lattice, but this does not imply phenomenology and lattice are incompatible – 
one can only fully answer this by including lattice data in the analysis

! Once the the lattice gT data point is included, we find the non-perturbative 
functions can accommodate it and still describe the experimental data well

(2019)
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<latexit sha1_base64="VlAz/Rj/+PVWwXUm0nmxc5C8Rcw=">AAACIHicbVDLSsNAFJ3UV62vqAsXboJFqCAlEV/Loi7cCBXsA9oQJpNJO3SSCTOTYg35Gd3qf7gTl/oZfoGTNgvbemGYwzn33jlz3IgSIU3zSyssLC4trxRXS2vrG5tb+vZOU7CYI9xAjDLedqHAlIS4IYmkuB1xDAOX4pY7uM701hBzQVj4IEcRtgPYC4lPEJSKcvS9rsuoJ0aBupIbx6o8Hd85/aPU0ctm1RyXMQ+sHJRBXnVH/+l6DMUBDiWiUIiOZUbSTiCXBFGclrqxwBFEA9jDHQVDGGBhJ+MPpMahYjzDZ1ydUBpj9u9EAgOReVSdAZR9Matl5H9aJ5b+pZ2QMIolDtHkIT+mhmRGlobhEY6RpCMFIOJEeTVQH3KIpMpsapM3JJHIXT9ObJdUSNZsJPOgeVK1zqtn96fl2lUeVxHsgwNQARa4ADVwC+qgARBIwQt4BW/as/aufWifk9aCls/sgqnSvn8BBASjxQ==</latexit>

D1(z,Mh)

<latexit sha1_base64="o5yZzhJMU5d+Jd1IfuhODl/Vy08="></latexit>

h1(x),H
^
1 (z,Mh), D1(z,Mh)

<latexit sha1_base64="aXQF/aF1Fgd/Hch3zZY2lY+opnI="></latexit>

H
^
1 (z,Mh), D1(z,Mh)

DiFFs and transversity PDFs 
extracted simultaneously
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<latexit sha1_base64="4mfRYuo7FLSNiOK/ZUApRn8Cg4c="></latexit>

D1(z,Mh),H
^
1 (z,Mh)

<latexit sha1_base64="MxxLdGWfItgCbIW/XrzIQDA9IN0="></latexit>

Du
1 = Dd

1 = Dū
1 = Dd̄

1 ,

Ds
1 = Ds̄

1, Dc
1 = Dc̄

1, Db
1 = Db̄

1

<latexit sha1_base64="egoeVkEJUHDlzXbt5DhxW79v44A="></latexit>

H
^,u
1 = �H

^,d
1 = �H

^,ū
1 = H

^,d̄
1 ,

H
^,s
1 = �H

^,s̄
1 = H

^,c
1 = �H

^,c̄
1 = 0

• Symmetry relations (Courtoy, et al. (2012))

also have
<latexit sha1_base64="jbwxcyf7IsRRNzBDzT4gP1O4eFc=">AAACD3icbVBJTgMxEPSELQxbgCOXERESp2gGsR0j4MAxSGSRkhD1OJ3ExPaMbA8oGuUPcISPcENceQL/4AE4ywESSrJVqupWd1cYc6aN7385mYXFpeWV7Kq7tr6xuZXb3qnoKFEUyzTikaqFoJEziWXDDMdarBBEyLEa9i9HfvUBlWaRvDWDGJsCupJ1GAVjpcpVK7jruq1c3i/4Y3jzJJiSPJmi1Mp9N9oRTQRKQzloXQ/82DRTUIZRjkO3kWiMgfahi3VLJQjUzXS87dA7sErb60TKPmm8sfq7IwWh9UCEtlKA6elZbyT+59UT0zlvpkzGiUFJJ4M6CfdM5I1O99pMITV8YAlQxeyuHu2BAmpsQG5D4iONhADZThsahvaLe6hsUhxkd3SVjSmYDWWeVI4KwWnh5OY4X7yYBpYle2SfHJKAnJEiuSYlUiaU3JMn8kJenWfnzXl3PialGWfas0v+wPn8ARWLnPw=</latexit>

Dg
1

<latexit sha1_base64="ylmGR8WhczM0lDNbDhFkaZCl6X0=">AAACGnicbZDLSgMxFIYz3q23qks3wSIoSJkRbysRdeFGULCt0JbhTHraBpPMkGSUOvRJdKkv4k7cuvE9fADT2oW2Hkj4+f9zyMkXJYIb6/uf3tj4xOTU9Mxsbm5+YXEpv7xSNnGqGZZYLGJ9E4FBwRWWLLcCbxKNICOBlej2tJdX7lAbHqtr20mwLqGleJMzsM4K80tnYbD5sH0RtrfoEfVzYb7gF/1+0VERDESBDOoyzH/VGjFLJSrLBBhTDfzE1jPQljOB3VwtNZgAu4UWVp1UINHUs/7iXbrhnAZtxtodZWnf/T2RgTSmIyPXKcG2zXDWM//LqqltHtYzrpLUomI/DzVTQW1MexRog2tkVnScAKa525WyNmhg1rHK1RTes1hKUI2sZqDrrqSN2kEToFq9XzlMwTCUUVHeKQb7xb2r3cLxyQDYDFkj62STBOSAHJNzcklKhJGUPJJn8uI9ea/em/f+0zrmDWZWyZ/yPr4BL/qfew==</latexit>

D1(z,Mh) > 0
<latexit sha1_base64="B9kfSh4MKX9FAgJSVLIuYiuH1+M="></latexit>

|H^
1 (z,Mh)| < D1(z,Mh)

• Positivity bounds (Bacchetta, Radici (2003))
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<latexit sha1_base64="4mfRYuo7FLSNiOK/ZUApRn8Cg4c="></latexit>

D1(z,Mh),H
^
1 (z,Mh)

• Because of the resonance structure of the e+e- cross section, we use a grid 
in Mh whose density depends on the flavor and DiFF and then at each grid 
point we have the functional form                         . The grid is then 
interpolated to give a general Mh dependence. E.g., for the up quark for D1, 

<latexit sha1_base64="P7DgQ8D7EXkVWMH6mydinfwF3tI=">AAACHHicbZDLSgMxFIYz3q23qks3wSLowjIj3paiG1eiYC/QqeVMetqGJpkhySh16KPoUl/EnbgVfA8fwPSy8HYg4ef/zyEnX5QIbqzvf3gTk1PTM7Nz87mFxaXllfzqWtnEqWZYYrGIdTUCg4IrLFluBVYTjSAjgZWoezbIK7eoDY/Vte0lWJfQVrzFGVhnNfKroeGSXtzfwHawe79zE+Ua+YJf9IdF/4pgLApkXJeN/GfYjFkqUVkmwJha4Ce2noG2nAns58LUYAKsC22sOalAoqlnw9X7dMs5TdqKtTvK0qH7fSIDaUxPRq5Tgu2Y39nA/C+rpbZ1XM+4SlKLio0eaqWC2pgOONAm18is6DkBTHO3K2Ud0MCso5ULFd6xWEpQzSw00HdX0kHtsAlQ7cGvHKbgN5S/orxXDA6LB1f7hZPTMbA5skE2yTYJyBE5IefkkpQII3fkgTyRZ+/Re/FevbdR64Q3nlknP8p7/wJHLKE3</latexit>

⇠ Nza(1� z)b

<latexit sha1_base64="mFIyUQgeXpRNA1gz7UNy8K/fZSo="></latexit>

Du
1 (z,M

u,i
h ) =

X

j=1,2,3

Nu
ijz

↵u
ij (1� z)�

u
ij

B[↵u
ij + 1,�u

ij + 1]

<latexit sha1_base64="pETmKwHIzblzDOx0mMxnZopF1tI="></latexit>

Mu
h = [2m⇡, 0.40, 0.50, 0.70, 0.75, 0.80, 0.90, 1.00, 1.20, 1.30, 1.40, 1.60, 1.80, 2.00] GeV

<latexit sha1_base64="15NRaEZiydyJTMRQ/72mxrk/tNk="></latexit>

! 204 parameters for D1 and 48 parameters for H^
1
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<latexit sha1_base64="4mfRYuo7FLSNiOK/ZUApRn8Cg4c="></latexit>

D1(z,Mh),H
^
1 (z,Mh)

• The Belle data is not sufficient to perform a flavor separation for D1, so we 
supplement with data from Pythia for σq/ σtot for q = s, c, b at 

<latexit sha1_base64="qdhV/SI05kKWkoRZ4hoAOd84hDo="></latexit>p
s = [10.58, 30.73, 50.88, 71.04, 91.19] GeV

→ constrain D1 for s, c, b as well as the gluon through scaling violations 

using different tunes to quantify systematic uncertainties

• Because of the resonance structure of the e+e- cross section, we use a grid 
in Mh whose density depends on the flavor and DiFF and then at each grid 
point we have the functional form                         . The grid is then 
interpolated to give a general Mh dependence. E.g., for the up quark for D1, 

<latexit sha1_base64="P7DgQ8D7EXkVWMH6mydinfwF3tI=">AAACHHicbZDLSgMxFIYz3q23qks3wSLowjIj3paiG1eiYC/QqeVMetqGJpkhySh16KPoUl/EnbgVfA8fwPSy8HYg4ef/zyEnX5QIbqzvf3gTk1PTM7Nz87mFxaXllfzqWtnEqWZYYrGIdTUCg4IrLFluBVYTjSAjgZWoezbIK7eoDY/Vte0lWJfQVrzFGVhnNfKroeGSXtzfwHawe79zE+Ua+YJf9IdF/4pgLApkXJeN/GfYjFkqUVkmwJha4Ce2noG2nAns58LUYAKsC22sOalAoqlnw9X7dMs5TdqKtTvK0qH7fSIDaUxPRq5Tgu2Y39nA/C+rpbZ1XM+4SlKLio0eaqWC2pgOONAm18is6DkBTHO3K2Ud0MCso5ULFd6xWEpQzSw00HdX0kHtsAlQ7cGvHKbgN5S/orxXDA6LB1f7hZPTMbA5skE2yTYJyBE5IefkkpQII3fkgTyRZ+/Re/FevbdR64Q3nlknP8p7/wJHLKE3</latexit>

⇠ Nza(1� z)b

<latexit sha1_base64="mFIyUQgeXpRNA1gz7UNy8K/fZSo="></latexit>

Du
1 (z,M

u,i
h ) =

X

j=1,2,3

Nu
ijz

↵u
ij (1� z)�

u
ij

B[↵u
ij + 1,�u

ij + 1]

<latexit sha1_base64="pETmKwHIzblzDOx0mMxnZopF1tI="></latexit>

Mu
h = [2m⇡, 0.40, 0.50, 0.70, 0.75, 0.80, 0.90, 1.00, 1.20, 1.30, 1.40, 1.60, 1.80, 2.00] GeV

<latexit sha1_base64="15NRaEZiydyJTMRQ/72mxrk/tNk="></latexit>

! 204 parameters for D1 and 48 parameters for H^
1
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<latexit sha1_base64="admxa1HzkuX55OGKqnq/vFEDmxU=">AAACHnicbVDLTsMwEHR4U14FjlwiKiS4VAnidURw4QgSLZWaqto429bCj8h2gCrqt8ARfoQb4gr/wQfgtD0AZSR7R7O78njilDNjg+DTm5qemZ2bX1gsLS2vrK6V1zfqRmWaYo0qrnQjBoOcSaxZZjk2Uo0gYo438e150b+5Q22Ykte2n2JLQFeyDqNgndQub0ax4onpC1fyXjvcfdgbtMuVoBoM4U+ScEwqZIzLdvkrShTNBEpLORjTDIPUtnLQllGOg1KUGUyB3kIXm45KEGha+dD8wN9xSuJ3lHZHWn+o/tzIQZjCn5sUYHvmb68Q/+s1M9s5aeVMpplFSUcPdTLuW+UXSfgJ00gt7zsCVDPn1ac90ECty6sUSbynSgiQSR4ZGLgr7aF2wXGQ3eJXLqbwbyiTpL5fDY+qh1cHldOzcWALZItsk10SkmNySi7IJakRSvrkkTyTF+/Je/XevPfR6JQ33tkkv+B9fAMKCqNY</latexit>

h1(x)

<latexit sha1_base64="kzeMDYIjgIwzdb3PxRYoEPu/Rx4="></latexit>

F (x) =
Nx↵(1� x)�(1 + �

p
x+ �x)

B[↵+ 1,� + 1] + �B[↵+ 3
2 ,� + 1] + �B[↵+ 2,� + 1]

<latexit sha1_base64="/PJykILmMj9Z3ZdZjgjc/yN1vf0="></latexit>

! 15 parameters for h1

<latexit sha1_base64="X9ylqkx0e0MSB3gbO66qabAEas0=">AAACDXicbZC7TsMwFIYdrqXcAowsFgWpFVKVVNzGChbGItGL1IbIcZ3WquOktoOo0r4AC6/CwgBCrOxsvA1umwFafsnS5/+cI/v8XsSoVJb1bSwsLi2vrGbWsusbm1vb5s5uTYaxwKSKQxaKhockYZSTqqKKkUYkCAo8Rupe72pcr98TIWnIb9UgIk6AOpz6FCOlLdc8LA27rn3Xzz8UhrDFSB/m/fR+3Emh4Jo5q2hNBOfBTiEHUlVc86vVDnEcEK4wQ1I2bStSToKEopiRUbYVSxIh3EMd0tTIUUCkk0y2GcEj7bShHwp9uIIT9/dEggIpB4GnOwOkunK2Njb/qzVj5V84CeVRrAjH04f8mEEVwnE0sE0FwYoNNCAsqP4rxF0kEFY6wKwOwZ5deR5qpaJ9Vjy9OcmVL9M4MmAfHIA8sME5KINrUAFVgMEjeAav4M14Ml6Md+Nj2rpgpDN74I+Mzx+AgplO</latexit>

2|hq
1(x)|  (fq

1 (x) + gq1(x))



! Parameterization of 
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<latexit sha1_base64="admxa1HzkuX55OGKqnq/vFEDmxU=">AAACHnicbVDLTsMwEHR4U14FjlwiKiS4VAnidURw4QgSLZWaqto429bCj8h2gCrqt8ARfoQb4gr/wQfgtD0AZSR7R7O78njilDNjg+DTm5qemZ2bX1gsLS2vrK6V1zfqRmWaYo0qrnQjBoOcSaxZZjk2Uo0gYo438e150b+5Q22Ykte2n2JLQFeyDqNgndQub0ax4onpC1fyXjvcfdgbtMuVoBoM4U+ScEwqZIzLdvkrShTNBEpLORjTDIPUtnLQllGOg1KUGUyB3kIXm45KEGha+dD8wN9xSuJ3lHZHWn+o/tzIQZjCn5sUYHvmb68Q/+s1M9s5aeVMpplFSUcPdTLuW+UXSfgJ00gt7zsCVDPn1ac90ECty6sUSbynSgiQSR4ZGLgr7aF2wXGQ3eJXLqbwbyiTpL5fDY+qh1cHldOzcWALZItsk10SkmNySi7IJakRSvrkkTyTF+/Je/XevPfR6JQ33tkkv+B9fAMKCqNY</latexit>

h1(x)

<latexit sha1_base64="kzeMDYIjgIwzdb3PxRYoEPu/Rx4="></latexit>

F (x) =
Nx↵(1� x)�(1 + �

p
x+ �x)

B[↵+ 1,� + 1] + �B[↵+ 3
2 ,� + 1] + �B[↵+ 2,� + 1]

Use constraint from small-x 
asymptotics (Kovchegov, Sievert (2019))

<latexit sha1_base64="n7ZTS4Xe4WdUoKPhY4HR8UJdp2E="></latexit>

↵
x!0���! 1� 2

r
↵sNc

2⇡

50% uncertainty due to unaccounted for 
1/Nc and NLO corrections

<latexit sha1_base64="DCndCQtWukaoIkKm7PPirJJ1cqw=">AAACEnicbZC7SgNBFIZnvcZ4W7W0GQyCNmFXjEkjBG0sI5gLZEOYnZwkQ2YvzJwVw5JnsPFVbCwUsbWy822cXApNPDDw8f/nzJz5/VgKjY7zbS0tr6yurWc2sptb2zu79t5+TUeJ4lDlkYxUw2capAihigIlNGIFLPAl1P3B9div34PSIgrvcBhDK2C9UHQFZ2iktn3qITzg5J5UQWeUekzGfUYvqZN3iw714sCQUyqM2nbOwKToIrgzyJFZVdr2l9eJeBJAiFwyrZuuE2MrZQoFlzDKeomGmPEB60HTYMgC0K10ssqIHhulQ7uRMidEOlF/T6Qs0HoY+KYzYNjX895Y/M9rJtgttVIRxglCyKcPdRNJMaLjfGhHKOAohwYYV8LsSnmfKcbRpJg1IbjzX16E2lnevcgXbs9z5atZHBlySI7ICXFJkZTJDamQKuHkkTyTV/JmPVkv1rv1MW1dsmYzB+RPWZ8/dUycAw==</latexit>

↵ = 0.170± 0.085

<latexit sha1_base64="X9ylqkx0e0MSB3gbO66qabAEas0=">AAACDXicbZC7TsMwFIYdrqXcAowsFgWpFVKVVNzGChbGItGL1IbIcZ3WquOktoOo0r4AC6/CwgBCrOxsvA1umwFafsnS5/+cI/v8XsSoVJb1bSwsLi2vrGbWsusbm1vb5s5uTYaxwKSKQxaKhockYZSTqqKKkUYkCAo8Rupe72pcr98TIWnIb9UgIk6AOpz6FCOlLdc8LA27rn3Xzz8UhrDFSB/m/fR+3Emh4Jo5q2hNBOfBTiEHUlVc86vVDnEcEK4wQ1I2bStSToKEopiRUbYVSxIh3EMd0tTIUUCkk0y2GcEj7bShHwp9uIIT9/dEggIpB4GnOwOkunK2Njb/qzVj5V84CeVRrAjH04f8mEEVwnE0sE0FwYoNNCAsqP4rxF0kEFY6wKwOwZ5deR5qpaJ9Vjy9OcmVL9M4MmAfHIA8sME5KINrUAFVgMEjeAav4M14Ml6Md+Nj2rpgpDN74I+Mzx+AgplO</latexit>

2|hq
1(x)|  (fq

1 (x) + gq1(x))



! Parameterization of 

• We use the following functional form for the transversity PDFs uv , dv , 
and %𝑢 = −�̅� (from large-Nc limit (Pobylitsa (2003))) and impose the Soffer 
bound (                                         )

  

! Perform the analysis with and without LQCD data for the tensor charges 
𝛅u,𝛅d from ETMC (Alexandrou, et al. (2019)) and PNDME (Gupta, et al. (2018)) 

(physical pion mass and 2+1+1 flavors)
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<latexit sha1_base64="admxa1HzkuX55OGKqnq/vFEDmxU=">AAACHnicbVDLTsMwEHR4U14FjlwiKiS4VAnidURw4QgSLZWaqto429bCj8h2gCrqt8ARfoQb4gr/wQfgtD0AZSR7R7O78njilDNjg+DTm5qemZ2bX1gsLS2vrK6V1zfqRmWaYo0qrnQjBoOcSaxZZjk2Uo0gYo438e150b+5Q22Ykte2n2JLQFeyDqNgndQub0ax4onpC1fyXjvcfdgbtMuVoBoM4U+ScEwqZIzLdvkrShTNBEpLORjTDIPUtnLQllGOg1KUGUyB3kIXm45KEGha+dD8wN9xSuJ3lHZHWn+o/tzIQZjCn5sUYHvmb68Q/+s1M9s5aeVMpplFSUcPdTLuW+UXSfgJ00gt7zsCVDPn1ac90ECty6sUSbynSgiQSR4ZGLgr7aF2wXGQ3eJXLqbwbyiTpL5fDY+qh1cHldOzcWALZItsk10SkmNySi7IJakRSvrkkTyTF+/Je/XevPfR6JQ33tkkv+B9fAMKCqNY</latexit>

h1(x)

<latexit sha1_base64="kzeMDYIjgIwzdb3PxRYoEPu/Rx4="></latexit>

F (x) =
Nx↵(1� x)�(1 + �

p
x+ �x)

B[↵+ 1,� + 1] + �B[↵+ 3
2 ,� + 1] + �B[↵+ 2,� + 1]

<latexit sha1_base64="/PJykILmMj9Z3ZdZjgjc/yN1vf0="></latexit>

! 15 parameters for h1

<latexit sha1_base64="X9ylqkx0e0MSB3gbO66qabAEas0=">AAACDXicbZC7TsMwFIYdrqXcAowsFgWpFVKVVNzGChbGItGL1IbIcZ3WquOktoOo0r4AC6/CwgBCrOxsvA1umwFafsnS5/+cI/v8XsSoVJb1bSwsLi2vrGbWsusbm1vb5s5uTYaxwKSKQxaKhockYZSTqqKKkUYkCAo8Rupe72pcr98TIWnIb9UgIk6AOpz6FCOlLdc8LA27rn3Xzz8UhrDFSB/m/fR+3Emh4Jo5q2hNBOfBTiEHUlVc86vVDnEcEK4wQ1I2bStSToKEopiRUbYVSxIh3EMd0tTIUUCkk0y2GcEj7bShHwp9uIIT9/dEggIpB4GnOwOkunK2Njb/qzVj5V84CeVRrAjH04f8mEEVwnE0sE0FwYoNNCAsqP4rxF0kEFY6wKwOwZ5deR5qpaJ9Vjy9OcmVL9M4MmAfHIA8sME5KINrUAFVgMEjeAav4M14Ml6Md+Nj2rpgpDN74I+Mzx+AgplO</latexit>

2|hq
1(x)|  (fq

1 (x) + gq1(x))



      

  

D. Pitonyak

38



      

  

D. Pitonyak

39



      

  

D. Pitonyak

39



      

  

D. Pitonyak

40



      

  

D. Pitonyak

40



      

  

D. Pitonyak

41



      

  

D. Pitonyak

42



      

  

D. Pitonyak

43



      

  

D. Pitonyak

43



      

  

D. Pitonyak

43



      

  

D. Pitonyak

44



      

  

D. Pitonyak

44



      

  

D. Pitonyak

45

! JAMDiFF (no LQCD) finds 
agreement with Radici, 
Bacchetta (2018) with a slightly 
larger uv function at larger x

! The uv function for JAMDiFF 
(no LQCD) is smaller than 
JAM3D (no LQCD) but the dv 
function is larger in magnitude
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The analyses with and without LQCD 
are statistically equivalent
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! JAMDiFF (w/LQCD) agrees with JAM3D (w/LQCD*) - nontrivial since the 
lattice data only constrains the full moment of the transversity PDFs
*The JAM3D (w/LQCD) analysis is slightly modified from the published version: antiquarks 
are now included (with #𝑢 = −�̅�) and 𝛅u,𝛅d from ETMC and PNDME are both included in 
the fit (rather than just gT from ETMC)
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! JAMDiFF (no LQCD) agrees within errors with JAM3D (no LQCD) and 
Radici, Bacchetta (2018) for the tensor charges

! Similar to the JAM3D analysis, JAMDiFF also finds compatibility with 
lattice once that data is included in the fit, and can still describe the 
experimental data well
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! Possible explanation for the surprising shift (~3-4σ difference with lattice to a 
~0.3-2σ difference) in the phenomenological values of the tensor charges once 
LQCD data is included in the analysis: 

• The experimental measurements are sensitive to the x-dependence of the 
transversity PDFs, not the full moment like the lattice data. 

• When integrating over x, small but consistent changes in the PDF as a 
function of x can accumulate into a large change in the tensor charge while 
not significantly affecting the description of the experimental data. 

• Before drawing a conclusion about the compatibility between LQCD tensor 
charges and experimental data, one needs first to include both in the 
analysis. 

• One should only be concerned if the description of the lattice data remains 
poor even after its inclusion and/or if the description of the experimental 
data suffers significantly.
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JAM3D and JAMDiFF agree on the x-dependence of transversity and also can 
successfully include lattice QCD data on the tensor charges in the analyses, thus 

showing for the first time the universal nature of all available information on 
transversity and the tensor charges of the nucleon



Summary and Outlook
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! We have introduced a new definition of dihadron fragmentation functions 
that is consistent with a number density interpretation, giving these functions 
a clear physical meaning

! We have performed separate QCD global analyses of TSSAs in TMD/collinear 
twist-3 single-hadron observables and in dihadron fragmentation 
measurements, also studying the role of lattice QCD in our fits

! The tensor charges of the nucleon are quantities of particular interest - they are 
fundamental properties of the nucleon that have connections to QCD 
phenomenology, ab initio lattice QCD computations, model calculations, and 
low-energy beyond the Standard Model studies (e.g., beta decay, EDM)

Recent analyses by the JAM Collaboration show agreement between           
single-hadron and dihadron approaches for extracting transversity as well as 

compatibility with lattice QCD tensor charges, thus showing for the first time the 
universal nature of all this information
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! Further refinements/improvements: 

• TMD/collinear twist-3: include lattice tensor charge data and hadron-in-jet 
Collins effect measurements with CSS evolution in the analysis, …

• Dihadron: other groups including lattice tensor charge data; unpolarized pp 
cross section data to better constrain D1

g(z, Mh); NLO calculations, …

• “Universal” analysis where TMD/collinear twist-3 and dihadron measurements 
are fit simultaneously 

• Incorporate proper small-x evolution for transversity (Kovchegov, Sievert (2019))

• Using pseudo-PDF or quasi-PDF approaches, lattice can now compute h1(x) 
(Egerer, et al. (2021); Alexandrou, et al. (2022)) - eventually can include data into 
phenomenology (more constraining than the tensor charge data)


