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Motivation

QCD contributions to Charge-Parity violation from BSM sources?

« Sakharov: CPV (etc.) = nonzero neutron electric dipole moment (nEDM)

« Neutron is a nonperturbative, low-energy system = Lattice methods
“Integrate out” high-energy modes, leaving local effective (compound)
operators (d; = dg)

In order to take continuum limit, regulator a must be renormalized away.

Two problems:

«  Operators mix under renormalization:

yox

. Operator-Product Expansion (OPE): 0% (x)0& (y)”'~ Zojecﬂ ci(x — y)OJR(x) = Z; > z;j
*  Onthe lattice, ¢;; x a%i~% sothat lim c;j diverges for d; = d;

a-0t
. We must disentangle renormalization scale and regulator = new scale
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Renormalization Refresher |

 Renormalized parameters = measurable parameters
* Locality of fields causes ultraviolet divergences

« Think Coulomb potential at zero displacement

« 0E = — fk% (k| [ A,()J#(r,1q,72) |O>|2 =FE +E,+E,(ry,13)

_q1qz ¢ e*1T2) 1 qqq,
E1p(ry,12) == e = 4meg |r1-r|
A—o0
419 E—>0
¢« Ep(ryrite) = =2 fk|<A +0(6) =27 ”
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Renormalization Refresher Il

* Typel
« Consider ¢* theory:
—-—+_|] +—s—rouH
e 2
\/ J T — J dk k o
B f _2(4m)7zZ " k-1 m? {1 o 41 N 1}
T )k +m2 - T(d)2) kKZ+m2  (4m)? 08 m2
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Renormalization Refresher Ili

* Type ll
. Consider a prototypical OPE for §2(x)
§ (x)8(x+e¢)= fp’q el1€ olPta)x - fp’q {1 +i€,q, — %e#vqw + 0(63)}e_i(p+q)'x
= %{1 + €,0, + %em,aw + 0(63)} 52(x)
* Quark chromoelectric dipole moment:
« Integrate out heavy fields from SUSY model: three vertices merge into one

1 _
= Ekl l/)[o'/,w: YS]Guvlp
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Gradient flow |

 Gauge Fields [1,2]
« Drive fields toward a local minimum of the action
« ”change in flow time” ~ (—1) “gradient of action”

- 0B, = —SSST[A‘;]IFB + g.f.suchthat Blay, = A

* Fermions:
« Minimally extend flow to fermions in a covariant way

* Nonlinear diffusion equations [1,2,3]:
+  0:B,(x;t) = D,G,,(x;t) + agD,0,B,(x;t)
+ 3x(x;t) = DDy (x;t), 9ex(x;t) = x(x;t) DD,
* By(x; 0) = Au(x)/ x(x;0) =9¢(x), xx0)=1(x)
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Gradient flow |
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Gradient flow |l

 Look again at d-distribution

1 a2 1.2/
e—X /2€ [

« H(x) = El_i)r51+ Sc.(x) = El_i)r51+ N

+ 0 f—0°f=0, f(x;0)=06(x)

10
ols [

del

* |mpose PDE as constraint on Lagrangian
« Lagrange multipliers (fields)

D4l

. . 0.2}
* New interactions ; \
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Gradient flow |l

 Look again at d-distribution

1 2 12L
e—X /2€ _

« H(x) = El_i)r51+ Sc.(x) = El_i)r51+ N

+ 0 f—0°f=0, f(x;0)=06(x)

10
08L

. . 0.6+
* Impose PDE as constraint on Lagrangian |
« Lagrange multipliers (fields) 0'4:—
0.2 -

« New interactions \
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Gradient flow Il

* Recursive solution [2]: oo
. 0B, = [6,,0%+(ap — 1)0,0,]B, + R,

 Leading order solution dampens high-energy
modes
. Eﬂ(p; t) = e‘pztﬁﬂ(p) +:>0p—>00,t>0
e T = Xy = VBT

* Remainder generates new interactions: : 33T |

. R, =2[B,,d,B,] - [B,,d,B,] + (ao — 1)[B,, 3,B, ] " 6. Pederiva & H. M. Vege
+[By, [By, By]]
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Renormalization with the Gradient Flow

 Renormalization of flowed operators is multiplicative:
Given a flowed operator 0;({go}, {mo}, {$0}) with 2n, = n,+ ny spinor fields,

OF = 2,7 0,({g}, (m}, (&)
* OPE - Short-Flow-Time Expansion (SFTE):

t-o07t

Of(t) ~ ZOJ'EJZ Cl](t)OJR (0)

 QOperator-level relation: probe with different choices of external field and different
kinematics.
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Renormalized Physical Operators

t—07t

O () ~ 20,64 ¢;j(t)07(0); diyq = d;

1 1 1 4.
* Cj =0+ gzci(j) +0(g™"); ci(j) o t2(4~ %)

OF (t) ci1 - 0@™hH) -\ /0R(0)

oR@®) | \cy - Cii - [\ 03(0)

 We can invert this equation to find the physical operators, perturbatively renormalized to arbitrary
order:

0%(0) = lim ¢ ()0 ()
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Results I: Power Divergences

0&(t) = 0 (0) + ccq ()0 (0) + 0(logt)

Oc(t) = kcyG WOy = [ Ouv» Vs 1)
Op(t) = kppysy

_,ﬁ_,

>

= - {1+ 0(logt) }

Y i y—
> t Y > P

Y
%
\

M. Rizik, C. Monahan, A. Shindler [5]
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Results |I: Power Divergences

OF(t) = O0F (0) + ccq(£)0g (0) + O(logt)

Oc(t) = kCllzG;w&uvw = %[qu: 135
Op(t) = kpYysyp

off — shell
\ Different kinematics — { total derivatives
ﬁmb% opposite chirality
p > > > p' ,

LL] >

p > & > p' >— - {1+ 0(logt) }

> e , . .
P > ‘I, > P j M. Rizik, C. Monahan, A. Shindler [5]

Y
%
\
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Results |I: Power Divergences

0&(t) = OF(0) + c¢q (£)OR(0) + O(logt)
Oc(t) = kClEGuv&uvw
Op(t) = kpyysyp

> = - {1+0(ogt) } 0 {

} J. Kim, T. Luu, M. Rizik, A. Shindler [6]
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Results |I: Power Divergences

0&(t) = OF(0) + c¢q (£)OR(0) + O(logt)
Oc(t) = kClEGuv&uvw
Op(t) = kpyysyp

0.6
—— perturbation

0.5 1

o
sy
2 gl o o e+
> >
TrEal

J. Kim, T. Luu, M. Rizik, A. Shindler [6]
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Results |I: Power Divergences

0&(t) = OF(0) + c¢q (£)OR(0) + O(logt)
Oc(t) = kClEGuv&uvw
Op(t) = kpyysyp

L A(@?) = AVG? + ADGH + APGO + AWGE A@?) = 4,5 + ADG* + APGE + A9GE A@%) =559° + APg" + AC)GE + AWGE + ABIGO
. 1.2 1.2
—— perturbation —— perturbation —— perturbation
chiral, continuum limit chiral, continuum limit chiral, continuum limit
1.0{ & A 1.0 & A 1.01 & A
#HA # A A
A F A B As
0.81 & M 089 & m 081 & m
. i Zz . M, - M,
N 3
IB 0.61 * t') 0.6 1 " P ([‘906- " >
3 Mwa .o 3 Mww .o 3 M SPSN
0.4 0.4 0.4 1
0.2 0.24 0.2 1
0.0 T T T T 0.0 T T T v 0.0 T T T T
0 5 10 15 20 25 0 5 10 15 20 25 0 5 10 15 20 25
7 7 g

J. Kim, T. Luu, M. Rizik, A. Shindler [6]
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Results |I: Power Divergences

c t 752y = _1 #2 (2)74 (3)/76 (4)78
e AWM =28 = e (0) + 0(tlog(D) L5 A7) =5p9"+A"g" + A" + A™g
cpp(t) : .
—— perturbation
=0 chiral, continuum limit
— constant 1.04 & A
e AisRGl: B A
. . o As
Numerator and denominator scale with y, +yp 0.84 & Mm,
Scale dependence confined to f(g) . M
Continuum limit at each flow time Tg 0.6 Ms .
) M W e
0.4
0.2
0.0 T T T T
0 5 10 15 20 25
52

J. Kim, T. Luu, M. Rizik, A. Shindler [6]
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A(gZ) = 2%(252 + A(2)§4 + A(3)§6 + A(4)§8

1 12 —— perturbation
Resu |tS I : POWe r D Ive rge n Ces roll® ;r:iral,continuumlimit
#HA
08! &
° — CLU:) — -~ £ Zj
A®) = 65,5 = tcer () +0(tlog(®) 3™ SRS < <
t—0 0.4
— constant .
e AisRGl:
0.0 .
Numerator and denominator scale with Yy VP 0 5 10 7 15 20 25

Scale dependence confined to (g)
Continuum limit at each flow time

37 ——————————————

 Compare to previous methods
Scalar and CMDM
~10% PT:Lat agreement as g3 — 0

2 2
c13(16n)/(g CF)

gzl4n

M. Constantinou, M. Costa, R. Frezzotti, V. Lubicz, G. Martinelli, D. Meloni, H. Panagopoulos , S. Simula [7]
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Results |I: Power Divergences

0&(t) = 0R(0) + 0(logt)
Ow () = kT | [Gpp Gy |G |
04(t) = kqTr[Gy Gy

P,

, . . 9
- (1 +000g )} & 2 OOOOOOLIO000000" B b

M. Rizik, C. Monahan, A. Shindler [5]
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Results Il: Logs

0 (t) = ccp(t)OF (0) + 07(0) + 0(logt)
Oc(t) = kClpGuv&;ivw
04(t) = kqTr[Guy Gy |

P,

, . . 9
- ( 1]+ 0(log) Jot a OOOOOOOLIO0T0000" B b

M. Rizik, C. Monahan, A. Shindler [5]
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Results Il: Logs

OF(8) = ()0 (0) + O(t)
Oi(t) = kiwr‘ilp ’ [ =1vs, Yw Yu¥s 0uy » i=S5,PV,AT

(0)
7y
pZ

1C,(F) 2
+§(:T)zBi(ZBi -5)

M. Rizik

7 { : +O(t)}0@o

A. Hasenfratz, C. Monahan, M. Rizik, A. Shindler, O. Witzel [8,9,10]
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Results Il: Logs

0R(6) = ccp()OR(0) + ccg(NOR(0) + cc(DIOR() + O(®)
Oc(t) = kClpGuv&uvlp

R ;
%?%;ﬁ ok SO S

g
AN A N A A

NN

A A AN fé’% NN AN T
Jé%ﬁ Wﬂjw w 5‘% @M fﬁﬁéﬁ%
fex el len el e w

~cep(O){AP0p(0)1) + ccq(){APO4(0)P) + {4 Ic }{Ap0c(0)) + E.0o.M. operators

E. Mereghetti, C. Monahan, M. Rizik, A. Shindler, P. Stoffer [11,12]
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Results Il: Logs

0R(6) = ccp()OR(0) + ccg(NOR(0) + cc(DIOR() + O(®)
Oc(t) = kClpGuv&uvlp

e b G

GG AAA
qﬁ%&ﬁ%&ﬁ%&&k Zx

% %}} E g o Aom mL Lo ol
Eon  om i EEY €3 E
~ccp(£)(AP0p(0)Y) + ccq (1) (AP0, (0)) + {Alc HAYO0,(0)y) + E.o.M. operators

E. Mereghetti, C. Monahan, M. Rizik, A. Shindler, P. Stoffer [11,12]
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Mixing Matrix
0§ (0) [ \‘1 0F (t)
07(0) Cqp  Cqgq 04 (t)
OgE,: 0) | = tlir51+ 0 (t)

\05};(0)/ |0 e XX \OS/(t)/
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Mixing Matrix
0§ (0) [ \‘1 0F ()
R C C R
Oq (0) q,P 9.9 Oq (t)
05(0) | = lim 0 (1)

t—-0t

| \\05/5(0)/ \ 2 5 X X ) \05/5(0/

There are ~ 15 operators ford = 5 [12]
and ~ 30 operators ford = 6 [13]
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Summary and Outlook

* Perturbation Theory:

« Mixing of d = 5 operators now (preliminarily) determined in both t'Hooft-
Veltman (HV) and naive dimensional regularization (NDR).
* NDR automatically gives CP-even mixing matrix (CMDM+) up to identity mixing.

« Weinberg's three-gluon operator needs attention
 d = 6 Mixing
« N+LO
* Lattice:

« Smaller coupling > new ensembles (OpenLat)
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Thank you
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Perturbative Calculation of Wilson coefficients

* Feynman Rules (”"pseudo”-Feynman gauge &, ap = 1):

e Clmn- — ,—D%(t+s)& =—ip“yu+m —p?(t+s)
S(p;t,s) =e S(p) rmz €

5aﬁ6ab

q2 e_qz(t'l's)

« DE(gst,s) = e~ E+IPE (q) =

* Kernel lines: fot ds e P =) £ ()

* New interactions from higher-order terms in flow equations
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Perturbation theory |

1. Dimensional regularization:
« Angular integral analytically continued to (d — 1)-dimensions

(4_7.[)2—d/2 2

© S = gi=1[f—oooo%]f(l“2): (am)? r(d/z)fjooodkkd_lf(kz)

« Requires spherical integrand

2. Feynman/ Schwinger parameters
3. Fubini/ Tonelli theorems
4. Tensor Decomposition
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Perturbation theory Il

2 2 2
e P1t1p—P2t2...0~DPnln

1
* Flowed propagators: —
Propag piv5 - Dh pivs DA

* Conservation at vertices forces most p; to be linear combinations of
external and loop momenta
* Example:
* n=2,p =k p=ptk
1 e~k to—(D+k)t o —K2(t+2)

-2z p'k
— e
pips k2(p+k)?

00 2
— b~z
J, dze =
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Perturbation theory lli

 Expand cross-terms in Maclaurin series [4]:

22D (2zp-K)" (2z)"
y e 2zpk Zn 0 n - Zn 0 Inkln ’ pln - pﬂlpﬂz “.p/-lN

+ Integrand now of the form f,, (k?; ... )k, ki p; (implicit Einstein notation)
 Tensor integral decomposition at each order n is now a combinatorial problem
(Isserlis)

« For any even order of the tensor power n + m of the momentum k, the integral will
proportional to a symmetrized sum over (n + m)-fold products of metric tensors
(even-dimensional isotropic tensors):

S(Zn) Z(Zn DI

Izn J 1%Ho;(2j-1)Ha;(2))
, @ _
E.8.051, " = Ouypy Opspa t Opuyps Oppua Opy g Optp s




