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Purpose

Understanding the origin of the proton mass

Is it possible to measure the individual  
(i.e. quark and gluon) contributions?

Is it possible to measure the trace anomaly?

Is there a physically meaningful interpretation  
of the different decompositions?

Which are the quantities that can give us more  
information about the proton mass decompositions?



Definition of the Energy-Momentum Tensor

O1 = �Fµ↵F ⌫
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4
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Lagrangian renormalization is understood
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+O3 .

<latexit sha1_base64="8z+VJ6vzsNevDDCR4uXko+81Trk="></latexit>

Tµ⌫ = Tµ⌫
C + @⇢�

⇢µ⌫

<latexit sha1_base64="kCfDCv5vvaOQ9PB2PIHspCDri/Y="></latexit>

Tµ⌫
e = Z2  ̄

i

4
�{µ

$
@⌫} � Z2µ

2" e ̄�{µA⌫} 

Tµ⌫
� = �Z3 Fµ↵F ⌫

↵ + Z3
gµ⌫

4
F↵�F↵�

Tµ⌫ = Tµ⌫
e + Tµ⌫

�

<latexit sha1_base64="yyS/vdzJufJh6jVb9NaWzE07uUs="></latexit>

Blaschke et al., Nucl.Phys.B 912 (2016) 192

@µT
µ⌫ = 0

<latexit sha1_base64="1YPQypjpGj3QqYOP/rL9uWXoK3E="></latexit>



L0

Lc.t.
1L1 Lc.t.

2L2

δ2L0

V1 V2 V3 V4

Ltot

<latexit sha1_base64="U2yqQFb/jveSkCQ6X59ASLs2o0s="></latexit>

QED



Renormalize fields, coupling and masses is not enough.

We must also renormalize the operators:

O1,R = ZTO1 + ZMO2 + ZLO3 + ZSO4 ,

O2,R = ZFO2 + ZCO4 ,

O3,R = Z O3 + ZKO4 + ZQO1 + ZBO2 ,

O4,R = O4 .
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Tanaka, JHEP 01 (2019) 120

Hatta et al., JHEP 12 (2018) 008
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ZC

4
= 0
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The total EMT is not affected by the additional renormalization

However, in general, trace and renormalization do not commute

Tr[Oµ⌫
R ] 6= (Tr[Oµ⌫ ])R
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ZL,T,Q, 
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Are given by the evolution equations 

for the second moment of the 

flavor-singlet unpolarized parton distributions.

Tanaka, JHEP 01 (2019) 120
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Are known from R. Tarrach, Nucl. Phys. B 196 (1982) 45

How to fix the counterterms

Hatta et al., JHEP 12 (2018) 008
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Fixing x and y it corresponds to choose a scheme

x = 0 y = �m
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Rodini et al., 2004.03704D1:

x = 0 y = 0
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MSbar scheme Metz et al., 2006.11171

Diagonal schemes: 
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Gauge-field operator



MS scheme

Impose vanishing finite contributions to the derived counterterms
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+ . . . ,
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From the definition of
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What we find (in MSbar 1)
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ā1,Q(log(4⇡)� �E)

<latexit sha1_base64="oyqgTMEOyN3+/QrQuLLEp4Bz4BQ="></latexit>

What we want

MSbar

The finite contribution in MSbar counterterms is  
uniquely determined by the divergent part

Metz et al., 2006.11171
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QED
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Two form factors for the forward limit

EMT matrix elements
hOi = hP |O|P i
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i = q, g
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Ji, Phys. Rev. Lett. 78 (1997) 610 
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In Light-Front Quantization can be linked  
to the average parton longitudinal momentum fraction
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How to obtain the form factors: QED (1/2)
1-loop calculation!
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✓
1 +

↵

⇡"IR

� ↵

⇡
� ↵L

4⇡

◆

(V1 + V2)
R (� = 0) =

8
><

>:

2PµP ⌫
�
�↵L

2⇡ � 3↵
2⇡

�
� 2m2gµ⌫

�
↵L
4⇡ + ↵

4⇡

�
MS

2PµP ⌫
�
�↵L

2⇡ � 3↵
2⇡

�
� 2m2gµ⌫

�
↵L
4⇡ � ↵

24⇡

�
D1

V R
3 (� = 0) = 2PµP ⌫

✓
� ↵

⇡"IR

+
14↵

9⇡
+

↵L
12⇡

◆
+ 2m2gµ⌫

✓
5↵L
12⇡

+
7↵

36⇡

◆

V R
4 (� = 0) =

8
><

>:

2PµP ⌫
�
2↵L
3⇡ + 17↵

18⇡

�
+ 2m2gµ⌫

�
�↵L

6⇡ + ↵
18⇡

�
MS

2PµP ⌫
�
2↵L
3⇡ + 17↵

18⇡

�
+ 2m2gµ⌫

�
�↵L

6⇡ � 17↵
72⇡

�
D1

<latexit sha1_base64="lmLRVSIPjJRLyN8A95cqL/bYno0="></latexit>

L = log

✓
µ2

m2

◆

<latexit sha1_base64="bsbkqSEnctbu3v+v4DV+QhURE7c="></latexit>

Rodini et al., 2004.03704



How to obtain the form factors: QED (2/2)
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How to obtain the form factors: QCD

Two phenomenological inputs are required

From CT18NNLO PDF extraction at µ = 2 GeV
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Ag(0) ⌘ ag = 1� aq = 0.414± 0.013
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How to obtain the form factors: QCD

�u + �d = �⇡N =
hP | m̂ ūu |P i

2M
, �s =

hP |ms s̄s |P i
2M

, �c =
hP |mc c̄c |P i

2M
,
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 Lattice QCD
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Scenario A

Strong coupling constant from RunDec: Chetyrkin et al., Comput.Phys.Commun. 133 (2000) 43

CT18NNLO for aq, ag
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Scenario B

results and analysis of convergenceO(↵3
s)
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Hatta: QED
Rodini et al., 2004.03704
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Hatta: QCD
Hatta et. al., JHEP 12 (2018) 008
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MS scheme and Scenario A
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MS scheme and Scenario B
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Lorcé (two terms, QED)

m = Ue + U�

<latexit sha1_base64="A6gcunjseoU55A7DwRlmnBoghwg="></latexit>

Ue =

(
m

�
1� ↵L

2⇡ � ↵
⇡

�
MS

m
�
1� ↵L

2⇡ � 17↵
24⇡

�
D1

U� =

(
m

�
↵L
2⇡ + ↵

⇡

�
MS

m
�
↵L
2⇡ + 17↵

24⇡

�
D1

<latexit sha1_base64="nmdW3fMTmTvycGChiz9Hc8SCq90="></latexit>

Ui =
h
R
d3x T 00

i,Ri
he(P )|e(P )i

�����
P=0

= m
�
AR

i (0) + C̄R
i (0)

�

<latexit sha1_base64="m87IyR9Qll8sQWaU3V3pF/sJodo="></latexit>

In the rest frame

Ui = EAR
i (0) +

m2

E
C̄R

i (0)

<latexit sha1_base64="tHXa+XIDNCIIi0Q9086wE718m3s="></latexit>

In a moving frame
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Ǔg = (1� cqa � cma � cga)
Ug

4
= 0

<latexit sha1_base64="dI2jY9ULO0/aMVfgaAr5UMJuMqI="></latexit>
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How strong the scheme dependence is?
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Conclusions

Renormalization of multiple local operators

Form factors as fundamental building blocks for all the 
decompositions.

Different decompositions

Two-term decompositions

Four-term decompositions

videbis nihil in hoc mundo extingui

Summary

Scheme dependence prevents a unique interpretation  
of the terms of the decompositions


