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Light-Cone Distribution Amplitudes
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Light-Cone Distribution Amplitudes

(¢M (587 :u)\

© Hadronic light-cone distribution amplitudes (LCDAs) were introduced four
decades ago in the context of QCD description of hard exclusive reactions.

»QCD Factorization involves matrix elements which are convolution integrals

(nTm| (@b)v-a(ud)v—a |Ba) — /O d§ du dv ¢(&)Pr (1) (v) T'(E, u, v;m0)

T(f, U, U; mb) = Hard - scattering kernels (perturbative)

¢B (u), ¢7T (U) = Meson's Light-front distribution Amplitudes (LCDAS)
(nonperturbative)

om () 7# @™ (1) = 62(1 — )
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Light-Cone Distribution Amplitudes
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Light-Cone Distribution Amplitudes

© The LCDAs are scale-dependent functions can be understood as the closest
relative of quantum mechanical wave functions in quantum field theory

© ¢,,(x, 1) expresses the light-front fraction of the hadron’s momentum carried
by a valence quark. Allows for a probability interpretation of partons.

@ X is the light-front momentum fraction: x = k™/P™ and u the renormalization
scale.

@Leading-twist LCDA for pseudoscalar meson

. <O|qf (yzn)w [y2n7 yln] VN5 dg (yln)|M(P)> 1 fM = weak decay constant
1 . _ 2 _
=ifun: P / da e PWIT D gy gy T
0 n-P=—my

e ———
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Light-Cone Distribution Amplitudes

@ Light-cone projection of the Bethe-Salpeter wave function

>
>

A

Zy N, b dik
arbns(e,p) = 22 Tep [ S bl by —an Py n xar(hy, by

————————
XM(km kﬁ) L= S(kn)PM(ka P)S(kﬁ) = [Meson's Bethe-Salpeter wave function (BSWF)

I'ps (k, P) = Meson’s Bethe-Salpeter Amplitude

S(kn) = Quark propagator

L. Chang, I.C. Cloét, J.J. Cobos-Martinez, C.D. Roberts, S.M.Schmidt, P. C. Tandy, Phys. Rev. Lett. 110 (2013)
J. Segovia, L. Chang, I. C. Cloét, C. D. Roberts, S. M. Schmidt, Phys. Lett. B 731 (2014)
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Light-Cone Distribution Amplitudes

© ¢,,(x, n) is directly accessible from the Light-Cone Wave Function (LCWF)
by integrating over the meson's transverse momentum k3.

12
fM¢M(x7/L) — (271_‘_)3 / dki?pE:iT(xv ki)

where y(x, k) is the Fourier transform of the positive-energy projection of the
Bethe-Salpeter wave function evaluated at equal time in coordinate space.

© Also, from the LCWFs we can access to structure functions:

(GPDs]  (PDFs)  (FFs
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Non-perturbative continuum tools for QCD

[Quantum Field Theory]

\ Classical Mechanics \
) Degrees

‘Generalized coord.

\ Principle of Least Action
0
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/ Equations of Motion (EoM) \

Euler-Lagrange Equation | Dyson-Schwinger Equations
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QCD’s Dyson-Schwinger Equations (DSEs)

QCD’s classical action: Quantum “effective action’:

S = [dz[P(F+igh+m)v+ 1E,, Fr] I D, Ale™® = e T

———————————————————————————————————————————————————————————————————

___________________________________________________________________

DSE = Quantum equation of motion: obtained from path integral, relate n-
point functions

Winftinitely many coupled equations
@ Continuum methods: Reproduce perturbation theory, but non-perturbative

@Systematic truncations: neglect higher n-point functions to obtain closed
system

Capture two emergent phenomena:

€Y Dynamical chiral symmetry breaking
&Y Confinement
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QCD’s Dyson-Schwinger Equations (DSEs)

{3} Quark Dyson-Schwinger Equation

Quark mass function

A dAk

7 0) = Z ) + 2L G D@5 S T k)

e ————— e ————
Quark propagator © D2(g) = Dressed gluon propagator
1 : .
Sf (p) — 17y pAf (p2, ,U) + Bf (pQ, ,U) & Ff(k,p) = Dressed quark-gluon vertex
— Af (pQ7 ,LL) [Z’y D+ Mf (p2)] & Z, = Quark wave function renormalization constant

.. .. @27, = Quark-gluon vertex renormalization constant
Renormalization condition:

Ar(p®) = A0 oo =1 S5 (D) a2 = i p +my(p)

2
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QCD’s Dyson-Schwinger Equations (DSEs)

—1 —1
Gluon 00U 0> = 00000 —3 /M@TT
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Bethe-Salpeter Equations for QCD bound-states

{3} BSE = Bound-state equation for meson

Ad4q

T P) = [ Ky ISy )T (0. P)Sy ()
&Y ng(q, k; P) = Quark-antiquark scattering kernel |

N
©5(q,) = Dressed quark propagator Ly (k, P) = Z T, (k, P)F;(k, P)
ey Fﬁ(k, P) = Meson’s Bethe-Salpeter Amplitude (BSA) 1=1

. . , Fﬁ/gfl(kap):’75[Z.E]J\C4g(kap)+’7'PF]{4g(k7P)
General solution for Poincaré ____ _} -

invariant pseudoscalar BSA | + ~v-kk-P Gﬁ’(lg7 P) + ok, Py H]]\C/[g(k, P)}
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Truncation schemes and symmetries

@ DSE/BSE: Kernel can be derived in accordance with chiral symmetry

Truncation must preserve AV-WTI, which ensures that we will have massless

pions in the chiral limit.

AV-WTI:  PulLo(k; P) = S (ky) ivs + ivsS, " (ky)

oo s e B dew e e b

Axial vector-vertex:

; ; A d4q
F5ﬂ(k;P) = ZQVWMJF/

(2m)*

Kq(q, k; P) St(g)TE% (g5 P)S,(a5)
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Rainbow-Ladder truncation

@ Leading truncation A®

2 Dy (@)L (k,p) = (2§) G(¢*) DES(g) 5

o
e fTy £
| I
i — R | / — > + > o
| I
| I
)\CL a
— | : q) k. P _Z2 g (l2) Dfree(l) Y f)/I/)\Q
= |
_ ' ' \ "
| I

G (q) : Effective gluon interaction
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Gluon interaction model

An interaction ansatz for ‘ﬁ(qz) that has proven its merits in meson and baryon

phenomenology can be decomposed as

s -
' fq(2 ) - G5 (q°) + 4mapr(q’)
& Infrared part: Two—l\/lofeQIS 1400 -
Tr 2 w2 L
MT-Model: G5 (q°) = M—?QQDJ"G /e 1200

87 _ 1000 |
OC-Model: Q;R(q2) _ —4Df e q2/w]20J 000 |

N wf NS 800
@ Ultraviolet part: Model S
. 5 872, F(q?) > 600_
47TO&pT(q ) — > »
In [7‘ + (14 ¢%/A2.0) ] _
F(¢*) = [1 — exp(—¢*/4m}))/q*, mi = 0.5 GeV 0 =
T=¢e*—1

- —— QC-Model |
— = MT-Model |

101

¢*[GeV?]

109 101

P. Maris and P. C. Tandy, Phys. Rev. C 60, 055214 (1999)
S. X. Qin, L. Chang, Y. X. Liu, C. D. Roberts and D. J. Wilson, Phys. Rev. C 84, 042202 (2011)
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Numerical solutions: Quark DSE

\REAL AXIS SOLUTION‘

B ( 2 2)
2 f\p K
Mi(r) = 4 2 ) Zr(p*,1*) = 1/Ap(p*, pn*)
9 —
101 ¢ | | l l l l ‘l l ] 1.1 | ‘ | | | | | | |
e — 1.0
T L S S
_______________ 0ol
% 101 | ~ 0.8 —°
. DCSB- N
: — chiral
| —— chiral T — — light
1072 F—— light | . .—- strange |
__ i;r;rﬁe 00 F —- charm |
_ - - _-IbOttOIm | | : : : | 05 | | | | | I_. _.I bOttlom
o io—f» 104 10-3 10-2 10-! 100 10! 102 103 10% 10~° 10=* 103 10=2 10—! 10° 10 102 103 10%
p*[GeV?] p*[GeV?]

Quark Propagator: Dynamical chiral symmetry breaking generates ‘constituent-
quark masses’.
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Numerical solutions: Quark DSE

¢ Dramatic change in the in the analytic structure of the quark propagator:

| Confined particle: interactions
" move the mass pole off axis

Complex conjugate singularities characterized by a dynamically generated mass scale.
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Numerical solutions: Quark DSE

Quark Propagator: In order to obtain bound-states masses, we need to know
the quark propagator in a parabolic region in the complex plane.

‘COMPLEX PLANE SOLUTION‘

. o2y _
S(an) = =i an ov(ay) + 0s(ay) 7o) = EARR) + B

%27 — q2 . 77277,3\4 + 211 mM\qlzq af(q2) _ Bf(qg)
P g2 AR (gr) + Ba)

© Light meson: For instant, the pion with 7 = 1/2.

my; =m, < 1GeV
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Numerical solutions: Quark DSE

Quark Propagator: In order to obtain bound-states masses, we need to know
the quark propagator in a parabolic region in the complex plane.

‘COMPLEX PLANE SOLUTION‘

; 2 2 O.f( 2) _ Af(qu)
(]727 — q2 . 7727773\4 + 211 mM\qlzq af(q2) _ Bf(qg)
P @2 A% (q2) + Bi(g3)

& Heavy meson: For instant, the D meson with (7 = 0.5

my; = mp > 1 GeV

Im{o,(g;)} 0 -

. .
et
*
- °* o
ot .
— L .

Re{q;} Im{q, }
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Numerical solutions: Quark DSE

Quark Propagator: In order to obtain bound-states masses, we need to know
the quark propagator in a parabolic region in the complex plane.

‘COMPLEX PLANE SOLUTION‘

. o2y _
S(an) = =i an ov(ay) + 0s(ay) 7o) = EARR) + B

%27 — q2 . 77277,3\4 + 211 mM\qlzq af(q2) _ Bf(qg)
P g2 AR (gr) + Ba)

&) Heavy meson: For instant, the D meson with = 0.2

my; = mp > 1 GeV
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Numerical solutions: BSE

For the bound state masses we solve an artificial eigenvalue problem:

A 4
M (PIT,P) = [ 5K, (s P)S ()T . P) S a)

e

N
1=1

| ial
Chebyschev polynomials Eigenvalue trajectory

OO . 3-0 T T T r——T7%—* 71T "1 " 17T "™ 1T """T"""71"°77
2 2 | — = \{(P?)-ground-state . / |
Fz(ka P) — Z mfz(k‘ 7P )Um(zk) . _'—" )\;(Pz)—ex%ted—state Plon // |
m—0 M ' ----' A3 (P?)-exited-state /
Chebyschev's Moments //
9 1 20 m,=0.136 GeV //
_ - 2 — ~ [ 7
- \/1 L Um ('CU)U” (33) 5mn A1) m, = 1.042 GeV P
0 = ! -
///
: 10
5 . . . ‘
AP FUP) = (K§)mi(P) " FPi(P) - _—]
05 e e T T T T e 1
Basically to obtain the meson mass we N
. 2 . _ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
have to find the root of A(P7) — 1 = 0. /=P [GeV]
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Pseudoscalar mesons

 Mp | MY | ey, [%] fr SRR e, [%]
m(ud) = 0.140 0.138 | 1.45 0.094+2000 | 0.092(1) 2.17
K (u5) 0.494 0.494 0 0.11072907 | 0.110(2) 0

D(cd) 1.867*300% | 1.864 | 0.11 | 0.144*000 | 0.150(0.5) | 4.00
Ds(c5) | 2.015%%t5 | 1.968 | 239 | 0.1797550; | 0.177(0.4) | 1.13
ne(cé) | 3.01240900 12,984 | 094 | 027070902 | 0.279(17) | 3.23

—0.005
np(bb) | 9.392*000° [ 9.398 | 0.06 | 04917000 | 0472(4) | 4.03
£y | . 0.004
B(ub) | 5.277°000% | 5279 | 0.04 | 0132000 | 0.134(1) | 435

By(sh) | 5.383'9037 | 5367 | 030 | 0.128°2%2 | 0162(1) | 205

B.(ch) 6282000 | 6274 | 013 | 0280205 | 03022) | 10.17

No. [ d*k , -
fopu = T2 [ oo [iyenSy () T2 Gk, ) Sy k)|

e —————————
F. E. S, R. C. da Silveira, J. Cobos-Martinez, B. El-Bennich and E. Rojas, Eur. Phys. J. C 80, 955 (2020).
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Pseudoscalar mesons
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Extracting LCDAs O (T, 1)

@ Projection of BS wave-function onto the light front : xar(ky, ky) := S(ky)L'ae(k, P)S (k)

Z5 N, A ik
Sy (e, p) = /2 TID/ (2)4 o(n - ky —an- P)ysvy-n xm(ky, kq)

Not accessible in Euclidean space
@ Computing Mellin moments

1 1
() :/o dx ™ dpr(x, 1) <ZEO> — /o droy(x,pn) =1

ZoN,, Mdfk o (n- k)™
~ V2fu oy | 2t (- s 7371 X )
Eammma e

@ Interpolation of quark propagator and Bethe-Salpeter amplitudes

—+ ")

1 u_A2nj
dz py, (2) e
. J (k2 —I—Zk ) P_|_A]:_z)n3

N &) 2
Spla) =) 1t Fi(k,P):Z/

=1 LY gt my, W‘Q+(m‘£)*_ ‘ _
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Extracting LCDAs O (T, 1)

O (x, 1) = N(a) [22)* 72 [+ 0205 (22 — 1)]

T

@ Reconstructing LCDAs tec. (1 1) = N'(av, ) dag d0eT+B@—

1.0 T T T T T T T T T T T T T T T T —
T : O (2™ p
| @) = [ deamoula) e (1)
0
0.8 i
(&™) s | (z) | (22) | (z°)
(@™)p, | 0.633+0.007 | 0.44740.009 | 0.334:£0.011
O,
0.6 . m
~ | rec
: e(a,B) = =1
2 ® ’ (X™)H
0.4 | - m=1
O,
® O,
0.2 ® o .
©® @
0.0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

0 1 2 3 4 5 6 7 3 9
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Extracting LCDAs O (T, 1)

1.6 M - | - | - |

- QSK(SBMM)
B O (T, 1)
1.2 F 7™ QPasy(®)

1.4
1.0
0.6

0.4 |

0.2 |

0.0

0.0 0.2 0.4 0.6 0.8 1.0
X

L. Chang, I.C. Cloét, J.J. Cobos-Martinez, C.D. Roberts, S.M.Schmidt, P. C. Tandy, Phys. Rev. Lett. 110 (2013)
F. E. S, R. C. da Silveira, J. Cobos-Martinez, B. El-Bennich and E. Rojas, Eur. Phys. J. C 80, 955 (2020)
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Extracting LCDAs

5 . , , .
- ¢Bu (:I;?M) —
[ mew M2
— ¢B.(, 1)
- ¢Du (ZE,,u)
3 r ¢Ds (aj’/'L)
Oy (T, 1)
oL D (T, 1)
1k
0, | . | | | | | . -
0.0 0.2 0.4 0.6 0.8 1.0

X

F. E. S, R. C. da Silveira, J. Cobos-Martinez, B. El-Bennich and E. Rojas, Eur. Phys. J. C 80, 955 (2020)
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Extracting LCDAs

@LCDAs for vector mesons:

PHYSICAL REVIEW D 106, L091504 (2022)

D* and D distribution amplitudes from Bethe-Salpeter wave functions

Fernando E. Serna®,'”* Roberto Correa da Silveira,' and Bruno El-Bennich®'

'LF TC, Umverudade Cidade de Sdo Paulo, Rua Galvdo Bueno 868, Sdo Paulo SP 01506-000, Brazil
Deparkunenw de Fisica, Universidud de Sucre, Carrera 28 No. 5-267,
Barrio Puerta Roja, Sincelejo 700001, Colombia

® (Received 15 September 2022; accepted 18 October 2022; published 28 November 2022)

We report on the first calculation of the longitudinal and transverse light front distribution amplitudes of
the D* and D} mesons and their first four moments. As a by-product, we also obtain these distribution
amplitudes for the p, ¢, K*, and J /¥ mesons and confirm a prediction of lattice QCD for the vector kaon:
while the longitudinal distribution amplitude is almost symmetric, the transverse one is oblique implying
that the strange quark carries more momentum.

DOT: 10.1103/PhysRevD.106.1.091504
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Extracting LCDAs

@Bound-state equation for vector mesons

A
d*q
Lu(k; P) = / (2%)4[( (k. q; P)Sr(g4 )T 1(q; P)Se(g-)
ZTZ(:ZC P Zk,PZ)
- B
T'(k,P) = iy, Tk, P) = kK,
T2(k,P) = i3k(y-k) =T &),  Ti(kP) = (k-P)y,(y-k") = (v- k" )nl,
T3(k,P) = i(k- P)kiy-P, T\(k,P) = ~.v-P—~-Py, —2T;(k,P),

T\(k,P) = ilvuv-Ply-k")+k,y-P], T, (k.P) = Eﬁf(w’-%T)’f-P,
i _ AL | |

where a = T, a,, with T,,, = 4, — P,P,/P*, P-a* = 0 for any four-vector ¢, and &' - k' = 1.
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Extracting LCDAs

@ Bound-state equation for vector mesons

My | MJ®  epry [%] || fv | FOPOP | ep [%0]
o(uir) | 0730 | 0775  5.81 || 0.145 | 0.153(1) | 5.23
#(s5) | 1.070 | 1.019 520 || 0.187 | 0.168(1) | 11.31
K*(u5) | 0942 | 0896  5.13 | 0.177 | 0.159(1) | 11.32
D*(cd) | 2.021 | 2009  0.60 || 0.165 | 0.158(6) | 4.43
D*(c5) | 2169 | 2112 270 || 0.205 | 0.190(5) | 7.90
Jjw(cé) | 3.124 | 3.097 0.87 | 0277 | 0.294(5) | 5.78
Y(bB) | 9.411 [ 9460  0.52 || 0.594 | 0.505(4) | 17.62

Z2Nc A d4k A fg 1
fomy = T2 [0 T 7,85 (k) T (k. P) Sy (k)|

A ———




Extracting LCDAs

p meson

1.5
k2[GeV?
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Extracting LCDAs

@LCDAs for vector mesons:

2 For a longitudinally polarized vector meson

q

fv(n° P)qu (Za :u) — mVTrCDZQ /6(n q+ — L1 P)fy nny Xv (C]; P)

——EERSSSEMRRTT

2 For a transversely polarized vector meson

Fhm2o (z.) = (0 PYTronZy [ (e gs — an- o, Puxo(a: P)

q

Xv(q; P) = S¢(q+ )0 (q; P)Sg(q-),
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Extracting LCDAs O (T, 1)

@ Longitudinal and transverse LCDAs (p and ¢» mesons)

N
o) = N @il [ 143 anCi2x - 1)
n—1

1.6 ' ' ' ' ' 1.6F
1.4 Ll
1.2

<t
n \ -
208 4 N Z 08
! // --=- ¢! Herein ‘\‘ .
= 06F ' W1 2 06
—— gb[f Herein
0.4f —--- ¢l DSE 0.4F
0.2 —— ¢, DSE 0.2
— ¢*V(x)
0.0 | | , 1 ' 0.0 | | | | .
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X

Fei Gao, Lei Chang, et al., Phys. Rev. D 90, 014011(2014).
Lattice QCD: Lattice Parton Collaboration, PRL 127 (2021)
F. E. S, R. C. da Silveira, B. El-Bennich, Phys. Rev. D 106, L091504 (2022).
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Extracting LCDAs Ot (2, p

@ Longitudinal and transverse LCDAs (K* meson)

N
e, 0) = N (@& |1+ )" a,Ca(2x - 1)
n—1

1.4+
1.2}
./‘ ..........
/ .,"’ .........
. 10 r / .~'
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F. E. S, R. C. da Silveira, B. El-Bennich, Phys. Rev. D 106, L091504 (2022).
Lattice QCD: Lattice Parton Collaboration, PRL 127 (2021)

QCD Sum Rule: P. Ball, V. M. Braun and A. Lenz, JHEP 08 (2007)
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Extracting LCDAs O (T, 1)

@Longitudinal and transverse LCDAs

| (x,}l) — .’\f(a, ﬂ)4x:x-.e4axi' | plx—X]

Vrec

F. E. S, R. C. da Silveira, B. El-Bennich, Phys. Rev. D 106, L091504 (2022).
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Extracting LCDAs

@Longitudinal and transverse LCDAs
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F. E. S, R. C. da Silveira, B. El-Bennich, Phys. Rev. D 106, L091504 (2022).
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Light-cone wave functions and
quantum information

e Bruno El-Bennich, Universidade Cidade de Sao Paulo, Brazil.

e Gastao Krein, IFT-UNESP, Brazil.

e lan Cloét, Argonne National Lab, US.
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Light-Cone Wave Functions (LCWFs)

© From the LCWFs we can access to structure functions:

&y (, )

X (b, kg) wM(x,ki,,u)

Projected onto u

the light-front / dki Overlap

representation

=~ SV

HI (z,6,t;p)

> The inputs: Solutions from DSE and Bound-State equations.
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Light-Cone Wave Functions (LCWFs)

© The LCWFs are obtained from the BSWF via the light front projections:

i 12 /3 [ S Pt ¥
ni(z, ki) = V3 ——0(zP" — k7)Trply " sx(k, P)),

/1

{

3 [dkTdk— _, N N ;
wE(a:, k4) = ——/ o(zP" — k7 )Trplicyikrysx(k, P)]

™

© With the LCWF one can readily derive two distributions:

® The leading-twist TMD

2 1 T4 2 2 T 2 :
Farl I ) = (s (VR GI ) + 0 I )

(

e The PDF , ,
QM(xmu) :/ko_fM(ajka_mu)
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Light-Cone Wave Functions (LCWFs)

e Pion LCWF

e Pion TMD
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Light-Cone Wave Functions (LCWFs)

* Pion PDF

ant (2, 1) = / A2 far(2, 12, )

= Qo )
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Entanglement entropy of constituent quarks
in the pion LCWF

© Entropy of the valence distribution of the valence quark distribution in the pion.

s(pu?) = —/O {qy (x, i) loglg (z, n?)] + q5 (x, 1) loglgs (z, p*)] } dav

©This definition is related to the Von Neumann entropy for a quantum object in
a non-pure state.

* Explore how this entropy evolves as a function of u?.

* Explore how the entropy behaves when the coupling
constant in the gap and bound- state equations decreases or
Increases.

This study represents an initial step into the world of quantum

information from my standpoint of view as a hadron physicist.
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Conclusions

* Good reproduction of the meson mass spectrum and their weak decay

constants for pseudoscalar and vector channels .

e First predictions for LCDAs of vector D and Ds mesons.

e LCDAs of the J/¥ and D¥mesons can readily be used in diffractive
vector-meson production which are of interest to the experimental

program of the EIC.

*\We also are interested in study the entropy of the valence distribution
of the valence quark distribution in the pion.
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