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AdS/CFT

AdS/CFT correspondence can be used to compute correlation functions of local operators

Zgauge(JO,Nc , λ) ≡ Zgravity (ϕ0, g5, α
′/R2)

with J ≡ ϕ0
the computation of the correlation functions is done using Witten diagrams in AdS
for non-conformal theories with mass gap dual to some gravity theory in deformed AdS
background, we can use Witten diagrams to compute scattering amplitudes
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Spin-1 (Electromagnetic) Form Factors of Proton

the Dirac and Pauli form factors of proton are defined by

⟨p2|Jµem(0)|p1⟩ = u(p2)

(
F1(q

2)γµ + F2(q
2)
iσµνqν
2mN

)
u(p1)

in holographic QCD they can be computed using the Witten diagram in AdS

Figure: Witten diagram for spin-1 (electromagnetic) form factors of proton ⟨p2|Jµem(0)|p1⟩ due to
the exchange of spin-1 (vector) meson resonances.
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Spin-1 (Electromagnetic) Form Factors of Proton

the bulk-to-boundary propagator for virtual photon

V(Q, z) = g5
∑
n

Fnϕn(z)

Q2 +m2
n

= Γ

(
1 +

Q2

4κ2V

)
κ2V z

2 U
(
1 +

Q2

4κ2V
; 2;κ2V z

2

)
the scattering amplitude is given by

SEM
Dirac [i , f ] =

1

2g2
5

∫
dzd4y

√
ge−ϕ z

R

×
(
Ψ̄1f γ

N
(1
3
V 0
NT

0 + V 3
NT

3
)
Ψ1i + Ψ̄2f γ

N
(1
3
V 0
NT

0 + V 3
NT

3
)
Ψ2i

)
= (2π)4δ4(p′ − p − q)FN(p

′)FN(p)×
1

2g2
5

× 2g2
5 × eN × ūsf (p

′)ϵ(q)usi (p)

× 1

2

∫
dz

z2M
e−ϕV(Q, z)

(
ψL

2(z) + ψR
2(z)

)
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Spin-2 (Gravitational) Form Factor of Proton

the gravitational form factors of proton defined as

⟨p2|Tµν(0)|p1⟩ = u(p2)

(
A(k)γ(µpν) + B(k)

ip(µσν)αkα
2mN

+ C (k)
kµkν − ηµνk2

mN

)
u(p1)

can also be computed by the corresponding Witten diagrams:
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Spin-2 (Gravitational) Form Factor of Proton

Figure: Witten diagram for the spin-2 gravitational form factor due to the exchange of spin-2
glueball resonances.
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Spin-2 (Gravitational) Form Factor of Proton

Figure: Witten diagram for the spin-0 gravitational form factor
〈
p2|Tµ

µ(0)|p1
〉
due to the

exchange of spin-0 glueball resonances.
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Spin-2 (Gravitational) Form Factor of Proton

the gravitational form factors of proton follow from the coupling of the irreducible
representations of the metric fluctuations hµν to a bulk Dirac fermion
and the bulk metric fluctuations can be decomposed in terms of the 2⊕ 0 invariant
tensors [Kanitscheider:2008]

hµν(k , z) ∼
[
ϵTTµν h(k , z) +

[
1

3
ηµν f (k , z)

]
which is the spin-2 made of the transverse-traceless part h plus the spin-0 tracefull part f
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Spin-2 and Spin-0 (Gravitational) Form Factor of Proton

the scattering amplitudes are given by

ϵTTαβ V
αβ

hΨ̄Ψ
(p1, p2, kz) = −1

2

∫
dz

√
g e−ϕz Ψ̄(p2, z)ϵ

TT
αβ γ

αpβ Ψ(p1, z)H(K , z)

and

1

3
ηαβVαβ

f Ψ̄Ψ
(p1, p2, kz) = −1

2

∫
dz

√
g e−ϕz Ψ̄(p2, z)ηαβγ

αpβ Ψ(p1, z)F(K , z)
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Spin-j Form Factor of Proton

the spin-j form factors of proton can be defined as

⟨p2|Tµ1µ2...µj (0)|p1⟩ = u(p2)

(
A(k , j)γµ1pµ2 ...pµj + B(k , j) ip

µ1pµ3 ...pµjσµ2αkα
2mN

+ C(k , j)k
µ1kµ2 ...kµj − ηµ1µ2ηµ3µ4 ...ηµj−1µjk2

mN

)
u(p1)
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Spin-j Form Factor of Proton

the spin-j form factor, can be computed using the Witten diagram

Figure: Witten diagram for the spin-j form factor due to the exchange of spin-j glueball resonances.
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Four-point correlation functions < P̄JµJνP >

[] []
electroproduction of a vector meson probing the gluon GPD: (a) leading QCD
contribution in the Regge limit; (b) leading Witten diagram in the large-Nc limit.
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Four-point correlation functions < P̄JµJνP >

the scattering amplitude is given by

Ah
γ∗
L/T

p→Vp(j , s, t) ∼ − 1

g5
× 2κ2 × Vµν

hγ∗
L/T

V (j ,Q,MV )×
1

mN
× ū(p2)u(p1)

×
∞∑
n=0

[
qµ1qµ2 ...qµj Pµ1µ2...µj ;ν1ν2...νj (mn, k) p

ν1
1 pν21 ...p

νj
1

]
× VhΨ̄Ψ(j ,K ,mn)
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Four-point correlation functions < P̄JµJνP >

we use the identity

qµ1qµ2 ...qµj Pµ1µ2...µj ;ν1ν2...νj (mn, k) p
ν1
1 pν21 ...p

νj
1 = (p1 · q)j × d̂j(η,m

2
n)

with

d̂j(η,m
2
n) = 2F1

(
− j

2
,
1− j

2
;
1

2
− j ;

4m2
N

−m2
n

× η2
)

where the skewness parameter is given by η ∼ k·q
2p1·q . Also note that, for j = 2, we have

the massive spin-2 projection operator Pµ1µ2;ν1ν2(mn, k) ≡ Pµν;αβ(mn, k) defined as

Pµν;αβ(mn, k) =
1

2

(
Pµ;αPν;β + Pµ;βPν;α − 2

3
Pµ;νPα;β

)
which is written in terms of the massive spin-1 projection operator

Pµ;α(mn, k) = ηµα − kµkα/m
2
n
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Four-point correlation functions < P̄JµJνP >

separating the skewness η dependent and independent part, we can rewrite the scattering
amplitude as

Ah
γ∗
L/T

p→Vp(j , s, t) ∼ − 1

g5
× 2κ2 × Vµν

hγ∗
L/T

V (j ,Q,MV )× (p1 · q)j ×
1

mN
× ū(p2)u(p1)

× [A(j , t) +Dη(j , η, t)]

where

Dη(j , η, t) =
(
d̂j(η, t)− 1

)
× [A(j , t)−AS(j , t)]

with

AS(j , t) ≡ A(j , ;κT → κS)

Kiminad Mamo (WM) Witten diagrams in AdS/QCD March 20, 2024 @ JLab Cake Seminar 15 / 33



Holographic parametrization of conformal moments of gluon GPDs

our holographic parametrization of conformal moments of gluon GPD at finite skewness,
and at input scale µ = µ0, is given by

F(+)
g (j , η, t;µ0) = Ag (j , t;µ0) +Dgη(j , η, t;µ0)

for even j = 2, 4, ...
we use

Ag (j , t;µ0) =

∫ 1

0
dx x j−2 xg(x ;µ0) x

aT

with the input gluon PDF xg(x ;µ0) at µ = µ0, and aT ≡ −α′
T t
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Holographic parametrization of conformal moments of gluon GPDs

the skewness or η-dependent terms are fixed by holography as

Dgη(j , η, t;µ0) =
(
d̂j(η, t)− 1

)
× [Ag (j , t;µ0)−AgS(j , t;µ0)]

where

AgS(j , t;µ0) ≡ Ag (j , t;µ0, α
′
T → α′

S)

the A-form factor of the gluon gravitational form factor of the proton is given by

Ag (t;µ0) = Ag (j = 2, t;µ0)

and the D-form factor (or the D-term) of the gluon gravitational form factor of the
proton is

η2Dg (t;µ0) = Dgη(j = 2, η, t;µ0)
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Holographic parametrization of conformal moments of non-singlet quark
GPDs

the holographic parametrization of the conformal moments of the non-singlet (valence)
quark GPDs at µ = µ0 is given by

F(−)
q (j , η, t;µ0) = F (−)

q (j , t;µ0) + F (−)
qη (j , η, t;µ0)

for odd j = 1, 3, · · · , where we have defined

F (−)
q (j , t;µ0) =

∫ 1

0
dx x j−1 qv (x ;µ0) x

aq

with the input valence (non-singlet) quark PDF

qv (x ;µ0) = q(x ;µ0)− q̄(x ;µ0) = H
(−)
q (x , η = 0, t = 0;µ0) at µ = µ0, and aq ≡ −α′

qt,
where α′

q is a Regge slope parameter
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Holographic parametrization of conformal moments of non-singlet quark
GPDs

the skewness or η-dependent F (−)
qη -terms are given by

F (−)
qη (j , t;µ0) =

(
d̂j−1(η, t)− 1

)
×
[
F (−)
q (j , t;µ0)−F (−)

qS (j , t;µ0)
]

where

F (−)
qS (j , t;µ0) ≡ F (−)

q (j , t;µ0, α
′
q → α′

qs)

the Dirac electromagnetic form factor of the proton is given by

F1(t) =
2∑

q=1

eq F (−)
q (j = 1, t;µ0)
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Holographic parametrization of conformal moments of singlet quark GPDs

the holographic parametrization of the conformal moments of the singlet (sea) quark
GPDs at µ = µ0 are given by

Nf∑
q=1

F(+)
q (j , η, t;µ0) =

Nf∑
q=1

F (+)
q (j , t;µ0) + F (+)

qη (j , η, t;µ0)

for even j = 2, 4, · · · , where we have defined

Nf∑
q=1

F (+)
q (j , t;µ0) =

∫ 1

0
dx x j−1

Nf∑
q=1

q(+)(x ;µ0) x
aq

with the input singlet quark PDF∑Nf
q=1 q(+)(x ;µ0) =

∑Nf
q=1 q(x ;µ0) + q̄(x ;µ0) =

∑Nf
q=1 H

(+)
q (x , η = 0, t = 0;µ0) at

µ = µ0, and aq ≡ −α′
qt.
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Holographic parametrization of conformal moments of singlet quark GPDs

the skewness or η-dependent terms are given by

Nf∑
q=1

F (+)
qη (j , η, t;µ0) =

(
d̂j(η, t)− 1

)
×

 Nf∑
q=1

F (+)
q (j , t;µ0)−F (+)

qS (j , t;µ0)


where

Nf∑
q=1

F (+)
qS (j , t;µ0) ≡

Nf∑
q=1

F (+)
q (j , t;µ0, α

′
q → α′

qs)
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Holographic parametrization of conformal moments of singlet quark GPDs

the A-form factor of the quark gravitational form factor of proton is given by

Nf∑
q=1

Aq(t;µ0) =

Nf∑
q=1

F (+)
q (j = 2, t;µ0)

and the D-form factor (or the D-term) of the quark gravitational form factor of the
proton is given by

η2
Nf∑
q=1

Dq(t;µ0) =

Nf∑
q=1

F (+)
qη (j = 2, η, t;µ0)
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Comparison of the conformal moments to lattice QCD
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Figure: Our evolved moments of u − d quark GPD Hu−d(x , η, t;µ) at µ = 2 GeV, are represented by
black line. The other colored curves and data points, corresponding to lattice data, from various
sources are shown for comparison.
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Comparison of the conformal moments to lattice QCD
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Figure: Our evolved moments of u − d quark GPD Hu−d(x , η, t;µ) at µ = 2 GeV, are represented by
black line. The other colored curves and data points, corresponding to lattice data, from various
sources are shown for comparison.
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Comparison of the conformal moments to lattice QCD
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Figure: Our evolved moments of u − d quark GPD Hu−d(x , η, t;µ) at µ = 2 GeV, are represented by
black line. The other colored curves and data points, corresponding to lattice data, from various
sources are shown for comparison.
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Comparison of the conformal moments to lattice QCD
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Figure: Our evolved moments of u + d quark GPD Hu+d(x , η, t;µ) at µ = 2 GeV, are represented by
black line. The other colored curves and data points, corresponding to lattice data, from various
sources are shown for comparison.
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Comparison of the conformal moments to lattice QCD
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Figure: Our evolved moments of u + d quark GPD Hu+d(x , η, t;µ) at µ = 2 GeV, are represented by
black line. The other colored curves and data points, corresponding to lattice data, from various
sources are shown for comparison.
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Comparison of the conformal moments to lattice QCD
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Figure: Our evolved moments of u + d quark GPD Hu+d(x , η, t;µ) at µ = 2 GeV, are represented by
black line. The other colored curves and data points, corresponding to lattice data, from various
sources are shown for comparison.
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Comparison of the conformal moments to lattice QCD
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Figure: Our evolved moments of gluon GPD Hg
symmetric(x , η, t;µ) at µ = 2 GeV, are represented by

black line. The other colored curves and data points, corresponding to lattice data, from various
sources are shown for comparison.
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Reconstructing quark and gluon GPDs from their conformal moments

the gluon GPD series expansion interms of their conformal (Gegenbauer) moments is
extended to a Mellin-Barnes-type integral to facilitate the incorporation of complex-valued
conformal spins [Mueller:2005]:

Hg (x , η, t;µ) =
1

2i

∫
C
dj

(−1)

sin(πj)
gpj(x , η)Fg (j , η, t;µ

2)

with

gpj(x , η) = θ(η − |x |) 1

ηj−1
gP j

(
x

η

)
+ θ(x − η)

1

x j−1
gQj

(
x

η

)
where the functions gP j and

gQj are given by

gP j

(
x

η

)
=

(
1 +

x

η

)2

2F1

(
−j , j + 1, 3

∣∣∣∣12
(
1 +

x

η

))
2j−1Γ(3/2 + j)

Γ(1/2)Γ(j − 1)

gQj

(
x

η

)
= 2F1

(
j − 1

2
,
j

2
;
3

2
+ j ;

η2

x2

)
sin(π[j + 1])

π
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Reconstructing quark and gluon GPDs from their conformal moments

for quark GPDs we have

Hq(x , η, t;µ) =
1

2i

∫
C
dj

1

sin(πj)
pj(x , η)Fq(j , η, t;µ)

with

pj(x , η) = θ(η − |x |) 1
ηj
Pj

(
x

η

)
+ θ(x − η)

1

x j
Qj

(
x

η

)
where

Pj

(
x

η

)
=

(
1 +

x

η

)
2F1

(
−j , j + 1, 2

∣∣∣∣12
(
1 +

x

η

))
× 2jΓ(3/2 + j)

Γ(1/2)Γ(j)

Qj

(
x

η

)
= 2F1

(
j

2
,
j + 1

2
;
3

2
+ j

∣∣∣∣η2x2
)
× sin(πj)

π
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Comparison of our reconstructed u − d quark GPDs to lattice

THIS WORK
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Figure: Comparsion of our reconstructed u − d quark GPD H
(−)
u−d(x , η, t;µ) with lattice.
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Thank You!
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