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Introduction



Proton structure and QCD evolution

Of

BK-JIMWLK
|
log — O (x) e atlarge Q% and moderate x ~ Q%/s the
A 0 proton can be described as a collection
@ weakly interacting partons
® e partonic interpretation breaks down beyond
S leading twist
® O
o e at small x gluon occupation number
o ¢ increases and eventually saturates due

log Q°

[Venugopalan, McLerran (MV), Balitsky, Kovchegov (B
Jallilian-Marian, lancu, MclLerran, Weigert, Leonidov, Kovner (c

Y. Mehtar-Tani @ JLAB

non-linear effects (gluon recombination)

o

<)

IMWLK) (1993-2001)]



DIS kinematics

Q- 0% + dQ? e DIS kinematics: hadronic part
2 2
® .o Q°=-4¢">0 xszzl? -
® > e oe -~ g4 S
® o, ® e Mass condition
DGLAP R <o
r* (p+q)?=0

2 o ~ — i
q = (g, 0%/2¢*,0) = —0°+xPq"~0 = Xx=Jxp

e At leading order we recover the Parton model:

proton Fy(x) ~ xq(x)
| P) X e | ight-cone variables: o
PE(O,P_,OJ_) +_q0-|-q3 q_:q —q
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DG LAP BjOrken I|m|t Q2 ~ 9§ [Dokshitzer, Gribov, Lipatov, Altarelli, Parisi (1972-77)]

DGLAP evolution resums large collinear logarithms alog Q/u = 0‘:[

Cdk,
ky

H

® successive emissions are strongly ordered in transverse momentum

0>k >k >...>up

e Thevariablerelatedtox=k/P~ ~ 1

ki ~ ki~ ... ~P" ~1/s

o kK ~ 971 IS the Inverse formation time scale

o It follows that k™ = kf/k‘ 's are strongly ordered

2

H
gt > kT > k> o> —

P_
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q=(q%,0°124%,0)

>

00Q0Q00, ki



BFKL.: Regge Iimit Q2 <SS [Balitsky, Fadin, Kuraev, Lipatov, (1976-78)]

q" dk+
. BFKL evolution resums large soft logarithms alogs™' = 55[ "
a5 k
® successive emissions are strongly ordered in longitudinal momenta
Vs~gt> k> k> .. o>qt g = (g*,0%2¢%,0)
e And the variablex =k7 /P~ <« 1 g
ki < k5 < ... <P~ ~4/s < ky,
o kT ~ tf_1 'S the inverse formation time scale 00Q0Q0Q0Q0Q0Q K,
e [ransverse momenta are of same order 0000090, Kk
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The dipole model in DIS

P e the relevant d.o.f. in the saturation regime are

strong classical fields ¢ A~ ~ |

P e cikonallines: p*™ > kTand k- < P~

e path ordered Wilson line

+00
U, = [+00, — 0], = Pexp [igj dx+A_(x+,x)]

e dominant contribution in DIS: dipole scattering p/< X

(P|Tr U, U] |P)

shock wave limit: ¢ = Q*/g* > 1/P~ > x=Q°/s <1
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BK and the NLO crisis



BK equation at LO

e Balitsky-Kovchegov (1996-1999) equation describes the non-linear

evolution of the dipole scattering amplitude as function of the rapidity
_I_

Yzlogq—

AT

1
Syx =y =— (TrU® V")),

C

iS (x — )=07sz (x =) Sy(x —2)Sy(z —y) — Sy(x — )]
vy y (x — 2%z —y) Y Y y Y y
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BK and the NLO crisis

[Balitsky and Chirilli (2008)]

e At NLO BK equation was found to be numerically unstable

T2 —
I Qs.()/AQCD =4 e Q,s-.()//\Q('.D =19
0.20 -—-- QS-()/AQCD = 13  seseesens Qs.()/AQCD = 20
0.15}

0.10}

(Oy,N)/N

0.05F

0.00

—0.05}

0. 1O .
10~ 10~4 109 102 101 10V

rAqco

[Lappi and Mantysaari (2015)]
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BK and the NLO crisis

e Thisis d+ue to the fact that the rapidity variable a

YElog% evolves independently from x

k+
e As a result small dipoles that radiate larger | X,
dipoles generate large collinear logarithms when
ki ~k; = NLO > LO o+
2
formation ime ordering X,
2 +
kl_=x12k1+ < k2_=x22k2+ = ul < k_2 < 1
x; Kk

+ +
k> k;

[Beut (2014) Ducloué, lancu, Mueller, Soyez, Triantafyllopoulos (2015-2019)]
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BK and the NLO crisis

[Beut (2014) Ducloué, lancu, Mueller, Soyez, Triantafyllopoulos (2015-2019)]

e Several solutions have been proposed: implementing kinematic bound,
resummation of double logarithms. However,

» they spolil the renormalization picture established at LO
» exhibit scheme dependence

» NO operator definition for systematic order by order calculations

» Not discussed at the level of observables: inclusive DIS

Y. Mehtar-Tani @ JLAB
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Where is x hiding?



Where

e |nth
exp

IS X hiding”?

e shock wave [Balitsky (1996)] approach there is no

ICcit dependence on the longitudinal monr

fraction of the gluons in the target

e The standard trick is to identify rapidity variables Y =y

transverse photon wave function

o(r) = "‘;fﬁ K, (\/za —z)\r\2Q2>

Cross-section

U(XB]', QZ) ~ ezj

1

0

e |t s Instructive to check the collinear limit

Y. Mehtar-Tani @ JLAB

entum

dzP@z) |o@)|” (TrUE)U(0)),

z=1¢%g"

1
n = log —
xBj
_|_
Y = log g
90



Where is x hiding?

* |n the leading twist: expanding for small dipoles r, ~ 1/0 < b,

U(b+§) — U(b) + rd U(b)

+00
0 U(b) = J dx™ ([+oo,x+]0iA_(x+) [+00,xT] )b where O A~ = Fi-

e we recover the gluon PDF ...

Jdb <TrU(b+%)UT(b—g)>Y ~ rexg(1/rX,x) + O(r*)

Y. Mehtar-Tani @ JLAB 16



Where is x hiding?

o . .exceptforthe phase that encodes to x = k~/P~ dependence

2 | |
xg(x, u?) = —I J (Triy* x*1F~H) [y 2 F (),
b Jxty+

P_

e the complete gluon P

D

det

- writes (the integral over x* and b cancel against (P | P))

xg(x,p%) = ZJ

Y. Mehtar-Tani @ JLAB

2r)P-

e P (PITr[0,EFFm(EN)[EF,01 F=(0)|P)




Where is x hiding?

o Parametrically we have. ¢ = xT—y™ ~ 1/P~
* [henthe phase scalesas. ixP & ~x

e In shock wave one assumes: xz < x < 1 = one can neglect the phase.

This is the BFKL-BK phase space

e On the other hand a potentially large collinear logarithm lives in the region

e [his might not be so relevant at leading order but at NLO dilute spots in the

proton wave function may generate large collinear logarithms

Y. Mehtar-Tani @ JLAB
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Digression:
background field and
transverse gauge links




Background field and transverse gauge links

e consider a target boosted along the —z

X xT J

the - direction

Acov solved exactly (togetr

rection close to the light cone. Due -
dilation the target color sources are “frozer

er with -

. o
target sources equation [D,,J*] = ()

JY(x) - J(xT,x,)

and Jt=J, =0 - 07

Y. Mehtar-Tani @ JLAB

N covar

0 time

e Yang-Mills equations D, F*"] = J" can e

he continuity

ant gauge

0-A =0 (or light-cone gauge A™ = 0)

1
Az =——J  and At=A, =0

)

1N
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Background field and transverse gauge links

e under an arbitrary gauge rotation Q(x™, x,) the target field transforms as

|
A" - QM) AL, 6 x) QY — —Q.(xh) 0” Q)
1g

| 1 |
Al - — Q (x1) 0 Q7 '(x™)
18

o cxploiting the residual gauge freedom we can generate a transverse pure gauge

e N.B.: the partonic picture is manifest in the LC-gauge A™ = 0 (with A, # 0)

e small x observables are (in the dilute/dense limit) more naturally expressed in the wrong LC-
gauge A~ # 0 (with A, = 0).

e |n order to connect to the partonic interpretation one needs to deal with transverse fields

Y. Mehtar-Tani @ JLAB
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Background field and transverse gauge links

e geometric interpretation of the all twist resummation

1
U, =U, —r' [ ds (Q'U, ;) | T
0 -

— 0 + o0

o and noticing that .—(a"Ux)Ux = A'(x) , one can express the dipole operator (in the
g

background field A7) as a transverse gauge link:

lesz = [x;,x,] =1 — igJ dz A'(2) 12, %, ] +

%)

e dipole operator can be expessed In terms of tranverse link operators

Y. Mehtar-Tani @ JLAB
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Background field and transverse gauge links

e non-Abelian Stokes theorem: more generally, the dipole operator can be written as a path
ordered tower of “twisted” field strength tensor (i.e. dressed with future pointing Wilson lines)

C
S ln () ~ } Zn
F'=(t,, z,) +
_ 5
t9 X - * <9
tl & > J <1
L1 U e i)
§ +00 § +00
[Fishbane, Gasiorowicz, Kaus (1981) Wiedemann (2000)
YMT, Boussarie (2020)]
szUjl = Pexp [—igJ drdz [+ 00, xT], F'(xt,x) [xT, + oo],
S
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Revisiting the Shock Wave
Approximation




Revisiting the Shock Wave Approximation

o Under the assumption that all transverse momenta are of same order along
the ladder, the leading power 1/s is obtained letting p* — oo for any particle

propagating inside the shock wave

propagator

lim ?p+(x+,x; yh,y) = 6(x—y)U(x",y")

pT—+o0

—1 sock wave limit
gA‘]

C§+X+,+=i
o+ (X7, 97) [(w 2

Y. Mehtar-Tani @ JLAB 25



Revisiting the Shock Wave Approximation

e [his limit neglects guantum diffusion

5604_ X+,x; +, — C AxT
pr VLY =

o itisimportant when (Ax)*> ~ AxT/pt ~ 57!

e |n effect, the phase relates the transverse dynamics to longitudinal

dynamics, this is the phase that appears in the definition of PDF's

e |t encodes the information about k7's in the target. It is expected to be non-

negligible away from the strongly ordered region in k.

Y. Mehtar-Tani @ JLAB

20



Revisiting the Shock Wave Approximation

e |nstead of taking the limit p™ — + 0o we can simply expand around the

constant transverse coordinate (classical trajectory)

X Ty
X = 5 v

V.--- = = o
e At leading power we we recover X, Uy

a Wilson line multiplied by a

phase

cgp‘l‘(x_l_ax; )’+a.V) — S6()(x _yax-l_ _)’+) UX(-X-I_ay-I_) + ...

e Taking again the limit p™ — + oo we recover the shock wave

e [he ellipses are subleading terms suppressed as (x —y)i(diU)X

Y. Mehtar-Tani @ JLAB
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Road Test:
Inclusive DIS




Inclusive DIS beyond shock wave

q = (q+9 q_9 OJ_)

1. ordering in k™

2. gluonic target

3. leading power in ki/s

P=0O"P ,0,)

Y. Mehtar-Tani @ JLAB
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Inclusive DIS beyond shock wave

e \Working assumptions:

1. We shall assume a large separation between the target modes and the

quantum fluctuations (here the quark dipole)
[Balitsky and Braun (1988)]

kT > AT kT < AT
guantum classical
Wy (X) As(x*,x) ~ 8(k™)

NB: strong ordering in k™ is common to small x and leading twist DGLAP

ki ky
="t < k=—

| _E < Ky = kf [Balitsky and Trasov (2015)]
1 2

Y. Mehtar-Tani @ JLAB
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Inclusive DIS beyond shock wave

e \Working assumptions:

2. We shall neglect power suppressed terms of the form

)

e Bjorken limit: If s ~ Q7 itis higher twist k,/Q

e Regge Iimit: It s > Q2 it Is suppressed by a powers of the energy

Y. Mehtar-Tani @ JLAB
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Inclusive DIS beyond shock wave

® |n the shock wave approximation the
times of the photon splitting into quark
antiquark pair are integrated form
0<xT<+o00and —oo <yt <0which yields
the photon wave functions

e \Vhat are the integration limits of the
vertices if one relaxes the shock wave
approximation?

e \What is the longitudinal extent of the shock
wave ?

Y. Mehtar-Tani @ JLAB
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Inclusive DIS beyond shock wave

e Solution: extracting the first
and last interactions

provides a physical
boundary to the shock X
wave

e Wwe have 4 contributions >

e [his seems involved at first

glance ‘

Y. Mehtar-Tani @ JLAB
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Inclusive DIS beyond shock wave

e (Consider the left side of the diagram first

* [he two gluon fields combine to generate field

strength tensor
1

A=(x) — A=(y) = J dsrid' A=(y + sr)
0

l
— [ dz! F'=(z)
0

e Wherez(s) =sx + (1 — )y isa straight line
trajectory Iin the transverse plane

Y. Mehtar-Tani @ JLAB

(B o
(D
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Inclusive DIS beyond shock wave

e applying the same trick to the r.h.s. we obtain the following hadronic operator
X1 . Xy .
OgipoleX1> X2, Y15 Y25 XX = I dz{J dzé
Y1 Y2

<P‘T1’ Z(yyx 5y x 11 —Z)CI+)Fj_(XfF,Z1) Z(x),x; ; xzax;\ZQJr)Fi_(X;,Zz)‘P)

. | G(zq™) X,
e performing a gauge rotation

eads to transverse gauge X
INks: explicit gauge
invariance F'=(z(sy))

e explicit dependence on + F™(z(s))
momenta of the dipole zg* and y
+ Y1 2
(1 —2)g

—t
N
0
N
&
_I_
) —
_|_
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Inclusive DIS beyond shock wave

e DIS cross-section takes now a form similar to that of the shock wave. The wave

functions are identical
MiC

1

WeWe
':':In Y

6(xp), QZ)NeZJ dzP<z>J dr |pz(1 —2)|r|>Q%)|° (TrtU@U'(0)), o 1,
0 r.b Sa.
|
o(xgj, Q%) ~ ezj dz P(z) J pz(1 = 2)|r 1”0 ¢*z(1 — 2) |1, |° 0P
0 rr,by.b,

X eiXBjP_(X;_x;) <P‘ Odipole(l’l,l’z, bl,bz, x1+, X;_ Z) ‘ P>
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Inclusive DIS beyond shock wave

e \We have constructed a gauge invariant hadronic operator that has explicit
dependence on longitudinal variables

e [he hard matrix element is composed of the same wave functions as in shock

wave albelt non-local Iin transverse position space: dipole transverse size a x1+

_|_
and x,” are not equal r; # r,

e Bialas, Navlet and Peschanski (2000 ) noticed that the dipole model (with
locality In transverse space) is inconsistent with x dependence

Y. Mehtar-Tani @ JLAB
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A Novel Unintegrated
Gluon Distribution



Unintegrated Gluon Distribution

e Now we apply the third working assumption, that is the (modified) eikonal

propagation

o (X7, 205 Y7, X)) = G0 —x, 5 — ¥ Uy (5, X)) + ...

e On may Fourier transform w.r.t. & = X, — X

2
i L _Axt

Cg (.Xz, X f) =€ 24" UX(X+,X1+)+...

e Note the factorization of the phase that encodes the
dependence on the longitudinal momentum

o U isthe average transverse momentum of the quark

Y. Mehtar-Tani @ JLAB
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Factorization formula for DIS at arbitrary x

e Combining all three phases we obtain

2* + 720>
] - ¢ Ax™T
27z qt

ik~ Ax™t

e [Nhis is nothing but Feynman x that we encountered when deriving the
DGLAP [imit

" + 720°
227 8

%93
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Factorization formula for DIS at arbitrary x

o After integration over the factorized free propagators that lead to the
Feynman x phase, we obtain the factorization formula (for the transverse

photon cross-section), In momentum space,

1

1 2
G(pr Q2) - eZJ dZP(Z) J dxj 81(,0 (f_ E) dfgp* (f_|_ E) Y xBj f
0 0 .k 2

X xG'(x,k) + O (kils)

e ¢(?) is the Fourier transform of the photon
wave function (shock wave)

e [he delta function relates x in the gluon
distripution 0 Xp;

Y. Mehtar-Tani @ JLAB 41



Factorization formula for DIS at arbitrary x

e The unintegrated gluon distribution xGY(x, k) writes

I df_l_d‘g' ix P~ —ik- — / I—

fo(x,kuszJ(zﬂpP_e FeTE (PITr[0,E 1 Fm (T, 5O [E7,01) F (0,59 | P)
| | | (€.,¢7)

e integrating over k, yields
¢, = 0 and we recover the -
gluon PDF U

e at small x we recover shock D
wave FI=(s'€)

EEGI(x =08 - (P|Tr U U [Py (0,07)
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Summar and Outlook



Summary and outlook

Y. Mehtar-Tani @ JLAB

We revisited the shock wave approximation in high

energy scattering by performir
expansion around the classica

g a gradient
trajectory of partons

The leading power accounts for both small and

moderate x limit

We have calculated in this framework gluon induced
DIS. We have obtained in particular a new
factorization formula involving a novel unintegrated

gluon distributior

Outlook: quantum evolution, application to other

observables such as DVCS

Potential probe of gluon saturation on the lattice
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