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Outline

» Partonic Orbital Angular Momentum

* Wandzura Wilczek and genuine twist three
contributions to twist three GPDs

 QCD trace anomaly and the mass of the proton
* Measuring these in experiment

* The equation of state of neutron stars at short
distances



Proton Spin Crisis

P
‘—> — ‘—» — 01 (33) Quark Spin Contribution
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Measured by EMC experiment in
1980s to be small, present values
about 30% of total !!

What are other sources ?
Partonic Orbital Angular Momentum



QCD Energy Momentum Tensor

‘QCD Lagrangian ‘

i

‘ Energy Momentum Tensor ‘

o ¢ ~

I\/Iomentum‘ ‘Angular Momentum ‘ Energy density,
Pressure

Observables

Deeply Virtual Compton Scattering, moments of GPDs etc.



QCD Energy Momentum Tensor




GPD based definition
of Angular Momentum

. 1 .. . .
Tyo = 5e" [ (105!~ T2a")
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Jqg = 5 /dxf’?(Hq(% 0,0) + E4(z,0,0)) Xiangdong Ji, PRL 78.610,1997

To access OAM, we take the difference between total angular
momentum and spin

AN

OAM Total Spin

Parton




Direct description of OAM

/d:chz = /dmaz(H—kE) —/dwﬁ[

Go=For+H+E

Kiptily and Polyakov, Eur Phys J C 37 (2004)
Hatta and Yoshida, JHEP (1210), 2012

* The moment in x of the GPD G. shown to be OAM



Intrinsic Transverse Momentum

™1

The partonic transverse momentum
Is correlated with the momentum of
the observed hadron

1

h

Semi inclusive Deep Inelastic Scattering

X, kr
However, the target does not remain
Intact, no access to the spatial distribution >
of partons V4

Transverse Momentum Distributions



Partonic Orbital Angular Momentum ||

* Consider measuring
both the Intrinsic
transverse momentum
and the spatial
distribution of partons

L IP— bt X Kr

X, kr

L-

o1 io" Tk o' A 10" kA
Wj[\TAJ — mU(p/,A/)[FH -+ . TF12 + o TF13 + Mz; TF14]U(p, A)

Generalized Transverse Momentum Distributions (related by

Fourier transform to Wigner Distributions) Meissner Metz and Schlegel
JHEP 0908 (2009)



GTMDs that describe OAM

» How does Fi4 connect to OAM ? ( : ) ( : )

Unpolarized quark in a
[Wli . W’_q longitudinally polarized
proton

*Ar Ay
(2m)?

:/daj/koT/d2b(b X kT) kT, /dI/koT—F14

Lorce et al PRD84, (2011)

 Another GTMD relevant to OAM @-> —_— 4-@

Gu describes a longitudinally polarized quark in an
unpolarized proton. Measures spin orbit correlation.

W(z,kr,b) = /



The Two Definitions

* Weighted average of bt X kr
dx d2kT—TF14
'/ / Lorce, Pasquini (2011)

 Difference of total angular momentum and spin

1
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/ dex(H, + E,) 5 / dxH,
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DY | =



The Two Definitions

1
Fyj)

» Weighted average of bt X kr
k2
L.,=— [|de | &kr—LFy
-/ / M? Lorce, Pasquini (2011)

 Difference of total angular momentum and spin
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IS there a connection ?

We find that

Fiy (z) = /: dy (EzT( )+H(y)+E(y))

AR, Engelhardt and Liuti PRD 98 (2018)

AR, Courtoy, Engelhardt and Liuti PRD 94 (2016)

This is a form of Lorentz Invariant Relation (LIR)
This is a distribution of OAM In X
Derived for a straight gauge link



Derivation of Generalized LIRS

To derive these we look at the parameterization of the quark quark
correlator function at different levels

d'2 ihay s oai o Generalized Parton
/%6 (0’ A (=2/2)T9(2/2) | p, A) Correlation Functions

(GPCFS)

Meissner Metz and Schlegel,

l Integrate over ik~
JHEP 0908 (2009)

dz_d?zp . pt.— -
/TT6 Pram—kram (5 AV | h(—z/2)T(2/2) | py Aot —g GTMDs

l Integrate over k-

dz. 4 B
[ ST N B=2/20T0/2) | P Aeicsro GPDs

o



Generalized Lorentz Invariance

Relations

d e(1) ~ -~ @‘P - @
dGyy - :_(2H§T+E§T) _ A

Axial Vector dx
dGigl) . / A’% / ACQF ]
gr e T et - \Mtoe )
Vector dpe®
4 — FEyr+H+E

dx ( :) _ 4_@D
The GTMDs are complex in general.

X = X¢+iX°

The imaginary part integrates to zero, on integration over kr.



Higher Twist

/dz_ i Pt 2 0 N | D(—2/2T0(2/2) | Py A st —o

+ A~ tA9 ~tt+A-5 T A5 _17.5 5 _+—.05
YLy Y, YLy oty Lyt oty
Leading twist — twist 2 Higher twist — twist 3

 Involve only good  Involve one good and

components one bad component

« Simple interpretation in  The bad component

terms of parton represents a quark
densities gluon composite

e pENY

P =



Collinear Picture : Transverse Quark
Current, Higher Twist

@(—Z/Q)WJF@D(Z/Z) » Leading order quark
current
@(—Z/Q)V%Qp(z/Q) » Transverse quark

current, implicitly

Involves quark gluon
;@ Jk\ Interactions
P

Probabilistic parton model interpretation works well at leading order, with
transverse quark projection operator need to include quark gluon interactions

Both in Collinear Picture



Generalized Lorentz Invariance

Relations

d e(1) ~ -~ @‘P - @
dGyy - :_(2H§T+E§T) _ A

Axial Vector dx
dGigl) . / A’% / A% ]
gr e T et - \Mtoe )
Twist two Twist three
Vector dpe®
L = Fyr +H+E

dx ( :) _ 4_@D
The GTMDs are complex in general.

X = X¢+iX°

The imaginary part integrates to zero, on integration over kr.



Intrinsic Momentum vs Momentum
Transfer A

Courtoy et al PhysLett B731, 2013
Burkardt,Phys Rev D62, 2000

/dz_ WP T2 N b(—2/2)T(2/2) | py A ss oo



Intrinsic Momentum vs Momentum
Transfer A

k +— 2z
A ——

Courtoy et al PhysLett B731, 2013

Burkardt,Phys Rev D62, 2000

dz_

gemﬁ”’_ @, N [ (=2/2)Tp(2/2) | p, A) 2t —2r—0



Equations of Motion Relations

How do we obtain these ?

(zﬁ V(Zout) = ﬁ
Y (Zin)( ﬁ—km = YP(zin

Zout

gA —m 0,
(0 — g¢i+m>=o



Equations of Motion Relations

How do we obtain these ?

Uic™ 51D — m)P(zou) = Uio™ 5(i0 + gA — m)h(zout) = 0,

$(zin)(iD + mYio" 95U = B(zin)(i 0 — gA+ m)io"tysU = 0



Equations of Motion Relations

How do we obtain these ?

Uic" s (Zﬁ —m)Y(Zour) = Uic" s (Zé{‘l‘ ng(— m)Y(2out) = 0,
F(zin)(iD +mic™ vl = P(zin)(i 0 — gA +m)ic" U = 0

Zin + Zout

h—

/db_d2bTe_ib'A/dz_d2zTe ez N o) [ z§+m )io' Ty £ o Ty ZB ]¢|p A)=0



Equations of Mot

How do we obtain these ? /

Uio" s (Zﬁ — m)P(Zout) = Uio* s (Zé{-l— 94(_ m)Y(2out) = 0,
F(zin)(iD +mic™ vl = P(2in)(i 0 — gA +m)ic" 35l = 0

Zin + Zout

b =

/db‘d2bTe_ib'A/dz_d2zTe ez N | [ z%—km Yio" Ty o TP zB ]¢|p A)=0



Use LIRs and Equation of Motion
Relations to derive Wandzura
Wilczek Relations

« The equations of motion connect k. dependent
guantities with collinear objects.

« These k,; dependent quantities are also connected to

collinear objects by LIRs. This Is independent of
equation of motion relations.

e Use the LIR to eliminate the k; dependent quantities

In equation of motion relations. This results in the
Wandzura Wilczek relations for twist 3 GPDs.



EoM relations for Orbital Angular
Momentum

~ ~ k2.sin? A" ; ;
xFbor = —H + Q/dZICT TM2 ¢F14 + A% /dQICT(M_f_i — ./\/l_’bl)
Twist 3 Twist 2 Genuine Twist 3
(explicit gluon)
dF(l) ~
4 = FEyr+H+E
dx

1.5 i dz_dEZT A PT 2T —ikrez oad o < ‘ E é_ E y < /
JIM;”L";"L = 1/ W{r T T(P -_it- | (1% (_5) {3 - *’-Qa’f{)HF‘_:IQ + FH( (‘} + f.gj?{)‘z;'ﬁ 1 (5) | P, ‘li)z"'—u

. i 1 ! R i » i o
T R MY, = 1€ gy —— s{p, N |0y U0, sv) Y (sv)U(sv, 0)0(0)]|p, {
do | d®kr M7, UguTomr [ ds (0 A0 U(0.50) F (s0)U (50, 0)2(0) Ip, A
0



Wandzura Wilczek Relations

1 ] 1
_ d 1 d
Bop = — / YH+E) + + IEMFM - —ngFM]

H Vdy ~
__/_gH
Yy X z Y x

\ )
| , 

Y A - Genuine Tw 3
Twist three Twist two
vector GPD Axial vector GPD
contributes to a vector
GPD
; AR, Engelhardt and Liuti PRD 98 (2018)
NI Hatta and Yoshida, JHEP (1210), 2012

p(@) = —g1(o) + | %gl (2) + Ga(2)

] R

Twist three < » Genuine Tw 3

PDF Twist two



Moments of twist three GPDs
-Quark gluon structure O - ~(0

/dajEQT = —/dw(H—I—E) j/daz (E2T+H+E):O

- 1 1 -
/d.cr;ﬁEgT = —§/d:m:(H—|—E) - §/dazH OAM

- 1 2 ~ 2
/dszEzT _ —gfdxa?Z(H‘FE)_g/dwa‘ g/dajﬂc/\/lp14

Genuine Twist Three

v=0

[dea [ Phr M = W N DO FEORO) A



Moments of twist three GPDs
-Quark gluon structure G- <)

/da: (Byr +20HYy) = —/dxf] N /daz (B + 28y + 1) =0
, ~ 1 ~ 1 m ~
drx (EQT + 2H2T> = -3 deaH — 5 deH + oYW dx(Er + 2Hr)
mass term
5 ( 1+ ~ 1 5~ 2 2m ~

dx <E2T + 2H2T) = —3 drx*H — 3 dexxH + Y] dex(Er + 2H7)

2
— —/d:m:/\/lgll

3 v=0

Genuine Twist Three dz

[dea [ @re M = e 0 N EOY T FEO00) A



Quark gluon quark contributions

— ZT
(Z_, Z_T) (o0, 7)
2 2 “
straight staple
(final state interactions)
@ zT
( z ZT) (007_7)
27 2
/ da / Plr MYP, =
c 1) 1 ' / A ]
ielgu™ i [ ds 0 N0 U, s0)FH (s0)U (50, 000(0)lp, A
/dx/koT MY =
1 ! / A )
g0 5w [ ds @ N0 U0, 50) P (s0)U (50,000 (0) o, A)



Calculating the force from Lattice
data — Sivers function

d (1) d

dv— /dwa ——g v

d (1) d
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dv— T2 ——o U
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L Y
.

= ) ol ™ ]
= _o4f | DWF \ _

—ma =10 -5 1] ] 10 e

alv| (lattice units)

A,

= — [ dzMp, = i(2P™) / dr v-—— (Mi‘i — Mb4 ) = My
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Ai (i i —
= — [ dzMg,, = i(2PT) /da: T——5 (./\/lJr‘fr +M_’5;) — ./\/1%1—23
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AT

The derivative with respect to the gauge
link direction gives the force!

0-¢

Transversely polarized proton



Calculating the torque from Lattice

Straight link
0.0
= [ u—d quarks
£ -05} | my=518MeV
= - A
:{“ | =0 y
S —10L . i
] . .. N -
y | : TYPrerTilyn
: :; i*iﬁﬁi! i i:
F14 E&‘. —Loy 1 Staple

~ | _

—00 -10 -3 0 5 10 00

vl /a

Michael Engelhardt @_, - 4_@

Phys. Rev. D95 (2017) Longitudinally polarized proton

Loy —Lgi=T

Torque!



Understanding the mass
decomposition of the proton



Mass decomposition of the proton

" = T;Zzn + Tg'u,Zm + T#Ly + TCILM/

Traceless X Ji (1995)

(P| [ d*xT™(0,x)|P)
(P|P)

M = = (T") Rest frame

(T =3/4M < Traceless

(T =1/4M < Trace part



Energy Momentum Tensor
Parameterization

v 1_<_(> V) 1 v 2 o v
T :§¢2D“7 +Zg“F — FHFEY

* The full energy momentum tensor is a conserved quantity and is
scale independent.

 The separate contributions from the quarks and gluons on the other
hand are not and do depend on the renormalization scale.

(P'|(T")r|P) =

p(,u,,io.l/)ozAa AMPAY — nprQ B 5
Wi + Cyg M + CqgMn" u(P)

a(Pl) Aq,g’Y(HPV) + Byg



Trace Anamoly

* (P|ITH|P)=PrPY/M ——» M Total



Trace Anamoly

* (P(Tg)rIP) =

~ _ Plujgr)a A AFAY — gt A2 )
u(P’) [A%QV(MP ) + Byg i + Cyg Vi + Cy g Mn* u(P)
Trace Quark and gluon
components separated

(P'|(Ty)al Py = 2M7 (Agy (1) +4C (1)



Trace Anamoly

* (PIT*|P) = P'PY/M ——» M Total

* (P|(T35)RIP) =

~ _ Plujgr)a A AFAY — gt A2 )
a(P’) [A%QV(MP )+ Byg i + Cog M + Cy. g Mn*" | u(P)
Trace Quark and gluon
components separated

(P'|(Ty)al Py = 2M7 (Agy (1) +4C (1)

g q,9

1 9 1
* T = SiDW¥) + o g P2 — FRF
i Trace
Th = (1 + ym)mipt) + %FQ

By studying the Gravitational form factors A and C we will know the qguark and gluon
contributions to the trace anomaly separately.



Quark and gluon contributions to the
trace anomaly

v 1_<_(> V) 1 v 2 o v
T :§¢2D“7 —I—Zg“F — FHEY

i e

T = (Ut ym)maptp o+ 5 F°



Quark and gluon contributions to the
trace anomaly

v 1~ <_(> V) 1 v 2 o v
T+ :§¢2D Hoy —I—Zg“ F* — FrFE”
i Trace
_ 5 9
T = (L4 G)mibe + 5 F
R ~R R ~R
(Tgo)r = Ag (1) +4C (1) (Tga)r = Ag (1) +4C5 (1)
o [ 1 - as (ng, o ACr , -
S (— A (72 4 12 <mww>R>) P) = o (Plmi)n + (;WF)R T T(mwm) P)
quarks

gluons

Y Hatta, AR, K Tanaka arxiv:1810.05116



Experimental measurements

The production of a heavy quarkonium near threshold in electron-
proton scattering is connected to the origin of the proton mass via the

QCD trace anomaly.

D.E Kharzeev (1995)

! _ % /.7
ep — ey'p—epJ/y Y Hatta, DL Yang PRD98 (2018)

In an actual experiment p/ —p=t 75 0

Calculate cross-section using
input from latest lattice QCD
calculations of gluon
gravitational form factors.

0

L 1.3
—t (GoVE)

Detmold and Shanahan arxiv:1810:04626



Equation of state of Neutron Stars at Short
Distances



Pressure Distribution inside the
Proton

15
10HE W = ] Tt [
- L. |
E -
% =
(D) =
g O =
= k.
% Z 0.4
= -
~ 0 [ !
= VY . \
b4 ! : 1 —
2 (.0 = — - f,‘ = ——
5 — | i = ] W '|II -
= |
-
(=8
| 1 s e e I I I O A ﬂ-h_'
0 0.2 04 0.6 08 1.0 1.2 1.4 1.6 1.8 2.0 0 -
r (fm) S I T I SR B S S S S I

00 05 10 1.5 2.0 oo 0s 10 1.5 20

v (fm) r (fm)

Burkert, Elouadrhiri, Girod (Nature, 2018)
Detmold and Shanahan (PRL, 2019)




Equation of State of Neutron Stars

-
=
=
;—.F'

L]

E 10 E
>
L]
© .
_107F 3
AP4
—— MPAL
B — = SQM3 |
10" E — — quark-gluon |3

"I 1 1 1 1 | 1 1 1 1 1 1 1 1 |
10 .
10" 10"

£ [GeV / fm’]

S Liuti, AR, K Yagi arxiv:1812.01479

d2A 5 0.
€q,g(7) _f( }f arbi“(ﬂ

d?Ar F iy 4 (b) = H,(b? =/—' —etATb A9(¢),
'Dr;,y(?") _/( }&, ﬁTbEt(.j*”{t) E‘(*'U*( ) f( ) (ZTT)"} 1()




Conclusions

« Way of deriving the Wandzura Wilczek relations. Allows us to
write out precisely quark gluon contribution to twist 3.
Study x dependence.

* Gluons play a key role in the mass and pressure make up of
the proton — even neutron stars!

* Quark gluon guark interactions are at the heart of unravelling
the structure of the proton.

Thank youl!



Thanks!



Quark and gluon contributions to the
trace anomaly

<

5 THY — E@ZiD(’“‘fy”) + lgw/FQ _ fro v

T — 2 | 1 . ! )
o — <€ A m i Trace
i renormalization T = (1+ Vo )Y - %FQ
F*? I5; _
—2e— = —F% m

L T2 R + Ym (M) g

To = %(F% T o (M)

Tc?oz — m(¢¢)R



Equations of Motion Relations

How do we obtain these ?

Uic" s (Zﬁ —m)Y(Zour) = Uic" s (Zé{‘l‘ ng(— m)Y(2out) = 0,
F(zin)(iD +mic™ vl = P(zin)(i 0 — gA +m)ic" U = 0

Zin + Zout

h—

/db_d2bTe_ib'A/dz_d2zTe ez N |( [ % +m)ioc'Ty° £ io" 0 (i ﬁ — m)] Ylp, A) =0



Derivation of Generalized LIRS

To derive these we look at the parameterization of the quark quark
correlator function at different levels

d'2 ihay s oai o Generalized Parton
/%6 (0’ A (=2/2)T9(2/2) | p, A) Correlation Functions

(GPCFS)

Meissner Metz and Schlegel,

l Integrate over ik~
JHEP 0908 (2009)

dz_d?zp . pt.— -
/TT6 Pram—kram (5 AV | h(—z/2)T(2/2) | py Aot —g GTMDs

l Integrate over k-

dz. 4 B
[ ST N B=2/20T0/2) | P Aeicsro GPDs

o



Generalized Lorentz Invariance
Relations

» The same set of As describe the whole vector sector.

M 22P2 A2
Fl(i) = /dO’do‘ldTTJ [Ag —i-ZUAg} J = \/QZ‘O'—T— _ =T

v

M3 P?

. 5 M3 2 p2 A2 o2
fy,% - EQT:/deJ’dTT [(330‘—7’— T et i )Ag—J/Ag—Ag]

dF}
dx

1
FY@ = [ dy(Ba)+BG)+EG)  Distribution of OAM in x

= EQT“‘H"‘E

k2T moment of a twist Twist three function
two function



Generalized Lorentz Invariance
Relations

PR S
Gy _ (2H§T +E§T) iy

Axial Vector dl; )
dGiz / A’% / A% ]
gr e T et - \Mtoe )
Twist two Twist three
Vector dpe®
4 = Fyr+H+E

VN

Intrinsic transverse Quark gluon
momentum interactions



EoM relations for Orbital Angular
Momentum

~ ~ k2.sin? A" ; ;
xFbor = —H + Q/dZICT TM2 ¢F14 + A% /dQICT(M_f_i — ./\/l_’bl)
Twist 3 Twist 2 Genuine Twist 3
(explicit gluon)
dF(l) ~
4 = FEyr+H+E
dx

1.5 i dz_dEZT A PT 2T —ikrez oad o < ‘ E é_ E y < /
JIM;”L";"L = 1/ W{r T T(P -_it- | (1% (_5) {3 - *’-Qa’f{)HF‘_:IQ + FH( (‘} + f.gj?{)‘z;'ﬁ 1 (5) | P, ‘li)z"'—u

. i 1 ! R i » i o
T R MY, = 1€ gy —— s{p, N |0y U0, sv) Y (sv)U(sv, 0)0(0)]|p, {
do | d®kr M7, UguTomr [ ds (0 A0 U(0.50) F (s0)U (50, 0)2(0) Ip, A
0



Moments of twist three GPDs
-Quark gluon structure G- <)

/da: (Byr +20HYy) = —/dxf] N /daz (B + 28y + 1) =0
, ~ 1 ~ 1 m ~
drx (EQT + 2H2T> = -3 deaH — 5 deH + oYW dx(Er + 2Hr)
mass term
5 ( 1+ ~ 1 5~ 2 2m ~

dx <E2T + 2H2T) = —3 drx*H — 3 dexxH + Y] dex(Er + 2H7)

2
— —/d:m:/\/lgll

3 v=0

Genuine Twist Three dz

[dea [ @re M = e 0 N EOY T FEO00) A



Staple gauge link

_ T
(Z_ Z_T) (00, =)
079/ . 2
straight staple
(final state interactions)
Q (00, L)
OO R —
(—2 2T L2
Y
2 2 Gauge link
d*z

U
Non local operator
aret)
dx

= FEor + H+ E + Ap,,




LIR violating term

Ap , (x) = v~

kr - A
/ Pl / k- [ T AT (At wA) + Au

M2
k32 A2 — (kr - Ar)? 0As 0Ag
+ 2
A%, (k- v) (k- v)
drly  dFly

dx dx

v=0

1 1
CHEE

— MF14 o MF14‘U:O (1)

v=0
AF14( ) dfC (MF14 MFlél‘v:O) (1)
_ (1) _ (1) _
/di’j (F14 Fyy U:O) N = (1)
0 ¢ 1 1 / 1, + +J
~ R g [ 45 WL AHEON U0 PP U e 00Ol
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