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Unpolarised TMD distributions and their 

extraction from experimental data
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TMD factorisation and renormalisation. 

TMD evolution: 

Collins-Soper-Sterman (CSS) approach, 

Scimemi-Vladimirov (SV) approach. 

Landau-pole regularisation. 

Recent TMD extractions from data. 

Phenomenology at the LHC and the EIC.

Outline
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Q: Why do we need factorisation for hadronic processes at large scales in QCD? 

A: To separate, at the level of  process amplitude, low-scale modes (of  the order of  
the hadron mass) from high-scale modes of  the order of  the process hard scale. 

Q: What’s the advantage of  factorisation in QCD? 

A: Short answer: achieve predictivity. Longer answer: 

1. exploit asymptotic freedom of  QCD to compute high-scale contributions using perturbation 
theory, 

2. “measure” the low-scale contribution from data of  some processes, 

3. exploit universality to predict some other processes. 

B: When do we need TMD factorisation in QCD? 

A: When collinear factorisation breaks down. 

Q: Ok, then when does collinear factorisation break down? 

A: When there are two or more hard scales (≫ΛQCD) widely different from each other.

Dialogue on factorisation (1/2)
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Q: What is the problem with having, say, two very different hard scales? 

A: Logs of  the ratio are large and make low-order perturbation theory inapplicable. 

Q: What is the origin of  these logarithms in QCD? 

A: They “interpolate” between different importance regions in momentum space. 

Q: How does TMD factorisation solve the problem? 

A: It gives us a recipe to resum these logs to all orders in perturbation theory. 

Q: How about TMD distributions? What’s their role? 

A: They are a “byproduct” of  TMD factorisation. But importantly they carry 
information on the longitudinal- and transverse-momentum structure of  hadrons. 

Q: Does (TMD) factorisation hold for all processes in QCD? 

A: Unfortunately not. In fact, factorising processes are to be considered more an 
exception than a rule… but perhaps this is a subject for another dialogue.

Dialogue on factorisation (2/2)
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Let us use Drell-Yan production (i.e. inclusive production of  a lepton pair 
in hadron-hadron collisions) to sketch the main steps of  factorisation:

TMD factorisation
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TMD factorisation
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Relevant scales and (light-cone) momenta in the Breit frame:

pA ⇠
Q

2
(1,�2,�) , pB ⇠

Q

2
(�2, 1,�) , q = Q(1, 0, 0)

<latexit sha1_base64="7ieN3Te0M6Z8MnOpuvbz3jG4GFg="></latexit>

Q =
p

q2 , � ⇠
⇤QCD

Q
⌧ 1

<latexit sha1_base64="JSrk/k+OpWYJ3YGFc+Dv8vMm4YE="></latexit>

Multidimensional
 momentum space

generated by internal
 loops integrated over

soft and collinear
radiation

Hard real radiation

Let us use Drell-Yan production (i.e. inclusive production of  a lepton pair 
in hadron-hadron collisions) to sketch the main steps of  factorisation:
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TMD factorisation
For each single graph, identify the regions in the integration momentum 
space where the integrand is large: 

pinched propagators (massless theory) ⇒  Landau criterion and reduced graphs, 

soft modes (S): 

(anti)collinear modes (A and B): 

 hard modes (H): 

k ⇠ Q(1,�2,�)
Q(�2, 1,�)

<latexit sha1_base64="dZyNgDZaAbibl3vdyC65hLDRcvw="></latexit>

k ⇠ Q(�2,�2,�2)

<latexit sha1_base64="FuHu7TKaBetsQF7eZ2amDiP78T8=">AAACK3icbVDLSgNBEJz1GddX1KOXwSgoSNgNgnoTvXhMwEQhu4beSatDZh/M9Aqy+Cl+gl/hVU+eFD36H87GHHz1qaiqnp6qKFPSkOe9OGPjE5NT05UZd3ZufmGxurTcMWmuBbZFqlJ9FoFBJRNskySFZ5lGiCOFp9HgqNRPr1EbmSYndJNhGMNlIi+kALJUr7obRKnqx0BX7vq6O+CBkTFvbQbKPtGH88b2P2jLWnvVmlf3hsP/An8Eamw0zV71PeinIo8xIaHAmK7vZRQWoEkKhbdukBvMQAzgErsWJhCjCYthwFu+kRuglGeouVR8SOL3jQJiY27iyDrLKOa3VpL/ad2cLvbCQiZZTpiI8hBJhcNDRmhpm0PelxqJoPw5cplwARqIUEsOQlgyt1W6tg//d/q/oNOo+zv1/VajdnA4aqbCVtka22Q+22UH7Jg1WZsJdsce2CN7cu6dZ+fVefuyjjmjnRX2Y5yPT13rpOY=</latexit>

k ⇠ Q(1, 1, 1)

<latexit sha1_base64="sbNOTePZhoIPuHWe8zc7lorAHTk=">AAACEnicbVDLSgNBEJyNr7i+Vj0KMpgIESTsBkG9Bb14TMA8IAlhdtKJQ2YfzPQKIeTmJ/gVXvXkTbz6Ax78F2djDppYfSmquunu8mMpNLrup5VZWl5ZXcuu2xubW9s7zu5eXUeJ4lDjkYxU02capAihhgIlNGMFLPAlNPzhdeo37kFpEYW3OIqhE7BBKPqCMzRS1zls+5HsBQzv7HzeHra1CGi14J2aOjFK18m5RXcKuki8GcmRGSpd56vdi3gSQIhcMq1bnhtjZ8wUCi5hYrcTDTHjQzaAlqEhC0B3xtM/JvQ40QwjGoOiQtKpCL8nxizQehT4pjO9WM97qfif10qwf9EZizBOEEKeLkIhYbpIcyVMQEB7QgEiSy8HKkLKmWKIoARlnBsxMYnZJg9v/vtFUi8VvbPiZbWUK1/NksmSA3JECsQj56RMbkiF1AgnD+SJPJMX69F6td6s95/WjDWb2Sd/YH18A5uImng=</latexit>

Pinched propagators
(gluons or quarks)
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TMD factorisation
Apply Libby-Sterman power counting to identify the asymptote: 

at leading power this means all reduced graphs that scale like 

possible super-leading graphs must cancel for the process to be factorisable. 

The (well-known) result (in a covariant gauge) is:

Q4�Next

<latexit sha1_base64="VuhUL5BZZVu9b67qXvuvOS/t5yE=">AAACIXicbVDLSsNAFJ3UV42vqks3g1Vw05KIoO6KblxJC/YBTS2T6W0dOnkwcyOWkK/wE/wKt7pyJ+5E/BeT2IVW7+pwzrmv44ZSaLSsd6MwN7+wuFRcNldW19Y3SptbLR1EikOTBzJQHZdpkMKHJgqU0AkVMM+V0HbH55nevgWlReBf4SSEnsdGvhgKzjCl+qWK4wZy4DG8Mff2TCcfGCsYJLRxHR9VLvuxozwKd5gkqaFfKltVKy/6F9hTUCbTqvdLn84g4JEHPnLJtO7aVoi9mCkUXEJiOpGGkPExG0E3hT7zQPfi/IqE7keaYUBDUFRImpPwsyNmntYTz02d2QN6VsvI/7RuhMOTXiz8MELwebYIhYR8keZKpHkBHQgFiCy7HKjwKWeKIYISlHGeklEaoJnmYc9+/xe0Dqv2UfW0cViunU2TKZIdsksOiE2OSY1ckDppEk7uySN5Is/Gg/FivBpv39aCMe3ZJr/K+PgCK6iieA==</latexit>
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TMD factorisation
Apply Libby-Sterman power counting to identify the asymptote: 

at leading power this means all reduced graphs that scale like 

possible super-leading graphs must cancel for the process to be factorisable. 

The (well-known) result (in a covariant gauge) is:

Q4�Next

<latexit sha1_base64="VuhUL5BZZVu9b67qXvuvOS/t5yE=">AAACIXicbVDLSsNAFJ3UV42vqks3g1Vw05KIoO6KblxJC/YBTS2T6W0dOnkwcyOWkK/wE/wKt7pyJ+5E/BeT2IVW7+pwzrmv44ZSaLSsd6MwN7+wuFRcNldW19Y3SptbLR1EikOTBzJQHZdpkMKHJgqU0AkVMM+V0HbH55nevgWlReBf4SSEnsdGvhgKzjCl+qWK4wZy4DG8Mff2TCcfGCsYJLRxHR9VLvuxozwKd5gkqaFfKltVKy/6F9hTUCbTqvdLn84g4JEHPnLJtO7aVoi9mCkUXEJiOpGGkPExG0E3hT7zQPfi/IqE7keaYUBDUFRImpPwsyNmntYTz02d2QN6VsvI/7RuhMOTXiz8MELwebYIhYR8keZKpHkBHQgFiCy7HKjwKWeKIYISlHGeklEaoJnmYc9+/xe0Dqv2UfW0cViunU2TKZIdsksOiE2OSY1ckDppEk7uySN5Is/Gg/FivBpv39aCMe3ZJr/K+PgCK6iieA==</latexit>

Only one quark line 
connects H to A and B
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TMD factorisation
Apply Libby-Sterman power counting to identify the asymptote: 

at leading power this means all reduced graphs that scale like 

possible super-leading graphs must cancel for the process to be factorisable. 

The (well-known) result (in a covariant gauge) is:

Q4�Next

<latexit sha1_base64="VuhUL5BZZVu9b67qXvuvOS/t5yE=">AAACIXicbVDLSsNAFJ3UV42vqks3g1Vw05KIoO6KblxJC/YBTS2T6W0dOnkwcyOWkK/wE/wKt7pyJ+5E/BeT2IVW7+pwzrmv44ZSaLSsd6MwN7+wuFRcNldW19Y3SptbLR1EikOTBzJQHZdpkMKHJgqU0AkVMM+V0HbH55nevgWlReBf4SSEnsdGvhgKzjCl+qWK4wZy4DG8Mff2TCcfGCsYJLRxHR9VLvuxozwKd5gkqaFfKltVKy/6F9hTUCbTqvdLn84g4JEHPnLJtO7aVoi9mCkUXEJiOpGGkPExG0E3hT7zQPfi/IqE7keaYUBDUFRImpPwsyNmntYTz02d2QN6VsvI/7RuhMOTXiz8MELwebYIhYR8keZKpHkBHQgFiCy7HKjwKWeKIYISlHGeklEaoJnmYc9+/xe0Dqv2UfW0cViunU2TKZIdsksOiE2OSY1ckDppEk7uySN5Is/Gg/FivBpv39aCMe3ZJr/K+PgCK6iieA==</latexit>

No connections
between H and S
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TMD factorisation
Apply Libby-Sterman power counting to identify the asymptote: 

at leading power this means all reduced graphs that scale like 

possible super-leading graphs must cancel for the process to be factorisable. 

The (well-known) result (in a covariant gauge) is:

Q4�Next

<latexit sha1_base64="VuhUL5BZZVu9b67qXvuvOS/t5yE=">AAACIXicbVDLSsNAFJ3UV42vqks3g1Vw05KIoO6KblxJC/YBTS2T6W0dOnkwcyOWkK/wE/wKt7pyJ+5E/BeT2IVW7+pwzrmv44ZSaLSsd6MwN7+wuFRcNldW19Y3SptbLR1EikOTBzJQHZdpkMKHJgqU0AkVMM+V0HbH55nevgWlReBf4SSEnsdGvhgKzjCl+qWK4wZy4DG8Mff2TCcfGCsYJLRxHR9VLvuxozwKd5gkqaFfKltVKy/6F9hTUCbTqvdLn84g4JEHPnLJtO7aVoi9mCkUXEJiOpGGkPExG0E3hT7zQPfi/IqE7keaYUBDUFRImpPwsyNmntYTz02d2QN6VsvI/7RuhMOTXiz8MELwebYIhYR8keZKpHkBHQgFiCy7HKjwKWeKIYISlHGeklEaoJnmYc9+/xe0Dqv2UfW0cViunU2TKZIdsksOiE2OSY1ckDppEk7uySN5Is/Gg/FivBpv39aCMe3ZJr/K+PgCK6iieA==</latexit>

Any number of gluons
can connect S to A and B
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TMD factorisation
Apply Libby-Sterman power counting to identify the asymptote: 

at leading power this means all reduced graphs that scale like 

possible super-leading graphs must cancel for the process to be factorisable. 

The (well-known) result (in a covariant gauge) is:

Q4�Next

<latexit sha1_base64="VuhUL5BZZVu9b67qXvuvOS/t5yE=">AAACIXicbVDLSsNAFJ3UV42vqks3g1Vw05KIoO6KblxJC/YBTS2T6W0dOnkwcyOWkK/wE/wKt7pyJ+5E/BeT2IVW7+pwzrmv44ZSaLSsd6MwN7+wuFRcNldW19Y3SptbLR1EikOTBzJQHZdpkMKHJgqU0AkVMM+V0HbH55nevgWlReBf4SSEnsdGvhgKzjCl+qWK4wZy4DG8Mff2TCcfGCsYJLRxHR9VLvuxozwKd5gkqaFfKltVKy/6F9hTUCbTqvdLn84g4JEHPnLJtO7aVoi9mCkUXEJiOpGGkPExG0E3hT7zQPfi/IqE7keaYUBDUFRImpPwsyNmntYTz02d2QN6VsvI/7RuhMOTXiz8MELwebYIhYR8keZKpHkBHQgFiCy7HKjwKWeKIYISlHGeklEaoJnmYc9+/xe0Dqv2UfW0cViunU2TKZIdsksOiE2OSY1ckDppEk7uySN5Is/Gg/FivBpv39aCMe3ZJr/K+PgCK6iieA==</latexit>

Any number of gluons with
transverse polarisation
can connect H to A and B.

Absent in axial gauge.
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TMD factorisation
Apply Libby-Sterman power counting to identify the asymptote: 

at leading power this means all reduced graphs that scale like 

possible super-leading graphs must cancel for the process to be factorisable. 

The (well-known) result (in a covariant gauge) is:

Q4�Next

<latexit sha1_base64="VuhUL5BZZVu9b67qXvuvOS/t5yE=">AAACIXicbVDLSsNAFJ3UV42vqks3g1Vw05KIoO6KblxJC/YBTS2T6W0dOnkwcyOWkK/wE/wKt7pyJ+5E/BeT2IVW7+pwzrmv44ZSaLSsd6MwN7+wuFRcNldW19Y3SptbLR1EikOTBzJQHZdpkMKHJgqU0AkVMM+V0HbH55nevgWlReBf4SSEnsdGvhgKzjCl+qWK4wZy4DG8Mff2TCcfGCsYJLRxHR9VLvuxozwKd5gkqaFfKltVKy/6F9hTUCbTqvdLn84g4JEHPnLJtO7aVoi9mCkUXEJiOpGGkPExG0E3hT7zQPfi/IqE7keaYUBDUFRImpPwsyNmntYTz02d2QN6VsvI/7RuhMOTXiz8MELwebYIhYR8keZKpHkBHQgFiCy7HKjwKWeKIYISlHGeklEaoJnmYc9+/xe0Dqv2UfW0cViunU2TKZIdsksOiE2OSY1ckDppEk7uySN5Is/Gg/FivBpv39aCMe3ZJr/K+PgCK6iieA==</latexit>

Remnant interactions
(Glauber modes) cancel
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TMD factorisation
In brief, factorisation is finally achieved by: 

use Grammer-Yennie-like approximations for each soft/collinear gluon with 
momentum k to write, for example: 

this allows one to use Ward identities and introduces Wilson lines. 

A recursive application of  this argument leads to factorisation of  the 
amplitude:

Sµ...gµ⌫A
⌫... ⇠ (k · S...)

1

n · k
(n · A...)

<latexit sha1_base64="G0qkgrmJwxQJ44UjmP5e1xaHsRA="></latexit>

A ⇠ H · A · B · S

<latexit sha1_base64="Sp4/W5CQ0tG9+TDhFEoPfi6bJ28=">AAACKnicbVC7TsNAEDzzxrwClDQnEiSqyI4Qjy6BJmUQJCDFUbS+LHDK+aG7NVJk5U/4BL6CFiq6CNHxIdhJCghss6PZWe3O+LGShhxnZM3NLywuLa+s2mvrG5tbhe2dlokSLbApIhXpWx8MKhlikyQpvI01QuArvPH7F/n85hG1kVF4TYMYOwHch/JOCqCM6haOPT9SvQDowS6VbC8HAlRaG3pGBrzuiV5EvDZp55N2lSm7haJTdsbF/wJ3CopsWo1u4dPrRSIJMCShwJi268TUSUGTFAqHtpcYjEH04R7bGQwhQNNJx/6G/CAxQBGPUXOp+JjEnxspBMYMAj9T5gbM7Cwn/5u1E7o77aQyjBPCUOSHSCocHzJCyyw45D2pkQjyz5HLkAvQQIRachAiI5MsSTvLw511/xe0KmX3qHx2WSlWz6fJrLA9ts8OmctOWJXVWYM1mWBP7IW9sjfr2Xq3RtbHRDpnTXd22a+yvr4BKGqlbw==</latexit>
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p

k
f (0)(x,kT ) ∝

∫
dk−

k
S(0)(kT ) ∝

∫
dk+dk−

Upon squaring, factorisation leads to the operator definition of: 
gauge invariant (unsubtracted) parton-distribution function (PDF): 

and soft function:

TMD factorisation

If  qT ≪ Q we cannot integrate over kT because this would mean neglecting transverse 
momenta in the other blobs that are of  the order or larger than qT. Therefore, we need 
to treat kT exactly: this is the very essence of  TMD factorisation. 15



TMD renormalisation
Both PDF and soft function are affected by UV divergencies that are 
removed by renormalising strong coupling αs and wave functions: 

the UV renormalisation causes the introduction of  the scale μ.  

PDF and soft function are singularly affected by rapidity divergences: 

whose ad hoc regularisation introduces the scale ζ.  

However, the following combination is free of  divergencies:

The final LP factorised formula for the cross sections takes the form:

f(x, kT , µ, ⇣) = ZUV(µ)f (0)(x, kT , µ, ⇣)
q

S(0)(kT , µ, ⇣)

<latexit sha1_base64="+DR8EXaKx5x53ACqifEyMAY6sXU="></latexit>

d�

dqT
/ H(Q,µ)

Z
d
2
kTAd

2
kTBfA(x, kTA, µ, ⇣A)fB(x, kTB, µ, ⇣B)�(2)(qT � kTA � kTB)

/ H(Q,µ)

Z
d
2
bT e

ibT ·qT fA(x, bT , µ, ⇣A)fB(x, bT , µ, ⇣B)

<latexit sha1_base64="B9LnxgpUY/csfEIjnNkvW5iZenY="></latexit>

Important constraints on the scales: μ ~ Q and ζAζB = Q4. 16



8
>>>><
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d ln f

d lnµ
= �(µ, ⇣)

d ln f

d ln
p
⇣

= K(µ)

,
d2 ln f

d lnµd ln
p
⇣

=

8
>>>><

>>>>:

d�

d ln
p
⇣

dK

d lnµ

= �K(↵s(µ))

<latexit sha1_base64="cS1n1E+5N0zyl7hhIpYjDR1TrLk="></latexit>

The removal of  UV and rapidity divergencies allows one to write two 
evolution equations for the TMD, along with the cross derivative:

To solve these equations we need to fix two pairs of  (i.e. four) scales: 
initial scales: 
final scales:

The final solution reads:

(µ0, ⇣0)

<latexit sha1_base64="BHQKWa1E75eFUkj+i4rl/jwaGnQ=">AAACL3icbVDLLgRBFK321l6DpU3FkJDIpFsIiY2wsSQxSKYnk9s1FxXVj1TdktCZj/EJvsKWlVgQW3+hus3C665Ozjm3Tt0T50oaCoIXb2BwaHhkdGzcn5icmp6pzc6dmMxqgU2RqUyfxWBQyRSbJEnhWa4RkljhaXy1X+qn16iNzNJjusmxncBFKs+lAHJUp7YTxZnqJkCX/tKSv1JE1ZNFrCz2osR2gt7aT+4WCRy76uydWj1oBNXwvyDsgzrrz2Gn9hp1M2ETTEkoMKYVBjm1C9AkhcKeH1mDOYgruMCWgykkaNpFld7jy9YAZTxHzaXiFYnfNwpIjLlJYucszzG/tZL8T2tZOt9uFzLNLWEqyiCSCqsgI7R07SHvSo1EUP4cuUy5AA1EqCUHIRxpXZ2+6yP8ff1fcLLeCDcam0fr9d29fjNjbIEtshUWsi22yw7YIWsywe7YA3tkT9699+y9ee9f1gGvvzPPfoz38QmDSqjo</latexit>

(µ, ⇣)

<latexit sha1_base64="1KNpP2dbnVXt2xbGoeHs0/WdkUQ=">AAACKXicbVDLSsNAFJ34rPFVdelmsAoVpCTFosuiG5cK1gpNKTfTqw5OHszcCDXkS/wEv8Ktrtyp4MofMYld+Lqrwznnzpl7/FhJQ47zak1MTk3PzFbm7PmFxaXl6srqmYkSLbAjIhXpcx8MKhlihyQpPI81QuAr7PrXh4XevUFtZBSe0ijGfgCXobyQAiinBtWW50dqGABd2Zubdj31yidTjcPMC5Js5wdxiwTZdm4cVGtOwymH/wXuGNTYeI4H1XdvGIkkwJCEAmN6rhNTPwVNUijMbC8xGIO4hkvs5TCEAE0/LaMzvpUYoIjHqLlUvCTx+0YKgTGjwM+dxSHmt1aQ/2m9hC72+6kM44QwFEUQSYVlkBFa5r0hH0qNRFD8HLkMuQANRKglByFyMsmLtPM+3N/X/wVnzYa722idNGvtg3EzFbbONliduWyPtdkRO2YdJtgde2CP7Mm6t56tF+vtyzphjXfW2I+xPj4BF8imtA==</latexit>

We know how to choose             to compute a cross section. 
A question remains: how do we sensibly choose              ?

(µ, ⇣)

<latexit sha1_base64="1KNpP2dbnVXt2xbGoeHs0/WdkUQ=">AAACKXicbVDLSsNAFJ34rPFVdelmsAoVpCTFosuiG5cK1gpNKTfTqw5OHszcCDXkS/wEv8Ktrtyp4MofMYld+Lqrwznnzpl7/FhJQ47zak1MTk3PzFbm7PmFxaXl6srqmYkSLbAjIhXpcx8MKhlihyQpPI81QuAr7PrXh4XevUFtZBSe0ijGfgCXobyQAiinBtWW50dqGABd2Zubdj31yidTjcPMC5Js5wdxiwTZdm4cVGtOwymH/wXuGNTYeI4H1XdvGIkkwJCEAmN6rhNTPwVNUijMbC8xGIO4hkvs5TCEAE0/LaMzvpUYoIjHqLlUvCTx+0YKgTGjwM+dxSHmt1aQ/2m9hC72+6kM44QwFEUQSYVlkBFa5r0hH0qNRFD8HLkMuQANRKglByFyMsmLtPM+3N/X/wVnzYa722idNGvtg3EzFbbONliduWyPtdkRO2YdJtgde2CP7Mm6t56tF+vtyzphjXfW2I+xPj4BF8imtA==</latexit>

(µ0, ⇣0)

<latexit sha1_base64="BHQKWa1E75eFUkj+i4rl/jwaGnQ=">AAACL3icbVDLLgRBFK321l6DpU3FkJDIpFsIiY2wsSQxSKYnk9s1FxXVj1TdktCZj/EJvsKWlVgQW3+hus3C665Ozjm3Tt0T50oaCoIXb2BwaHhkdGzcn5icmp6pzc6dmMxqgU2RqUyfxWBQyRSbJEnhWa4RkljhaXy1X+qn16iNzNJjusmxncBFKs+lAHJUp7YTxZnqJkCX/tKSv1JE1ZNFrCz2osR2gt7aT+4WCRy76uydWj1oBNXwvyDsgzrrz2Gn9hp1M2ETTEkoMKYVBjm1C9AkhcKeH1mDOYgruMCWgykkaNpFld7jy9YAZTxHzaXiFYnfNwpIjLlJYucszzG/tZL8T2tZOt9uFzLNLWEqyiCSCqsgI7R07SHvSo1EUP4cuUy5AA1EqCUHIRxpXZ2+6yP8ff1fcLLeCDcam0fr9d29fjNjbIEtshUWsi22yw7YIWsywe7YA3tkT9699+y9ee9f1gGvvzPPfoz38QmDSqjo</latexit>
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TMD evolution
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TMD evolution à la CSS
A sensible choice of  the scales is important to allow truncated 
perturbation theory to be reliable: 

no large unresummed logarithms should be introduced, 

each scale has to be set in the vicinity of  its “natural” value. 

In TMD factorisation (qT ≪ Q) for DY the relevant scales are qT and Q:

natural to expect                                                and 

In the MS scheme central scales are usually chosen to be: 

This particular choice nullifies all unresummed logs. 

Modest variations around these values give an estimate of  higher-order 
corrections.

µ0 =
p

⇣0 =
2e��E

bT
⌘ µb and µ =

p
⇣ = Q
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µ ⇠
p

⇣ ⇠ Q
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TMD evolution à la SV
In [1803.11089] SV introduced the concept of  optimal TMD. 

Motivation: within truncated perturbation theory, the path-
independence of  the TMD evolution is violated. 

This derives from the violation by subleading terms of  the equation:
dK

d lnµ
6= �K(↵s(µ))

<latexit sha1_base64="3y3LYb1Qnk9AW4U2JELRooDbVwc="></latexit>

�K(↵s(µ)) =
NX

n=0

↵n+1
s (µ)�(0)

K and K(µ) =
NX

n=0

↵n+1
s (µ)

nX

k=0

lnk (µbT ) d
(n,k)
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given to the choice to truncate to order N γΚ (as necessary) and also K:

This observation led SV to define the optimal TMD as the TMD on 
the plane (μ2, ζ) at the saddle point of  the vector field E = (γ, K ). 

for any given value of  bT, the optimal TMD is scale independent. 

The TMD at any scale can be computed as a shift along an equipotential 
line together with a single evolution evolution in ζ. 19



TMD evolution à la SV
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TMD evolution à la SV
Another ingredient of  the TMD evolution à la SV is the ζ-prescription. 

Purpose: eliminate double logs from the matching functions C:

     by exploiting the arbitrariness of  ζ0 assuming ζ0 ≐ ζ0(μ0) and imposing:

f(µ0, ⇣0) = C(µ0, ⇣0) ⌦ fcoll(µ0)

<latexit sha1_base64="6mezFZBNcGQsyR2lrWe69PlmlXA="></latexit>

d

d lnµ0
f(µ0, ⇣0(µ0)) = 0
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This differential equation is the solved for ln(ζ0) order-by-order in αs:

quark:

gluon:

Scimemi, Vladimirov [1706.01473]
21
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Integrating over the full phase space would give a divergent result. 
Prescriptions to avoid integrating over the Landau pole exist: 

they all introduce power corrections (ΛQCD / Q)n. 
TMD non-perturbative effects thus connected with low-energy region: 

no matter how large Q is.

Landau pole regularisation 
Origin of  TMD non-perturbative corrections

� /
Z 1

0
dbT ↵p

s

✓
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bT

◆
· · · ⇠

Z Q

0
dkT ↵p

s (kT) . . .
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When integrating over bT, large values of bT give raise to low scales in 
the non-perturbative region. 

Introduce the so-called b* - prescription: 

with bmax such that 1/bmax ≫ ΛQCD. 

Then rewrite the TMD as: 

Properties of  fNP: 

dependence on μ drops, 

dependence on ζ is know:  

non-perturbative origin but strictly connected to the particular choice of  b*.

Non-perturbative component 

Perturbative

Non-perturbative
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TMD factorisation 
The operational version (for unpolarised DY) à la CSS

At small values of  qT, the DY cross section in TMD factorisation reads:

Defining                      , the single TMD distributions are given by:µb⇤ =
2e��E

b⇤(bT )
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Matching onto collinear distributions

Perturbative evolution

TMD non-perturbative contribution

d�

dqT
= �0H(Q,Q)

Z 1

0
dbT bTJ0(qT bT )fA(x1, bT , Q,Q

2)fB(x2, bT , Q,Q
2)
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Matching functions and anomalous dimensions are know from perturbation theory, 
collinear distributions are (accurately) known from dedicated fits, 
the TMD non-pert. contribution has to be determined from data at small qT. 24
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Leading-power TMD factorisation has been proven to hold also for: 
Semi-inclusive DIS al low values of  the pT of  the produced hadron: 

double-inclusive e+e- annihilation where the two hadrons are almost back-to-back:

TMD factorisation 

Necessary to replace PDFs with fragmentation functions (FFs) where 
appropriate. 25



Phenomenology
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Most recent TMD extractions
Pavia2019 [1912.07550]: 

based on the CSS formalism 

SV2019 [1912.06532]: 

based on the SV formalism
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Pavia2019 
Dataset
DY data only: 

fixed-target low-energy DY, 

STAR data 

LHC and Tevatron data, 

353 data points, 

selection cut qT / Q < 0.2.
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Pavia2019 
Kinematic coverage

x1,2 =
Q
p
s
e±y
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Monte Carlo method for the experimental error propagation.

b* prescription:

b⇤(bT ) = bmax

 
1� e�b4T /b4max

1� e�b4T /b4min

!1/4

with

⇢
bmax = 2e��E

bmin = bmax/Q
<latexit sha1_base64="wEfUZBQHcfyUCRsKD6RKSdctpSU="></latexit>

Non-perturbative function fNP: 
evolution:

PDFs:

9 free parameters to fit to data.

Perturbative accuracies: NLL’, NNLL, NNLL’, N3LL

Pavia2019 
Main settings
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Pavia2019 
Fit quality
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Pavia2019 
Perturbative convergence
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Pavia2019 
Perturbative convergence
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SV2019 
Dataset

SIDIS

DY
Both DY and SIDIS data: 

fixed-target low-energy DY, 

PHENIX data, 

LHC and Tevatron data, 

HERMES and COMPASS, 

457 + 582 = 1039 data points.
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SV2019 
Kinematic coverage



Monte Carlo method for the experimental error propagation. 36

b* prescription:

Non-perturbative function fNP: 
evolution:

PDFs and FFs:

11 free parameters to fit to data.

b⇤(bT ) =

s
b2TB

2
NP

b2T +B2
NP
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gK(bT ) = �c0bT b⇤(bT ) !
⇢

�c0b2T for bT ! 0
�c0BNPbT for bT ! 1
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Perturbative accuracies: NNLL’(NNLO), N3LL (N3L0)

SV2019 
Main settings
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SV2019 
Fit quality

Remarkably good total χ2, 

DY and SIDIS data are separately 
well described, 

Important achievement: 

simultaneous description of  SIDIS 
and DY data within the same fit at 
high perturbative order.



SV2019 
Fit quality
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SV2019 
Fit quality

COMPASS
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TMDs at the LHC 
The W mass

A precise determination of  the W mass plays an important role in 
testing the Standard Model and thus for BSM physics. 

This is a central task of  the LHC physics. 

In order to minimise experimental systematic effects, the most promising 
procedure relies on the measurement of  the W/Z ratio cross section: 

the W mass is basically determined through template fits of:

d�W

dqT
=

 
d�W /dqT

d�Z/dqT

!

exp.

 
d�Z

dqT

!

th.
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Therefore, an accurate and reliable prediction of  the Z spectrum is 
essential. 

TMD-based predictions are currently playing an important role 
within the LHC electroweak working group along other formalisms.

40



TMDs at the LHC 
The W mass

41
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Three different formalisms
agree very well



TMDs at the LHC 
Linearly polarised gluon and the Higgs boson

The linearly polarised gluon TMD PDF hT contributes to the unpolarised 
low-qT spectrum of  Higgs production in gluon fusion:

Gutierrez-Reyes et al., [1907.03780]

Despite the linearly polarised gluon enters beyond NNLL, its effect on 
the cross section can be sizeable, particularly at low qT, but below current 
data accuracy:

CMS Data

42



TMDs at the EIC 

43

The EIC has now been approved and there is a lot of  ferment aiming 
at defining the basic physics goals and the consequent detector 
requirements.   

An accurate knowledge of  TMDs (polarised and unpolarised) is of  
extreme importance to this purpose.

From A. Vladimirov’s slides at the last YR SIDIS WG meeting



TMDs at the EIC 

44

An important step is the definition of  the relevant observables to be 
measure and the respective binning. 

TMDs are crucial to take this step. 

Binning in x and Q2 under discussion:
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TMDs at the EIC 
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Resummation formalisms

Dictionary:

All equivalent for exponentiating processes.
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Different formulations of  the qT spectrum:



Logarithmic counting

48
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Additive matching and counting
Accurate predictions for all qT’s by additive matching, order by order 
in perturbation theory, of  collinear and TMD calculations:

In order for the match to actually take place:

Therefore, the “fixed-order” parts have to match in the relevant limits:
Log Accuracy Minimal f.o. accuracy
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Experimental uncertainties     

50

statistic systematic

mi ± �i,stat ± �i,unc ± �(1)
i,corr ± · · · ± �(k)

i,corr
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the central value of  
the i-th measurement 

Slide by C. Bissolotti



Experimental uncertainties     
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covariance matrix
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      chisquare     
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recover the form of  
the uncorrelated definition  

systematic shift

penalty term

�
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Pavia 2019 
Flavour dependence of  TMD PDFs

53

[arXiv:1807.02101]

A possible flavour dependence of  the intrinsic pT should not be neglected: 

possible effect on the determination of  MW (PDG: MW =80.379 ± 0.012 GeV). 

Introduce a NP function that depends on the quark flavour: 

a universal non-perturbative correction to the TMD evolution is also introduced. 

Template fits of  MW performed to sets of  pseudo-data of  pTl and MT 
distributions with ATLAS and CDF kinematics and experimental uncertainties: 

pseudo-data generated by varying fNP in a range such                                           
that W-qT distributions are all stat. equivalent.

fNP(bT ) ! f (a)
NP(bT ) = exp
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MW shifts in MeV

Shifts comparable to the word-average uncertainty. 

Flavour dependence of  the intrinsic pT may be 
required for a precise determination of MW.

Data from flavour-sensitive processes such as SIDIS 
from COMPASS will shed new light on the flavour 
decomposition of  the unpolarised TMD PDFs.


