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Excited J- - resonances from meson-meson 
scattering at the SU(3) flavor point in lattice QCD.



The lightest vector ( ) mesons are the (770), (782), (1020)  

States are well understood in e+e- annihilation due to their narrow widths 
and little background into decay into simple states like , , . 

 states separated via decay channels  (OZI) 

Excited vector states picture: 

I=1 : There appears to be two states ,  

I=0: Three states , , 

JPC = 1−− ρ ω ϕ

ππ πππ KK̄

ω and ϕ πππ vs KK̄

ρ(1450) ρ(1700)

ω(1420) ω(1650) ϕ(1680)

Experimental Status
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Presence of two states in  from quark model it is natural to interpret these states as a radial 
excitation in S-wave [ ], and an orbital excitation in D-wave [ ] (or some linear combination of 
the two). 

One would then expect three nearly degenerate D-wave states [ ] . 

What has been claimed in the PDG: 

Isovector :  

Isoscalar:  /  .

1−−

23S1
3D1

3D1,2,3

ρ(1400), ρ(1700), ρ3(1690)

ω(1420), ω(1650), ω3(1670) ϕ(1680), ϕ3(1850)

Experimental Status

JP

` = 0 1�

` = 1 (0, 1, 2)+

` = 2 (1, 2, 3)�

... ...
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Energy spectrum calculation by hadpsec 
of states with basis of single meson 
operators 

Great picture of states we expect 

These states actually feature as 
resonances. 

We can do better.

A Place to start

J. J. Dudek, R. G. Edwards, P. Guo, and C. E. Thomas 

(Hadron Spectrum), Phys. Rev. D88, 094505 (2013), arXiv:1309.2608 [hep-lat]. 

m⇡ ⇠ 391 MeV
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These  states are resonances which appear as poles in the scattering amplitude  

 need a reliable description of the scattering amplitude. 

 we make use of a variety of parameterizations that satisfy basic properties (i.e. unitarity, 
analyticity) and fit to the finite volume spectrum via Luscher’s Quantization Condition. 

 calculate large basis of correlation functions in LQCD to produce finite volume spectrum 

Finite-volume spectrum  scattering amplitude.

J−−

⇒

⇒

⇒

↔

Outline



Introduces three fundamental changes: 

Lattice spacing  does not likely play a big role 

Lattice volume  tool we need for scattering 

Quark mass  feature we make use of increasing pion mass 

Compute correlation functions   to extract the finite volume spectrum  

       

→

→

→

Cij(t) = ⟨0 |Oi(t)Oj(0) |0⟩

⇒ Cij(t) = ∑
α

⟨0 |Oi |α⟩⟨α |Oj |0⟩e−Eαt

Lattice QCD



Finite volume spectrum   

Single meson operators:  

Meson-meson operators: 

⇒ Cij(t) = ∑
α

⟨0 |Oi |α⟩⟨α |Oj |0⟩e−Eαt

∑⃗
x

ei ⃗p ⋅ ⃗x ψ̄D D . . . Dψ

∑
⃗p 1+ ⃗p 2= ⃗P

C( ⃗p 1, ⃗p 2; ⃗P )h†
1 ( ⃗p1)h†

2 ( ⃗p 2)

Lattice QCD

Momentum is quantized ⃗p =
2π
L

⃗n

No interactions 

 E = m2
1 + ( 2π ⃗n 1

L )
2

+ m2
2 + ( 2π ⃗n 2

L )
2

Optimized operator constructed from applying 
the eigenvectors extracted from applying the 

variational method h† = ∑
i

viOi



 scattering amplitudes are related to the finite volume spectrum via Luscher’s quantization 
condition:   

 is diagonal matrix of the phase space  

 is the symmetric scattering matrix satisfying unitarity 

 contains the finite volume pieces 

Calculations have been done for elastic, coupled channel, and coupled channels with spinning 
particles. 

2 → 2
det [1 + iρ ⋅ t ⋅ (1 + iM)] = 0

ρi(E) =
2ki

E
tij(E)

Mij(E, L)

Scattering in a finite volume

Im(t�1
ij ) = �i�ij⇢i
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For a single elastic channel (one partial wave)   

Reduces to a single equation  

Has been done in numerous examples

det [1 + iρ ⋅ t ⋅ (1 + iM)] = 0

⇒ t(E) =
1

ρ(cot δ(E) − i)
cotδ(E) = M(E, L)

Elastic scattering in a finite volume
Can describe the amplitude through a phase shift.

J. J. Dudek, R. G. Edwards, and C. E. Thomas, Phys. Rev. 
D86, 034031 (2012), arXiv:1203.6041 [hep-ph] 

R. A. Bricen ̃o, J. J. Dudek, R. G. Edwards, and D. J. 
Wilson, Phys. Rev. Lett. 118, 022002 (2017), 
arXiv:1607.05900  
[hep-ph] 

D. J. Wilson, R. A. Briceno, J. J. Dudek, R. G. Edwards, and C. E. Thomas, 
Phys. Rev. Lett. 123, 042002 (2019),  
arXiv:1904.03188 [hep-lat]. 



 

More challenging, can no longer just write in terms of a single phase shift. 

Solutions follow from K-matrix parameterizations of the amplitude :  

K-matrix real and symmetric  

guarantees unitarity 

det [1 + iρ ⋅ t ⋅ (1 + iM)] = 0

t−1 = K−1 + I

Kij(s) = ∑
α

g(α)
i g(α)

j

m2
α − s

+ ∑
β

sβγij

⇒

Coupled-channel
ImI = − ρ

I(s) = I(s0)�
s� s0

⇡

Z 1

sthr

⇢(s0)

(s0 � s0)(s0 � s� i✏)
ds0
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J. J. Dudek, R. G. Edwards, and D. J. Wilson (Hadron 
Spectrum), Phys. Rev. D93, 094506 (2016), 
arXiv:1602.05122  
[hep-ph] 

R. A. Briceno, J. J. Dudek, R. G. Edwards, and D. J. Wilson, 
Phys. Rev. D97, 054513 (2018), arXiv:1708.06667 [hep-lat] 



Orbital and angular momentum couple  

Can use K-matrix to handle this (ex.  scattering in  ) 

Done in both non-resonant and resonant systems: 

"Dynamically-coupled partial-waves in  isospin-2 scattering from  

lattice QCD”- A. Woss, C. Thomas, J. Dudek 

“The  resonance in coupled  scattering from lattice QCD”- 
A. Woss, C. Thomas, J. Dudek

ℓ ⊗ S → J

0−+,1−− JP = 1+

ρπ

b1 πω, πϕ

Coupled channel with nonzero spin

` JP

0 1+

1 (0, 1, 2)�

2 (1, 2, 3)+

3 (2, 3, 4)�

...
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◆
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This project studies the isoscalar excited mesons at the SU(3) flavor 
point 

Advantages: 

Heavier light quark masses allow us to probe higher energy regions: 

first three-particle threshold gets moved higher up 

resonant states at lighter quark masses feature as stable particles 

Fewer channels (ex.  are all just ) 

J−−

⇒

⇒ π, K, K̄, η η8

SU(3) Flavor Ensembles



Old: 

Elastic scattering  

Coupled channel  

Spinning hadrons 

New: 

Multiple resonances in the same partial waves and irreps  a proper test of the finite volume 
formalism 

⇒

This work (excited  resonances…)J−−



0�+
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π, K, η, η′ ρ, K*, ω . ϕ

|1i = 1p
3

�
|ūui+ |d̄di+ |s̄si

�
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Mixing splits into light and strange quarks (OZI)
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Pseudoscalar have small mixing angle 
from SU(3) states ∼ − 10∘
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<latexit sha1_base64="cuV//KFjHJAQUid3LkpGmTOkKF0=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRZBKJRdadFj0YvHCvYD2rVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Gbmt5+o0kyKezOJqR/hoWAhI9hYqeU+pOXytF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjlp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0LipetVK7q5bq11kceTiBUzgHDy6hDrfQgCYQeIRneIU3RzovzrvzsWjNOdnMMfyB8/kDwXCOmg==</latexit>

SU(3) Flavor

a0, f0(980), σ, κ…b1, h1



SU(3) Flavor



Conventional  mesons live in either a singlet ( ) or 
octet ( ) representations. 

Two ways to project to flavor singlet , and trivially 
. 

Charge conjugation in neutral member of the octet 
 for  : 

 

 channels with C=- : 
 

 can’t have identical particles with C=-

q̄q 3̄ ⊗ 3 → 1
3̄ ⊗ 3 → 8

8 ⊗ 8 → 1
1 ⊗ 1 → 1

| I = Iz = Y = 0⟩ 8 ⊗ 8 → 1

Ĉ( |81, C1⟩ ⊗ |82, C2⟩) → C1C2( |81, C1⟩ ⊗ |82, C2⟩)

⇒
η8(0−+)ω8(1−−), f1

0(0++)ω1(1−−), η1(0−+)ω1(1−−)

⇒

Channels in SU(3) Flavor

Pseudoscalar Octet

⌘0

<latexit sha1_base64="iRyM2IZi2jqRFBljLfLUHz2TYkk=">AAAB7HicbVBNS8NAEN3Ur1q/qh69LBbRU0mkoseiF48VTFtoQ9lsJ+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmOfg8kYluh8yAFAp8FCihnWpgcSihFY7uZn7rCbQRiXrEcQpBzAZKRIIztJLfBWTnvXLFrbpz0FXi5aRCcjR65a9uP+FZDAq5ZMZ0PDfFYMI0Ci5hWupmBlLGR2wAHUsVi8EEk/mxU3pmlT6NEm1LIZ2rvycmLDZmHIe2M2Y4NMveTPzP62QY3QQTodIMQfHFoiiTFBM6+5z2hQaOcmwJ41rYWykfMs042nxKNgRv+eVV0ryserXq1UOtUr/N4yiSE3JKLohHrkmd3JMG8QkngjyTV/LmKOfFeXc+Fq0FJ585Jn/gfP4AbRaOcQ==</latexit>

0�+

<latexit sha1_base64="I2U2mSwtjFRbUnoldzyHt6g/7FY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRZBEMtuqeix6MVjBfsB7VqyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDP1W09UaSbFvRnH1I/wQLCQEWys1HQf0vOzSa9YcsvuDGiZeBkpQYZ6r/jV7UuSRFQYwrHWHc+NjZ9iZRjhdFLoJprGmIzwgHYsFTii2k9n107QiVX6KJTKljBopv6eSHGk9TgKbGeEzVAvelPxP6+TmPDKT5mIE0MFmS8KE46MRNPXUZ8pSgwfW4KJYvZWRIZYYWJsQAUbgrf48jJpVspetXxxVy3VrrM48nAEx3AKHlxCDW6hDg0g8AjP8ApvjnRenHfnY96ac7KZQ/gD5/MHxHyOnA==</latexit>



J=1: ,  

J=2:   

J=3: ,  

Threshold behavior  will suppress some channels in this region 

 J=1: ,  

 J=2: ,  

 J=3: 

η8ω8{3P1} f1
0ω1{3S1, 3D1}, η1ω1{3P1}

η8ω8{3P2, 3F2}, f1
0ω1{3D2}, η1ω1{3P2, 3F2}

η8ω8{3F3} f1
0ω1{3D3, 3G3}, η1ω1{3F3}

tℓ(s) ∼ k2ℓ

⇒ η8ω8{3P1} f1
0ω1{3S1}, η1ω1{3P1}

⇒ η8ω8{3P2, 3F2} η1ω1{3P2}

⇒ η8ω8{3F3}

Channels
atE



Finite volume spectrum   

Single meson operators:  

Meson-meson operators:  

Will include , , 

⇒ Cij(t) = ∑
α

⟨0 |Oi |α⟩⟨α |Oj |0⟩e−Eαt

∑⃗
x

ei ⃗p ⋅ ⃗x ψ̄D D . . . Dψ

∑
⃗p 1+ ⃗p 2= ⃗P

C( ⃗p 1, ⃗p 2; ⃗P )h†
1 ( ⃗p1)h†

2 ( ⃗p 2)

η8( ⃗p1)ω8( ⃗p2) η1( ⃗p1)ω1( ⃗p2) f1
0( ⃗p1)ω8( ⃗p2)

Lattice QCD ⌘8!8

<latexit sha1_base64="Y7FD1nCgqBvGYXch8/Yhry6BLMY=">AAAB9XicbVDLSgMxFM3UV62vqks3wSK4KjOi2GXRjcsK9gGdacmkd9rQZDIkGaUM/Q83LhRx67+4829M21lo64HLPZxzL7k5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUUWhSyaXqhEQDZzE0DTMcOokCIkIO7XB8O/Pbj6A0k/GDmSQQCDKMWcQoMVbq+WBIr+ZLAUPb++WKW3XnwKvEy0kF5Wj0y1/+QNJUQGwoJ1p3PTcxQUaUYZTDtOSnGhJCx2QIXUtjIkAH2fzqKT6zygBHUtmKDZ6rvzcyIrSeiNBOCmJGetmbif953dREtSBjcZIaiOnioSjl2Eg8iwAPmAJq+MQSQhWzt2I6IopQY4Mq2RC85S+vktZF1busXt1fVuo3eRxFdIJO0Tny0DWqozvUQE1EkULP6BW9OU/Oi/PufCxGC06+c4z+wPn8AQU3kjU=</latexit>

⌘1!1/f1
0!

1

<latexit sha1_base64="j9nUCkj73A6g8YexNCJn83sh11I=">AAACBXicbVC7TsMwFHV4lvIKMMIQUSExlQQVwVjBwlgk+pDaEDnuTWvVjiPbQaqiLiz8CgsDCLHyD2z8DW4bCWg5kuXjc+7V9T1hwqjSrvtlLSwuLa+sFtaK6xubW9v2zm5DiVQSqBPBhGyFWAGjMdQ11QxaiQTMQwbNcHA19pv3IBUV8a0eJuBz3ItpRAnWRgrsgw5ofOd1BIeeuU+iwP15BXbJLbsTOPPEy0kJ5agF9menK0jKIdaEYaXanptoP8NSU8JgVOykChJMBrgHbUNjzEH52WSLkXNklK4TCWlOrJ2J+rsjw1ypIQ9NJce6r2a9sfif1051dOFnNE5SDTGZDopS5mjhjCNxulQC0WxoCCaSmr86pI8lJtoEVzQheLMrz5PGadmrlM9uKqXqZR5HAe2jQ3SMPHSOquga1VAdEfSAntALerUerWfrzXqfli5Yec8e+gPr4xvhyJeL</latexit>



 

Three resonances in a single irrep. 

  

Much messier than what we are typically 
used to working with. 

  

Appears to be a decoupling within the 
heavier channels   

JP = (1,3,...)−

⇒ ρ{32S1}, ρ{3D1}, ρ{3D3}

f1
0η1, η1ω1



h0|Oi|ni = f
1
0 (~p1)!

1(~p2)

<latexit sha1_base64="ku+FEJB58+C1RpzWVxehscaRc4s=">AAACJXicbVDLSsNAFJ34tr6qLt0MFsFuSiIVXSiIbtxZwT6giWEyvalDJ5MwMymUmJ9x46+4caGI4MpfcfoAH/XAhTPn3Mvce4KEM6Vt+8OamZ2bX1hcWi6srK6tbxQ3txoqTiWFOo15LFsBUcCZgLpmmkMrkUCigEMz6F0M/WYfpGKxuNGDBLyIdAULGSXaSH7xxOVEdDlg+/7KZ/fClePnKQ59+9bZd/tAs8R38rIbR9Al39JBXvaLJbtij4CniTMhJTRBzS++up2YphEITTlRqu3YifYyIjWjHPKCmypICO2RLrQNFSQC5WWjK3O8Z5QODmNpSmg8Un9OZCRSahAFpjMi+k799Ybif1471eGxlzGRpBoEHX8UphzrGA8jwx0mgWo+MIRQycyumN4RSag2wRZMCM7fk6dJ46DiVCuH19XS2fkkjiW0g3bRPnLQETpDl6iG6oiiB/SEXtCr9Wg9W2/W+7h1xprMbKNfsD6/AM9tpDg=</latexit>

h0|Oi|ni = ⌘
1(~p1 = [001])!1(~p2 = [001])

<latexit sha1_base64="va4ye6iYvF7v0uhlYIzPYAAxnmo="></latexit>



JP = (1, 3, ...)�

<latexit sha1_base64="8tUDw+htJ6JpcXTASNnYDU81VLk=">AAAB+3icbVDLSsNAFJ34rPEV69LNYBEq1JBoRTdC0Y24qmAf0KZlMp20QyeTMDMRS8ivuHGhiFt/xJ1/4/Sx0NYDFw7n3Mu99/gxo1I5zrextLyyurae2zA3t7Z3dq29fF1GicCkhiMWiaaPJGGUk5qiipFmLAgKfUYa/vBm7DceiZA04g9qFBMvRH1OA4qR0lLXypt3nbSaXRXd0lnJtu3jzknXKji2MwFcJO6MFMAM1a711e5FOAkJV5ghKVuuEysvRUJRzEhmthNJYoSHqE9amnIUEumlk9szeKSVHgwioYsrOFF/T6QolHIU+rozRGog572x+J/XSlRw6aWUx4kiHE8XBQmDKoLjIGCPCoIVG2mCsKD6VogHSCCsdFymDsGdf3mR1E9tt2yf35cLletZHDlwAA5BEbjgAlTALaiCGsDgCTyDV/BmZMaL8W58TFuXjNnMPvgD4/MH3qGRwA==</latexit>

JP = (2, 3, ...)�

<latexit sha1_base64="vTGiFdRc45Ot6Nh58suu3FdXxms=">AAAB+3icbVDLSsNAFJ3UV42vWJduBotQoYakVnQjFN2Iqwr2AW1aJtNJO3TyYGYilpBfceNCEbf+iDv/xmmbhbYeuHA4517uvceNGBXSsr613Mrq2vpGflPf2t7Z3TP2C00RxhyTBg5ZyNsuEoTRgDQklYy0I06Q7zLScsc3U7/1SLigYfAgJxFxfDQMqEcxkkrqGwX9rpfU06tSpXxWNk3zpHfaN4qWac0Al4mdkSLIUO8bX91BiGOfBBIzJETHtiLpJIhLihlJ9W4sSITwGA1JR9EA+UQ4yez2FB4rZQC9kKsKJJypvycS5Asx8V3V6SM5EoveVPzP68TSu3QSGkSxJAGeL/JiBmUIp0HAAeUESzZRBGFO1a0QjxBHWKq4dBWCvfjyMmlWTLtqnt9Xi7XrLI48OARHoARscAFq4BbUQQNg8ASewSt401LtRXvXPuatOS2bOQB/oH3+AOAukcE=</latexit>

JP = (2, ...)�

<latexit sha1_base64="LjJEjrE72zFOpWKj7D9I8Jckj7s=">AAAB+XicbVBNS8NAEJ3Urxq/oh69BItQQUNSKnoRil7EUwX7AW1aNtttu3SzCbubQgn9J148KOLVf+LNf+O2zUGrDwYe780wMy+IGZXKdb+M3Mrq2vpGftPc2t7Z3bP2D+oySgQmNRyxSDQDJAmjnNQUVYw0Y0FQGDDSCEa3M78xJkLSiD+qSUz8EA047VOMlJa6lmXed9Lq9LpYOnMc57Rz3rUKruPOYf8lXkYKkKHatT7bvQgnIeEKMyRly3Nj5adIKIoZmZrtRJIY4REakJamHIVE+un88ql9opWe3Y+ELq7sufpzIkWhlJMw0J0hUkO57M3E/7xWovpXfkp5nCjC8WJRP2G2iuxZDHaPCoIVm2iCsKD6VhsPkUBY6bBMHYK3/PJfUi85Xtm5eCgXKjdZHHk4gmMoggeXUIE7qEINMIzhCV7g1UiNZ+PNeF+05oxs5hB+wfj4Bv34kU4=</latexit>

JP = (3, ...)�

<latexit sha1_base64="WXDAXz/zP1t7QUEj9ArM9HqpyLc=">AAAB+XicbVDJSgNBEK2JWxy3UY9eGoMQQYcZjehFCHoRTxHMAskk9HR6kiY9C909gTDkT7x4UMSrf+LNv7GzHDT6oODxXhVV9fyEM6kc58vILS2vrK7l182Nza3tHWt3rybjVBBaJTGPRcPHknIW0apiitNGIigOfU7r/uB24teHVEgWR49qlFAvxL2IBYxgpaWOZZn37awyvi6en9i2fdw+7VgFx3amQH+JOycFmKPSsT5b3ZikIY0U4VjKpuskysuwUIxwOjZbqaQJJgPco01NIxxS6WXTy8foSCtdFMRCV6TQVP05keFQylHo684Qq75c9Cbif14zVcGVl7EoSRWNyGxRkHKkYjSJAXWZoETxkSaYCKZvRaSPBSZKh2XqENzFl/+S2pntluyLh1KhfDOPIw8HcAhFcOESynAHFagCgSE8wQu8GpnxbLwZ77PWnDGf2YdfMD6+Af+DkU8=</latexit>



JP = 0+, 1�, 2+, 3�, ...

<latexit sha1_base64="QVGFLKDYlwPt60QuI7eN8MkCQN8=">AAACA3icbVDLSgMxFM3UVx1fo+50EyyCYB1makU3QtGNuKpgH9BOSyZN29BMZkgyQhkKbvwVNy4UcetPuPNvTNtZaOuBcA/n3MvNPX7EqFSO821kFhaXlleyq+ba+sbmlrW9U5VhLDCp4JCFou4jSRjlpKKoYqQeCYICn5GaP7ge+7UHIiQN+b0aRsQLUI/TLsVIaalt7Zm3raQ8unRax3m3dZIv6Hqqq23bbSvn2M4EcJ64KcmBFOW29dXshDgOCFeYISkbrhMpL0FCUczIyGzGkkQID1CPNDTlKCDSSyY3jOChVjqwGwr9uIIT9fdEggIph4GvOwOk+nLWG4v/eY1YdS+8hPIoVoTj6aJuzKAK4TgQ2KGCYMWGmiAsqP4rxH0kEFY6NlOH4M6ePE+qBdst2md3xVzpKo0jC/bBATgCLjgHJXADyqACMHgEz+AVvBlPxovxbnxMWzNGOrML/sD4/AFIHJQW</latexit>

JP = 2±, 3±, ...

<latexit sha1_base64="IVuiqnRL3OdU0MMaNAuNIRsOveU=">AAACA3icbVDLSsNAFJ34rPEVdaebwSK4kJDUim6EohtxVcE+oE3LZDpph84kYWYilBBw46+4caGIW3/CnX/jtM1CWw9c7uGce5m5x48Zlcpxvo2FxaXlldXCmrm+sbm1be3s1mWUCExqOGKRaPpIEkZDUlNUMdKMBUHcZ6ThD6/HfuOBCEmj8F6NYuJx1A9pQDFSWupa++ZtJ61ml6VO2o55dnKad9u2u1bRsZ0J4Dxxc1IEOapd66vdi3DCSagwQ1K2XCdWXoqEopiRzGwnksQID1GftDQNESfSSyc3ZPBIKz0YREJXqOBE/b2RIi7liPt6kiM1kLPeWPzPayUquPBSGsaJIiGePhQkDKoIjgOBPSoIVmykCcKC6r9CPEACYaVjM3UI7uzJ86Rest2yfXZXLlau8jgK4AAcgmPggnNQATegCmoAg0fwDF7Bm/FkvBjvxsd0dMHId/bAHxifP8N5llM=</latexit>

JP = 2±, 3±, ...

<latexit sha1_base64="IVuiqnRL3OdU0MMaNAuNIRsOveU=">AAACA3icbVDLSsNAFJ34rPEVdaebwSK4kJDUim6EohtxVcE+oE3LZDpph84kYWYilBBw46+4caGIW3/CnX/jtM1CWw9c7uGce5m5x48Zlcpxvo2FxaXlldXCmrm+sbm1be3s1mWUCExqOGKRaPpIEkZDUlNUMdKMBUHcZ6ThD6/HfuOBCEmj8F6NYuJx1A9pQDFSWupa++ZtJ61ml6VO2o55dnKad9u2u1bRsZ0J4Dxxc1IEOapd66vdi3DCSagwQ1K2XCdWXoqEopiRzGwnksQID1GftDQNESfSSyc3ZPBIKz0YREJXqOBE/b2RIi7liPt6kiM1kLPeWPzPayUquPBSGsaJIiGePhQkDKoIjgOBPSoIVmykCcKC6r9CPEACYaVjM3UI7uzJ86Rest2yfXZXLlau8jgK4AAcgmPggnNQATegCmoAg0fwDF7Bm/FkvBjvxsd0dMHId/bAHxifP8N5llM=</latexit>

JP = 0+, 1�, 2±, 3±, ...

<latexit sha1_base64="szxDTm3QiJIYspjoWs6W+PcV0Bo=">AAACC3icbVDLSsNAFJ3UV42vqEs3Q4sgWENSK7oRim7EVQX7gDYpk+m0HTp5MDMRSsjejb/ixoUibv0Bd/6N0zYLbT1wuYdz7mXmHi9iVEjL+tZyS8srq2v5dX1jc2t7x9jda4gw5pjUcchC3vKQIIwGpC6pZKQVcYJ8j5GmN7qe+M0HwgUNg3s5jojjo0FA+xQjqaSuUdBv3aSWXlruccl2T0plN+lEflo6zbppml2jaJnWFHCR2Bkpggy1rvHV6YU49kkgMUNCtG0rkk6CuKSYkVTvxIJECI/QgLQVDZBPhJNMb0nhoVJ6sB9yVYGEU/X3RoJ8Ica+pyZ9JIdi3puI/3ntWPYvnIQGUSxJgGcP9WMGZQgnwcAe5QRLNlYEYU7VXyEeIo6wVPHpKgR7/uRF0iibdsU8u6sUq1dZHHlwAArgCNjgHFTBDaiBOsDgETyDV/CmPWkv2rv2MRvNadnOPvgD7fMH4r+YcA==</latexit>

JP = 0+, 1�, 2+, 3±, ...

<latexit sha1_base64="TcpCo87qpU9YEVs1JqyAuuGX1nk=">AAACCXicbVDLSsNAFJ3UV42vqEs3g0UQGkNSK7oRim7EVQX7gDYpk+m0HTp5MDMRSsjWjb/ixoUibv0Dd/6N08dCWw9cOJxzL/fe48eMCmnb31puaXlldS2/rm9sbm3vGLt7dRElHJMajljEmz4ShNGQ1CSVjDRjTlDgM9Lwh9djv/FAuKBReC9HMXED1A9pj2IkldQxoH7rpdXs0vaKpuOdmCUvLWbmqZe24yAzLcvqGAXbsieAi8SZkQKYodoxvtrdCCcBCSVmSIiWY8fSTRGXFDOS6e1EkBjhIeqTlqIhCohw08knGTxSShf2Iq4qlHCi/p5IUSDEKPBVZ4DkQMx7Y/E/r5XI3oWb0jBOJAnxdFEvYVBGcBwL7FJOsGQjRRDmVN0K8QBxhKUKT1chOPMvL5J6yXLK1tlduVC5msWRBwfgEBwDB5yDCrgBVVADGDyCZ/AK3rQn7UV71z6mrTltNrMP/kD7/AHl6ZdO</latexit>



Carry forward with elastic scattering in  

 fit to amplitudes of J=2,3 simultaneously ( ) 

 fix J=3 amplitude and fit for the J=1 amplitude  

Perform analysis of  as if channels were non-resonant and totally decoupled  

Later relax the elastic assumption and allow  to couple 

 we find the change is rather insignificant

η8ω8

⇒ T−
2 [000], E−[000], A−

2 [000], B1[001], B2[001]

⇒ (T−
1 [000], A1[001], A1[111])

η1ω1, f1
0ω1

η1ω1

⇒

Plan of attack



J=2 dynamically coupled in P- and F-waves 

Can handle this with the K-matrix   

J=3 Breit-Wigner parameterization 

t−1 = K−1 + I

Parameterizations, J=2,3
JP

` = 0 1+

` = 1 (0, 1,2)�

` = 2 (1, 2, 3)+

` = 3 (2, 3, 4)�

... ...

<latexit sha1_base64="K+1EB3XzBfFMfZTTZ11vOxFRMbk="></latexit>

KJ=2 =


(3P2|3P2) (3P2|3F2)
(3P2|3F2) (3F2|3F2)

�

<latexit sha1_base64="At7OQfkhQsUCiFfW5xHP9AMLnoM="></latexit>

ImI = − ρ

I(s) = I(s0)�
s� s0

⇡

Z 1

sthr

⇢(s0)

(s0 � s0)(s0 � s� i✏)
ds0

<latexit sha1_base64="l46SX0FZvcjbRU/UD1ZM5x3R5uE="></latexit>

KJ=3 =
g2F

m2
R � s

<latexit sha1_base64="oyNNTFSFEi7g24HwWTSxUsFo8bo=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHcWJJa0U2hKIjopop9QB9hMp20QyeTMDMRSsjKjb/ixoUibv0Gd/6N0zYLbT1w4XDOvdx7jxsyKpVlfRtz8wuLS8uZlezq2vrGprm1XZNBJDCp4oAFouEiSRjlpKqoYqQRCoJ8l5G6O7gY+fUHIiQN+L0ahqTtox6nHsVIackx926c+Lp0nJRankA47jmXnUIS+85dp3AkE8fMWXlrDDhL7JTkQIqKY361ugGOfMIVZkjKpm2Fqh0joShmJMm2IklChAeoR5qacuQT2Y7HbyTwQCtd6AVCF1dwrP6eiJEv5dB3daePVF9OeyPxP68ZKe+sHVMeRopwPFnkRQyqAI4ygV0qCFZsqAnCgupbIe4jnYfSyWV1CPb0y7OkVsjbxfzJbTFXPk/jyIBdsA8OgQ1OQRlcgQqoAgwewTN4BW/Gk/FivBsfk9Y5I53ZAX9gfP4AE96YQA==</latexit>

Kij ! (2ki)
`K``0

ij (2kj)
`0

<latexit sha1_base64="RPEsEoK/njHarNlFxDYJFa6oaNs=">AAACKXicbVDLSsNAFJ34rPFVdelmsIh1U5JS0WXRjdBNBfuAppbJdNJOO5mEmYlSQn7Hjb/iRkFRt/6IkzYLbb1wmcM553LnHjdkVCrL+jSWlldW19ZzG+bm1vbObn5vvymDSGDSwAELRNtFkjDKSUNRxUg7FAT5LiMtd3yV6q17IiQN+K2ahKTrowGnHsVIaaqXr5q1XkxHiSPoYKiQEMEDLJbHPXp6FzuEsaQ2e9M+SabWVB5lsqbyBatkTQsuAjsDBZBVvZd/dfoBjnzCFWZIyo5thaobI6EoZiQxnUiSEOExGpCOhhz5RHbj6aUJPNZMH3qB0M0VnLK/J2LkSznxXe30kRrKeS0l/9M6kfIuujHlYaQIx7NFXsSgCmAaG+xTQbBiEw0QFlT/FeIhEggrHa6pQ7DnT14EzXLJrpTObiqF6mUWRw4cgiNQBDY4B1VwDeqgATB4BM/gDbwbT8aL8WF8zaxLRjZzAP6U8f0D6+KnDQ==</latexit>
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Zero is a feature of elastic unitarity 

 

Cannot generate with an effective range 

t =
1

ρ(cot δ − i)

k3 cot δ =
1
a

+
1
2

rk2 + . . .

Elasticity



In N.R. scattering, the interactions 
are generated by a potential. 

Lighter resonance has further to 
tunnel through the barrier to decay. 

 should be narrow compared to 
heavier resonance 

 must explain through 
relativistic treatment 

⇒

⇒

Resonance interpretation

r

V(r)



Resonance interpretation
 

Write dispersively  

 can add poles to D(s) that feature as zeros in t(s) 

 create nearby poles in t(s) 

 these “CDD” poles have an interpretation that they would be 
stable particles if there were not lighter mesons for which it to 
decay

t(s) =
N(s)
D(s)

1
2πi ∮

D(s′ )
s′ − s

= D(s0) −
s − s0

π ∫
∞

sthr

N(s′ )ρ(s′ )
(s′ − s)(s′ − s0)

ds′ 

⇒

⇒

⇒



Add the  irreps and fit all 
simultaneously  

Very good constraint  

[011]A1

Ndof = 180

1−−,2−−,3−−
�2/Ndof = 258.3/(192� 12) = 1.43
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Relationship to familiar meson states: 

 

Pseudoscalar states have little mixing from SU(3) eigenstates ,  

Vector states are nearly ideally flavor mixed:  

 ;  

Isoscalar states are admixtures of octet and singlet, but we haven’t computed the octet 

 

1 =
1

2 2
(K+K̄*− + K−K̄* − K0K̄*0 − K̄0K*0 + π+ρ− + π−ρ+ − π0ρ0 − η8ω8)

η ∼ η8 η′ ∼ η1

ω =
2
3

ω1 +
1
3

ω8 ϕ =
1
3

ω1 −
2
3

ω8

| I = Iz = Y = 0,8⟩ =
1
20 (K+K̄*− + K−K̄* − K0K̄*0 − K̄0K*0) −

1
5 (π+ρ− + π−ρ+ − π0ρ0 − η8ω8)

8 = η8ω1

Comparing to the ω*J , ϕ*J

� = g2
⇢

M
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Can enforce OZI to find octet contributions  ;  ;  

,  give the constraints ;  

                                        

                                                 Can predict  decays from OZI

g1 = cω1
η8ω8 g8 = cω8

η8ω8 h8 = cω8

η8ω1

ϕ* → πρ ηω g8 = −
5

4
g1 h8 = −

1

2 2
g1

ρ*J

Comparing to the ω*J , ϕ*J

|I = Iz = 1,8i = �
r

3

10

�
K+K̄⇤0 + K̄0K⇤+�+ 1p

5
⇡+!8 +

1p
5
⌘8⇢

+

<latexit sha1_base64="fCa1bfbvraPSErrMJtiV0X4EPA0="></latexit>

� = g2
⇢

M

<latexit sha1_base64="xwmJjgyMP9LPm4kmWJCY+0UkH+w=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FSSUtGLUPSgF6GCbYUmls120y7d3YTdjVBCvPhXvHhQxKv/wpv/xm2bg7Y+GHi8N8PMvCBmVGnH+bYKC4tLyyvF1dLa+sbmlr2901JRIjFp4ohF8i5AijAqSFNTzchdLAniASPtYHgx9tsPRCoaiVs9ionPUV/QkGKkjdS197xLxDk6699XvVAinHpyEGXpdda1y07FmQDOEzcnZZCj0bW/vF6EE06Exgwp1XGdWPspkppiRrKSlygSIzxEfdIxVCBOlJ9OPsjgoVF6MIykKaHhRP09kSKu1IgHppMjPVCz3lj8z+skOjz1UyriRBOBp4vChEEdwXEcsEclwZqNDEFYUnMrxANkgtAmtJIJwZ19eZ60qhW3Vjm+qZXr53kcRbAPDsARcMEJqIMr0ABNgMEjeAav4M16sl6sd+tj2lqw8pld8AfW5w99lZbw</latexit>



J=3:                                                                   

J=2:                                                                 

Comparing to the ω*J , ϕ*J
�tot
!3

⇠ 168(10) MeV
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�⇡!
⇢3

⇠ 30(10) MeV
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�KK̄⇡
⇢3

⇠ 7 MeV
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J=1: 

Comparing to the ω*J , ϕ*J



Only 4 levels with large  overlap. 

Only real difference in fit-1 which features two  parameters. 

Potentially a small coupling  does not change overall width. 

Statistical uncertainties on  energy levels prevent a proper C.C. analysis with this channel.

η1ω1

η1ω1

cη1ω1 ≲ 0.04

f1
0ω1

Coupled-Channel η8ω8 − η1ω1



Mild changes in the amplitude. 

 is small and comparable to 
F-wave coupling. 
at |cη1ω1 | ∼ 0.07(2)

C.C. ,  2−− η8ω8 − η1ω1



Unphysical sheet real axis pole  on many 
parameterizations 

 wanders a bit and remains far from physical scattering 

Additional real axis pole  for simple phase space 
parameterization 

 not surprising this parameterization has poorer analytic 
properties  

 residue is real, a true p-wave bound state has imaginary 
coupling

at s ∼ 0.23

⇒

at s ∼ 0.24

⇒

⇒

Additional singularities



The full scattering amplitude T(s,t) relates all scattering channels s,t,u- through an analytic 
continuation.  

s-channel unitarity constrains the “right hand cut” to form  Riemann sheets 

 built into our parameterizations 

Analyticity requires poles off axis real valued poles be on unphysical sheets. 

 reject parameterizations that have these 

t,u-channel unitarity manifests themselves in the form of a “left hand cut” 

 not described but we know where they are 

 hope is we remain far enough away

2Nchan

⇒

⇒

⇒

⇒

Amplitude analytic structure



Cross Channels

⌘8(p1)
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<latexit sha1_base64="7xIcQAQIDTSFOe5o5Me7iC/TmK4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBHqpexKxR6LXjxWsB+wXUs2zbah2WRJZoWy9Gd48aCIV3+NN/+NabsHbX0w8Hhvhpl5YSK4Adf9dtbWNza3tgs7xd29/YPD0tFx26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHtzO/88S04Uo+wCRhQUyGkkecErCS32NAHuuVpO9d9Etlt+rOgVeJl5MyytHsl756A0XTmEmgghjje24CQUY0cCrYtNhLDUsIHZMh8y2VJGYmyOYnT/G5VQY4UtqWBDxXf09kJDZmEoe2MyYwMsveTPzP81OI6kHGZZICk3SxKEoFBoVn/+MB14yCmFhCqOb2VkxHRBMKNqWiDcFbfnmVtC+rXq16dV8rN27yOAroFJ2hCvLQNWqgO9RELUSRQs/oFb054Lw4787HonXNyWdO0B84nz8Bp5Bt</latexit>

⌘8(p3)

<latexit sha1_base64="1izZYwJiRLON0WiYlarRrT2Oqkg=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXK/ZY9OKxgv2A7VqyabYNzSZLMiuU0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhYngBlz328mtrW9sbuW3Czu7e/sHxcOjllGppqxJlVC6ExLDBJesCRwE6ySakTgUrB2Obmd++4lpw5V8gHHCgpgMJI84JWAlv8uAPNbKSe/yvFcsuRV3DrxKvIyUUIZGr/jV7SuaxkwCFcQY33MTCCZEA6eCTQvd1LCE0BEZMN9SSWJmgsn85Ck+s0ofR0rbkoDn6u+JCYmNGceh7YwJDM2yNxP/8/wUolow4TJJgUm6WBSlAoPCs/9xn2tGQYwtIVRzeyumQ6IJBZtSwYbgLb+8SloXFa9aubqvluo3WRx5dIJOURl56BrV0R1qoCaiSKFn9IreHHBenHfnY9Gac7KZY/QHzucPBLGQbw==</latexit>

!8(p2)

<latexit sha1_base64="LDgoyY8JVrPsT7m1Zj10tEfmXcg=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLMHIkevGIiXwksJJu6UJD213bLgkh/A4vHjTGqz/Gm//GAntQ8CWTvLw3k5l5QcyZNq777WQ2Nre2d7K7ub39g8Oj/PFJU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdDv3W2OqNIvkg5nE1Bd4IFnICDZW8ruRoAP8WC3GvfJlL19wS+4CaJ14KSlAinov/9XtRyQRVBrCsdYdz42NP8XKMMLpLNdNNI0xGeEB7VgqsaDany6OnqELq/RRGClb0qCF+ntiioXWExHYToHNUK96c/E/r5OYsOpPmYwTQyVZLgoTjkyE5gmgPlOUGD6xBBPF7K2IDLHCxNiccjYEb/XlddIsl7xK6eq+UqjdpHFk4QzOoQgeXEMN7qAODSDwBM/wCm/O2Hlx3p2PZWvGSWdO4Q+czx+QQJFR</latexit>

!8(p4)

<latexit sha1_base64="g+xBeeCfc6Ak72Uvak8w/Y3Nvkw=">AAAB9HicbVBNSwMxEM36WetX1aOXYBHqpexKxR6LXjxWsB/QriWbzrah2WRNsoWy9Hd48aCIV3+MN/+NabsHbX0w8Hhvhpl5QcyZNq777aytb2xubed28rt7+weHhaPjppaJotCgkkvVDogGzgQ0DDMc2rECEgUcWsHodua3xqA0k+LBTGLwIzIQLGSUGCv5XRnBgDxWS3GvctErFN2yOwdeJV5GiihDvVf46vYlTSIQhnKidcdzY+OnRBlGOUzz3URDTOiIDKBjqSARaD+dHz3F51bp41AqW8Lgufp7IiWR1pMosJ0RMUO97M3E/7xOYsKqnzIRJwYEXSwKE46NxLMEcJ8poIZPLCFUMXsrpkOiCDU2p7wNwVt+eZU0L8tepXx1XynWbrI4cugUnaES8tA1qqE7VEcNRNETekav6M0ZOy/Ou/OxaF1zspkT9AfO5w+TSpFT</latexit>

⌘8(p1)

<latexit sha1_base64="7xIcQAQIDTSFOe5o5Me7iC/TmK4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBHqpexKxR6LXjxWsB+wXUs2zbah2WRJZoWy9Gd48aCIV3+NN/+NabsHbX0w8Hhvhpl5YSK4Adf9dtbWNza3tgs7xd29/YPD0tFx26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHtzO/88S04Uo+wCRhQUyGkkecErCS32NAHuuVpO9d9Etlt+rOgVeJl5MyytHsl756A0XTmEmgghjje24CQUY0cCrYtNhLDUsIHZMh8y2VJGYmyOYnT/G5VQY4UtqWBDxXf09kJDZmEoe2MyYwMsveTPzP81OI6kHGZZICk3SxKEoFBoVn/+MB14yCmFhCqOb2VkxHRBMKNqWiDcFbfnmVtC+rXq16dV8rN27yOAroFJ2hCvLQNWqgO9RELUSRQs/oFb054Lw4787HonXNyWdO0B84nz8Bp5Bt</latexit>

⌘8(p3)

<latexit sha1_base64="1izZYwJiRLON0WiYlarRrT2Oqkg=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXK/ZY9OKxgv2A7VqyabYNzSZLMiuU0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhYngBlz328mtrW9sbuW3Czu7e/sHxcOjllGppqxJlVC6ExLDBJesCRwE6ySakTgUrB2Obmd++4lpw5V8gHHCgpgMJI84JWAlv8uAPNbKSe/yvFcsuRV3DrxKvIyUUIZGr/jV7SuaxkwCFcQY33MTCCZEA6eCTQvd1LCE0BEZMN9SSWJmgsn85Ck+s0ofR0rbkoDn6u+JCYmNGceh7YwJDM2yNxP/8/wUolow4TJJgUm6WBSlAoPCs/9xn2tGQYwtIVRzeyumQ6IJBZtSwYbgLb+8SloXFa9aubqvluo3WRx5dIJOURl56BrV0R1qoCaiSKFn9IreHHBenHfnY9Gac7KZY/QHzucPBLGQbw==</latexit>

!8(p2)

<latexit sha1_base64="LDgoyY8JVrPsT7m1Zj10tEfmXcg=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLMHIkevGIiXwksJJu6UJD213bLgkh/A4vHjTGqz/Gm//GAntQ8CWTvLw3k5l5QcyZNq777WQ2Nre2d7K7ub39g8Oj/PFJU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdDv3W2OqNIvkg5nE1Bd4IFnICDZW8ruRoAP8WC3GvfJlL19wS+4CaJ14KSlAinov/9XtRyQRVBrCsdYdz42NP8XKMMLpLNdNNI0xGeEB7VgqsaDany6OnqELq/RRGClb0qCF+ntiioXWExHYToHNUK96c/E/r5OYsOpPmYwTQyVZLgoTjkyE5gmgPlOUGD6xBBPF7K2IDLHCxNiccjYEb/XlddIsl7xK6eq+UqjdpHFk4QzOoQgeXEMN7qAODSDwBM/wCm/O2Hlx3p2PZWvGSWdO4Q+czx+QQJFR</latexit>

!8(p4)

<latexit sha1_base64="g+xBeeCfc6Ak72Uvak8w/Y3Nvkw=">AAAB9HicbVBNSwMxEM36WetX1aOXYBHqpexKxR6LXjxWsB/QriWbzrah2WRNsoWy9Hd48aCIV3+MN/+NabsHbX0w8Hhvhpl5QcyZNq777aytb2xubed28rt7+weHhaPjppaJotCgkkvVDogGzgQ0DDMc2rECEgUcWsHodua3xqA0k+LBTGLwIzIQLGSUGCv5XRnBgDxWS3GvctErFN2yOwdeJV5GiihDvVf46vYlTSIQhnKidcdzY+OnRBlGOUzz3URDTOiIDKBjqSARaD+dHz3F51bp41AqW8Lgufp7IiWR1pMosJ0RMUO97M3E/7xOYsKqnzIRJwYEXSwKE46NxLMEcJ8poIZPLCFUMXsrpkOiCDU2p7wNwVt+eZU0L8tepXx1XynWbrI4cugUnaES8tA1qqE7VEcNRNETekav6M0ZOy/Ou/OxaF1zspkT9AfO5w+TSpFT</latexit>

S-Channel

T-Channel

U-Channel



Cuts

0.1 0.2

-0.05

0.05

U-channel

T-channel circular cut

S-channel

R = m2
!8 �m2

⌘8

<latexit sha1_base64="0I0TEZQA0AF0pK3SaqoG9kmahXY=">AAACBnicbVDLSsNAFJ34rPUVdSlCsAhuLEmp2I1QdOOyin1Am4bJ9KYdOpOEmYlQQldu/BU3LhRx6ze482+ctF1o64GBc8+5lzv3+DGjUtn2t7G0vLK6tp7byG9ube/smnv7DRklgkCdRCwSLR9LYDSEuqKKQSsWgLnPoOkPrzO/+QBC0ii8V6MYXI77IQ0owUpLnnl0d8m9tBNx6ONuZdwtnWUlqGnhmQW7aE9gLRJnRgpohppnfnV6EUk4hIowLGXbsWPlplgoShiM851EQozJEPehrWmIOUg3nZwxtk600rOCSOgXKmui/p5IMZdyxH3dybEayHkvE//z2okKKm5KwzhREJLpoiBhloqsLBOrRwUQxUaaYCKo/qtFBlhgonRyeR2CM3/yImmUik65eH5bLlSvZnHk0CE6RqfIQReoim5QDdURQY/oGb2iN+PJeDHejY9p65IxmzlAf2B8/gBJ0Jhg</latexit>

�1 < s  (m!8 �m⌘8)2

<latexit sha1_base64="ZSk5ci0lXdvv3fuBG4eMD2Qt4pM=">AAACEXicbZC9TsMwFIUdfkv5KzCyRFRIZaBKEAgGBgQLY5EoIDWlctyb1qrtBPsGqYr6Ciy8CgsDCLGysfE2OG0HKBzJ0udz75V9T5gIbtDzvpyp6ZnZufnCQnFxaXlltbS2fmXiVDOos1jE+iakBgRXUEeOAm4SDVSGAq7D3llev74HbXisLrGfQFPSjuIRZxSt1SpVdgOuIuwfm0DAXUW2siCW0KG3R4Pd/AKY487tXqtU9qreUO5f8MdQJmPVWqXPoB2zVIJCJqgxDd9LsJlRjZwJGBSD1EBCWY92oGFRUQmmmQ03Grjb1mm7UaztUegO3Z8TGZXG9GVoOyXFrpms5eZ/tUaK0VEz4ypJERQbPRSlwsXYzeNx21wDQ9G3QJnm9q8u61JNGdoQizYEf3Llv3C1V/X3qwcX++WT03EcBbJJtkiF+OSQnJBzUiN1wsgDeSIv5NV5dJ6dN+d91DrljGc2yC85H9/QNZ0A</latexit>

s > (m!8 +m⌘8)2

<latexit sha1_base64="/cNfs0uBqXlY+9JvQVbZX2W9RuU=">AAACBnicbZDLSsNAFIYn9VbrLepShGARKkJJSsWupOjGZQV7gTYNk+lpO3QmCTMToYSu3Pgqblwo4tZncOfbOGm70NYfBr75zznMnN+PGJXKtr+NzMrq2vpGdjO3tb2zu2fuHzRkGAsCdRKyULR8LIHRAOqKKgatSADmPoOmP7pJ680HEJKGwb0aR+ByPAhonxKstOWZx/KqwL2kE3IY4G5lcp5eQKV41i15Zt4u2lNZy+DMIY/mqnnmV6cXkphDoAjDUrYdO1JugoWihMEk14klRJiM8ADaGgPMQbrJdI2JdaqdntUPhT6Bsqbu74kEcynH3NedHKuhXKyl5n+1dqz6FTehQRQrCMjsoX7MLBVaaSZWjwogio01YCKo/qtFhlhgonRyOR2Cs7jyMjRKRadcvLgr56vX8ziy6AidoAJy0CWqoltUQ3VE0CN6Rq/ozXgyXox342PWmjHmM4foj4zPHxqDmEE=</latexit>



Stable particles in cross-channels add additional singularities

Cuts

0.1 0.2

-0.05

0.05

Stable  in U-channelω1

Stable  in T-channelf1
0

Right-most part of additional cuts at 
 compared to threshold of at s = 0.299

at s = 0.3632



Physical sheet pole at  wrong residue. 

 asses this as a “ghost” occurring from improper treatment 
of the LHC

at s = 0.278(26)

⇒

Additional Singularities

Noisy third unphysical sheet pole lies beyond 
region of constraint . 

 artifact not present in all 
parameterizations 

 could be feeling presence of a hybrid  
meson we expect in that region

atE ∼ 0.46

⇒

⇒ 1−−



We extract 4 resonances consistent with the quark 
model prediction. 

: broader lighter first resonance and heavier 
narrower second resonance 

: broad resonance coupled mostly to P-wave 

: narrow F-wave resonance 

Finite volume formalism can handle multiple 
resonances in same partial wave and nearly 
degenerate resonances in same irrep.

1−−

2−−

3−−

Summary



Calculation of the octet is underway: 

 more channels 

 identical particles  

 nearly degenerate thresholds in  

Would like to be able to study the hybrid candidate that lies slightly above in  

 likely requires three-particle formalism 

⇒

⇒ η8η8, ω8ω8

⇒ η8ω8, η8ω1

1−−

⇒

Future


