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\WAKIPEL The Three-Body Problem (novel)

From Wikipedia, the free encyclopedia

IPEDIA
The Free Encyclopedia

For other uses, see Three-body problem (disambiguation).

Main page

Contents "San Ti" redirects here. For the martial arts stance, see Xing Yi Quan.

Featured content . = . i Ny

Current events The Three-Body Problem (Chinese: =1{X; literally: 'Three-Body'; The Three-Body Problem

, pinyin: san ti) is a science fiction novel by the Chinese writer Liu
Random article

e

Donate to Wikipedia Cixin. It is the first novel of the Remembrance of Earth's Past BIRTAt  c e cannnannm
Wikipedia store (Chinese: #¥k1F2E) trilogy, but Chinese readers generally refer to . PR
the whole series by the title of this first novel.['! The second and \
[UElEGle third novels in the trilogy are tittled The Dark Forest and Death's
Help End. The title of the first novel refers to the three-body problem in
About Wikipedia orbital mechanics. g
Community portal
Recent changes The work was serialized in Science Fiction World in 2006,

Contact page published as a book in 2008 and became one of the most popular
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the Trisolaran invasion force has departed, but will not reach Earth for 450 years, as they are traveling
at 1/100-th of lightspeed....society splits into factions, with the Adventists seeking complete

destruction of humanity by the Trisolarans, and the Redemptionists seeking to help the Trisolarans to &

find a computational solution to the three-body problem, which plagues their home planet... !
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the three-body problem: nuclear physics

g N

~20 1 - 20

] 1+ N -
2t - .2 _
20 770" SZZ0+IIIdL g T o [

§) -7 + i
: L1 __ 13- He R O 10He _

—40 7 3/2 B 2 L —40
] "Li 8 ; ~-4° R :

> 07 °Li - —50
> ] =20 1p- :
= . o i |

= 0V T2 - —60
5 3 “Be Be - ;. S I
S a0 103, 10R :

= 70 7 C - —70
] =32

80 - 113 - —80

—9(0 _ = AVI18+IL7 _ —90
: —— EXP o |
: —_— NV243-1 12 :

_100 7 o-la C | _100

g (
[Piarullia, Baroni, Schiavilla et al. [2017]]




the three-body problem: nuclear physics

¢ the three-body potentials shifts spectra by about 10%-20%
= . —— ¢ these emerge from “local” & “non-local” interactions
Lo
304, . -- -
] —20 ) SEEAS;
30 42770




the three-body problem: from nuclei to atoms - Efimov physics

2
rp
Consider two non-relativistic bosons in the unitary limit: »pcoto = — p + 5 +---=0

The two-body scattering amplitude will have a pole, right at threshold:

1 1
MN - = —
pcotd —ip  p

Efimov [1970] predicted an infinite tower of geometrically-separated
three-body bound states:

En = EoA2N, X =22.69438...

; 4 rf,‘ S -A
"a’/ i f v . 'I' !! ] |

il ( /},t-',rf/
}1 j?”[] I ; 'vyfr,
D
Vitaly Efimov JJL’?' Lt




the three-body problem: from nuclei to atoms - Efimov physics
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a somewhat curious observation lead to a wide range of
prediction and strong overlap between two seemingly
disconnected fields: atomic and nuclear physics
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i

[ Vitaly Efimov




the three-body problem: from nuclei to atoms - Efimov physics
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...about when I realized A=
Efimov was “Efimov”

a somewhat curious observation lead to a wide range of
prediction and strong overlap between two seemingly HTINSN
disconnected fields: atomic and nuclear physics it ( f { |
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the three-body problem: hadron spectroscopy

Most excited lie above three-particle thresholds and couple strongly onto these states...
...just look at the first excited states of the simplest QCD states

(" 4

@ { the Roper ] @ [ 7(1300) ]
@ [the nucleon] @ [ the pion ]
J . J




the three-body problem: hadron spectroscopy

Most excited lie above three-particle thresholds and couple strongly onto these states...
...just look at the first excited states of the simplest QCD states

M i

[ the Roper ]

[ 1t(1300) ]

QTC

N7t ~ 25-50 %]

QOEPE

@ [the nucleon] @

L ) k )

TUTTUTT

the pion ]




the three-body problem: lattice QCD

How does the three-body problem creep its head in lattice QCD?

4 N\
3000 4
[ ‘ -
'- - C |
i — ]
2500 + L - 4=+ I -
I 1 ml -
I - i —_ = | F i
- _ 2+— i
x| ol g+ AT 3o =0 |
2000 } — 4
< | — —— -
= 2 9 ]
~— L - ]
S 1500 | |
1+— 2++ | S
i l TCTUTT
1000 - 7/ = ’ my = 392 MeV 1
o 243 x 128
1 14
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500 .
1sovector
—+
N 0

{ Dudek, Edwards, Guo, Thomas (2013)




Lattice QCD in not “brute force”

Essentials

& maybe this is people’s idea

of lattice QCD....?




Lattice QCD in not “brute force”
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Lattice QCD

Wick rotation [Euclidean spacetime]: tj;y —

Monte Carlo sampling

mphys.

quark masses: Mg — m;

lattice spacing: a ~ 0.03 — 0.15 fm

finite volume

—itg

( )
Dy = ( )I(L/@S x (T/a)

\ _J




Lattice QCD

€

€

€

€

€

Wick rotation [Euclidean spacetime]: tyy — —1tEg

Monte Carlo sampling

phys.

quark masses: Mg — m;

lattice spacing: a ~ 0.03 — 0.15 fm

finite volume

( )

Never free!

No asymptotic states!
No scattering!

\ J

in general, you can’t separate
states by particle number!

\.




few-body systems in LQCD

identification of

. ¢ states [masses & widths],
lattice QCD & production/decay mechanisms

| .
f N I

finite-volume spectrum PW amplitudes analytic resonance poles
. continuation
o L . .
1-to-2 T ..
rv matrix L}( electroweak “LL)L < transition i} :
4 amvlitudes form factors

L elements o L P / L |

FV matrix X amplitudes / f
 elements J L p ® ﬂ_) L actors J




few-body systems in LQCD

lattice QCD

2-to-2

FV matrix
elements

electroweak \ ¢ elastic form
amplitudes / ° factors

L

structure and nature of states

RB, Hansen (2015)

Baroni, RB, Hansen, Ortega-Gamma (2018)




few-body systems in LQCD

lattice QCD

finite-volume spectrum

PW litud
amplitudes

inside the box

outside the box

Hansen Szczepaniak




Alternative approaches

[Perturbative - Beane, Detmold, Savage, Tan j

[EFT driven - Rusetski, Hammer, et al. j

[Unitarity driven - Mai & Doring j




Alternative approaches

[Perturbative - Beane, Detmold, Savage, Tan j

\.

PT is not good enough for most channels or kinematics
of interest

[EFT driven - Rusetski, Hammer, et al. j

\.

requires having a well defined and convergent EFT for
kinematics and channel desired...rarely true.

[Unitarity driven - Mai & Doring j

\.

Requires first deriving unitary conditions in an infinite-
volume, then replacing unitarity cuts with finite cuts.
Unfortunately, lots of information is lost in the infinite-
volume limit [e.g. partial wave mixing]




Two-body scattering

Unitarity using all orders perturbation theory:

- ><+>O< H X O

{><+ZZ+Z)>+ RRSSEE

non-perturbative kernel including
all diagrams not shown...

“yep, the left hand cut is there”

IR limit of QCD, only interested in
hadronic d.o.f.




Two-body scattering

Unitarity using all orders perturbation theory:

KOO

~

d3 iB(k, P)]? 0
(2m)3  (2wg)? F — 2w + i€
— zB(m iBon] + “PV integral”

(K

- “smooth”

( (
iB(k, P
@( / ‘ Ik k? —m? +ie (P — k)% —m? + e

J

7 N
p = S E ~ VS — Sth square root singularity.



Two-body scattering

Unitarity using all orders perturbation theory:

Im[s]

2N sheets for N open channels ]—

Re[s]

7 N
p = S E ~ VS — Sth square root singularity.




Two-body scattering

Unitarity using all orders perturbation theory:

— + e

‘Cﬁx++... }

{ K-matrix




Two-body scattering

Unitarity using all orders perturbation theory:

Im[s]

bound state

[SR — (Ep — grR)Qj

Sheet 11

resoriarice

Rels]




Two-particle in finite volume

Next, we want to consider two particles in a box, but before we do this
we need to understand how one particle behaves.




Two-particle in finite volume

Next, we want to consider two particles in a box, but before we do this
we need to understand how one particle behaves.

Masses of stable states are exponentially close
iZ1,(p*)
p* +mj

MO
= IQﬂL-'-—I-C’)(e_m”L)% iZ(p°)

p2_|_m2



Exponentially suppressed eftects in 1+1D

1 di. | [ dkg i
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_ ik.Ln _ 1
/ Ze _2\/k§+m2

L n

2T
Z/dkz eikan
n#0 27 2\/k§ +m?




Exponentially suppressed eftects in 1+1D

1 di. | [ dkg i
@ Q N E;_/% /QWkg—kg—mQ—l—ie

B Ak, 1
B _Zg_/ 27T_ 2\/k§+m2

dk, L 1
_ ik.Ln _ 1
/ Ze _2\/k§+m2

2T ~
B Z/ dkz eikan
n#0 27 2\/k§ +m?

Only the integral along the cut contributes... Uil IR IR

changing variables (k.=igm)... |i
o0 —mL
““Ezjj/ dg———eamLinl €
nz0’1 Va2 —1 vmL
if mL >>1




Two-particle in finite volume

Consider the finite-volume two-particle correlator (E~2m):




Two-particle in finite volume

Consider the finite-volume two-particle correlator (E~2m):

jZosoos

i By 1B 147 Yo () Yy (k) )
(@) 73 Z 2o )? E— 90, + “smooth k =2mn/L)

\_ on-shellness: E = 2/ k2 + m?

fixes the magnitude but not the
direction of the momentum




Two-particle in finite volume

Consider the finite-volume two-particle correlator (E~2m):

jZosoos

/

1 < By 1B i 47 Yo (k) Y5, (k)

— m « th” —
@ L3 e~ (2wk)? E — 2wy, osmoo ke =2m/L

1 idn Yo, (k) Yy (k)
(2wr)? E — 2wy + i€

cut-off dependence is
exponentially suppressed

~

) (i Bep, ) + i€ integral

freedom: one could

subtract the PV integral,

J




Two-particle in finite volume

Consider the finite-volume two-particle correlator (E~2m):

~

2 t
4 :
1By 1Bom 141 Yﬁm(k) Y;m’ (k) « ”
=73 Z L E— 90, + “smooth k =2mn/L]
[ Uuv uv ) o A
, 1 1 idn Y (k)Y (k) . .
— (i Byr s — ) - m Bom tegral
(iBem) (_L3 zk: /k Gon)?  E— 2wy ic ) \1Bem) tic integra
= [¢B]iF |iB] + i€ integral
Q V — o0 p —I—
N \

| F replaces p

\ “a simple square root singularity is replaced by a function that

has both simples poles and the square root singularity”




Two-particle in finite volume

Consider the finite-volume two-particle correlator (E~2m):

i p) -

threshold singularity

_60_

imaginary pieces

3.5 1
E*/m

“a simple square root singularity is replaced by a function that
has both simples poles and the square root singularity”




Two-particle in finite volume

Consider the finite-volume two-particle correlator (E~2m):

gioscol

OO



Two-particle in finite volume

Consider the finite-volume two-particle correlator (E~2m):

—--.
- LS

-----

\ //P Cut//

0-to-2 fully dressed amplitude

:C(*O(*”'/




Two-particle in finite volume

Consider the finite-volume two-particle correlator (E~2m):

---------
&&&&&&&&&

---------------

fully dressed two- body amplitude




Two-particle in finite volume

Consider the finite-volume two-particle correlator (E~2m):

---------
’’’’’’’’’

SECNICRE (R SR TR T S

---------------

“smooth” _|_A - 1

{poles satisfy: det[F’Z_l(P7 L) —+ MQ(PQ)] — O}

- )
¢ Liischer (1986, 1991)

& Rummukainen & Gottlieb (1995)
¢ Kim, Sachrajda, & Sharpe/Christ, Kim & Yamazaki (2005)
¢ Feng, Li, & Liu (2004); Hansen & Sharpe / RB & Davoudi (2012)

.
% RB (2014) y




Tirt scattering - (I=1 channel)
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180 - My = 391 MeV
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L J

Dudek, Edwards & Thomas (2012)
Wilson, RB, Dudek, Edwards & Thomas (2015)




Coupled-channel scattering - (=0 channel

4 )
- J5 =0T
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ol 0.8F
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Wilson, RB, Dudek, & Edwards (2017)




Three particles in an infinite volume

The three-body scattering amplitude using all orders perturbation theory:.
Sum over all connected 3-to-3 diagrams...

~—

“exchange cuts” ]

~ 1ICo 1G 1ICo

motivates the definition of
dynamical quantities that are
“free” of these simple divergences




Three particles in an infinite volume

The three-body scattering amplitude using all orders perturbation theory:.
Sum over all connected 3-to-3 diagrams...

M con, = & +ot m

satisfies an integral equations J

1D = iMoitGiMo + /i/\/lgiG 1D




Three particles in an infinite volume

The three-body scattering amplitude using all orders perturbation theory:.
Sum over all connected 3-to-3 diagrams...

Z.MS,COH.& —I__I_m —I_

XLt

Q K df,3 : the closest thing to a model ind. 3body quantity




Three particles in an infinite volume

The three-body scattering amplitude using all orders perturbation theory:.
Sum over all connected 3-to-3 diagrams...

Z.MS,COH.& —I__I_m —I_

+9i+3:@:€+“'+9@€ L

any number of insertions leads to

another integral equation | T — /Cdf 3 — //Cdf 3 P L T

1
£:§—|—M2,0—Dp




Three particles in an infinite volume

The three-body scattering amplitude using all orders perturbation theory:.
Sum over all connected 3-to-3 diagrams...




Three particles in an infinite volume

The three-body scattering amplitude using all orders perturbation theory:.
Sum over all connected 3-to-3 diagrams...

T =Kasz — /de,?) p LT
two integral equations and you're done! Mseon. =S{D+ LT L:T}




Unitarity

Unitarity implies that the full amplitude satisfies: 2 Im M = M f M

( )

If add the disconnected pieces... . .
X disconnected pieces

...it works...trust me...or trust these guys...

...or don’t...do it yourself!

[RB, Hansen, Sharpe & Szczepaniak (March 20197?) ]




Three particles in a finite volume

Moving on to energies where two and three particles can go on-shell...




Three particles in a finite volume

Moving on to energies where two and three particles can go on-shell...

O OO
e=%
e




Three particles in a finite volume

Moving on to energies where two and three particles can go on-shell...

O OO
+@>+@@>+

@@ &\

consider first a case with Z2 symmetry

the spectrum factorizes for even
—C( — &( = ., = and odd number of particles

- J




Three particles in a finite volume

Near three-particle states

N
\>

| the £4n basis:

e
p k[

“spectator” ]

J
~

not a natural basis in a
infinite volume...that’s ok!

J
~

More degrees of freedom.
In infinite volume = (6 particles with 3 unfixed momenta)
- (10 Poincare generators) = 8 d.o.f.

The #¢nbasis has1 +4 + 6 =11 d.o.f. ...also ok!




Three particles in a finite volume

Near three-particle states

N
\>

o

Hk) | 1 oY
Frow.o0m = 0 — —
00k;00p kp 4wk: LS Z /a 4wawka (E — W — Wg — Wka)

/

r

to avoid threshold singularities,
we use PV prescriptions




Three particles in a finite volume

Near three-particle states

N
O\

H(E) i 1 UV I‘UV-l A4 A Ve (O X7 % (2N
Fook:00p = Okp m

Wi

K - 0.8
0.6

1 above threshold

1.0
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Three particles in a finite volume

Near three-particle states

Ci(P) = @ +

“exchange cuts” ]

S’ ~ Ko G




Three particles in a finite volume

Near three-particle states

i p) -

exchange symmetry restoration

YL, m k
Q)< " R

—

different expansions of the
same underlying function




Three particles in a finite volume

Near three-particle states

rin-E) +
o

don’t forget about K 4¢ 3]




Three particles in a finite volume

Near three-particle states

-+ IS T
XS STy,

...a couple of hundred equations later... 0,'__'\ (ﬂ\

)
— “smooth” —|‘A3

B}

{poles satisfy: d et [F3_1 —+ de,S] — O}

-
¢ Hansen & Sharpe (2014)

¢ RB, Hansen & Sharpe (2017)

¢ RB, Hansen & Sharpe (2018)
-

J




Numerical checks - “isotropic approximation”

Consider the case where two-body system is an S-wave
L | F” 1
IS _ s s
F5 i L3 ] 3 1/(2wK5) + F$ + G3

Furthermore, consider the case where the K-matrix does not depend on the
spectator momentum. Then the quantization condition reduces to:

F3*°(E, P, L) = —1/Kifs(E")

Where: .
Fy°(E,L) =) [F5],,

k,p



Numerical checks -

"Isotropic approximation”

Fi°(E,P,L) = —1/K505(E")
—104
mZKESf?B
3.0 3.5 4.0 15




Free states

S 3.0 (2,1,1) and (2,2,0) are
Lﬂ s o o degenerate in the non-
30 Ny, Ny, n3) = (0,0,0) relativistic limit...
' don’t believe NR results
4 D 0 1 S

ml.




Perturbative systems

pcotog = ——

5 . _ ICiSO, _
1.0- ma = L2 1.0- ma = 1/%\&3
3.5- \ 3.5- \

3.0

2

5 10 15 20 5 10 15 20

mL mL




Perturbative systems

ma = 0.41315

Clog log(mL)
_ =

Co

L5 LS




Perturbative systems
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Efimov-like physics

1 (
[pCOt 52 = ——J_ ¢ ma=-10%
Y s Kuaris tuned to have a

bound state at E=2.989m

)

'S

— _1_

X

E

o

T

g —4 O FEp(L) from q.c. 0 FEp(L) from q.c.

5 | - Exe(l) 2.6 Enr(L)

; 60 65 70 20 25 30 35 A0

mL ml

: | e—zﬁ;L/\/i
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J

Meifsner, Rfios, & Rusetsky (2015)




Efimov-like physics

1 (
[pcot 09 ——]~ ¢ ma=-104
Y s Kuaris tuned to have a
bound state at E=2.989m
(a) (b) x
=
— 1
X
£
A
Y
=y 0 FEp(L) from q.c. o0 FEp(L) from q.c.
ﬁ | | ENR(L) | 2 061 . | | ENRI(L) |
60 65 70 20 29 30 35 40
mL m.L
(c)
G
E— EB(OO)
2 e 5 (L) from q.c.
~ 3 Exr(L)
=
Q
=
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Efimov-like physics

k p -
: : [ :
iMs(k,p) ~ H = 1['(k) i (p)
S — SB
101 -
| mL =60 O
| _
mL =70 ©
= 10!
>< oooooooo
CL 1111111111
g ((((((((((((((((
=< 1073 [Notafit! Matching of the Efimov | g
\i‘ wave function to the residue of
— the scattering amplitude.

0.0 0.2 0.4 0.6 0.8 1.0
k/m




Resonant systems

o

W= OO0
ocoOoROoOOOO

Kass(E) =
5.0+ 3.60 1
AN
4.5
3.55 -
§ 4.0
S/ 3.50
Q
& 3.5
3.45 1
3.0
2.5 3.40
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Unphysical solutions

Requiring states to be positively normed, imposes....

OF°(E, L, 01/KiP5(E
3°(F, L, a) n / df,3( ) <0
oFr o
E=E,(L)
We found cases that clearly violate this
4_
2.9- o]
[@N| 2_ C\]S
EQ 8 S \ ~—
/N 2 e — 2
R . B 07 Lo 67
o 10 K =190 == = \ = R
! ——— —_9 —
2.61 s 45
— 1.0 == _4-
5.0 5.5 6.0 6.5 7.0 2.6 2.8 2.8 3.0
mL E/m E/m

...we have ideas on possible explanations and solutions...
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URE IS OURS TO CREATE.
‘ S .

Unitarity in
3Body systems

><

FV formalism for
spinless states

coupled 2/3B
systems

analytic and
numerical checks

integral equations

ma =10 0
=050

=-200

1.2
k/m

Spin, non-degenerate
masses, multichannels

2.9

2.8

2.7

............

2.6

=1.0

do some calculations
already...

.

7

& Hansen & Sharpe (2014, '15)
¢ RB, Hansen & Sharpe (2017,’18)
¢ RB, Hansen, Sharpe & Szczepaniak (coming!)

J \

inside the box

Hansen

Szczepaniak




