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Pion-proton Drell-Yan: 
main source of information on pion structure

E615 extraction  
(joint proton and pion PDF) Momentum fraction carried by valence quarks 

→ allows Q0 fixing

Nambu - Jona-Lasinio (NJL)

⇤LO = 0.174GeV

⇤NLO = 0.246GeV
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THE PION IN NJL
x

[Noguera & Scopetta, JHEP11, 102]

Long story of successful results and predictions
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THE PION IN NJL:  
DISTRIBUTION AMPLITUDE

Q2
0

Q2 = 2GeV2

Mind the scale of y-axis!

⇤LO = 0.174GeV

⇤NLO = 0.246GeV
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Pion-proton Drell-Yan: 
main source of information on pion structure

E615 extraction  
(joint proton and pion PDF) Momentum fraction carried by valence quarks 

→ allows Q0 fixing

Nambu - Jona-Lasinio (NJL)

⇤LO = 0.174GeV

⇤NLO = 0.246GeV

What if instead we map the pion PDF  
onto the DY X-section?
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Determination of NJL’s scale 
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Fig. 2 Drell–Yan pairs production in π−W collisions. Next-to-leading order cross sections obtained by using evolved NJL pion PDFs for three
values of Q2

0 are compared to data of Ref. [44]

scale associated to the pion NJL model. The other two curves
in Fig. 2, corresponding to Q2

0 = 0.19 GeV2 and Q2
0 = 0.25

GeV2 respectively, are added, in order to show the sensitivity
to this particular choice of infrared Q2

0. It is worth noticing
that the results show an acceptable agreement, both in shape
and in normalisation. More in detail, a tendency of the the-
ory to undershoot the data is identified in the range of small
xF (−0.2 < xF < 0.2). This deficiency is not unexpected
since, in the mentioned kinematic region, the dominant con-
tribution to the cross sections involves sea quarks and gluons
which are absent at Q2

0 and are radiatively generated by QCD
evolution. This is a typical drawback of models which con-
tain only valence contributions at the hadronic scale. At this
point we would like to mention that the theoretical descrip-
tion of the xF -spectra at large xF and the determination of
pion parton distributions can be further improved employ-
ing resummation techniques presented in Refs. [49,52,53].
It is worth noticing that, as shown in those papers, threshold
NLL resummation of the Wilson coefficients leads to larger
cross sections at large x with respect to NLO ones. This,
in turn, implies softer pion PDFs at large x . In the present

context, this fact would imply a scale Q2
0 for the NJL model

lower than the one already determined by using NLO Wilson
coefficients in Eq. (20).

3 Predictions for πW collisions data

Predictions for the πW Drell–Yan cross sections are obtained
once appropriate modifications are implemented in Eq. (2).
Evolved NJL pion parton distributions replace proton PDFs
for hadron 1. Moreover the non-perturbative form factor
Sh1h2
N P (b) depends on the particle species initiating the reac-

tion. Therefore in πW collisions the latter is written as fol-
lows:

SπW
N P (b) = Sπ

N P (b)
√
S pp
N P (b) , (22)

where Sπ
N P (b) is given in Eq. (19) and the square root on

S pp
N P (b), given in Eq. (12), takes into account that now only

one proton is involved in the process. It is instructive to
directly compare the proton and pion non perturbative trans-
verse distributions used in the calculation. It is important to

123

We find 

Q02=0.21 GeV2 / Q0=0.46 GeV  

with χ2/dof=2

Comparison of integrated X-section 
with theory at NLO: 

๏ pion from NJL 
๏ proton from CTEQ06M 
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PERTURBATIVE CORRECTIONS
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๏ full TMD for both hadrons 
๏ either from pheno. or similar models 

But,  
๏ no pheno proton TMD available (when we started this…) 
๏ no model similar to NJL for the proton
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STRATEGY 

๏ use a phenomenologically estimated  

๏ PDF from CTEQ6M 

๏ NP + b-prescription from [Konychev & Nadolsky, Phys. Lett. B 633, 710 (2006) ]  

๏ use the pion TMD from the NJL model  

๏ [Noguera, S. Scopetta, JHEP 1511, 102 (2015)]  

๏ redefine the hadronic scale of PDF from DY integrated data 

๏ interpret the kT-dependence of the model onto the (unintegrated) DY data

fb/P (⇠P ;µb)⇥ eS
P
NP(b)

fa/⇡(⇠⇡,~b; ⇣⇡, µb)
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THE NON-PERTURBATIVE PART

One parameterization of the non-perturbative contribution 
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Fig. 2 Drell–Yan pairs production in π−W collisions. Next-to-leading order cross sections obtained by using evolved NJL pion PDFs for three
values of Q2

0 are compared to data of Ref. [44]

scale associated to the pion NJL model. The other two curves
in Fig. 2, corresponding to Q2

0 = 0.19 GeV2 and Q2
0 = 0.25

GeV2 respectively, are added, in order to show the sensitivity
to this particular choice of infrared Q2

0. It is worth noticing
that the results show an acceptable agreement, both in shape
and in normalisation. More in detail, a tendency of the the-
ory to undershoot the data is identified in the range of small
xF (−0.2 < xF < 0.2). This deficiency is not unexpected
since, in the mentioned kinematic region, the dominant con-
tribution to the cross sections involves sea quarks and gluons
which are absent at Q2

0 and are radiatively generated by QCD
evolution. This is a typical drawback of models which con-
tain only valence contributions at the hadronic scale. At this
point we would like to mention that the theoretical descrip-
tion of the xF -spectra at large xF and the determination of
pion parton distributions can be further improved employ-
ing resummation techniques presented in Refs. [49,52,53].
It is worth noticing that, as shown in those papers, threshold
NLL resummation of the Wilson coefficients leads to larger
cross sections at large x with respect to NLO ones. This,
in turn, implies softer pion PDFs at large x . In the present

context, this fact would imply a scale Q2
0 for the NJL model

lower than the one already determined by using NLO Wilson
coefficients in Eq. (20).
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where Sπ
N P (b) is given in Eq. (19) and the square root on

S pp
N P (b), given in Eq. (12), takes into account that now only

one proton is involved in the process. It is instructive to
directly compare the proton and pion non perturbative trans-
verse distributions used in the calculation. It is important to
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At present, the perturbative Sudakov form factor can be eval-
uated at next-to-next-to-leading logarithmic (NNLL) accu-
racy [11]. In the qq̄ annihilation channel pertinent to Drell–
Yan production, the evaluation of the Sudakov form factor at
next-to-leading logarithmic (NLL) accuracy, the one reached
in the present analysis, involves the coefficients

A(1) = 2CF B(1) = −3CF , (9)

which are the coefficient of the singular (1−z)−1 and δ(1−z)
terms of the one-loop splitting function P(0)

qq (z) and

A(2) = K A(1), K = CA

(
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− π2
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)
− n f TR
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, (10)

which is the coefficient of the singular term of the two-loop
splitting function P(1)

qq (z) in the z → 1 limit [34]. The general
expression for C (1)

ab are given by [11,35]

C (1)
qa (z) = C (1)

q̄b (z)

= δqaCF (1 − z)+ δqa δ(1 − z)CF

(
−4 + π2

2

)
,

C (1)
qg (z) = C (1)

q̄g (z) = 2TR z(1 − z). (11)

Color factors in the previous equations are given by CA = 3,
CF = 4/3, TR = 1/2 with n f being the number of active
flavours. Together with the use of NLO pdfs, this guarantees
the evaluation of the cross section at small qT at NLL accu-
racy. The last ingredient in Eq. (2) is the non perturbative
form factor, Sh1h2

N P (b), which encodes the transverse struc-
ture of both the colliding hadrons. The latter is either fixed
by comparison with data or parametrized with the help of
hadronic models, as we shall do in this paper.

2.2 Proton structure

Predictions for the transverse momentum spectrum of DY
pairs produced in pion–proton collisions do rely on the
knowledge of the proton NP form factor. The latter is
extracted from the transverse momentum spectrum of DY
pairs produced in proton–proton (pp) and proton–nucleus
(pA) collisions. Quite recent analyses [15,16] have appeared
which address such an extraction. Since our aim here is to
establish the possibility of studying the pion transverse non
perturbative structure in pion–nucleus DY experiments, we
here intend to minimize the uncertainity coming from the
proton structure part of the calculation. We use the well
known and widely accepted results of Konychev and Nadol-
sky (KN05) [12] obtained within the CSS formalism [6]
where S pp

N P (b) is extracted from global fit to Z -boson and

low mass DY data, updating the results presented in Ref. [13].
The latter is parametrised as

S pp
N P (b) (12)

= exp{−[a1 + a2 ln(M/(3.2 GeV))+ a3 ln(100x1x2)]b2}.
The ai parameters appearing in Eq. (12) are determined by a
minimisation procedure against data and are given by [12]

a1 = 0.201 ± 0.011, a2 = 0.184 ± 0.018,

a3 = −0.026 ± 0.007. (13)

The fit is fully specified once a prescription for the treatment
of the non perturbative, large-b, region both in the Sudakov
form factor, Eq. (6), and the parton distributions is given.
The authors of Ref. [12] adopt the so-called b⋆-prescription,
substituting b with

b⋆(b, bmax ) =
b

√
1 +

(
b

bmax

)2
, (14)

and setting bmax = 1.5 GeV−1 in the perturbative form fac-
tor. In principle, the same setting should be used in PDFs,
which are evaluated at the factorisation scale µF = b0/b∗.
However this choice for bmax may imply a call to a specific
PDFs parameterization below their lowest available scale,
Qin . Since in Ref. [12] cross sections are evaluated with
the NLO CTEQ6M PDFs [36], whose lowest Q accessible
is Qin = 1.3 GeV, the b⋆-prescription entering PDFs calls
is used with bmax = b0/Qin ≃ 0.86 GeV−1 which always
guarantees µF > Qin . It is important to remark that the non
perturbative form factor is determined not only by fitting the
parameters of the chosen functional form, but also by the
specific regularisation prescription and its associated param-
eters adopted to deal with the infrared region. In general all
these ingredients have been found to be highly correlated.

In order to present a benchmark of our code and to gauge
how theory performs in extrapolation regions, we compare
predictions from KN05 to the pA data of Ref. [37]. An addi-
tional ±25% normalisation error is assigned to the data [37].
In the original KN05 analysis, only the data at plab = 400
GeV, qT < 1.4 GeV, 5 < M/GeV < 9 were included in the
fit. In such a restricted region indeed the theory (solid lines)
performs well offering a good benchmark of our code, as
shown in the first row of Fig. 1. Since the πW data to be ana-
lyzed in the following are at plab=252 GeV, it is important to
check how well the theory performs in extrapolation regions
at lower

√
s and higher DY rapidity. Therefore we present

in the second and third rows of Fig. 1 the KN05 benchmark
(dashed lines) versus data [37] at plab= 200 and 300 GeV,
which were not included in the KN05 fit. By using Eq. (4)
and Eq. (5) and assuming the invariant mass values indicated
on the plots, the rapidity coverage of these data can be con-
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guarantees µF > Qin . It is important to remark that the non
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specific regularisation prescription and its associated param-
eters adopted to deal with the infrared region. In general all
these ingredients have been found to be highly correlated.

In order to present a benchmark of our code and to gauge
how theory performs in extrapolation regions, we compare
predictions from KN05 to the pA data of Ref. [37]. An addi-
tional ±25% normalisation error is assigned to the data [37].
In the original KN05 analysis, only the data at plab = 400
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performs well offering a good benchmark of our code, as
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lyzed in the following are at plab=252 GeV, it is important to
check how well the theory performs in extrapolation regions
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in the second and third rows of Fig. 1 the KN05 benchmark
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parameters of the chosen functional form, but also by the
specific regularisation prescription and its associated param-
eters adopted to deal with the infrared region. In general all
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We assumed that factorization of the transverse momentum occurs at Q0 only.
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Fig. 4 Predictions compared to cross sections in various invariant mass bins of the pair integrated in 0 < xF < 1. Data from Refs. [44,54]
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F

x min
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dxF

∫ τ max
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dτ
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dq2

T q2
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dxFdτdq2
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∫ x max
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F

dxF

∫ τ max
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dτ
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T

0
dq2

T
d3σ

dxFdτdq2
T

.

(24)

Integration limits are provided by experimental conditions.
For data, indicated by black lines in Fig. 6, the phenomeno-
logical parametrisation presented in Ref. [44] is used. For
both theory and data, the ⟨q2

T ⟩ is calculated with a maximum
value of qmax

T = 2 GeV. Theory predictions tend to under-
shoot the data but, overall, a good shape agreement is found.
By comparing lines with and without TMD evolution (for
the latter the perturbative Sudakov Sq is removed from the

evaluation of Eq. (2)) one can appreciate its large impact on
the amount of generated ⟨qT ⟩. On the same plot, in order to
investigate the sensitivity to the pion transverse structure, we
additionally show the predictions obtained by substituting the

pion transverse factor, Eq. (19), with
√
S pp
N P (b). As already

seen in Fig. 4, differences are minimal, implying a reduced
sensitivity to details of the non perturbative transverse fac-
tor. Therefore if one aims to better appreciate the strictly non
perturbative form factor, one has to confine in corners where
TMD evolution is minimised, but still in a perturbative range.
These phase space regions can be identified by extrapolation
from the right plot as the one at the lowest, but still pertur-
bative, values of the invariant masses of the pair, as already
noticed above while discussing Fig. 4.
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Refs. [44,54]

4 Conclusions

A thorough analysis of DY pair production in pion–nucleus
scattering has been presented. The main goal of our work
has been the test of model predictions, obtained within the
Nambu–Jona–Lasinio model for the transverse pion struc-
ture. In particular we have focused on the study of differential
transverse momentum spectra of DY pairs produced in pA
collisions calculated in the CSS framework at NLL accuracy
borrowing from the literature the longitudinal and transverse
proton structure. The pion is treated in the Nambu–Jona–
Lasinio model. No further assumption has been made: even
the momentum scale associated to the model is obtained via
a minimization procedure of NLO theory to DY experimen-
tal longitudinal spectra. The latter turns out to be a low one,

in line with that normally used, which could be predicted
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Fig. 6 Top panel: lepton pair average transverse momentum, ⟨q2
T ⟩, as

a function of xF integrated in the mass range 4.0 < M/GeV< 8.55.
Bottom panel: ⟨q2

T ⟩ as a function of M integrated in the range 0 <
xF < 1. Averaged values are obtained integrating both predictions and
the phenomenological parametrisation of the data up to qmax

T = 2 GeV

nario, a possible strategy would be the measurement of DY
pion–nucleus qT -spectra, in bins of xF , at low values of the
mass of the pair, as the present study suggests to look into this
kinematical window to emphasize the non-perturbative con-
tent of the pion. Further analyses of the pion non-perturbative
form factor, as a function of the hard scale, should be pur-
sued so we could progress on that point. In the very same
window, new data could allow a deeper investigation of the
dependence of the non perturbative form factor upon the hard
scale of the process.
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distribution functions is expected. The limit xF → 1 cor-
responds to large x1 in the pion (and small x2 in the
nucleon). As x1 → 1 the ū from the π− is far off shell, and
more appropriately described in terms of the pion distri-
bution amplitude [119]. While this so-called Berger-
Brodsky effect provides a unique opportunity to access
information on the pion distribution amplitude [120], from
the point of view of the TMD description of the DY process
it is a power correction, which dominates as one approaches
the limit xF → 1 of the available phase space. Interestingly
the Gaussian ansatz itself still works even for xF ≳ 0.7
[117]. In principle one could continue using the TMD
description, at least in some parts of the large-xF region.
This would require narrower hq2TðxFÞi. The xF dependence

of hq2TðxFÞi implied by the LFCM through the x depend-
ence of the Gaussian widths in Eq. (43) is not sufficient for
that, but one could introduce an adequate xF dependence of
the transverse momentum broadening hδk2⊥;unpðsÞi in addi-
tion to its s dependence. In this work we shall refrain from
such attempts, stick to our xF-independent description of
transverse momentum broadening in Eqs. (45) and (46),
and keep in mind that this description has limitations at
large xF.
The observable hq2TðxFÞi shown in Fig. 7 is the result of

averaging over DY pair momenta. It is of importance to
demonstrate that our approach works also for observables
depending on qT . For that we consider the data from the
E615 experiment [15] shown in Fig. 8 on the normalized
cross sections, which we define for brevity as

1

σ
dσðqTÞ
dqT

≡ d2σðqT; xFÞ
dqTdxF

=
dσðxFÞ
dxF

¼ 2πqThF1
UUðx1; x2; qTÞi

hF1
UUðx1; x2Þi

; ð47Þ

where h$ $ $i denote averages over xF in certain bins, and σ
in the first term of Eq. (47) is a shortcut notation for the
differential cross section dσ=dxF. The normalization is
such that one obtains unity after integrating over qT in
Eq. (47). Using the Gaussian ansatz, the structure functions
are given by

F1
UUðx1; x2; qTÞ

¼ 1

Nc

X

a

e2afa1;πðx1Þfā1;Nðx2Þ
expð−q2T=hq2TiÞ

πhq2Ti
; ð48Þ

〈 〉 〈 〉(a) (b)

FIG. 7 (color online). The mean dimuon transverse momentum
square hq2Ti vs xF from the Fermilab E615 experiment taken with
respectively (a) 80 GeV [12] and (b) 252 GeV [15] π− beams
impinging on tungsten targets. The theoretical curves are the
result from LFCM obtained in this work with a phenomenologi-
cal estimate for transverse momentum broadening, see Eqs. (45)
and (46).
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CONCLUSIONS

๏ Pion-proton collision to μ+μ- 
๏ We have included pion nonperturbative dynamics in DY cross section 
๏ Slight change in shape w.r.t. pure gaussians 
๏ Need to understand another function: gK(b) 

Importance of nonperturbative inserts in perturbative evolution! 
Exciting physics ahead! 
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OUTLOOK

๏ Predictions for COMPASS-II 

๏ Go to polarized case 
๏ T-odd TMDs and universality 

๏ Go to the modern TMD description of the factorized form 

๏ Use knowledge on pion to fix NP parameters 
๏ Redefine/evaluate the hadronic scale from TMD pheno. 

[Collins & Rogers, PRD91]
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THE THEORY OF THE STRONG INTERACTIONS
9. Quantum chromodynamics 31

Notwithstanding these open issues, a rather stable and well defined world average
value emerges from the compilation of current determinations of αs:

αs(M
2
Z) = 0.1184 ± 0.0007 .

The results also provide a clear signature and proof of the energy dependence of αs, in
full agreement with the QCD prediction of Asymptotic Freedom. This is demonstrated in
Fig. 9.4, where results of αs(Q2) obtained at discrete energy scales Q, now also including
those based just on NLO QCD, are summarized and plotted.

Figure 9.4: Summary of measurements of αs as a function of the respective energy
scale Q. The respective degree of QCD perturbation theory used in the extraction
of αs is indicated in brackets (NLO: next-to-leading order; NNLO: next-to-next-to
leading order; res. NNLO: NNLO matched with resummed next-to-leading logs;
N3LO: next-to-NNLO).
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Process called Drell-Yan
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Fig. 3 Transverse profile in b-space for the NJL pion, Eq. (19), com-
pared, in the top panel, to the profile of the WLS pion [22] and, in the

bottom panel, to that of the KN05 proton,
√
Spp
N P (b), both evaluated for

different values of the scale M

remark that the NJL pion transverse distribution in Eq. (19)
differs from the corresponding proton factor in Eq. (12)
in that it does not contain any explicit dependence neither
on hard scale M nor on parton fractional momenta. Such
a comparison is meaningful at the typical scale for which
the transverse form factors and the longitudinal momentum
part factorize. For the pion case this happens at the scale
Q2

0 determined in the previous section. For the proton TMD
such a scale is ambiguously defined and, according to KN05
analysis, ranges between Q2

in and (b0/bK N05
max )2. Therefore

we choose M = Qin = 1.3 GeV in Eq. (12) and fix the
product x1x2 = M2/s, see Eq. (4), exploiting the π−W
kinematics with s calculated according to a beam energy of
plab = 252 GeV. This comparison is presented in Fig. 3,

where our result for the pion non-perturbative form factor,
Sπ
N P (b), is also compared to the parametrisation of the non-

perturbative pion form factor of Ref. [22] (called hereafter
WLS). The approach of Ref. [22] is rather different from
ours, both in the spirit and in the physical ingredients used.
As a matter of fact, in that paper the proton non-perturbative
form factor, S pp

N P (b), has a structure similar to that of our Eq.
(12) and for the pion the same form has been assumed, with
the corresponding parameters obtained from a fit of the same
cross section data used in the present paper. As a result, the
pion non-perturbative form factor depends on both the hard
scale and the parton momenta. A fit is then performed up to
qT ≃ 3 GeV. We reiterate that our goal here is not to fit but
rather to assume a well known structure for the proton non-
perturbative form factor and to test the pure NJL predictions
for the pion against the data. The purpose of the comparison
with the WLS parametrisation is therefore mainly illustra-
tive and quantitative conclusions can be hardly reached. All
the distributions presented in Fig. 3 reduce to unity in the
b → 0 limit, since they are all normalised to unity in trans-
verse momentum space. In the top panel of Fig. 3 we com-
pare the NJL transverse distribution to the pion parametri-
sation of Ref. [22] (called hereafter WLS) obtained from a
fit of the same cross section data used in the present paper.
One may notice that, for this model, the width of the dis-
tribution is smaller with respect to the NJL one, implying a
larger average transverse momentum. In the bottom panel of
Fig. 3 one may notice that the NJL pion transverse distribu-
tion develops a larger tail with respect to the gaussian drop
of the proton distributions. Moreover the b-space width of
the KN05 proton with M = 1.3 GeV is larger with respect
to the pion one. When transformed back in kT space, this
implies that the intrinsic transverse momentum in the pion
is larger than the one in the proton, in agreement with the
general expectations, since the pion is a much smaller sys-
tem with respect to the proton. It is worth mentioning that
both the KN05 and WLS non perturbative form factors have
an explicit, althought slightly different, dependence upon the
hard scale M , in both cases set equal to the invariant mass of
the dilepton pair. Therefore we plot in each panels, as a repre-
sentative case, the curves corresponding to both form factors
evaluated with the scale set to M = 4 GeV. Comparing the
latter curves to the ones with M ∼ 1 GeV, we conclude that
the M-dependence generates a sizable non perturbative evo-
lution of the form factor which is more pronounced for KN05
proton model than for the WLS pion model.

We now turn to the discussion of the perturbative part of
the Sudakov form factor, Eq. (6). The latter, at variance with
its non perturbative counter part, does not depend upon the
type of initial state hadrons involved in the scattering pro-
cess. In principle, the same regularisation procedure should
be used both in the Sudakov and in the PDFs. This optimum
indeed faces some technical problem, for example the call to
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