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Characterization of resonances

e Mass and width: well constrained
experimental results of most of them.

e Less constrained and challenging:
elastic/transition form factors, glue
content, etc.

e To completely understand the nature of
these states we would like to apply full

QCD.
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Characterization of resonances

e Mass and width: well constrained
experimental results of most of them.

e Less constrained and challenging:
elastic/transition form factors, glue
content, etc.

e To completely understand the nature of
these states we would like to apply full

QCD.

What if we only had it in a box?
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Vector-meson electric form factors in a box
[Phys. Rev. D 91, 114501] by the HadSpec Collaboration.
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Nuclear processes in a box
[Phys. Rev. Lett. 119, 062002] by the NPLQCD Collaboration.

pionless EFT

Unphysical mass: deeply bound states
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Collaborators [arXiv:1812.10504]

Raudl Briceiro
ODU/JLab

- Alessandro Baroni

University of
South Carolina

Maxwell Hansen
CERN
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Outline

Watson's theorem (Infinite Volume).
Finite Volume effects.
LQCD steps towards two-hadron form factors.

Calculation of new geometrical function ( G-function).
P; = Pr case.

P; # Pr case: Triangle singularity.

Outlook.
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Infinite volume scattering amplitude M=>‘<
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Below next

multiparticle =
threshold
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Infinite volume scattering amplitude M=>‘<
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Watson's theorem 1+J — 2 : A = ><

[Phys. Rev. D 91, 034501] by Bricefio, Hansen, Walker-Loud.
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Watson's theorem 1+J — 2 : A = ><

[Phys. Rev. D 91, 034501] by Bricefio, Hansen, Walker-Loud.
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Infinite Volume Transition 2+J — 2: W = *
) G O O e
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Infinite Volume Transition 2+J — 2: W = >‘<
) G e ety

1 1 1 1
— —J :
[1—/Clpf 1—2,0@-IC] +1/CiprTK1ipi/C

Dynamical dependence %
(real function)

e Watson's theorem is recovered when the current only couples to

N’

multiparticle states.

Cake Seminar - Jefferson Lab 2019-03-27 9



Is Finite Volume an advantage or a disadvantage?
[Phys. Rev. D 92, 094502] by the HadSpec Collaboration.

Isospin-1 spectrum:
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Short range interactions manifest as deviations from
the free two-body spectrum in a box.
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Is Finite Volume an advantage or a disadvantage?
[Phys. Rev. D 92, 094502] by the HadSpec Collaboration.
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Poisson summation formula

00
Z f(n) (Fourier transform)
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(2 f)ren= =

characteristic scale in f

As long as fis a smooth function.
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Smooth intregands: exponentially suppressed
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Smooth intregands: exponentially suppressed
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Singular functions give rise to power law corrections

two-hadron 9
form factors P

I P]c
e Calculate resonance Form Factors in a generic QFT (EFT).

e Diagrams with multiple particles on-shell in intermediate states give
rise to singularities, FV corrections are no longer suppressed.

e Calculation of FV corrections rigorously allows to constrain the
dynamics of resonances using LQCD.
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Singular functions in 2 +J =2 : W, ...,

a) Loops where two or more

particles can go on-shell. \

b) Current coupled to long-lived
states.

Work strategy: \
a) ME without the known long- é
_|_

distance singularities. x

b) Focus on a kinematic window (_J/" Watips -
below 3-particle threshold.
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. . . [arXiv:1509.08507]
The (euclidean) lattice calculation

R.Briceno, M. Hansen

CoP" (tfv ti) —

X (| T (0)[n) e~ Bnts~Ents

t. I m, n are the finite volume
‘ energy eigenstates

1
~ L6

[ (m|7(0)|n)[*

RoWrL at R I as
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The (euclidean) lattice calculation
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- . [arXiv:1509.08507]
Infinite volume observables
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- . [arXiv:1509.08507]
Infinite volume observables

R.Briceno, M. Hansen
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Infinite volume observables
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Infinite volume observables

finite-volume
spectrum

finite-volume
two-to-two

matrix elements

o Wrar— War =

Cake Seminar - Jefferson Lab
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The loop function of interest

-3 - L [p- )
Dotted lines: put on-shell the R~ R
quantities at the end of the T [ - ]

propagator.
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The loop function of interest

- - > o[- p]
Dotted lines: put on-shell the R~ -
quantities at the end of the T [ - ]

propagator.
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The loop function of interest

-5 - [l Pp-itip]
Dotted lines: put on-shell the R~ R
quantities at the end of the T [ - ]

propagator.
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(i function

~ - ~ -
- - -~ -
--------------------

Temporal integral puts p2 on-shell

+ smooth terms.
(ko = \/kz +m§)
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(i function

~ - ~ -
- - ~ -
--------------------

Single FF tensor
decomposition

* *
:|y€fmf (kf) D(m7 k)K:jlm,un (m7 k) yZmz (kz)

1 Z d>k
L3 (27)3
k
Temporal integral puts p2 on-shell

+ smooth terms.
(ko = “k2 +m§)
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(i function

~ - -~ -
- - ~ -
-~ - -
- m == e R R ==

Single FF tensor
decomposition

} —

Veym (Kp) D(m, KK, (m,K) Yy, (K5

1 d>k
=2 [y
\ End-caps angular momentum /

Temporal integral puts p2 on-shell projection

+ smooth terms.
(ko =/k%+ m%)
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(i function

~ - -~ -
- - -~y -
R m =" L N e

Propagators Single FF tensor

decomposition
1 d3k * ES *
15 2 [ [P 09 DOn I, (1,19 Vi, ()
k

\ End-caps angular momentum /

Temporal integral puts p2 on-shell projection

+ smooth terms.
(k?o = “k2 +m§)
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(i function

- - - -
-~ - -~ -
- - -~y -
L N L

Propagators Single FF tensor

decomposition

} N ——

Veymy (Kp) D(m, KK, (msK) Vi, (K5)

1 d>k
=2 [y
\ End-caps angular momentum /

Temporal integral puts p2 on-shell projection

+ smooth terms.
(k?o = \/k2 +m§)

How to evaluate this 3D sum - integral
without losing the rigor?
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G-function when P, = Ps (one pole)

j,x V \\C B 3',»"— "nw‘c Scalar 1_partIC|e FF P _ O
I 3
d°k 1
Gri=o0,0,=0(P [ / ]
f L3Z 2w p_k)Q_m%+Z.€>2 .
0—Wk2
b) a)
Expand functions around the pole: f(k Z an(a?) (> — K2)"

n—-—2

CM relative momenta of pl-p2.

b)
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G-function when P, = Ps (one pole)
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G-function when P, = Pt (one pole)
scalar 1-particle FF P =0

Wa2 d3k 1 —mL
Gﬁfzo,ﬁz':()( — 2é2 [L3 Z / ] — k2 i i€)2 + O(e )

e The integral can be evaluated analytically. ol Inverse sqrt singularity
q

e The sum can be quickly saturated.
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G-function when P, = Pt (one pole)
scalar 1-particle FF P =0

o Wq2 d3k 1 —mL
Ger=ot=0(P) = 5p3 [L3 Z / ] — k? + i€)? +OET)

e The integral can be evaluated analytically. ol Inverse sqrt singularity
q

e The sum can be quickly saturated.
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Evaluated in CM
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G-function when P, = Pk

401

2

e The G-function is a 20
linear combination of -
generalized Liischer 2001
/-functions. Z@

0

2 (P L,a) = [2“22 - /d3r*] \/__

- WEk2

Regularize with a cut-off function.
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General case

1 1 1

D k) =
(m, k) 2Wk2 (Pf_k)Q_m%+i€ (Pi_k)Z_m%+i€

ko=wpk2

a) The integrand contains poles at two-different locations
(different cut-off function H needed, sum is straight forward).

b) The G-function will feature both finite-and infinite-volume
analytic structure:

1. Poles at free finite volume energies.

2. Threshold/Triangle singularities at the Landau conditions.
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- 000
The integral evaluation

or

Keep the rigor and avoid brute force

1 1 1
k? —m3 +ie (Pr — k)2 —m7 +ie (P; — k)2 — m? + ie

D.(m, k) =

[ 4D, ) = DOm ) + Dm0
2T ——

Smooth function
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- 000
The integral evaluation

or
Keep the rigor and avoid brute force
1 1 1

DC 7k — . . .
(m, k) k2 —m3 +ie (Pr — k)2 —m$ +ie (P, — k)% — m? + ie

[ 5D, K) = DOm.K) + Dy(m, )
2T ——

Smooth function

e Can be generalized to an expression with general tensor FF.

/ d—kODc(m, k)K (k) = D(m, k)K;ul...,,N (m, k) + ICT;I/l"'VN (mv k)
—
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(m, k) k2 —m3 +ie (Pr — k)2 —m$ +ie (P, — k)% — m? + ie

[ 5D, K) = DOm.K) + Dy(m, )
2T ——

Smooth function
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e Can be generalized to an expression with general tensor FF.
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—
I.A;a IN;U
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ZN;,Ul‘“Mn;Efmf;E’imi (@7 A? Pf7 PZ)

e Smooth, UV-convergent, 3D-integral.

e |orentz covariant:

e It can be evaluated in a frame where one of the external
3-momentum is 0, and the other only points in the z-axis.

— L=2
57 — L=5
— L
4.
§3_ D, s+ D,; smooth
R
2
1 Py = [001]
F; = [000]
0
0 2 4 6

Er/m

o Effectively only a 2D numerical integral is needed.

1.51 [P, =[000] mL=6
P; =[001] a=1/3
2 10
X \
Y 0-5-\ —
E \ B
0.0 \
2.0 2.5 3.0 3.5
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P, =[001] mL=6

o 2.0 Py =[001] a=1/3"
= o = [10;10; 11 = 0]
X
A1 =3m AQ = 6m
1.5
5
£
= 1.0-
-y
Ko
5]
2.0 2.5 3.0 3.5
2019-03-27 24



I.A;J(Av Pf7 Pz)

X Y
d*k 6(1 —x —y— 2)

~ /da;dydz (2m)% (k2 — ¢(x,y, 2))?

a) The final Feynman integral has to be done
numerically, the 7€ can be taken to 0, (with care).
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ZA;J(Av Pf7 Pz)

A Y
N/dajdydz dk (1 —xz—y—2)
(27T)4 (k2 o ¢($,y, Z))3

a) The final Feynman integral has to be done
numerically, the 7€ can be taken to 0, (with care).

/

ot
o

Log singularity.

m2ImZ 4 x 10°
[\
Ot

=
o

2.0 2.02 2.04 2.06 2.08
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IA;O‘(A7 Pf: Pz)

X Y
o [ dotyas ey
(2m)t (k? = o(z,y,2))°

a) The final Feynman integral has to be done
numerically, the z€ can be taken to 0, (with care).

/

ot
o

Log singularity.

m2 ImIA X 102
N
ot

T 2.02 2.04 2.06 2.08
E/m
» 9 96
Landau conditions on the Feynman parameters: 3 = O oy 0, ¢(zc,ye) =0.
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- 000
A visualization of the triangle singularities

Landau conditions of triangle singularity — X (s, Sf, QQ) =0

220y T 7T

2.00 2.05 2.10 2.15 2.20

E*/m,
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Character of the singularity

loops propagators
' |
404+m—2 E
X y x (v/s0 — ) ? "= (Vso — s)
independent

Feynman parameters

if E=2k<0 (\/50 - s)glog(so — S)

P. = Pr 1loop, 1ind. Feynman, 3 prop — inverse sqrt
P, Ps 1 loop, 2 ind. Feynman, 3 prop — log

Px,threshold 1 loop, 1 ind. Feynman, 2 prop— sqrt

Cake Seminar - Jefferson Lab 2019-03-27 27



L 4 analytical structure

Analytic

Cake Seminar - Jefferson Lab

I\/S — Sy,

P,# P,
*
Ef
O N
Eitn E*
—l/S— S, —ilog (SA — s)
2019-03-27
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L 4 analytical structure

i Py
P,=P, — =
r=P P+ P,
Ef* Ef*
Etin X Efth \
Ein E7 Ei tn El.*
- - —_— x

Analytic im —14 /8 — Sy, —ilog (SA — S) i
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L 4 analytical structure

—

b
e}
~.

~o

~
—
~

0.0

m?ReZ 4 x 102

[

/

m?ImZ 4 x 107
[\)
Ut

1.9 2.0 2.1 2.9 2.3 2.4 2.5 2.6 E:
7

Analytic i /s =5 S —i. /5 — S —llog (SA . S) l
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And finally this is how the G-function looks like

[+0.10, +0.15]
—0.05 - /
—0.15 1 !
2.25 1 /
- /
2.20 —0.05- i
2.151 —0.15 1
2.10 1
—0.05 1
2.051-
—0.15 1
2.00 . .
2.00 : : : : 2.0 2.1 2.2

Poles at FV Threshold Triangle
free energies. singularities. singularities.
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And finally this is how the G-function looks like

[+0.10, +0.15]

mL =6
P; = [000] 0057
Py = [001]

—0.15 1
2.25 7

2.209 ~0.051

2.15+ —0.15 1

—0.05 1

—0.15 1

R \

200 2. . . . 2.0 2.1 2.2

Poles at FV Threshold Triangle
free energies. singularities. singularities.

 Wr.ar — Was = ZCU) Y9 M(sz) G(Pi, Py, L) M(s;)
J
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Summary and Outlook

Overview of an efficient evaluation of the geometrical
function encoding power-law finite-volume corrections of
hadronic matrix elements (/local currents).

Kinematic singularities have to be understood in order to
parametrize dynamics independently.

Matching of Lorentz decomposition with p.w.
decomposition of Wiys is undergoing.

Extension to spin/multichannel (proliferation of indices).

Future calculation of Resonance/bound states FF.

Cake Seminar - Jefferson Lab 2019-03-27 30



Additional shdes
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G-function when P, = P (only one pole)

1 : : dgk * w * *
k

e Every k 4-vector can be
decomposed into SH.

e The numerator is a linear
combination of SH.

VAT Cont (B K K Y (k)

e Expand the numerator and M
denominator around the pole

and only keep singular terms. F) =3 an(g"2) ("2 — k)"

n

Ay, m un( *) *J e
Gy = B Y (k)
n% ( k*2)
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Cut-off dependence

WEk2

*J A%
257;\)4 P L Oé [ ka /d3 *] 47TT YJM( )6—04(7“*2—2132)n .

(22 — 1*2 4 i)

*J X
070 = [0 - [ | ST i)

Cake Seminar -

(22 — 1r*2 +ie)™

Wk2
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Regularize the Integral
", — ———

. d*k Pauli-Villars regulators
T (M PP P) 2 M [ Ko () 3 esDe(A ).

§=0

] [ B i S = y

Tno (@, A, Py, P,) = M oy (@1~ 1] S ¢ [D(Aj, K)KY (A K) + Koo (A k)]
§=0
Bk .
SH decomposition - (273 H(a,k)chD(Aj,k)Kyl__,yN (Aj,k)

j=1

Cut-off function - / 2 H(a,k)ch/Cr;ul...yN(Aj,k)].
=0
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Regularize the Integral

—
Pauli-Villars regulators

d3k '
Ino (@, A, Py, Py) = M¥vN [ / [H(a,kf— 1] ch [D(Aj,k)K“’ (Aj, k) + Koo (Aj,k)]

(2m)3 ~ viUN
Pk )
SH decomposition - (273 H(a,k)chD(Aj,k)Kyl__,yN (Aj,k)
j=1
Cut-oft function B (2 )3 H(aak)ZCjICT;V1~--VN(Aj7k) .
7T
§=0

Cake Seminar - Jefferson Lab 2019-03-27 34



Regularize the Integral

—
Pauli-Villars regulators

SH decomposition /

Cut-off function
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Regularize the Integral

—
Pauli-Villars regulators

In.o(a, A, Pr, Py) = M2
SH decomposition /

Cut-off function

e This is UV convergent and what we need to combine with the sum.

So (@, Py, Piy L) = = > H(@,%) Vi, (k7) D(m, KK (1K) Vi, (K])
k
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Stable

particle

p

Finite Volume

p

Infinite Volume

—mL
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