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Key questions

The following are major questions in contemporary hadron physics:

1 Where does the mass of the proton—and thus most visible mass—come from?

2 How do the innumerable quarks & gluons making up the proton fall together to have
spin 1/2?

3 How do forces between quarks & gluons confine them to within hadrons?

The energy-momentum tensor (EMT) provides the most direct window into answering
these questions.
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The canonical EMT is obtained by applying Noether’s theorem to spacetime
translation symmetry:

Tµνcan.(x) =
∑

q

δL
δ∂µq(x)

∂µq(x) +
δL

δ∂µAλ(x)
∂νAλ(x)− gµνL

=
∑

q

{
q̄(x)iγµ

←→
D νq(x)− gµν q̄(x)

(
i
←→
/D −mq

)
q(x)

}

− 2Tr
[
Gµλ∂νAλ

]
+

1

2
gµνTr

[
GλσGλσ

]

It is conserved in the first index: ∂µT
µν
can. = 0.

It is not symmetric: Tµνcan. 6= T νµcan.

It is not gauge invariant. Problem!
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The gauge invariant kinetic (gik) EMT is obtained by adding the divergence of a
superpotential to the canonical EMT.
See Leader & Lorcé, Phys Rept 541 (2014)

Tµνgik(x) =
∑

q

{
q̄(x)iγµ

←→
D νq(x)− gµν q̄(x)

(
i
←→
/D −mq

)
q(x)

}

− 2Tr
[
GµλGνλ

]
+

1

2
gµνTr

[
GλσGλσ

]

It is (still) conserved in the first index: ∂µT
µν
gik = 0. . . . but also, ∂νT

µν
gik = 0 too.

It is (still) not symmetric: Tµνgik 6= T νµgik

It is gauge invariant.

The gik EMT is also the source of gravity in Einstein-Cartan theory.

Einstein-Cartan theory is a natural extension of general relativity that accommodates
spin via spacetime torsion.
Also, it’s the gauge theory associated with local Poincaré transformations.
For a review, see Hehl et al., RMP48 (1976)
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Matrix elements of EMT between hadronic momentum eigenstates give
gravitational form factors (GFFs).

These are analogous to electromagnetic form factors in matrix elements of the
electromagnetic current.

For a spin-half hadron (e.g., the proton):

〈p′, λ′ | T aµν(0) | p, λ〉 = ū(p′, λ′)

[
γ{µPν}Aa(t) +

iP{µσν}∆

2M
Ba(t)

+
∆µ∆ν −∆2gµν

M
Ca(t) +Mgµν c̄a(t) +

iP[µσν]∆

2M
Da(t)

]
u(p, λ)

where a = g, q is any parton flavor.

The GFFs help address our previous three questions:
1 Where does the mass of the proton—and thus most visible mass—come from?
2 How do the innumerable quarks & gluons making up the proton fall together to have

spin 1/2?
3 How do forces between quarks & gluons confine them to within hadrons?
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The problem is, gravity is too weak to measure GFFs through graviton exchange.

But hard exclusive reactions can be used to measure GFFs.

Deeply virtual Compton scattering (DVCS) to probe quark structure.
Deeply virtual meson production (DVMP), e.g., J/ψ or Υ to probe gluon structure.
. . . and more!

The non-perturbative part of the reactions is described by generalized parton
distributions (GPDs).

∫
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Generalized parton distributions (GPDs) are like a mashup of (flavor-separated)
elastic form factors and parton distribution functions (PDFs).

Parton distribution functions

Encode a one-dimensional structure
along the light cone.

In terms of light cone momentum
fraction x or Ioffe time.

Momentum and temporal pictures
related by 1D Fourier transform.

Elastic form factors

Encode a two-dimensional structure
transverse to the light cone.

In terms of invariant momentum
transfer t or impact parameter b⊥.

Momentum and spatial pictures related
by 2D Fourier transform.

GPDs encode a three-dimensional description of partonic structure that subsumes
PDFs and form factors.
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GPDs: one kind of partonic structure

Figure from EIC White Paper, Accardi et al., Eur.Phys.J. A52 (2016) 268
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Formally, GPDs are defined using light cone correlators.

For quarks (in the light cone gauge):

Mq[O] =
1

2

∫
dz

2π
e−i(P ·n)zx〈p′|q̄

(nz
2

)
Oq
(
−nz

2

)
|p〉

Analogous definitions exist for gluons.

O is a Clifford algebra matrix defining “which” GPD we want.

/n = γ+ for helicity-independent, leading twist GPDs.
/nγ5 = γ+γ5 for helicity-dependent, leading twist GPDs.
etc.

Each correlator is decomposed into independent Lorentz structures; e.g., for the proton:

Mq[/n] = ū(p′)

[
/nHq(x, ξ, t;Q2) +

iσn∆

2mp
Eq(x, ξ, t;Q2)

]
u(p)

Mq[/nγ5] = ū(p′)

[
/nγ5H̃

q(x, ξ, t;Q2) +
(n∆)γ5

mp
Ẽq(x, ξ, t;Q2)

]
u(p)

The Lorentz-invariant functions of x, ξ, t, and Q2 are the GPDs.
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The GPD/DVCS variables

1 − ξ1 + ξ

x + ξ x − ξ

t

Q2

x+ξ
1+ξ and x−ξ

1−ξ are initial and final light cone momentum fractions of struck quark.

t is the invariant momentum transfer to the target.

Q2 is the invariant momentum transfer from the electron.

t 6= −Q2, in contrast to elastic scattering.

Q2 acts as a resolution scale, like in deeply inelastic scattering (DIS).

t tells us about structure seen from redistribution of momentum kick.

t is the “form factor variable” rather than Q2.
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DGLAP and ERBL regions

x + ξ x − ξ

x > ξ
DGLAP region

Pull quark out, put quark in

x + ξ

x − ξ

−ξ < x < ξ
ERBL region

Pull quark and antiquark
out, annihilate

x + ξ x − ξ

x < −ξ
DGLAP region

Pull antiquark out, put
antiquark in

A negative momentum fraction indicates an antiparticle.

The relationship between x and ξ gives qualitative picture of how reaction occurs.
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PDFs and the forward limit

Several GPDs correspond to PDFs when p′ = p, i.e., t = 0 and ξ = 0.

Definition of light cone correlator:

Mq[O] =
1

2

∫
dz

2π
e−i(P ·n)zx〈p′|q̄

(nz
2

)
Oq
(
−nz

2

)
|p〉

This is how PDFs are formally defined, provided p′ = p.
See e.g., Collins’s Foundations of Perturbative QCD.

For the proton:

Hq(x, 0, 0;Q2) = q(x;Q2)

H̃q(x, 0, 0;Q2) = ∆q(x;Q2)
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Reduction to elastic form factors
Integrating the correlator Mq[O] over x produces a local current:∫ 1

−1

dxMq[O] = 〈p′|q̄(0)Oq(0)|p〉

which is seen in elastic scattering reactions.

For /n, get (flavor-separated) electromagnetic form factors:

〈p′|q̄(0)/nq(0)|p〉 = ū(p′)

[
/nF

q
1 (t) +

iσn∆

2mp
F q2 (t)

]
u(p)

For /nγ5, get (flavor-separated) axial form factors:

〈p′|q̄(0)/nγ5q(0)|p〉 = ū(p′)

[
/nγ5G

q
A(t) +

i(n∆)γ5

mp
GqP (t)

]
u(p)

We get the following sum rules:∫ 1

−1

dxHq(x, ξ, t;Q2) = F q
1 (t)

∫ 1

−1

dxEq(x, ξ, t;Q2) = F q
2 (t)∫ 1

−1

dx H̃q(x, ξ, t;Q2) = Gq
A(t)

∫ 1

−1

dx Ẽq(x, ξ, t;Q2) = Gq
P (t)

A. Freese (ANL) Proton GPDs October 28, 2019 13 / 37



How GPDs encode GFFs: Polynomiality

For any GPD H(x, ξ, t;Q2), its Mellin moment is polynomial in ξ:

∫ 1

−1
dxxs−1H(x, ξ, t;Q2) =

s∑

l=0

As,l(t;Q
2)(−2ξ)l

The maximal possible order of the polynomial is s.

The polynomial is either even or odd (usually even) in ξ, depending on the GPD.

The coefficients As,l(t;Q
2) are called generalized form factors.

The reduction to elastic form factors is a special case of this general polynomiality
property (with s = 1).

Gravitational form factors (GFFs) appear when s = 2.

Polynomiality is a consequence of Lorentz covariance.
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Why GPDs encode GFFs
The second Mellin moment of Mq[/n] is also a local current—it’s the lightlike part of the
energy-momentum tensor:

∫ 1

−1

dxxMq[/n] =
1

(Pn)
〈p′|q̄(0)i/n(

←→
∂ · n)q(0)|p〉

=
nµnν

(Pn)
〈p′|T qµν |p〉 = ū(p′, λ′)

[
/nAq(t;Q

2) +
iσn∆

2mp
Bq(t;Q

2) +
(Pn)

mp
Ca(t;Q2)

]
u(p, λ)

This gives us the following sum rules:

∫ 1

−1

dxxHq(x, ξ, t;Q2) = Aq(t;Q2) + ξ2Cq(t;Q2)

∫ 1

−1

dxxEq(x, ξ, t;Q2) = Bq(t;Q2)− ξ2Cq(t;Q2)

Information about c̄q(t;Q2) and Dq(t;Q2) not accessible from leading-twist GPDs.

Analogous rules hold for gluon GPDs.
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DVCS and GPDs

∫

Deeply virtual Compton scattering
H(ξ, t)

1 − ξ1 + ξ

x + ξ x − ξ

Generalized parton distribution
H(x, ξ, t)

Deeply virtual Compton scattering (DVCS) is one method to probe GPDs.

Presence of a loop means one GPD variable, x, is integrated over.

Thus experiment only gives access to two-dimensional reductions of GPDs.

Integrated quantities seen in experiment: Compton form factors

H(ξ, t) =

∫ 1

−1

dx

[
1

ξ − x− i0 ∓
1

ξ + x− i0

]
H(x, ξ, t)
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DVCS and Bethe-Heitler processes

DVCS Bethe-Heitler process

DVCS interferes with Bethe-Heitler process: photon emission by electron

This is a boon rather than a bane: interference between diagrams seen in beam-spin
asymmetry!

Interference term seen in sinφ modulation of beam spin asymmetry:

ALU (φ) =
σ+(φ)− σ−(φ)

σ+(φ) + σ−(φ)
∝ Im

[
F1H−

t

4m2
p

F2E + ξ(F1 + F2)H̃
]

sinφ+ cosφ modulations + . . .
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Compton form factors

ALU (φ) ∝ Im

[
F1H−

t

4m2
p

F2E + ξ(F1 + F2)H̃
]

sinφ+ . . .

(diagram taken from Pisano et al., PRD91 (2015) 052014)

g 

f 

leptonic plane 

hadronic 
plane 

p’ 

e’ 

e 

p 

The imaginary parts of Compton form factors appear as:

ImH(ξ, t) = −π
∑
q

e2
q[Hq(ξ, ξ, t)−Hq(−ξ, ξ, t)] ImE(ξ, t) = −π

∑
q

e2
q[Eq(ξ, ξ, t)− Eq(−ξ, ξ, t)]

ImH̃(ξ, t) = −π
∑
q

e2
q[H̃q(ξ, ξ, t) + H̃q(−ξ, ξ, t)] ImẼ(ξ, t) = −π

∑
q

e2
q[Ẽq(ξ, ξ, t) + Ẽq(−ξ, ξ, t)]

CFFs and beam spin asymmetry give two-dimensional slices of GPDs.

cosφ modulations and absolute cross section contain real parts of CFFs.
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The importance of GPD models

The loss of x dependence in DVCS means we can’t extract GFFs directly from DVCS
measurements.

There is an indirect, but model dependent route:
1 Build a Lorentz-covariant model of proton structure to calculate GPDs.
2 Predict GFFs, including mass and spin decompositions, using the polynomiality

property of the GPDs.
3 From the same GPDs, calculate Compton form factors and DVCS amplitudes.
4 Experimentally validating the DVCS predictions gives credence to the GFF and

mass/spin decomposition predictions of the model.

Ideally, quantum chromodynamics (QCD) should be used to make these
predictions.

Lattice calculations can predict GFFs, but not yet GPDs.
See Shanahan et al., Phys.Rev. D99 (2019) no.1, 014511

An effective theory that reproduces the symmetries and low-energy properties of QCD
is a reasonable first step.

A. Freese (ANL) Proton GPDs October 28, 2019 19 / 37



The Nambu–Jona-Lasinio model

Low-energy effective field theory.

Models QCD with gluons integrated out. Four-fermi contact interaction.

L = ψ(i
←→
/∂ − m̂)ψ +

1

2
Gπ[(ψψ)2 − (ψγ5τψ)2 + (ψτψ)2 − (ψγ5ψ)2]

− 1

2
Gω(ψγµψ)2 − 1

2
Gρ[(ψγµτψ)2 + (ψγµγ5τψ)2]− 1

2
Gf (ψγµγ5ψ)2]

Reproduces dynamical chiral symmetry breaking.

Gap equation (at one loop / mean field approximation):

M = m+ 8iGπ(2Nc)

∫
d4k

(2π)4

M

k2 −M2 + i0

Mesons appear as poles in T-matrix after solving a Bethe-Salpeter equation.

Baryons appear as solutions to a Faddeev equation.
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Dressed quarks: effective degrees of freedom
Hadrons in the NJL model are made of dressed quarks.

Dressed quarks are quasi-particles.
Mass of dressed quark: 300-400 MeV (model-dependent).
They are amalgamations of the true (current) quarks.
Their emergence is described by the gap equation.

Hadrons really have an indefinitely complicated current quark substructure.

Within baryons, two dressed quarks can amalgamate into a diquark correlation.

→ →
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Dressed quark GPDs

GPDs are defined through current
quark fields.

Hadrons in the NJL model are made of
dressed quarks.

The dressed quarks also have GPDs.

Orange: up/up or down/down
Blue: up/down or down/up

Dressed quark GPDs found by solving
a Bethe-Salpeter equation, plus GPD
evolution from model scale.
See AF & Cloët, arXiv:1907.08256 for details.

Figure at ξ = 0.5, Q2 = 4 GeV2.
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Dressed quarks: composite objects

〈xu〉 〈xd〉 〈xs〉 〈xG〉
0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

〈x
〉

Dressed up quark at Q2 = 4 GeV2

Ju Jd Js JG
0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

J

Dressed up quark at Q2 = 4 GeV2

Dressed quark contains indefinite number of current quarks and gluons.

Gluons generated by evolution.

Dressed quarks also have mass/spin decompositions.
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GPD convolution
The dressed quark GPD must be folded into the hadron GPD through a
convolution equation.

If we know the GPD of a particle Y , as well as the distribution of Y within X, we
find the GPD of the particle X:

HX,i(x, ξ, t) =
∑

j

∫
dy

|y|hY/X,ij(y, ξ, t)HY,j

(
x

y
,
ξ

y
, t

)

The function hY/X,ij(y, ξ, t) is a “body GPD,” that would be the GPD of X if Y were
an elementary particle.

Diagramatically:

= ⊗

GPD convolution is also used for the diquark contributions to the proton GPD, and
to find the GPDs of light nuclei.
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Diagrams for proton GPD
Proton GPD comes from sum of direct quark and diquark contributions.
Each of these involes a convolution formula.

Direct quark contribution:

HQq/p(x, ξ, t) =
∑

Q=U,D

∫
dy

|y|HQ/p(y, ξ, t)Hq/Q

(
x

y
,
ξ

y
, t

)

Diquark contribution:

HDq/p(x, ξ, t) =
∑

Q=U,D
D=S,A

∫
dy

|y|

∫
dz

|z|HD/p(y, ξ, t)HQ/D
(
z,
ξ

y
, t

)
Hq/Q

(
x

zy
,
ξ

yz
, t

)

y integration range is [−|ξ|,max(1, |ξ|)], z range is [−|ξ/y|,max(1, |ξ/y|)].
H are vectors and H are matrices.

+
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The leading-twist proton GPDs
There are eight leading-twist proton GPDs, per parton flavor

Helicity-independent (unpolarized):

Mq[/n] = ū(p′)

[
/nH

q(x, ξ, t;Q2) +
iσn∆

2mp
Eq(x, ξ, t;Q2)

]
u(p)

Helicity-dependent (longitudinally polarized):

Mq[/nγ5] = ū(p′)

[
/nγ5H̃

q(x, ξ, t;Q2) +
(n∆)γ5

mp
Ẽq(x, ξ, t;Q2)

]
u(p)

Helicity-flip (transversely polarized):

Mq[iσni] = ū(p′)

[
iσniHq

T (x, ξ, t;Q2) +
(Pn)∆i − (∆n)P i

m2
p

H̃q
T (x, ξ, t;Q2)

+
/n∆i − (∆n)γi

2mp
Eq

T (x, ξ, t;Q2) +
/nP i − (Pn)γi

mp
Ẽq

T (x, ξ, t;Q2)

]
u(p)

I will look at only helicity-independent and helicity-dependent here.
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Skewed proton GPD: Hq(x, ξ = 0.5, t;Q2 = 4 GeV2)
Orange is up; blue is down.

Related to (flavor-separated) Dirac form
factor: ∫

dxHq(x, ξ, t) = F q
1 (t)

(integration kills ξ dependence!)

Related to two gravitational form factors:∫
dxxHq(x, ξ, t) = Aq(t) + ξ2Cq(t)

Aq(t) describes the energy distribution in
the proton.

Cq(t) describes how shear and pressure are
distributed within the proton (see Polyakov &
Schweitzer).

Being able to study ξ dependence offers an
exciting new window into probing forces!
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Skewed proton GPD: Eq(x, ξ = 0.5, t;Q2 = 4 GeV2)

Orange is up; blue is down.

Related to (flavor-separated) Pauli form
factor: ∫

dxEq(x, ξ, t) = F q
2 (t)

Related to angular momentum form
factor:

1

2

∫
dxx

(
Hq(x, ξ, t) + Eq(x, ξ, t)

)
= Jq(t)

(ξ dependence cancels out between GPD
moments!)

See AF & Cloët, arXiv:1907.08256 for more
information.
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Gravitational form factors of the proton

∫ 1

−1

dxxHq(x, ξ, t;Q2) = Aq(t;Q2) + ξ2Cq(t;Q2)

∫ 1

−1

dxxEq(x, ξ, t;Q2) = Bq(t;Q2)− ξ2Cq(t;Q2)

Summing over parton flavors gives scale &

scheme independent quantities.
After all, gravity doesn’t know about QCD
scheme/scale.

A(0) = 1, from momentum conservation.

B(0) = 0, from angular momentum

conservation.
Light front basis not necessary to satisfy this.

C(0) < 0, from stability. (See Polyakov &
Schweitzer!)

0.0 0.5 1.0 1.5 2.0
−t (GeV2)

−1.0

−0.5

0.0

0.5

1.0
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Proton energy density

0.0 0.5 1.0 1.5 2.0
b⊥ (fm)

0.0

0.5

1.0

1.5

2.0

2π
b ⊥
ρ

(b
⊥

)
(f

m
−

1
)

Proton light front density

Energy density

Charge density

Including spin-two meson dominance (outside scope of pure NJL)

Spatial densities obtained via 2D Fourier
transform:

ρM (b⊥) =

∫
d2k⊥
(2π)2

A(t = −k2
⊥)e−ik⊥·b⊥

Energy more centrally concentrated than
charge.

Occurs because partons closer to
center have more energy.

Can predict light cone radii:

Mass/energy radius: 0.45 fm
Charge radius: 0.61 fm
Light cone radius is not GE(t) radius!
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Proton momentum/enthalpy fractions
Need c̄a(t) from twist-four GPDs for true mass decomposition. (Work in progress!)

Aa(t) missing potential energy & pressure.

Still have sum rules: 〈xa〉 = Aa(0), and
∑
aAa(0) = 1.

Aa(0)mp is however the enthalpy carried by partons of flavor a.
See Lorcé, Eur.Phys.J. C78 (2018) 120.

0.0 0.5 1.0 1.5 2.0
−t (GeV2)

0.1

0.2

0.3

0.4

A
a
(t

)

Ad(t)

Au(t)

Ag(t)

〈xu〉 〈xd〉 〈xs〉 〈xG〉
0.0

0.1

0.2

0.3

0.4

〈x
〉

Momentum decomposition

NJL

LQCD
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Skewed proton GPD: H̃q(x, ξ = 0.5, t;Q2 = 4 GeV2)

Orange is up; blue is down.

Related to (flavor-separated) axial form
factor:

∫
dx H̃q(x, ξ, t) = GqA(t)

Thus gives a window into the quark spin
contribution to the proton angular
momentum.

Conversely: Hq, Eq, and H̃q combined tell
us where orbital angular momentum is
within the proton!

Up and down quark spin in opposite
directions.
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Proton spin decomposition

u d s Total

−0.2

0.0

0.2

0.4

0.6
S decomposition

NJL

LQCD

u d s Total

−0.2

−0.1

0.0

0.1

0.2

L decomposition

NJL

LQCD

u d s G

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

J decomposition

NJL

LQCD

t = 0 values of flavor-separated GFFs give the proton spin decomposition!

More specifically, this is for the Ji decomposition of spin.

Can compare to Lattce QCD results at Q2 = 4 GeV2.
LQCD results from C. Alexandrou et al., PRL119 (2017) 142002

Mixed level of agreement, but NJL model calculation can/will be improved.

Up and down quarks orbit in opposite directions!
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Compton form factor predictions
Compton form factors are integrated quantities seen in experiment.

Hq(ξ, t) =

∫ 1

−1

dx

[
1

ξ − x− i0 ∓
1

ξ + x− i0

]
Hq(x, ξ, t)

Orange is up, blue is down; Q2 = 4 GeV2.
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Compton form factor predictions
Compton form factors are integrated quantities seen in experiment.

E(ξ, t) =

∫ 1

−1

dx

[
1

ξ − x− i0 ∓
1

ξ + x− i0

]
Eq(x, ξ, t)

Orange is up, blue is down; Q2 = 4 GeV2.

A. Freese (ANL) Proton GPDs October 28, 2019 35 / 37



The use of Compton form factors

Can compare future experimental results to predictions.

Can use in a Monte Carlo event generator.

An LDRD project at ANL will be doing this for an EIC study.
The event generator will use the model presented here, along with other models.
The aim of the study will be to determine detector parameters that can best deliver the
desired physics.
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Summary & Outlook

Summary:

We have used the Nambu–Jona-Lasinio (NJL) model to calculate generalized
parton distributions (GPDs) of the proton.

From the GPDs, we have obtained gravitational form factors—including mass and
spin decompositions—for the proton.

We have also obtained Compton form factors, which will be used in an event
generator to make predictions for the EIC.

Outlook:

The calculation can/will be improved in several ways.

Momentum dependence of the dressed quark mass can be introduced.
Intrinsic heavy quarks and glue could allow prediction of c̄(t) within the model.

GPDs of light nuclei will also be forthcoming.

Thank you for your time!
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