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O First-principles nuclear interactions:

® 2N & 3N interactions: Input for neutron stars and larger nuclei EFT treatment
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O How to extract S-matrix elements from Lattice QCD:

® Formalism for 2 — 2 scattering

\ ® Three-particle scattering on the lattice

® Lattice results three-particle scattering
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| O Lattice QCD is the state-of-the-art treatment of the strong interaction at hadronic energies

Lattice spacing

® Euclidean time: action has statistical meaning

£ = JDwDWDAe

@® Discretize gauge fields and fermion fields:

—> Under control but technical
(e.g., discretization effects and continuum limit)

@® Compute correlation functions

, (O(1)0(0)) = % JDlepDA O(1)0(0)e
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[Pang et al.], [FRL et al.], [Muller et al.]
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O Fully general formalism exists up to date:

80

Hot %QF?E,{: LA
Lattice QCD

@® Multichannel, non-identical 2 — 2 scattering for 60
h particles with spin in all partial waves. Including
i

for weak decays, such as K — 7w (Lellouch-Liischer)

40

@® Many people have contributed over the years:

Rummukainen and Gottlieb
Kim, Sachrajda and Sharpe

Gockeler, Horsley, Lage, Meilner, Rakow, Rusetsky, Schierholz, Zanotti
Briceno




: O In order to derive the full relation, consider the finite-volume correlator:

CUE.P) = |01 000) = ,

[a la Kim, Sachrajda, Sharpe]

————— R —



: O In order to derive the full relation, consider the finite-volume correlator:

Skeelebon axpamsiom

GUEP) = [eP(o01000) = ()

[a la Kim, Sachrajda, Sharpe]




: O In order to derive the full relation, consider the finite-volume correlator:

Skeeleton expansion
CUE.P) = [eP(00)100) =

[a la Kim, Sachrajda, Sharpe]

—— . ————

Finite-volume
sums




: O In order to derive the full relation, consider the finite-volume correlator:

Skeelebon axpamsiom

[

C,(E, P) = Jeﬂw | —

[a la Kim, Sachrajda, Sharpe]

—— . ————

Bethe-Salpeter Kernels Finite-volume

sums




: O In order to derive the full relation, consider the finite-volume correlator:

Skeelebon axpamsmm

C,(E, P) = Jeﬂw | _ .

[a la Kim, Sachrajda, Sharpe]

—— . ————

Only exponentially
small effects in L

\:><+>©<+ o

Bethe-Salpeter Kernels Finite-volume

sums




: O In order to derive the full relation, consider the finite-volume correlator:

Skeelebon e.xpamsmm

C,(E, P) = Jeﬂ’x< | _ .

[a la Kim, Sachrajda, Sharpe]

[

—— . ————

Only exponentially
small effects in L

\:><+>©<+ o

Bethe-Salpeter Kernels Finite-volume

sums




: O In order to derive the full relation, consider the finite-volume correlator:

Skeelebon e.x[mmsmm

D iPx s ’

CL(E, P)=[e"( | ) = f

[a la Kim, Sachrajda, Sharpe] ﬂ

f onl tiall ‘ : : ‘
Ny exponentiaty Bethe-Salpeter Kernels Finite-volume

small effects in L

\ B
< o o S ey (ol Ve LBem P at PR T T I 2o SR ey fo Ve Lem s
-4! .
|4\

1. Separation of finite-volume effects

sums #

|

‘ ' .l
; P
/ 4
» t.

D o
\
’

S . 2. Resumation of diagrams .|




: O In order to derive the full relation, consider the finite-volume correlator:

Skeelebon e.xpamsmm

I

C,(E, P) = JeiPx< | 6(0)) =

[a la Kim, Sachrajda, Sharpe]

—— . ————

Only exponentially _
small effects in L Bethe-Salpeter Kernels Finite-volume
sums

- X T M O T o Kiowi kinematic
% ; __ -.” .\- -. 2 r"; 2 't' ' ., J , ' o: - - " R &Fumf’;&i(}%
1 / —mL
A+ O(e )
K o) + /- I

!

| %glzz%/gl—i s — 2m?

e ———

|

‘ ' .l
Y - om
« ad
;.

—

1. Separation of finite-volume effects

C,(E,P)=C_(E,P)+A'

S 2 . Resumation of diagrams

17/43

———— R — —

E——
p—




' CL(E, ?) = some algebra... = COO(E, ?) 4+ A —
%2 + [




' CL(E, ?) — some algebra ... — COO(E, ?) _|_A?L

5 T ’ 2 e
Oovn o »

%2+F_

K-matrix parametrized 3 »
in terms of phase shift

- A _ . :
. _ . v n. 6 = . o= .. D -
L LR i c T Ay PR Aot SR SGRRI SO D py o D E A e 132 S LRl T ) 0 Ao '-', N
oga > . 3 2y N
g e
» ...




| CL(E, ?) — some algebra ... — COO(E, F)) _|_,-( -

5 A o-agdt I 2 By
v ol .

<

. X ;i ’
= = . n. & - . .- . J s a ».

. Ll c o Ay BRrarr it SR SGRRE OO gy o DL ST G 9 S Sel P > 2o SRy T iy
v o s : . R
/ - ‘ “‘
» ...
0 i

K-matrix parametrized 3 S »
in terms of phase shift 3 |

167 t Finite-volume states appear
K = 3 when the correlation function
1 has a pole




. CL(E’ F)) = some algebra... = COO(E, ?) _|_ )

23 ,».5~, . '. ‘
Oovn o »

. . &
K-matrix parametrized 3%
in terms of phase shift

Finite-volume states appear
when the correlation function
has a pole

——e | ———

e

Rt : 2 DA e G o s SV TR 2 DA T Ele o

v : .-\
N

Two-particle Quantization Condition §
& —
det |7, (E)+ F\(E,, P,L)] =0 § g2~

\ , Scattering Khowi kinematic
| K-Makrix function

| itholds below E,, < 4m §

e —— ik

ot B 7T e . . B 7 Te D
SRS S - J e o 0




= Rt 5 L Rt e e Rt z L Rt g

SRE e 2o

: Two-particle Quantization Condition §

det l%z(En) +FYE,P, L)] — 0

Scattering  Khown kinematic ¥ ‘»
K=naakrix function ]

o &gy S5 "BE T o SOy AT TRR
_--: . - . _<-" . - .




= Rt LEA B Rt Day e ok B Rt L ED e Rt S I o .
S oo - e o -~ S v o » T

" '..\ .

Tm}(}mgmr%i{tlé Quankizakion Condikion V.. rotation invariance in infinite volume

det l%z(En) + F‘l(En, F: L)] =0 %2 £ =0 - ?

Scattering Kiowin kinematic 3
K-nakrix function £ =2

- & LS Ty DB T TR T SRR ST F 2 o 5% ,\'b,g‘ ‘ ,o*_w.._,-' ol
2 . .y - _ S SR o P : . .=y - - o~ B SRR P : - S = - |

O Matrix indices are angular momentum: fm

I

finite-volume mixes partial waves




= Rt LEA B Rt Day e ok B Rt L ED e Rt S I o .
S oo - e o -~ S v o » T

" '..\ .

§ Two-particle Quantization Condition §

det l%z(En) +FYE,P, L)] — 0

K ?
Scattering Kihhowhn kinematic 3 2 ¢ =1
K-nakrix function £ =2

B phai T T T AN ° e V&S 3 sl ,\'b,g‘ > ‘ ,o*_w.._,-' iad
. . g - - - - T - P : . g . - - - T - D : S - - -

O Matrix indices are angular momentum: fm

I

finite-volume mixes partial waves

1 Ak 1
2
Foold) ~ | 3 Z_ Qn3 | k2= ¢?
k (Y




= MRt 1 L Rt e T MR~ 1 i DA S T T~ o f
- . . 2 >y L (Pot A2 » L

TEM\

:’ Two-particle Quantization Condition §

det l%z(En) +FYE,P, L)] — 0

4 ?
Scattering Kihowih kinematic 3 2 =l )
K-makrix function s _n

¥

o ,“.4_ - = _.-: o - . " . ,_‘.<‘ - - _<-" ) ~ . D . ,“‘4‘ - -~ -.

O Matrix indices are angular momentum: fm

e ——
————

I

O Infinite dimensional, need truncation!

o~ O e » = <k, o Oovn oL

finite-volume mixes partial waves

Two Fﬁwms LA S=wave
1 L Ak 1

Foo(gH) ~ | =) —

ool L3§' ) Qo | k=2

—

F OO(Em P . L) ,;

=/ LT AT gt NS i A ATV S
L~ - . . _.-: " > > . N

P y(E,) =

> & T AR
_'-’, . o




T IR R SRS s e TR TN
> € o a’ o o0 . P S T e S ] P ar

-enfd
g l,ﬁ.
< of
» B

Two Pioms LA S—wave

%i—wave( En) — —

Py | : .’ o
F(FE P [ | ¥ level poink 2
_ --- R . oy ’:' _ _’,»‘j _'-" " ol

3 B LA S . cErTT - N
B IRy » o c L g o

0
RV

:A‘o

¢
d



ke

. . lark eme - N -5 L - e W
' o - o — S v < Sl S 2%

Two Pioms LA S—wave

—1 £
' s—wave _ : 1674/
| ; % 2 (En) = X %;—wave y

N N
£ ) o
b 8 ‘- V)
. =9 ;‘
-g DI
| 0 i
) A h
. Z ) A R \B
A o t & ‘\v.’ ‘.' ,
' i ‘ ‘ ’ ‘ ; R Oy - o
) & n ;" O] S\.®. ‘- o e 8 > 5k ' Lo -'-‘ (W &IS58 e 55,70 N - e Sk ' et "‘: A KX “A oy - v .o?, — s A < 5] Y
\ 5 - ,.' f - ~ IS T, ~ . D . o . g - _ B S o « o . . -_A‘—- e F DG . ;
< B R - < g o L~ e R < g L T T e o el

—4 -
" [Horz, Hanlon (PRL)] _ o 3 cot g

-
-
-—
-

"

4"

N

RTINS

Oy P O ™ O

——



ke

. . lark eme - N -5 L - e W
' o - o — S v < Sl S 2%

Two PEOMS LA S—wave

—1 £
' s—wave _ : 1674/
| ; % 2 (En) = X %;—wave y

N N
o by %
b 8 ‘- V)
. =9 L‘
-g DI
| 0 !
) v ) -
. Z ) A R \B
' B ) . r g
-9 s W C T AR ON PR I T VU | P oo ', iV ol W © T RN PRI DN U (VR B TRNES PN L Y RS P23 50 f
S D, | Ty DS I e 8 AR e AT NS OB T e Sy AL VIV ST RO, AT e
\ . . Lo f - ~ IS T, ~ . D . . . g - _ B S o « o . . -_A‘—- e F DG . ;
N C e 8 Ty AL T TR I U, [N 500 XSS e Ve 3 T I ¢ T IER OB U, 1V o By B WY WG eT8) T : e ey WISETN : 2 < : - - ,
ol s B < g . . ey o B R < g AT

—4 -
" [Horz, Hanlon (PRL)] _ o 3 cot g

I

-
-
-—
-

‘ - finite-volume quantum |
numbers (irreps) |

e

NIM\IN

P DD B B 0.0 0.5 1.0 1.5 2.0 2.5 3.0
> P> A

AR AR R < » DS (Q/M)2

—— :
—— -




e

. o3 S b o - X =l W o
' cap o - : ° Pa e 2 s, N

Two PEOMS LA S—wave

—1
' s—wave _ : 1674/
f‘. % 2 (En) = X %;—wave y

R N
. - o o
b 8 ‘- V)
4 N
-g DI
B . ) . [
o \ N
. Z ) A R \B
A o t & ‘\v.’ ‘.' ,
' 1. ‘ ‘ ’ ‘ ; R N " o
- o} , ’ '.‘ O . o - . _ ) o o ) R ) 7 o
S ) ) o _ _ SO <o , o~ _ _ s T ' 'y L e T e :
ol B SR oy . L~ o B R < g L s e T s A

—4 -
" [Horz, Hanlon (PRL)] _ o 3 cot g

| — - e S A o T —0 7 l--" T
l”
. +/’
‘ i —7 1 -~

—— g #
_____________ . AR + f + M=200 Mﬁ\i M

. finite-volume quantum |
numbers (irreps) |

e

~

AR RNCOEO RN 0.0 0.5 1.0 15 20 25 3.0

NN
AR AR R < » DS (q/M)2

g:\,@ Q) O BN A

——



S Vg TP 8 " e e T et SIS S Vg TW -
WP

2 .1 -t o= = - > . - o oa . s 0 . - >
' o - . ® L& < y BT .

Two PEOMS LA S—wave

—1
' s—wave _ : 1674/
| ; % 2 (En) = X %;—wave y

. R
o o
b 8 ‘- V)
D o) 6
-g DI
. . ) . (]
0 y ;
. Z ) A R \B
A o t & ‘\v.’ ‘.' ,
. 1. ‘ :‘ ’ ‘ ; - » OO
\ . . - - B S 5 A o . g - ~ LI Lo > D s gl ot e @ Ve A . g
. " L N T R0 - e et/ g s ~¥r-a "’"' S o2 ' bt S/ 2o DR L -". ' S Lo A ~ A ) i i i ' ‘ o ) ) ‘ i ' : ) ‘ ’ ‘
S B SR g : -, g - . S SR A s it @ Ve A o el

—4 -
" [Horz, Hanlon (PRL)] _ o 3 cot g

| — - e S A o T —0 7 l--" T
l”
. +/’
‘ i —7 1 -~

—— g #
_____________ . AR + f + M=200 Mﬁ\i M

. finite-volume quantum |
numbers (irreps) |

e

~

2.5}

NG

ASFSINS) ISNCNT SIS
Dadhe

SRS DY B < ™ | | | (q/M)2

——



ke

. . lark eme - N -5 L : - e W
' o - o — S v < Sl S 2%

Two Pioms LA S—wave

—1 £
' s—wave _ : 1674/
| ; % 2 (En) = X %;—wave y

N R
& o s
b 8 ‘- V)
. =9 ;‘
-g DI
| "0 b
0 \ N -
. Z ) A R \B
' \§ R . " e "
. . NEE ca L AN 3. e ~Fals AE TR VU | DI - S c45 4 ANs - PP, ear. ~Fall AR U:- IR 5> VNS VNG RIS LY RRS v o " :
S 2% -'-".2."-"‘? Bt TR T S phdih ] ."'.. Co e sy AR YIRS TROy B AT N ST
\ . . Lo f - ~ IS T, ~ . D . . . g - _ B S o « o . . -_A‘—- e F DG . ;
< CRNGCE R ash el S g R ~ 31 - 4 O 252 70 - FEEN TR TR U, (VA o SIRg80e 37 XYW, e B & S e 3 ' WIPETN : 2 2 > . X - : ) y
S B TR > . .~ S I TR g, . e e T e o gl

—4 -
" [Horz, Hanlon (PRL)] _ o 3 cot g

I

-
-
-—
-

_
I”

‘ - finite-volume quantum |
numbers (irreps) |

e

NG

P S D P S D BB 0.0 0.5 1.0 1.5 2.0 2.5 3.0
> P>

A R T R PaldR o (q/M)Q

—— :
—— -
B ——— ———




— This work —-—  (CGLO1
----- LO ChPT

[Fischer, Kostrzewa, Liu, FRL, Ueding, Urbach (ETMC) ]

21/43

I e [ — i e — ——— —




| fit to experiment

— This work —-—  (CGLO1 ?
----- LO ChPT

[Fischer, Kostrzewa, Liu, FRL, Ueding, Urbach (ETMC) ]

21/43

e — i — I —




| fit to experiment

— This work —-— (CGLO1 ?
----- LO ChPT :

—— This work
KPY(08

(k/Mz)’

[Fischer, Kostrzewa, Liu, FRL, Ueding, Urbach (ETMC) ]

21/43

- —— B — el e —




| fit to experiment

— This work —— CGLO1 ) | ?
----- LO ChPT | \ :

—— This work
KPY(08

(k/Mz)’

[Fischer, Kostrzewa, Liu, FRL, Ueding, Urbach (ETMC) ]

21/43

e — i — I —







O Most resonances have decay modes
with more than two-particles

h(1170) = pr — 3n
N(1440) - An —» Nzrn

——— e, — —




O Most resonances have decay modes
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O Three-particle scattering amplitudes can be divergent for specific kinematics.
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O Three-particle scattering amplitudes can be divergent for specific kinematics.

O They depend also on two-to-two interactions.

@® But any separation between “two-particle” and “three-particle” effects is not well-defined
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: O Model 1: standard Effective Range Expansion (ERE) I ot Oy =
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O On alater article, the chiral dependence of %df3 has been studied, including physical pions.
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Study of 3K system
[ Alexandru et al. ]

, O Other simple systems can also be studied: 2K+ & 3K*

O Many energy levels that allow for s- and d-wave interactions to be extracted! ?
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, O Other simple systems can also be studied: 2K+ & 3K*

O Many energy levels that allow for s- and d-wave interactions to be extracted! ?
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| O The formalism has been recently generalized to include all three-pion isospin channels
Hansen, FRL, Sharpe [arXiv:2003.10974]

“All ingredients are now available for
|attice studies of resonances with
three-particle decay channels,
such as the w(782) and the hi(1170)”
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O Recent extension of RFT for nondegenerate particles [Blanton, Sharpe]

® QC3 becomes a 3x3 matrix. det (1 + FB’Cdf,B) = (.

@® Each entry corresponds to a choice for the spectator
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® Applicableto D" Dy D™ and D" D7~

O NREFT formalism for D™ D' KT systems [Pang et al.]

, O Towards the Roper resonance! N(1440) — An — Nnx
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® Well-controlled calculations even at the physical point (isospin-2, rho) ?
@® Baryon-Baryon scattering is the present frontier
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O Two-particle lattice studies are achieving high accuracy in the meson sector.
® Well-controlled calculations even at the physical point (isospin-2, rho) ?
@® Baryon-Baryon scattering is the present frontier |

—— . ————

O We are entering a new era of three-particle scattering studies.

® Finite-volume formalism for identical particles.

P

h @® A tool for solving relativistic integral equations for three body systems
|

® Some lattice studies of three charged pions (and kaons)

® The formalism for generic three-pion resonances is ready!

e —— — 4

S ® Progress in QC3 for nondegenerate scalar particles.
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