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Chiral perturbation theory (ChPT)

- Systematic analysis of hadronic n-point functions of QCD
[Gasser, Leutwyler '84,'85; Leutwyler '94; etc.]

- Pion interactions dominate the low-energy regime

- Chiral expansion: Most general chiral-invariant Lagrangian with
terms coupled by the low-energy couplings of QCD,

1 . 1 . S9N 2 o .
LcnpT = 3 (8,7)° — 5 272 + Cronpr (72)” + Cocnpr (7 - 9,7)°
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Extended linear sigma model (eLSM)

- Linear realization of chiral symmetry (“chiral partners”)

- Applications at nonzero temperature and chemical potential
- Contains all J” = 0%, 1% mesons up to 2 GeV in mass

- Representations of U(Ny), x U(Ny);:

®~ G — U U,
R/J ~ q_r’}/u qr — U’I“R,u U:7
Ly ~ @uq — UL, U}
- Vector and axial-vector mesons:
1
Vzi(L#JrRu)» Auzi(Lu*Ru)

- Disclaimer: No attempt to compete with ChPT



eLSM Lagrangian

Lopsy = tr [(D“fb)T D,fb} — m2tr (010)
1 [ir (070)]” — xp tr [ (@F@)’]
1 12 R2 m% A 2 2
_ztr( 2+ R) +tr 5 T (L2 + R2)
+tr [H(<I> + @T)] —ca (det P + det <I>T)
0% (60 {1 (L, L]} + 6o {RY (R, R)Y)
h
+5 tr (O70) tr (L2 + B2) + hotr (12,0 + |0F,*)
+2hg tr (PRM®TL,) + g3 [tr (L*LV L, L,) + tr (R*R'R,R,))

+ga [tr (LML, LYL,) + tr (R*R,RVR,)| + g5 tr (L*Ly,) tr (RVR,))
+ge [tr (L' L,) tr (L”L,) + tr (R R,) tr (R"R,)],

D,® = 0,® — igy (L,® — ®R,), Ly =0uL, —0,L,



eLSM publications

- Introduction of the eLSM
[Parganlija, Giacosa, Rischke "10;
Parganlija, Kovacs, Wolf, Giacosa, Rischke "13]

- Chiral partner of the nucleon
[Gallas, Giacosa, Rischke "10; Lakaschus, Mauldin, Giacosa, Rischke 18]

- Incorporating scalar glueball
[Janowski, Giacosa, Rischke "14; Giacosa, Sammet, Janowski "17]

- Baryon multiplets
[Olbrich, Zetenyi, Giacosa, Rischke '16,18]

- Nonzero-temperature study within the FRG
[JE, Grahl, Rischke "15]



0(4) quark-meson model

- Two-flavor model, Ny = 2
- Specific limit of the eLSM

- Euclidean action:

1 1
5= / {2 (040) Ou0 + 5 (OuT) - 04 + Ulp) = hiso

+ 9 (Y.0u + y®s) ¢},

&5 =0ty + 2757?%'7

p= 0,2 + 7?2
- Explicit and spontaneous symmetry breaking implemented,

hess # 0, o= ¢+o



Integration at tree level



Low-energy limit of the eLSM

- Integrate out all fields, except pions,
cf. [Divotgey, Kovacs, Giacosa, Rischke '18]

- Low-energy limit of the eLSM at tree level:

1 . 1 . Lon2 o h -
LeLsm = 3 (9,7)° — §m2772 + Ciersm (72)° + Coersm (7 - 9,7)°

+Cs crsm (0,7)7 (007)° + Cuersm (07 - 0,7)°
+0 (7T6, 36)

- Match coefficients to ChPT,

1 S92 R
LeonpT = (3 7)? - 5 72+ Crener (7)) + Cocnpr (72 0,70)

+C'3 ChPT (()[L )2 (duﬂ-) + 04 ,ChPT (6”7? . a1/7?)2
+0 (7,09
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Tree-level low-energy couplings

Table 1: Comparison of the low-energy couplings at tree level,
cf. [Bijnens, Ecker "14;

Divotgey, Kovacs, Giacosa, Rischke "18].

Coupling ChPT eLSM
Ch —0.28+1.9 —0.268 +0.021
Oy x 10° MeV?  5.882 4 0.013 5.399 + 0.081

Cs; x 101 MeV*  —5.61+0.89 —9.302 4 0.591 + corr.?
Cy x 1011 MeV* 2,51 +0.41 9.448 + 0.589 + corr.?

2 further corrections from undetermined model parameters

- ChPT: 01 = —M2/(8f7%), 02 = 1/(2f72), 03 = ll/f;,l, 04 = lg/f;.1
- eLSM: functions of model parameters mg, A1, Aa, ha, ho, hs, g1, .-



Open questions

- Tree-level calculation sufficient?
Resonance saturation in low-energy constants,
cf. [Ecker, Gasser, Pich, de Rafael '89]

- How do these values change if we include loop corrections?
- Can we produce similar values within the FRG formalism?
- First step: Exploratory study of higher-derivative couplings

within the FRG formalism,
cf. [JE, Divotgey, Mitter, Rischke, PRD 98 (2018) no.1, 014024]

- Following analysis restricted to the O(4) quark-meson model as
specific limit of the eLSM



Integration within the FRG




Functional renormalization group (FRG)

- Implementation of the Wilsonian RG idea
- Renormalization scale(k)-dependent effective action Iy,
- FRG flow equation: [Wetterich '93]

1 9 -1 1
Ol = 3 tr [8kRk (F;9 ) + Rk> } =5

- Regulator function Ry provides correct integration limits
- Nonperturbative continuum method



Flow in theory space
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Figure 1: Theory space spanned by generic couplings.



0(4) quark-meson model - truncations

- Local potential approximation (LPA), i.e., consider
scale-dependent effective potential,

1 1 o -
Iy = / {2 (Ouo) Opo + ) (Ou7) - Ou7 + U(p) — hesso

+ 9 (Va0 + y®s5) 7/)}
- LPA’, i.e., include wave-function renormalization,

z7 Zy;
Iy = / {2k (Ouo) Opo + 7k (0u7) - O + Un(p) — hespo

+1 (Z;i/’w@u + y<1>5) w}



Flow of the effective potential — LPA
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Figure 2: Scale evolution of the effective potential; grid discretization.
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Remark: Technical details

- Analytic derivation of flow equations can be “expensive”
- Self-written routines and additional software used,

DoFun [Huber, Braun "12]
FormTracer [Cyrol, Mitter, Strodthoff '17]

- Flow equations: Set of coupled partial differential equations
- Numerical solution: Grid discretization, Taylor expansion, ...

N [0
Ulp) =D~ (0=x)"
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Remark: Grid vs. Taylor
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Figure 3: Scale evolution of meson and quark masses and the pion decay con-
stant; lines: Taylor; crosses: grid.
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Remark: Phase diagram — LPA
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Figure 4: (u, T) dependence of the v.ev. ¢ in the chiral limit (hrsg = 0); grid
method. Consistent with [Schaefer, Wambach '05].
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Remark: Nonzero-temperature analysis

- Study of chiral-symmetry breaking in the eLSM with
vector and axial-vector mesons,
cf. [JE, Grahl, Rischke "15]

- Different symmetry aspects investigated
(chiral limit, axial anomaly, ...)

- Phase-transition order consistent with other studies,
cf. [Pisarski, Wilczek '84, etc.]



Effective action

- Introduce low-energy couplings,

b= / { 3 (0u0) O + =~ o (aﬂ”) Ou7 + Uy(p) — hespo
o+ o (7 0u7) + 7o 72 (D7) - 0,7

— 5.1 [(9 7?) 0u7)" = Cu 1 [(0,7) - D7

— O 7 (9,0 )(ayﬁ) 8,7

— Cyp 72 (8M8,j7r) - 0,0,7

— Gy (R 0,0,7)° — Cs . 72 (0,0,7)°

+1 (szwau + y<1>5) w}

- State-of-the-art truncation

- Goal: Compute the IR values of all k-dependent quantities



Renormalized quantities

- Renormalized fields:

=120, F=\77R, W =A\Z'v, =12 %
- (Squared) renormalized masses:
iy

2 2
m m;
2 o,k 2 ok 2 U,k
Moy=—o  Mrp=—ry  Myp=-—"5
TR

- Renormalized low-energy couplings:

~ C; . ~ Z
Ci,]c: L 1= ].,...78, Zgyk: 2,k

(zr)°
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Low-energy limit

- Use equation of motion in the IR,

or
0o
- Yields effective pion action,

ro= [{5 () o+ i - c ()

(70 3) + 250 7 (0,7 - 0,7

— ot [(0,7) 0,7 - it [(0,7) -0
— el (aﬂaﬁ) (0.7) 0.7

Gl 72 (a“ay%)  9,0,7

- i (7 0,0 W)Q — LR (9,0 W)Q}

=0

Cvlul al



Flow equations — examples

1,
OpUk =V~ [ 51 +5
-
d 1
wZy =V — = e
k&g 1% dp2 220 2 T
d 1
OCop =Vt — -
kCok =V | ey | 2
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Masses and pion decay constant
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Figure 5: Scale evolution of the renormalized meson and quark masses and
the pion decay constant; grid method;
[JE, Divotgey, Mitter, Rischke, PRD 98 (2018) no.1, 014024].



Wave-function renormalization
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Figure 6: Scale evolution of the wave-function renormalization factors; grid
method; [JE, Divotgey, Mitter, Rischke, PRD 98 (2018) no.1, 014024].
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Low-energy couplings
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Figure 7: Scale evolution of the renormalized low-energy couplings (1); grid

method; [JE, Divotgey, Mitter, Rischke, PRD 98 (2018) no.1, 014024].
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Low-energy couplings
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Figure 8: Scale evolution of the renormalized low-energy couplings (I1); grid

method; [JE, Divotgey, Mitter, Rischke, PRD 98 (2018) no.1, 014024].
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Low-energy couplings
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Figure 9: Scale evolution of the renormalized low-energy couplings (Ill); grid

method; [JE, Divotgey, Mitter, Rischke, PRD 98 (2018) no.1, 014024].
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Numerical results

Table 2: Low-energy couplings (fr = 93 MeV);
[JE, Divotgey, Mitter, Rischke, PRD 98 (2018) no.1, 014024].

FRG
Coupling Tree level Tree Trunc Total
Ci —0.2514 2.1063 —2.3550 —0.2487
Cy [1/£2] 0.4054 0.3598 —0.0426  0.3172
Zy [1/£2] - - —0.2068 —0.2068
Cs [1/f3] x 102 1.7311 1.5364  3.3946  4.9310
Cy [1/f4 x 102 - - 1.3752 1.3752
[

Cs

]
]
1/f4 x 10> 34621 3.0728 58204 89023
6 [1/fz] x 102 - -
]
]

—2.2697 —2.2697

Q

Cr [1/f4] x 102 1.7311 1.5364  0.8439  2.3804
Cs [1/f4] x 102 - - 1.1828  1.1828




Masses and pion decay constant - LPA’
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Figure 10: Renormalized masses and pion decay constant within the LPA’
truncation. Dashed lines show the related results from Fig. 5;
[JE, Divotgey, Mitter, Rischke, PRD 98 (2018) no.1, 014024].



Wave-function renormalization — LPA’
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Figure 11: Wave-function renormalization factors within the LPA’ truncation.
Dashed lines show the related results from Fig. 6;

[JE, Divotgey, Mitter, Rischke, PRD 98 (2018) no.1, 014024].
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Work in progress




Effective action - full O(4) symmetry

- 0(4) vector ¢ = (#,0)
- Include momentum-dependent mixed o vertices
and o self-interactions,

7
[y = / {Qk (Oup) - Outp + Uk(p) — hmspo
+ Co i (- 8#90)2 + 2o,k 802 (Oup) - Ougp
— O [(09) - 0u0]” = Ci[(Bu) - Do)
—Cs - (8uau80) (au@) “Oyp
- Gi.k: @2 (apausa) : apauw
= Cri(p- 8#‘9#80)2 = Cs i 802 (8uau50)2
+ 7; (Z;?%ﬁu + yk¢5> ¢}

- Flow of Yukawa coupling taken into account
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Masses and pion decay constant - full O(4) symmetry

800

&
0 | | | | | | 1 —

0 50 100 150 200 250 300 350 400 450 500
kE [MeV]

Figure 12: Renormalized masses and pion decay constant; Taylor-expansion
method. Dashed lines show the related results from Fig. 5;
[Eser, Divotgey, Mitter, in preparation].
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Yukawa couplings - full O(4) symmetry

6
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Figure 13: Scale evolution of the renormalized Yukawa couplings; Taylor-ex-
pansion method; [Eser, Divotgey, Mitter, in preparation].



Low-energy couplings - full O(4) symmetry
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Figure 14: Renormalized low-energy couplings (I); Taylor-expansion method:;
Dashed lines show the related results from Fig. 8;
[Eser, Divotgey, Mitter, in preparation].



Low-energy couplings - full O(4) symmetry
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Figure 15: Renormalized low-energy couplings (I1); Taylor-expansion method:;
Dashed lines show the related results from Fig. 9;
[Eser, Divotgey, Mitter, in preparation].
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Numerical results - full O(4) symmetry

Table 3: Low-energy couplings (f. = 93 MeV); full O(4) symmetry.

Cy7 [1/f4] x 102 1.2495 0.3885 0.0798 0.4684
1/f4] x 102 - —0.9669  1.0485 0.0816

FRG

Coupling Tree level Tree Trunc Total
Ch —0.2568 2.9993 —3.2526 —0.2533
Cy [1/14] 0.4290 0.4732  —0.0671  0.4061
Zg [1/£2] - 0.2069 —0.2244 —0.0175

Cs [1/f4] x 102 1.2495 —-4.6110 2.7193  —1.8917
Cy [1/£4] x 102 - - 1.1660 1.1660
Cs [1/f4] x 102 2.4990 —4.5794  4.4299  —0.1494
Cs [1/f4] x 102 - 1.9885  —2.1565 —0.1679

[1/£7]

[1/17]

Cs
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Symmetry constraints?

(a) ;X107 (b) 4 X107
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0 ] -2
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Figure 16: Bar representation of the low-energy couplings obtained from the
tree-level and the FRG approaches.

36



Outlook




Functional QCD (fQCD)

- fQCD fluctuations:

®. 2.

1 ; :
Ol = = —y - il
e =5 Y + 24

- Dynamical-hadronization technique
[Gies, Wetterich '02; Mitter, Pawlowski, Strodthoff "15; Braun et al. "16]

- Goal: Determine low-energy couplings from fQCD
- First approach: Evaluate O(4) equations on fQCD solution

37



fQCD solution
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Figure 17: Renormalized meson and quark masses and the pion decay con-

stant from fQCD ().
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fQCD solution
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Figure 18: Renormalized meson and quark masses and the pion decay con-
stant from fQCD (11).
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fQCD solution
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Figure 19: Pion wave-function renormalization from fQCD.
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fQCD solution

1.2
1.18
1.16 +
1.14
1.12

1.08 -
1.06 -
1.04 +
1.02 +

102 103 104
k [MeV]

Figure 20: Quark wave-function renormalization from fQCD.
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Low-energy couplings from fQCD
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Figure 21: Low-energy couplings obtained from fQCD input (I).
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Low-energy couplings from fQCD

—10
10 ><1I0 .
— Ce
— Crx
— Cg
102 10° 104

kE [MeV]
Figure 22: Low-energy couplings obtained from fQCD input (I1).
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Numerical results from fQCD

Table 4: Low-energy couplings from fQCD input.

FRG
Coupling Tree level 0o(4) fQCD
C1 —0.2514  —0.2487 —0.3479
Cy [1/f2] 0.4054 0.3172  0.4372
Zy [1/£2] - —0.2068 —0.2565
Cs [1/£4] x 102 1.7311 4.9310  7.1016
Cy [1/£4] x 102 - 1.3752  1.7625
Cs [1/f4] x 102 3.4621 8.9023  12.7534
Ce [1/f4] x 102 - —2.2697 —2.9918
C7 [1/£4] x 102 1.7311 2.3804  3.6749
Cs [1/f4 x 102 - 1.1828  1.5770
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Conclusions




Conclusions

Summary:

- Low-energy couplings of the eLSM at tree level in reasonable
agreement with ChPT,
cf. [Divotgey, Kovacs, Giacosa, Rischke "18]

- Low-energy limit of the O(4) quark-meson model within the FRG
confronted with a tree-level estimate,
cf. [JE, Divotgey, Mitter, Rischke, PRD 98 (2018) no.1, 014024]

- Discrepancy between these approaches observed
Upcoming:

- Finalize analysis of the full O(4)-symmetric scenario
- Include vector mesons

- Compute low-energy limit from fQCD

- Confront the FRG calculation with ChPT
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