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Overview
JAM (Jefferson Lab Angular Momentum) collaboration studies
the parton structure of hadrons through extraction of 
“quantum probability distributions” (PDFs, FFs, TMDs) via
global QCD analysis using Monte Carlo-based methods

Methodology is based on Bayesian statistics and Monte Carlo
sampling of the parameter space

Inter-dependence of observables on distributions requires
simultaneous extraction of unpolarized and polarized PDFs
& fragmentation functions
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Parton distribution functions (PDFs) are light-cone 
correlation functions
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In            gauge, in fast-moving frame PDF has a probabilistic 
interpretation as a particle density
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Parton distributions in hadrons
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Parton distributions in hadrons

Inclusive high-energy particle production AB ! C X

QCD factorization:  separation of hard (perturbative, calculable)
from soft (nonperturbative, parametrized) physics

Collins, Soper, Sterman (1980s)
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Parton distributions in hadrons
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Most information on PDFs obtained from lepton-hadron 
deep-inelastic scattering (DIS) 

structure function given as convolution of hard
Wilson coefficient with PDF 
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Spin-dependent PDFs are defined similarly

Parton distributions in hadrons
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Universality of PDFs allows data from many different
processes (DIS, SIDIS, weak boson/jet production in pp, Drell-Yan …) 
to be analyzed simultaneously

distributions parametrized using a specific functional form, 
with parameters fitted to data

Global PDF analysis

PDFs are not directly measured, but inferred from
observables involving convolutions with other functions

Extraction of PDFs is challenging because usually 
there exist multiple solutions —  “inverse problem”



Bayesian approach to global analysis
Analysis of data requires estimating expectation values E
and variances V  of  “observables”     (functions of PDFs) 
which are functions of parameters 

O
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Using Bayes’ theorem,  probability distribution      given byP

“Bayesian master formulas"
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Bayesian approach to global analysis
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with priors          and  evidence⇡(~a) Z
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Z tests if e.g. an n-parameter fit is statistically different
from (n+1)-parameter fit
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maximize probability distribution

P(~a|data) ! ~a0

E[O(~a)] = O(~a0) V [O(~a)] ! Hessian

if     is linear in parameters, and if probability is
symmetric in all parameters
O

need more robust (Monte Carlo) approach
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Standard method for evaluating E, V  via maximum likelihood

In practice, since in general                           , maximum 
likelihood method sometimes fails

E[f(~a)] = f(E[~a])

Bayesian approach to global analysis
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f(x) = N x

↵(1� x)� P (x)

Ball, Forte et al. (2002)
P (x)

First group to use MC for global PDF analysis was NNPDF,
using neural network to parametrize         in 

JAM — iterative, multi-step Monte Carlo
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“unbiased”?  not really… “pre-processing” coefficients…
 there is no such thing as an unbiased PDF fit!

Accardi, WM, Nocera, Sato et al. (2019)

traditional functional form for distributions,
but sample much larger parameter space
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robust determination of PDF uncertainties

no assumptions for exponents 

iterate until convergence (posteriors = priors)

Bayesian approach to global analysis
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First application of IMC — spin structure
First JAM MC analysis studied impact of JLab data on spin 
structure of the nucleon
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First application of IMC — spin structure
First JAM MC analysis studied impact of JLab data on spin 
structure of the nucleon
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First application of IMC — spin structure

(gp1 , gn1 )
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2 observables             can determine up to 2 unknowns,
e.g.                            — sea quarks from      dependence Q2
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e+e� ! hX
single-inclusive
annihilation (SIA)
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IMC analysis of fragmentation functions
Analysis of single-inclusive e  e   annihilation data for + - ⇡, K

production (from DESY, CERN, SLAC & KEK) from Q ~ 10 GeV to M    Z



analyses, the MC representation is significantly more
versatile and adaptable in describing the FFs. Indeed, the
resulting averaged central value of the FFs as a function of z
is a linear combination of many functional shapes, effec-
tively increasing the flexibility of the parametrization.

IV. DATA SETS

In the current analysis we use all available data sets from
the single-inclusive annihilation process eþe− → hX, for
h ¼ π# and K# mesons. Table I summarizes the various
SIA experiments, including the type of observable mea-
sured (inclusive or tagged), center-of-mass energy Q,
number of data points, and the χ2 values and fitted
normalization factors for each data set. Specifically, we
include data from experiments at DESY (from the TASSO
[23–25] and ARGUS [26] Collaborations); SLAC (TPC
[27–29], HRS [30], SLD [31] and BABAR [40]
Collaborations); CERN (OPAL [32,33], ALEPH [34]

and DELPHI [35,36] Collaborations); and KEK (TOPAZ
[37] and Belle [38,39] Collaborations). Approximately half
of the 459 π# data points and 391 K# data points are near
the Z-boson pole, Q ≈MZ, while the most recent, high-
precision Belle and BABAR data from the B-factories are at
Q≃ 10.5 GeV. The latter measurements in particular
provide a more comprehensive coverage of the large-z
region, and reveal clearer scaling violation effects com-
pared with the previous higher-energy measurements.
In the TPC, OPAL, DELPHI and SLD experiments,

light-quark and heavy-quark events were separated by
considering the properties of final-state hadrons. In the
SLD experiment, for example, events from the primary c
and b quarks were selected by tracks near the primary
interaction point. For each secondary vertex, the total
transverse momentum and invariant mass were obtained,
after which the data were separated into c- and b-tagged
events depending on the masses and transverse momenta.
Some events without the secondary vertex were considered

TABLE I. Single-inclusive eþe− annihilation experiments used in this analysis, including the type of observable (inclusive or tagged),
the center-of-mass energy Q (in GeV), the number of data points Ndat, the average fitted point-to-point normalization factors NðeÞ

i
averaged over each experimental data set (or “1” for data sets not providing correlated systematic errors), and the χ2 values, for pions and
kaons. Note that the normalization factors for the various TASSO data, indicated by (*) in the table, are in the range 0.976–1.184 for
pions and 0.891–1.033 for kaons. The listed χ2 and average normalization values correspond to fits obtained including the BABAR
“prompt” data [40], while the results including instead the “conventional” BABAR data are listed in parentheses only for pions (for kaons
the “prompt” and “conventional” data sets are essentially identical).

Pions Kaons

Experiment Ref. Observable Q (GeV) Ndat norm. χ2 Ndat norm. χ2

ARGUS [26] Inclusive 9.98 35 1.024 (1.058) 51.1 (55.8) 15 1.007 8.5
Belle [38,39] Inclusive 10.52 78 0.900 (0.919) 37.6 (21.7) 78 0.988 10.9
BABAR [40] Inclusive 10.54 39 0.993 (0.948) 31.6 (70.7) 30 0.992 4.9
TASSO [23–25] Inclusive 12-44 29 (*) 37.0 (38.8) 18 (*) 14.3
TPC [27–29] Inclusive 29.00 18 1 36.3 (57.8) 16 1 47.8

uds tag 29.00 6 1 3.7 (4.6)
b tag 29.00 6 1 8.7 (8.6)
c tag 29.00 6 1 3.3 (3.0)

HRS [30] Inclusive 29.00 2 1 4.2 (6.2) 3 1 0.3
TOPAZ [37] Inclusive 58.00 4 1 4.8 (6.3) 3 1 0.9
OPAL [32,33] Inclusive 91.20 22 1 33.3 (37.2) 10 1 6.3

u tag 91.20 5 1.203 (1.203) 6.6 (8.1) 5 1.185 2.1
d tag 91.20 5 1.204 (1.203) 6.1 (7.6) 5 1.075 0.6
s tag 91.20 5 1.126 (1.200) 14.4 (11.0) 5 1.173 1.5
c tag 91.20 5 1.174 (1.323) 10.7 (6.1) 5 1.169 13.2
b tag 91.20 5 1.218 (1.209) 34.2 (36.6) 4 1.177 10.9

ALEPH [34] Inclusive 91.20 22 0.987 (0.989) 15.6 (20.4) 18 1.008 6.1
DELPHI [35,36] Inclusive 91.20 17 1 21.0 (20.2) 27 1 3.9

uds tag 91.20 17 1 13.3 (13.4) 17 1 22.5
b tag 91.20 17 1 41.9 (42.9) 17 1 9.1

SLD [31] Inclusive 91.28 29 1.002 (1.004) 27.3 (36.3) 29 0.994 14.3
uds tag 91.28 29 1.003 (1.004) 51.7 (55.6) 29 0.994 42.6
c tag 91.28 29 0.998 (1.001) 30.2 (40.4) 29 1.000 31.7
b tag 91.28 29 1.005 (1.005) 74.6 (61.9) 28 0.992 134.1

Total: 459 599.3 (671.2) 391 395.0
χ2=Ndat ¼ 1.31 (1.46) χ2=Ndat ¼ 1.01

NOBUO SATO et al. PHYSICAL REVIEW D 94, 114004 (2016)

114004-8

IMC analysis of fragmentation functions

prompt (conventional)

Analysis of single-inclusive e  e   annihilation data for + - ⇡, K

production (from DESY, CERN, SLAC & KEK) from Q ~ 10 GeV to M    Z



larger s     K  fragmentation cf. HKNS suggests 
less negative     .        �s
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IMC analysis of fragmentation functions
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Simultaneous spin PDF + FF analysis
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weak sensitivity to         from DIS data & evolution�s+

—  negative peak at x ~ 0.1 induced by fixing b ~ 6 - 8

Ethier, Sato, WM (2017)
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Simultaneous spin PDF + FF analysis

�s+—  SU(3) pulls        to generate moment ~ -0.1
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Simultaneous spin PDF + FF analysis
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Statistical distribution of lowest moments (axial charges)

triplet charge       consistent with SU(2) valuegA

hint of SU(3) breaking in octet charge     a8 Bass, Thomas (2010)

�s = �0.03(10)less negative                       gives larger total helicity �⌃ = 0.36(9)
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Ethier, Sato, WM (2017)

Simultaneous spin PDF + FF analysis



What impact does unpolarized strange PDF have on the
extraction of polarized strange?

only systematic way is to fit unpolarized PDFs, polarized PDFs
and fragmentation functions simultaneously…

Shape of unpolarized strange PDF is interesting
(and controversial) in its own right!
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Simultaneous spin PDF + FF analysis
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JAM 2019 analysis
Study the impact of SIDIS data on unpolarized PDFs

unpolarized fixed-target DIS on p, d (SLAC, BCDMS, NMC),
    HERA collider data (runs I & II)

such an analysis has never been attempted before…

52 shape parameters + 41 “nuisance” parameters for systematic
uncertainties (data normalizations)
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e  e   annihilation (DESY, LEP/CERN, SLAC, KEK)

Drell-Yan (Fermilab E866), jet production (CDF, D0)

SIDIS pion & kaon multiplicities for deuteron (COMPASS)
+ -

953 fits to 4366 data points (2680 DIS,  992 SIDIS,  250 DY,  444 SIA)

PDFs

FFs
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valence & light sea quark broadly in agreement with other groups

mean reduced   
            
for all data
�2 = 1.3

striking suppression of strange PDF compared to ATLAS extraction

Sato, Andres, Ethier, WM (2019)
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SIDIS + SIA data force strange to kaon FF to be larger
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fully constrained solutions

solutions with large s(x)
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SIA data at large z
strongly disfavor
small strange     K  FF

fully constrained solutions

solutions with large s(x)
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vital role played by SIDIS + SIA data in constraining strange PDF
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Recent progress in extracting x dependence of PDFs in
lattice QCD from matrix element of nonlocal operator

PDFs in lattice QCD

h(z, Pz) = hP | (0, z) �zW(z, 0) (0, 0) |P i

q(x, µ) =

Z 1

�1

dy

|y|
e
C

⇣
x

y

, µ, Pz

⌘
eq(y, Pz, µ)

=

Z 1

�1
dy eiyPzz eq(y, Pz)

quasi-PDF      related to light-cone PDF via matching kernel eCeq

Conflicting results on sign of           asymmetryd̄� ū
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Fit lattice observable directly within JAM framework

PDFs in lattice QCD
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PDFs in lattice QCD

Fit lattice observable directly within JAM framework
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better agreement between lattice 
and experiment for polarized PDFs
(within larger uncertainties)
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Larger gluon fraction in the pion
than without LN constraint

PDFs in the pion
MC analysis combining pQCD with chiral EFT to fit        Drell-Yan
+ leading neutron electroproduction data from HERA
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PDFs in the pion
MC analysis combining pQCD with chiral EFT to fit        Drell-Yan
+ leading neutron electroproduction data from HERA
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origin of the          asymmetry
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chiral effective theory relates 
asymmetry to structure of pion
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PDFs in the pion

Patrick Barry et al.  (2019)
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1− z1 1− z2 1− z3 1− zn

1 z1 z1z2 z1z2z3 z1z2 · · · zn

effect of resummation on phenomenology?

x     1 behavior of pion PDF is controversial:                 or ⇠ (1� x) (1� x)2 ?

Aicher, Schafer, Vogelsang (2010)

Hard scattering coefficient function kinematically
enhanced when z     1 because of gluon emissions

with resummation: more consistent with ~ (1� x)2

no resummation: more consistent with ~ (1� x)
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FIG. 1. Lowest order interaction for the Drell-Yan process,
consisting of a quark and antiquark annihilating into a lep-
tonic pair through intermediate photon production.

However, these ”leading order” interactions are rela-
tively insensitive to the gluon, since processes directly
including a gluon only appear starting from order ↵

s

in-
teractions. This is essentially when the presence of some
transverse momentum of the produced photon necessi-
tates the recoiling of a gluon. These interactions include
three specific channels: the qq channel, the qg channel,
and the gq channel as shown in Figure 2 [4].

Clearly, the order ↵0
s

process is only dominant or rel-
evant when p

T

⇡ 0 (in the CM frame), so the probing
of higher order interactions occurs in the analysis of p

T

dependent data. For these data, the order ↵
s

processes
become the leading order contribution to the cross sec-
tion at high p

T

. Thus, there is a potential for greater
sensitivity toward and further constraining of the gluon
PDF at large x values by including p

T

dependent data in
the experimental analysis of the Drell Yan process.

This work attempts to fit p
T

-dependent cross sec-
tion data from the Drell-Yan process to extract a fur-
ther constrained image of the gluon PDF. Taking p

T

dependent cross section measurements from experiment
E615 (pion collisions with tungsten atoms), we fitted the
data through combining both pT independent and de-
pendent gluon PDFs for comparison with valence and
sea quark PDFs. Such further constraining of the gluon
PDF can lead to improved imaging of the gluon PDF in
the pion across all momentum fractions as well as provide
a greater understanding of the full p

T

spectrum and the
general structure of hadrons.

METHODS AND THEORY

The Complete Drell-Yan Cross Section

The complete Drell-Yan cross section can be written
generally as a sum of four terms [2]:

FIG. 2. Higher order Feynman diagrams for Drell-Yan that
include the recoiling of a gluon. There are three channels that
constitute such an interaction: qq (top), qg (middle), and gq

(bottom).

d�

dQ2dydp2
T

= W + FO �ASY +O(
m2

Q2
)

(1)

The W term dominates at low x values, and is deter-
mined by the behavior of transverse momentum distri-
butions (TMDs). The fixed order (FO) term dominates
at high x values, where perturbative QCD and collinear
factorization are theoretically thought to hold. Finally,
the asymptotic term is a general function meant to ap-
proach the FO term at low x and the W term at high x,
thus allowing for the dominance of the relevant terms to
be expressed properly mathematically. The last term is
an error term. [2]
Given that this analysis focuses on high p

T

values, it
is expected that only the fixed term will be needed to

New analysis examines whether large-     DY
data can be simultaneously described with
    -integrated DY + HERA LN data

qT

qT

large-     photon requires hard gluon
to recoil against — sensitivity to
gluon PDF in pion at large x!

qT

Below are the Feynman diagrams for the following cases: B ! B’ �, B ! T ’ �, T ! B’

�, and T ! T ’ �

�

B0

B B

�

T0

B B

�

B0

T T

�

T0

T T

From the Lagrangian in Eq. (1), the formal definitions of the self-energy for each meson

loop can be defined:

For B ! B0 �:

⌃B!B0� =
1

2
Tr

⇥/p+MB

2MB
⌃̂B!B0�

⇤
(7)

For B ! T0 �:

⌃B!T0� =
1

2
Tr

⇥/p+MB

2MB
⌃̂B!T0�

⇤
(8)

For T ! B0 �:

⌃T!B0� =
1

4
Tr

⇥/p+MT

2MT
⇤⌫µ(p)⌃̂

µ⌫
T!B0�

⇤
(9)

For T ! T0 �:

⌃T!T0� =
1

4
Tr

⇥/p+MT

2MT
⇤⌫µ(p)⌃̂

µ⌫
T!T0�

⇤
(10)

Where

⇤⌫µ(p) = g⌫µ � 1

3
�⌫�µ � 1

3M
(�⌫pµ � �µp⌫)� 2

3M2
p⌫pµ (11)

III. DEFINITIONS OF SELF-ENERGY OPERATORS

A. Self-Energy operator for an octet-octet meson loop

The first and simplest meson loop is for the octet to octet and meson loop. From the

Lagrangian in Eq. (1), the self energy operator for a general octet to octet meson loop can

5
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PDFs in the pion



Outlook

New paradigm in global analysis — simultaneous determination
of collinear distributions using MC sampling of parameter space 

Next steps: simultaneous analysis of all collinear distributions 
— unpolarized & polarized PDFs and FFs
     (including jet, W production, … data)

Longer-term:  technology developed here will be applied to 
global QCD analysis of transverse momentum dependent (TMD) 
distributions — map out full 3-d image of hadrons
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