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Introduction
12 GeV Experiments at Jlab


Unprecedented access to 3-D structure of the nucleon


Transition between hadronic and partonic degrees of freedom


Perturbative QCD can still be used


Target hadron masses don’t satisfy m << Q


Target Mass Corrections (TMC)


When are they relevant?


What can we infer about target structure? 
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DIS Kinematics

Breit frame momenta:


Target:                                       Photon:


where:


Pμ = ( Q

xN 2
,

xNM2

Q 2
, 0T) qμ = (−

Q

2
,

Q

2
, 0T)

Q = −q2 xN = −
q+

P+
=

2xBj

1 + ρ2 ρ2 = 1 +
4x2

BjM2

Q2
xBj =

Q2

2P ⋅ q
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DIS Cross Section
Cross Section:


Leptonic Tensor:


Hadronic Tensor:


E′�

dσ
d3l′�

=
2α2

em

(s − M2)Q4
LμνWμν

Lμν = 2(lμl′�ν + lνl′�μ − gμνl ⋅ l′�)

Wμν = (−gμν +
qμqν

q2 ) F1(xN, Q) + (Pμ −
P ⋅ q
q2

qμ) (Pν −
P ⋅ q
q2

qν) F2(xN, Q)
P ⋅ q
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Structure Functions
Projection Operators:


Transverse and Longitudinal Structure Functions:


F1,2(xN, Q) = Pμν
1,2(xN, Q, M) Wμν

Pμν
1 (xN, Q, M) = −

1
2

gμν +
2x2

Bj

ρ2Q2
PμPν

Pμν
2 (xN, Q, M) = −

xBj

ρ2
gμν +

12x3
Bj

Q2ρ4
PμPν

FT = 2xBjF1 FL = ρ2F2 − FT
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Target Mass Corrections (TMC)

Large Number of TMC formalisms:


Brady, Accardi, Hobbs, Melnitchouk, PR D84, 074008 (2011)


Some use assumptions about partonic dynamics


Interested in purely kinematical TMCs


Aivazis, Olness, Tung, PR D50, 3085 (1994)  (AOT)
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AOT TMC
Massless Target Approximation (MTA):


Pμν
1 (xN, Q, M) → P̃μν

1 (xBj, Q,0) = −
1
2

gμν +
2xBj

Q2
P̃μP̃ν

P2(xN, Q, M)μν → P̃μν
2 (xBj, Q,0) = − xBjgμν +

12x3
Bj

Q2
P̃μP̃ν

xN → xBj P → P̃ =
Q

2xBj

,0,0T

Wμν → (−gμν +
qμqν

q2 ) F1(xBj, Q) + (P̃μ −
P̃ ⋅ q
q2

qμ) (P̃ν −
P̃ ⋅ q
q2

qν)
F2(xBj, Q)

P̃ ⋅ q
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AOT TMC
Collinear factorization without the MTA:


Approximate target parton momentum:


Partonic tensor:


where


k → ̂k = (ξP+,0,0T)

Ŵμν → (−gμν +
qμqν

q2 ) ̂F1( ̂xBj, Q) + ( ̂kμ −
̂k ⋅ q
q2

qμ) ( ̂kν −
̂k ⋅ q
q2

qν)
̂F2( ̂xBj, Q)

̂k ⋅ q

̂xBj =
Q2

2 ̂k ⋅ q
=

Q2

2 ̂k+ ⋅ q−
=

xN

ξ
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AOT TMC
AOT Structure functions:


Applying the MTA:


FAOT
1 (xN, Q2) = ∫

1

xN

dξ
ξ

̂F1(xN /ξ, Q2) f(ξ) + O(m2/Q2)

FAOT
2 (xN, Q2) =

1 + ρ
2ρ2 ∫

1

xN

dξ ̂F2(xN /ξ, Q2) f(ξ) + O(m2/Q2)

FMTA
1 (xBj, Q2) = ∫

1

xBj

dξ
ξ

̂F1(xBj /ξ, Q2) f(ξ) + O max [ m2

Q2
,

x2
BjM2

Q2 ]
FMTA

2 (xBj, Q2) = ∫
1

xBj

dξ ̂F2(xBj /ξ, Q2) f(ξ) + O max [ m2

Q2
,

x2
BjM2

Q2 ]
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When are target mass effects 
relevant?

Spectrum of possible target structures:


P 

p 
p+q 

Lumpy target

P 

p p+q 

Diffuse Target
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When are target mass effects 
relevant?

Subsystem momentum:


where


Invariant mass of subsystem scattering:


Series expansion of momentum fraction:


p = (XP+,
m2

T

2XP+
, pT)

mT = p2
T + p2

X = xBj [1 +
p2

T + m2
J − x2

BjM2

Q2
−

m2
T(p2

T + m2
J ) + x2

BjM2(p2
T + m2

J ) − x4
BjM4

Q4
+ …]

m2
J = (p + q)2
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When are target mass effects 
relevant?

pT, mT, and mJ corrections:


Small in a lumpy target


Large in a diffuse target


Improvement from TMC → Target is lumpy
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Testing in a Simple Field Theory

AOT methods can be applied to any renormalizable field theory


Choose a theory for which calculations can be completed without 
approximation:


Calculate exact solution


Calculate factorized solutions


Compare results
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Testing in a Simple Field Theory
In EM, Melnitchouk, Rogers, Sato, 2017


Examined unintegrated low transverse momentum contribution in 
collinear factorization


For testing TMCs:


Transverse momentum integrated collinear factorization

Fi (xN, Q) = ∫
d2kT

(2π)2
ℱi(xN, Q, kT) , i = 1,2,L, …
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The Simple Field Theory
Interaction Lagrangian Density:


where:


Ψ𝑁 = Spin-1/2 “nucleon” with mass mp 


𝜓𝑞 = Spin-1/2 “quark” with mass mq


𝜙 = Scalar “di-quark” with mass ms


Nucleon and quark interact with the photon, but di-quark is a spectator 


Coupling constant:


 

ℒint = − λ ΨN ψq ϕ + H . c .

aλ =
λ2

16π2
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DIS Calculations
Calculate structure functions to order 𝑎𝝀


Integrate exact solution from EM, Melnitchouk, Rogers, Sato, 2017 


Factorized solutions (AOT and MTA)


where


F(1)
i,fact = ̂F(0)

i,f/f′� ⊗ f (1)
f′�/P + ̂F(1)

i,f/f′� ⊗ f (0)
f′�/P

A ⊗ B ≡ ∫
1

xBj,N

dξ
ξ

A(xBj,N /ξ)B(ξ)
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Order 𝑎𝝀 Diagrams

p

q

k p

q

k + q

p

q

k
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Parton Distribution Functions (PDFs)

Bare Density:


Renormalized Density:


f0,f/h(ξ) = ∫
dw−

(2π)
e−iξP+w− ⟨p | ψ̄0,f(0,w−, 0T)

γ+

2
ψ0,f(0,0,0T) |p⟩

ff/h(ξ; μ) = Zf/f′ � ⊗ f0,f′�/h ≡ ∑
f′�

∫
dz
z

Z(z, aλ(μ))f/f′� f0,f′�/h(ξ/z)
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Parton Distribution Functions (PDFs)

Zero Order PDF:


f (0)
p/p(ξ; μ) = ∫

dk−d2−2ϵkT

(2π)4−2ϵ
Tr [ γ+

2 ]P

= δ(1 − ξ)
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Parton Distribution Functions (PDFs)

First Order PDF:


where


f (1)
q/p(ξ; μ) = ∫

dk−d2−2ϵkT

(2π)4−2ϵ
Tr [ γ+

2 ] + MS C . T .
P

k

= aλ(μ)(1 − ξ)
(mq + ξmp)2

Δ(ξ)2
+ ln [ μ2

Δ(ξ)2 ] − 1

Δ(ξ)2 = ξm2
s + (1 − ξ)m2

q − ξ(1 − ξ)m2
p MS C . T . = − aλ(μ)(1 − ξ)

Sϵ

ϵ
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Parton Distribution Functions (PDFs)

PDF before integration


aλ(μ)
π

(2πμ)2ϵ ∫ d2−2ϵkT
(1 − ξ)[k2

T + (mq + ξmp)2]
[k2

T + ξm2
g + (1 − ξ) m2

q + ξ(ξ − 1)m2
p]2 + MS C . T .
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Matched Asymptotic Expansions

Mixture of approximations:


Applied mathematics: Matched Asymptotic Expansions


kT << Q:


Exact error:


F(1)
i,fact = ̂F(0)

i,f/f′� ⊗ f (1)
f′ �/P + ̂F(1)

i,f/f′� ⊗ f (0)
f′�/P

ℱ(1)
1 (xBj, kT, Q) = Tsmallℱ(1)

1 (xBj, kT, Q) + O ( max(m2, k2
T)

Q2 )
ℱ(1)

1 (xBj, kT, Q) = Tsmallℱ(1)
1 (xBj, kT, Q) + [ℱ(1)

1 (xBj, kT, Q) − Tsmallℱ(1)
1 (xBj, kT, Q)]
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Matched Asymptotic Expansions
kT >> m:


Amounts to mp,mq,ms → 0


Need to account for Q >> kT >> m:


Integrate over kT:


ℱ(1)
1 (xBj, kT, Q) = Tlargeℱ(1)

1 (xBj, kT, Q) + O ( m2

k2
T )

ℱ(1)
1 (xBj, kT, Q) = Tsmallℱ(1)

1 (xBj, kT, Q) + Tlarge [ℱ(1)
1 (xBj, kT, Q) − Tsmallℱ(1)

1 (xBj, kT, Q)] + O ( m2

Q2 )
F(1)

1 (xBj, Q) = ̂F(0)
1,f/f′� ⊗ f (1)

f′ �/P + ̂F(1)
1,f/f′� ⊗ f (0)

f′�/P + O (a2
λ ) + O ( m2

Q2 )
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Small Transverse Momentum
̂F(0)
1,f/f′ � ⊗ f (1)

f′�/p = TsmallF(1)
1
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Small Transverse Momentum
Zero order hard part:


First order PDF:


After convolution:
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̂F(0)
1,f/f′�(ξ/xBj, Q) =

e2
f

2
δ(1 − xN /ξ)δff′� =

e2
f

2
δ(1 − xBj /ξ)δff′ � + O (

x2
Bjm2

p

Q2 )
f (1)
f′�/p(ξ; μ) = aλ(μ)(1 − ξ)

(mq + ξmp)2

Δ(ξ)2
+ ln [ μ2

Δ(ξ)2 ] − 1

Δ(ξ)2 = ξm2
s + (1 − ξ)m2

q − ξ(1 − ξ)m2
p

̂F(0)
1,f/f′� ⊗ f (1)

f′�/P =
aλ(μ)e2

f

2
(1 − xBj)

(mq + xBjmp)2

Δ(xBj)2
+ ln [ μ2

Δ(xBj)2 ] − 1



Large Transverse Momentum
̂F(1)
1,f/f′ � ⊗ f (0)

f′�/p = Tlarge [F(1)
1 − TsmallF(1)

1 ]
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TlargeF(1)
1 TlargeTsmallF(1)
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Large Transverse Momentum

            where:
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TlargeTsmallF(1)
1 (xBj, Q) =

aλ(μ)e2
f

2
μ2ϵ ∫

∞

k2
cut

dk2
T(k2

T)−ϵ
(1 − xBj)

k2
T

−
aλ(μ)e2

f

2
(1 − xBj)

Sϵ

ϵ

TlargeF(1)
1 (xBj, Q) =

aλ(μ)e2
f

2 ∫
k2

m

k2
cut

dk2
T (

1 − xBj

κ(xBj)k2
T

−
xBj(2x2

Bj − 6xBj + 3)
Q2(1 − xBj)2κ(xBj) )

κ(xBj) ≡ 1 −
k2

T

k2
m

k2
m ≡

(1 − xBj)Q2

4xBj



Large Transverse Momentum
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TlargeTsmallF(1)
1 (xBj, Q) =

aλ(μ)e2
f

2 ∫
μ2

k2
cut

dk2
T

(1 − xBj)
k2

T
=

aλ(μ)e2
f

2 ∫
k2

m

k2
cut

dk2
T

(1 − xBj)
k2

T
+

aλ(μ)e2
f

2
(1 − xBj)ln

μ2

k2
m

̂F(1)
1,f/f′� ⊗ f (0)

f′�/p = Tlarge [F(1)
1 − TsmallF(1)

1 ]

=
aλ(μ)e2

f

2 ∫
k2

m

0
dk2

T (
(1 − xBj)(1 − κ)

κk2
T

−
xBj(2x2

Bj − 6xBj + 3)
Q2(1 − xBj)2κ ) −

aλ(μ)e2
f

2
(1 − xBj)ln

μ2

k2
m



Results for Factorized F1

�29

F(1)
1 (xBj, Q) =

aλ(μ)e2
f

2
(1 − xBj)

(mq + xBjmp)2

Δ(xBj)2
+ ln [ 4k2

m

Δ(xBj)2 ] − 1 −
2x2

Bj − 6xBj + 3
2(1 − xBj)2

+O ( m2

Q2 ) ≡ F(1)
1,fact(xBj, Q) + O ( m2

Q2 )



Results for Factorized F2
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F(1)
2 (xBj, Q) = aλ(μ)e2

f xBj(1 − xBj)
(mq + xBjmp)2

Δ(xBj)2
+ ln [ 4k2

m

Δ(xBj)2 ] − 1 −
6x2

Bj − 10xBj + 3
2(1 − xBj)2

+O ( m2

Q2 ) ≡ F(1)
2,fact(xBj, Q) + O ( m2

Q2 )



Plotting Results
Masses used


mp=ms=0.938 GeV


mq=0.3 GeV


Observations:


Large transverse momentum contributions 
are more important at large x


Agreement gets better with larger Q
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TMCs in the Yukawa Theory

Lumpy target structure
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p

Pdσ
d3l′�

= ∫ dX
dσp

d3l′�

δ(X − c)
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TMCs in the Yukawa Theory
Exact


Massless Target Approximation


AOT Target Mass Corrected


Where

FP
1 (xN) =

1
c

Fp
1 (xp

N) FP
2 (xN) =

(Q2 − M2x2
N) (Q2 + m2

p x2
N)

2

(Q2 + M2x2
N)2 (Q2 − m2

px2
N)

Fp
2 (xp

N)

FP
1 (xN) =

1
c

Fp
1, fact(xBj /c) FP

2 (xN) = Fp
2, fact(xBj /c)

FP
1 (xN) =

1
c

Fp
1, fact(xN /c) FP

2 (xN) =
Q2 (Q2 − M2x2

N)
(Q2 + M2x2

N)2 Fp
2, fact(xN /c)

xN =
2xBj

1 + 1 +
x2

BjM2

Q2

xBj =
Q2

2P ⋅ q
xp

N =
2xp

Bj

1 + 1 +
xp2

Bj m2
p

Q2

xp
Bj =

Q2

2p ⋅ q
=

xN /c

1 −
x2

NM2

c2Q2
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Results

c=0.8


M=0.938 GeV


mp=mq=ms=0.0938 GeV
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Results

c=0.8


M=0.938 GeV


mp=mq=ms=0.0938 GeV
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Results

c=0.8


M=0.938 GeV


mp=mq=ms=0.0938 GeV
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Conclusion
Target mass corrections get larger with increasing xBj


Target masses are relevant when:


xBj  is large


M ~ Q 

xBj M/Q Corrections >> Dynamic Corrections


TMC improvement relative to F1(FT) or F2 data implies the target is made up of loosely 
bound subsystems (lumpy picture)


Due to larger TMC effects, FL data would be best suited for comparing the relative 
effectiveness of different TMC methodologies
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