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Introduction

• Muon is an elementary particle and is like the electron in all respects
except for being about 210 times heavier

• Decays via the charged current weak interaction into an electron and a
pair of neutrinos µ ! e⌫e⌫µ with a lifetime of approximately 2
microseconds in its rest frame

• Obviously interacts electromagnetically since it is charged. No electric
dipole moment measured since it would be a signal of leptonic CP
violation. Arises at higher orders in the weak interactions due to the CKM
phase, but immeasurably small

• Fermilab measurement 11659 2040(54)⇥ 10�11 (0.46 ppm) [3.3 �]

• BNL measurement 11659 2080(54)(33)⇥ 10�11

• Theory (White Paper) 11659 1810(43)⇥ 10�11
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Cartoon of muon g � 2

Recall that 1/↵ ' 137.05 and ↵/(2⇡) ' 0.00116

g � 2 of the Muon: Theory and Experiment Challenge One Another



Schwinger Headstone
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Important Publications

• G. W. Bennett et al. Muon g-2 Collaboration, Phys. Rev. D 73 (2006), 072003
doi:10.1103/PhysRevD.73.072003 [arXiv:hep-ex/0602035 [hep-ex]].

• T. Albahri et al. Muon g-2 Collaboration, “Beam dynamics corrections to the
Run-1 measurement of the muon anomalous magnetic moment at Fermilab,”
Phys. Rev. Accel. Beams 24 (2021) no.4, 044002
doi:10.1103/PhysRevAccelBeams.24.044002 [arXiv:2104.03240 [physics.acc-ph]].

• B. Abi et al. Muon g-2 Collaboration, “Measurement of the Positive Muon
Anomalous Magnetic Moment to 0.46 ppm,” Phys. Rev. Lett. 126 (2021)
no.14, 141801 doi:10.1103/PhysRevLett.126.141801 [arXiv:2104.03281 [hep-ex]].

• T. Albahri et al. Muon g-2 Collaboration, “Magnetic-field measurement and
analysis for the Muon g2 Experiment at Fermilab,” Phys. Rev. A 103 (2021)
no.4, 042208 doi:10.1103/PhysRevA.103.042208 [arXiv:2104.03201 [hep-ex]].

• T. Albahri et al. Muon g-2 Collaboration, “Measurement of the anomalous
precession frequency of the muon in the Fermilab Muon g2 Experiment,” Phys.
Rev. D 103 (2021) no.7, 072002 doi:10.1103/PhysRevD.103.072002
[arXiv:2104.03247 [hep-ex]].
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Resources

• arXiv:1501.06858 Muon g-2 TDR, E 989

• particlebites.com

• Fermilab Resources

• YouTube resources (thank you Stanley Wojcicki, 2015 Panofsky Prize
Winner “For his leadership and innovative contributions to experiments
probing the flavor structure of quarks and leptons, in particular for his
seminal role in the success of the MINOS neutrino oscillation experiment.”
f/o Susan, CEO of YouTube)

• April 7 talks of Aida X. El-Khadra and Chris Polly

• Quanta magazine

• Talk given by Gilberto Colangelo, Democritos Colloquium, April 20, 2021
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Quantum Electrodynamics

• Quantum Electrodynamics formulated by Dirac, Pauli, Jordan, Feynman,
Schwinger and Tomonaga

• Simplest theory with 2 parameters, me and ↵ (Sommerfeld fine-structure
constant)

• Extended to include other charged leptons, muon, and ⌧ leptons, and charged
quarks

• Free electron satisfies Dirac Equation (which contains the magnetic moment), g
is the gyromagnetic ratio, g = 2 being the classical prediction of the Dirac theory.

• Feynman rules require us to have ‘loops. At one-loop order, vacuum polarization,
self-energy and vertex correction

• In general loops have to be ‘regularized and the theory renormalized

• Vertex correction leads to the anomalous magnetic moment. aµ ⌘ (g � 2)/2
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Experimental result on deviation from g = 2
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The one-loop QED result from Schwinger
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g � 2 at higher orders

• At one-loop, it is finite and was computed by Julian Schwinger to be
↵/(2⇡) ⇡ 0.00116

• Heisenberg Uncertainty Principle �E �t � ~
• Think of loop as resulting from fluctuations of particle pairs from the vacuum

• The loops must account for all particles in nature and all interactions

• In the Standard Model these will include corrections with pairs of quarks, leptons,
etc.

• Additional vertex will bring in 2 powers of e in loops and get suppressed

• As precision increases higher and higher loops must be accounted for

• Even though series in ↵ is divergent we need to compute

• Electro-weak as well as loops with quarks.

• The latter cannot be computed in QCD

• High precision measurement vs. high precision calculations

• Beyond SM? Additional particles? Additional interactions?

• Supersymmetry? Extra-dimensions?
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Representative corrections
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Sample of QED diagrams
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White Paper Summary

Intro HVP to (g � 2)µ HLbL to (g � 2)µ aµ(FNAL) Conclusions Early history Present status

White Paper (2020): (g � 2)µ, experiment vs SM

Contribution Value �1011

HVP LO (e+e�) 6931(40)
HVP NLO (e+e�) �98.3(7)
HVP NNLO (e+e�) 12.4(1)
HVP LO (lattice BMW(20), udsc) 7075(55)
HLbL (phenomenology) 92(19)
HLbL NLO (phenomenology) 2(1)
HLbL (lattice, uds) 79(35)
HLbL (phenomenology + lattice) 90(17)

QED 116 584 718.931(104)
Electroweak 153.6(1.0)
HVP (e+e�, LO + NLO + NNLO) 6845(40)
HLbL (phenomenology + lattice + NLO) 92(18)

Total SM Value 116 591 810(43)
Experiment (E821) 116 592 089(63)
Difference: �aµ := aexp

µ � aSM
µ 279(76)
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Hadronic Light by Light Scattering

• Hadronic Light by Light Scattering

• New dispersive calculation (Colangelo, Hoferichter, Procura, Sto↵er)

• Very complicated calculation, with contributions from ⇡, kaon, ⌘, ⌘

• Prior estimates coming from Nambu-Jona-Lasinio model, and lattice
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HLbL

Intro HVP to (g � 2)µ HLbL to (g � 2)µ aµ(FNAL) Conclusions

Improvements obtained with the dispersive approach

Contribution PdRV(09) N/JN(09) J(17) WP(20)
Glasgow consensus

⇡0, �, ��-poles 114(13) 99(16) 95.45(12.40) 93.8(4.0)
⇡, K -loops/boxes �19(19) �19(13) �20(5) �16.4(2)

S-wave ⇡⇡ rescattering �7(7) �7(2) �5.98(1.20) �8(1)

subtotal 88(24) 73(21) 69.5(13.4) 69.4(4.1)

scalars � � �
�

� 1(3)tensors � � 1.1(1)
axial vectors 15(10) 22(5) 7.55(2.71) 6(6)

u, d, s-loops / short-distance � 21(3) 20(4) 15(10)

c-loop 2.3 � 2.3(2) 3(1)

total 105(26) 116(39) 100.4(28.2) 92(19)

� significant reduction of uncertainties in the first three rows:
low-energy region well constrained by a dispersive approach

CHPS (17), Masjuan, Sánchez-Puertas (17) Hoferichter, Hoid, Kubis, Leupold, Schneider (18)

� 1 � 2 GeV and asymptotic region (short distance constraints)
have been improved, but still work in progress (see WP(20))

Melnikov, Vainshtein (04), (.......), Bijnens, Hermansson-Truedsson, Laub, Rodríguez-Sánchez (20,21)
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HLbL

Intro HVP to (g � 2)µ HLbL to (g � 2)µ aµ(FNAL) Conclusions

Situation for HLbL
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Hadronic Vacuum Polarization Contributions
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aµ and the pion form factor

a
⇡⇡(�), LO
µ [

p
tl ,

p
tu ] =

↵2m2
µ

12⇡2

Z tu

tl

dt

t
|F (t)|2 K(t)�3

⇡(t) |F!(t)|2
⇣
1 +

↵

⇡
⌘⇡(t)

⌘

• F (t): the pion electromagnetic form factor in the isospin limit

• K(t) =
R 1
0 du(1 � u)u2(t(1 � u) + m2

µu
2)�1 the QED kernel

• �⇡(t) = (1 � 4m⇡/t)1/2 two-pion phase space

• F!(t) = 1 + ✏ t
(m!�i�!/2)2�t

isospin-breaking correction (! � ⇢ mixing)

• 1 + ↵
⇡ ⌘⇡(t): FSR correction (scalar QED)

Consider the low-energy contribution: a
⇡⇡(�), LO
µ [2m⇡ , 0.63GeV] ⌘ aµ

Aim: reduce the error on aµ by exploiting analyticity, unitarity and more
precise phenomenological information on F (t) available at other energies
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Low-energy region
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New Fit
BaBar (09)
KLOE (10)

CMD-2 (06)
SND (06)

OLYA-VEPP2
TOF-VEPP 2M

NA7
CMD-VEPP 2M

ChPT

Davier et al. EPJ C66, 1 (2010) Hagiwara et al. J.Phys. G38, 085003 (2011)

• Left, black: combined data on the e+e� ! ⇡+⇡� cross section multiplied by
the kernel function K(s) in the integral for aµ

• Left: red: corresponding error contribution, with statistical and systematic errors
added in quadrature

• Right: low-energy data on the e+e� ! ⇡+⇡� cross section

Large experimental errors on the cross-section amplified by the QED kernel

) More convenient to use the pion electromagnetic form factor

h⇡+(p0)|Jelmµ |⇡+(p)i = (p + p0)µF (t), t = (p � p0)2
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The theoretical motivation and strategy

• Largest theoretical error, �athµ ⇠ 4.3 ⇥ 10�10, from LO hadronic vacuum
polarization (HVP)

• A large part of it comes from the ⇡+⇡� contribution from low-energies

• Compilation of e+e� data, including BaBar : Davier et al. (2010)

a⇡⇡, LO
µ [2m⇡ , 0.63GeV] = (133.2 ± 1.3) ⇥ 10�10

• Integration of BaBar data alone: error ⇠ 1.5 ⇥ 10�10 Malaescu (2013)

• Inclusion of KLOE 11: modest improvement, due to tension between BaBar
and KLOE Hagiwara et al. (2011)

• More recent experiments (KLOE 13, BESIII 16, CMD-3 preliminary) do not
report data at low energies

• Before turning to our work, we review the experiment in the following
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Experiments

• CERN experiments, 1960s large uncertainty

• Brookhaven National Laboratory - E821, end of the last century and early 21st
century

• Fermilab Muon g-2 experiment, on going attempts to reduce uncertainty by a
factor of 4

• Proposed experiment at JPARC in Japan using ultra-cold muons
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Journey

Intro HVP to (g � 2)µ HLbL to (g � 2)µ aµ(FNAL) Conclusions

Fermilab Muon g � 2 experiment
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Magnet
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JParc Experiment
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Brookhaven and Fermilab experiments

• Storage ring in which muons circulate at ‘magic energy

• muons produced from pion decay. ⇡+(ud̄) ! µ+ + ⌫µ (produces polarized
muons in direction of flight)

• µ+ ! e+⌫e + ⌫µ

• Uniform magnetic field in which muon polarisation vector precesses

• Decay of muon (parity violating weak decay) seen by infalling positron and
correlated with polarisation by array of 24 Cherenkov detectors
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The experimental apparatus
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Some calculations

• mµ = 105.65837755(23) MeV,
⌧µ = 2.1969811(22)µs,
↵�1 = 137.035999174(35), 137.035999206 (the latter from Rubidium atom
measurement, former from Caesium)

•

~!a = �
e

m

"
aµ ~B �

✓
aµ �

1

�2 � 1

◆ ~B ⇥ ~E

c
� aµ

�

� + 1

⇣
~� · ~B

⌘
~�

#

• We would like to tune the energy so that the second term can essentially be sent
to 0. This is how we arrive at the magic energy. Recalling that
(↵/(2⇡) = 0.00116141) which is not needed at high precision for this purpose,
the electric quadrupole field drops out of the spin-equations. The reason being
that we do not know the electric field at su�ciently high precision. Now the
result is dominated by the B field.

� =
q

1/aµ + 1 = 29.3602

MagicEnergy = mµ� = 3.10214GeV, ⌧ = 64.5014µs
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More on the experiments

• Energy and timing information

• Wiggle Plot from which !a is extracted

• Significant improvement compared to BNL at Fermilab, no hadronic flash, pions
removed, protons removed, muon rate 3 times as high, more uniform B field,
better focus

• Same magnet approximately 50 ft diameter magnet, B = 1.45 T uniform to 25
ppm

• Electric quadrupole field needed to keep muons in orbit and inside the storage
rings
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Arriving at the result

• Spinning muon, due to parity violation produces more charged decay daughter in
direction of polarisation in terms of energy

• Since the muons are highly relativistic � ⇡ 29 need to correct for the motion,
with lifetime of about 64 microseconds

• Detectors are placed inside the annulus

• As the muon decays the charged daughter leaves the annulus and spirals in, as it
no longer meets the cyclotron conditions

• Preferentially emitted (more energetic) along direction of polarisation
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Wiggle Plot details

• As the polarisation vector precesses, the energy spectrum also changes as
direction of the Lorentz boost makes an angle with the polarization vector
gives rise to Wiggle Plot

• The Wiggle Plot allows us to measure the precession frequencyy !a

• Calorimeter measures total energy and incident position of positrons.
Precise timing of decay positron to infer position of decaying muon. sub
100 ps precision on positron arrival time

• 10 MHz GPS disciplined master clock drives both !a and !p measurements

• 61.74 MHz field reference blinded by ±25ppm

• All put together rate of detected positrons E > Ethr

• N(t) = N(0)⌘N(t) exp(�t/(�⌧µ)) [1 + A⌘A(t) cos(!at + �0 + ⌘�(t))]

• N0 is a normalization �⌧µ ⇡ 64.4µs, A is the average weak-decay
asymmetry �0is the esemble average phase angle, which depend on Eth. ⌘i
terms model e↵ects due to betatron oscillations.
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Wiggle
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Summary of Experiments

• Based on all the above the observed precession frequency is measured at 434 ppb (statistical) and 56 ppb
(systematic)

• Translated to muon magnetic moment at 0.46 ppm

• The results from the Fermilab Run 1 confirm the Brookhaven Result and are consistent with the same. The
Fermilab central value is closer the SM central value. When the two are combined, we get a 4.2 � deviation
from the SM theory value.

• In the coming years, the data are expected to cut down the uncertainty by a factor of 4 compared to
Brookhaven

• Improvements in the experiment and purity of the magnetic field
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Improving the Pion Form factor

• The pion is a composite particle and contains u- and d-quarks/anti-quark pairs

• It is a complicated object and its coupling to a (virtual) photon is described by a
form factor which is a function of the square of the energy

• At t = 0 it is normalized to unity in units of the electronic charge

• The cross-section for e+e� ! ⇡+⇡� is controlled by the form factor

• It is a complex function of the square of the energy with real and imaginary parts
for t > 4m2

⇡

• Unitarity is the property that relates the total-cross section to the imaginary part
(optical theorem) of the forward scattering amplitude

• Unitarity also relates the phase of the form factor to that of the phase shift in
elastic pion scattering (P- wave, Iso-spin=1) channel

• Analyticity is the property which says that the form factor if analytic in the cut
energy squared phase with the cut running from threshold to infinity along the
real energy square axis.

• The form factor is said to real analytic F (t⇤) = F⇤(t)

• Allows us to write a dispersion relation for the form factor itself: the full function
can be reconstructed by F (t) = 1/⇡

R 1
4m2

⇡
dt0ImF (t0)/(t0 � t)
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Unitarity and Analyticity Made Easy

• The S-matrix: S = 1 + iT , with SS† = 1 =) 1 = 1 + i(T � T † + |T |2)
• 2ImT = |T |2 = (T † P

n |nihn|T ) [Optical theorem]

• Cauchy’s theorem

f (z) =
1

2⇡i

I
f (z 0)

z 0 � z

• If the path is chosen to run along the real axis from 4m2
⇡ to 1 (the branch cut)

just above the axis, and then the circle completed and then runs parallel from 1
to 4m2

⇡ , with the contribution from the circle vanishing, we get the familiar
dispersion relation given earlier

• Typically when integrals run along the square of the energy axis from threshold
to 1 they are called dispersive representation
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Hadronic Vaccum Polarization Summary
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Our Form Factor Analysis and Implications

• A full-fledged precision determination of the form factor, radius, and contribution
to the g � 2 in the low-energy region

• The charge radius squared is related to the slope at t = 0 of the pion
electromagnetic form factor F (t),

F (t) = 1 +
1

6
hr2

⇡it + O(t2)

• The most recent value of the pion charge radius, r⇡ ⌘ hr2
⇡i1/2, quoted by PDG

r⇡ = (0.672 ± 0.008) fm, (1)

• is obtained mainly from values of the form factor measured at small spacelike
momenta t < 0 from

• e⇡ ! e⇡ and
• eN ! e⇡N processes,

extrapolated to t = 0 using simple dipole-like parametrizations.

• ChPT at two-loop order (Bijnens et al., 1998) in the timelike region, t > 0, yields
the best value hr2

⇡i = (0.437 ± 0.016) fm2, i.e. r⇡ = (0.661 ± 0.015) fm.

• The calculations in lattice QCD are consistent with these values, but have not
yet reached the same precision (for a review, Aoki et al. 2017)
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Strategy adapted for each of the problems

Basic idea:

• Use as input, instead of the modulus, the phase arg[F (t)], known with precision
in the elastic region of the unitarity cut from Fermi-Watson theorem and Roy
equations for ⇡⇡ scattering

• Use additional, more precise, values of F (t), available at other energies

Requirements on the method:

• No specific parametrization

• Independence on the unknown phase of F (t) above the inelastic threshold

• Reliable evaluation of the errors

Achieved by using:

• Analyticity and unitarity of the form factor

• Adequate mathematical methods: extremal problems for analytic functions

• Statistical simulations to account for the uncertainties

• First applied to aµ (BA, IC, DD and I. Sentitemsu Imsong, Physical Review D
93, 116007 (2016) )

• Now extended to radius and the form factor at specific energies
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Extremal problem

Find optimal upper and lower bounds on the radius, for F (t) in the class of functions
real analytic in the t-plane cut along the real axis for t � 4m2

⇡ , which satisfy the
following conditions:

• Phase known in the elastic region (from �1
1 phase-shift of ⇡⇡ scattering):

Arg[F (t + i✏)] = �1
1(t), 4m2

⇡  t  tin

• An integral condition on the modulus squared above the inelastic threshold:

1

⇡

Z 1

tin

dt w(t) |F (t)|2  I

• Given values for the first two Taylor coe�cients at t = 0:

F (0) = 1,
h
dF (t)
dt

i

t=0
=

1

6
hr2

⇡i

• Given values at several spacelike and timelike energies:

F (tn) = Fn ± ✏n, n = 1, 2...

Combined phase-modulus problem. Can be reduced to a standard Schur-Carathéodory
and Pick-Nevanlinna interpolation problem

Caprini, EPJC(2000), Abbas, Ananthanarayan, Caprini, Imsong and Ramanan, EPJA(2010)
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1 phase-shift of ⇡⇡ scattering):
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1

⇡

Z 1

tin

dt w(t) |F (t)|2  I

• Given values for the first two Taylor coe�cients at t = 0:

F (0) = 1,
h
dF (t)
dt

i

t=0
=

1

6
hr2

⇡i

• Given values at several spacelike and timelike energies:

F (tn) = Fn ± ✏n, n = 1, 2...

Combined phase-modulus problem. Can be reduced to a standard Schur-Carathéodory
and Pick-Nevanlinna interpolation problem

Caprini, EPJC(2000), Abbas, Ananthanarayan, Caprini, Imsong and Ramanan, EPJA(2010)
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Statistical simulations

• The formalism provides upper and lower bounds on radius at low energies for
definite values of the input quantities (phase, charge radius, spacelike value,
timelike modulus)

• To account for the uncertainties, we have generated a large number of
pseudodata for each of the input quantities, using a priori given distributions
(uniform or gaussian)

• We obtained a large sample (⇠ 106) of values for the quantity radius for each
timelike input

• The entire sample was binned to obtain a mean value and a 68.3% confidence
level interval

g � 2 of the Muon: Theory and Experiment Challenge One Another



Average of di↵erent experiments

• The prescription indicated a positive correlation between the values from
di↵erent experiments

• The results from the two phases have been combined in a simple average

• The data from e+e� and ⌧ -decay experiments are consistent in the region
0.65 � 0.71 GeV ) the results from all 10 experiments can be combined into a
single average:

r⇡ = (0.657 ± 0.003) fm.

The separate predictions obtained from e+e� and ⌧ -decay data are
(0.657 ± 0.003) fm and (0.658 ± 0.004) fm, respectively, showing that the
average is dominated by the more precise e+e� data.

• The data from e+e� and ⌧ -decay experiments are consistent in the region
0.65 � 0.71 GeV ) the results from all 10 experiments can be combined into a
single average:

a
⇡⇡(�), LO
µ [2m⇡ , 0.63 GeV] = (133.258 ± 0.723) ⇥ 10�10

Direct determination: (133.2 ± 1.3) ⇥ 10�10 Davier et al. (2010)
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Summary of our work

• Strategy

• The strategy was to use, instead of the modulus at low energies, the phase
in the elastic region and measurements of the modulus outside the
low-energy region

• By solving a suitable extremal problem, upper and lower bounds on the
radius have been obtained in a parametrization-free approach

• The bounds are optimal and independent on the unknown phase of F (t)
above the inelastic threshold

• The uncertainties of the input have been included by statistical simulations

• The result for the contribution to the charge radius 0.657 ± 0.003

• The error has been reduced by about a factor of 3

• The result for the contribution to a⇡⇡, LO
µ of energies below 0.63 GeV is

consistent with the direct determination from combined e+e� data

• The error has been reduced by about 0.6 ⇥ 10�10 (a factor of 2)

• Some inconsistencies seen near the ⇢ in modulus measurement

• Very precise data even in a limited energy region allows precise extrapolation to
other regions without specific parametrizations
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Summary and Outlook

• The SM errors are dominated by the HVP and HLbL uncertainties

• Not much room for change. There is the possibility that HVP errors can shrink a
little and the HLbL can be brought down to 10% from the present 20%

• BMW collaboration finds central value smaller than prior lattice determinations
of HVP but with significantly lower errors

• The discrepancy remains an unresolved puzzle

• Possible improvement in cross-section measurements, improvements of HLbL
data driven

• Improvements in lattice evaluations

• Fermilab experiment expected to lower BNL uncertainty by a factor of 4 (7�
discrepancy)

• SND, BES-III, CMD 3, BaBar

• HVP contribution dominates the uncertainty

• HLbL is numerically much lower than HVP but larger uncertainty

• Exciting times ahead
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