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A(1232) Delta resonance

Importance

@ Dark matter search,
neutron stars

@ Nucleon-neutrino scattering

@ Dominant in the p wave Nx
scattering

@ Resonance: Decay via
strong interaction

@ Simple: 3 quark and Nn

contribution

Energy ~ Aqcp

@ Low energy strong coupling
pertubative methods fail

@ Non-perturbative methods

@ Lattice QCD
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Lattice Quantum Chromo Dynamics (QCD)

ZOCD = fdwdl/_/d UeiSMinl\'(‘V-‘I_/.U)

Discretize space time on a 4d lattice

@ Mathematical definition of Zgcp

@ Rotating to imaginary time
Statistical mechanical system

@ Fermions bilinear, integrated out
analytically

@ ZEue — [ 9Ue~Saco(B.Mug.ms,me)

@ myy, ms, me physical point

@ f continuum limit

@ After parameter fixing we obtain
predictions
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Lattice QCD: Spectroscopy

@ Observable: Correlation
function

o C(t) = (O(tsink)é(tsource» =
Yae 51(Q]0(0)|n) P

t = tsource t = tsink

@ Asymptotic states t — oo
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Lattice QCD: Spectroscopy

@ Observable: Correlation
function

t = tsource o C([‘) = <O( tsink)C_)( tsource)> =
Lre 51(210(0)|n)?

@ Asymptotic states t — oo

@ Exponential dependence of
- the box size et

(MeV)
¢

b v @ To extract a physical
g2 = = quantity
B L —o0,a—0,m — Mppys

@ Resonances: L finite
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Lischer Method (Nucl.Phys.B 1991)

Connects finite-volume two particle energy spectra with infinite volume scattering amplitude

@ Turn the finite volume to an
advantage

o det(zﬂz“’Jlilul(Ecm) —
5JJ/5M/5””/COt8J[(Ecm)) =0

@ ./ is a known function, § is
‘ ‘ : : scattering phase shift
2 3 4 5

MaL @ Example: We determined the
spectrum (Ecm/ Mz (L))

@ For each E., /M (L) we determine

18 20
L L

o
M

10 12 14 16

L L L L

8
L

7 8-1(Mg,TR)
=] / @ Points are collapsing on single
/ phase shift curve
‘L ‘ . | @ Assume 8_1(s) = f(Mg,TR,Ss),

et/ Mo ‘ ' Mg, T g can be estimated
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Challenges: Scattering at the physical point

Different L very expensive Nrr threshold is very low
@ Adding momentum boosts Data from
@ Lischer formula is valid
° P.robes the systgm at only upto Naz
different scattering three-particle threshold
momenta
S =
w £+ Nan threshold
= .« [f=0 —
. =1 3
g . |p1=3
10 15 200 25 30 E e
Gemt/Mr 12 14 16 18 20 22
Eeme[GeV]
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Challenges: Scattering at the physical point

Different L very expensive Nrr threshold is very low

@ Adding momentum boosts Data from
@ Luscher formula is valid
° P.robes the systgm at only upto Nzx
different scattering three-particle threshold
momenta
" . lf=0
o =1 :
2 . |5l=3
1.0 1 200 B 30 2
Gemf /M 1 14 16 1.8 2.0 2
Eemi[GeV]
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Diagrams:N — N;A—A;Nx— A, aN— =N

DT (Bit) =Y eano U (%, 1) [UP (%, 1) €y u°(%,1)| €PF
X

AN

Ny (i t) =) €abo Ug(X.1) [ (x0T €y d°(%, f)]ep 'd“/ u'
X

at(p,t) = Z d(x, 1) 1 u(x,t) e,
@ Fermion integration done by hand
@ NN is already expensive

@ Three point-to-all propagators
have to be multiplied. Each has

S
dim%nsions @ u(ulyd) @ u(ulyd)
N Ng x NspinNco/or X NspinNco/or

@ Per lattice site:
€a,b,c€,mnS1 g{'ézo riao‘oq s2f [30 o rf[io By S3

@ l|deal task for a GPU-kernel
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Propagating from sink to sink: Reductions on the GPU

B diagram:U(X¢1, Xj1 ) (' D(Xe1, Xp2) T 12 U(Xg2, Xi2 )T io D(Xi2, Xi1 )T 1) U(X¢1, Xi1)

Ti,(5i,) T, (77,) @ Two correlated spatial sum
X > ? (pion(f2), nucleon(f;))
S @ The problematic is the
P green line (sink-to-sink)
r11<;77|35 > r'y,(5,) @ Estimate it stochastically
; S D(Xt1,Xr2) = L, &r(1)9/ (12)

. @ Cut the diagram into factors
Strong scaling

@ Factors be combined to
diagrams

e}

N . @ Many different diagrams

e share the same factors
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Finite volume lattice: projections

@ We use single and two hadron interpolating operators with / =3/2,/3 =3/2
@ Finite volume we no longer have continuous rotational symmetry
@ Finite number of irreducible representations
@ Each irrep contain infinitely many continuum spin J
@ Symmetry group in the centre-off-mass frame is the double cover of the
octahedral group 20y,
Lp (0,0,0) (0,0,1) (0,1,1) (1,1,1)
Group LG o D [ [
Axis and planes
of symmetry \\
Y e \
gLG 96 8 12
A(JP) :7(0 ) A1 (0™ ,47,..) A2(0,1,..) A2(0,1,...)
AUP) :N(ET)[G (3757, G(3.3) | G(5.5.)
3+ 5 GE.2 )eRnEE, .-
AP AGY | H(G 5 )| @c, 3. (¢ ";Bp.fg. gl_%) o
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Correlation matrices

@ irrep, irrep row(ut), # occurrences,# combinations of momenta
@ As an example we have a 12 x 12 correlation matrix for the single hadron delta

@ In the process of projection this matrix will be block diagonalized
Gramm-Schmidt transformations

@ Pion nucleon correlation . 0,
matrix 6, 000]

Prots irrep name Ny oo B !
p=(0,0,0),GI, 8x8 “ g
p=(0,0,0),Hg  9x9 )
p=(0,0,1),Gl  24x24 :
p=(0,0,1),G2  18x18 (o] e’ [¢] c,°
p=(1,1,0),(2)G 30x30 . 00N s o1
p=(1,1,1),(3)G 16x16 . s
p=(1,1,1),F1  6x6 s, .
p=(1,1,1),F2  6x6 G, c




Two-hadron spectrum
[e]e]ele] lelelele]ele]

Generalized eigenvalue problem (GEVP)

CiF (1) up(t.10) = A"(t, 1) Cy(to) (1, 1)
N(t 1) o< & 5800

@ Key point: Selecting a basis
@ |Including interpolating fields with the first few non-interacting energy level

@ Aim: Robostness, "good” signal quality, eigenvectors

Iy =t Cet e minnte, (GSIGS) =
< ° .: ﬁ:&i(os) = : Ny (05) ‘ ‘2 +
< p o m Ny mNjm(13) Viaxyzt
S 2
.«-gg, °+ - |‘V‘Axyz+
= * O’i 2
. +
~ . +++++£ « ‘ |‘I/\Nn(05)
bt ot =
20000070 git!l"*?ﬁi

2 4 6 8 10

5 4 6 8 10
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Four different methods

Single state fits AMIAS (Finkenrath et.al. PoS

LATTICE2016)

@ For each principal correlators of

the GEVP A"(t, 1)) = &~ (t— ) @ Statistically sampling the

space of fit parameters
according to the x2

Hankel , .
(Fischer et.al. Eur.Phys.J.A(2020)) value of the fit function
@ For each principal correlators of o fy = [dfpfip(fy, o, ,fm)
the GEVP

o H(t) = COt+iA+jA)
@ We fit the energy shift
directly

Y 22;10 e—Ekte—Eka e—EijCk

Different methods probe the excited states differently
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Ratio method

@ Idea is to measure the energy level relative to the
non-interacting one

@ Single and two hadron 2pt functions are correlated
@ Take the log of the ratio of Cn(t)/(Cn(t)Cx(1))

@ We can measure the shift relative to different
non-interacting levels

o | B |fx]=1,|7] = 1,AE = —0.01136(85), x2/dof = 0.53 Tf

N m |py| =2, || = 2, AE = —0.06124(86), x2/dof = 0.52 +

Q| W [py|=3,[p.| =3,AE = —0.10330(94), x2/dof = 0.4

51 + | log(Can()/(Ch(1)Ca(1)))
t—>oo

—AE-t+k
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Comparison of different methods

151 GEVP GEVP-Hankel AMIAS Ratio

g k#;it ;AAAAAH ”f“ L,._,_”HH“!?‘A
E_s ++++ ...+++++ o+$#i+ .........¢++++*
!¢-+-+ l..'._l_h#++ vy .IIIIIIIHI**H-.+

1213141516 156 78 91011 91011121314 12345678 91011121314151617
tmin[a]
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Simulation details

Nf =2+ 1 Clover,a= 0.1163fm 1 Twisted-Clover
@ A11,A12:

My = 200MsY, L =28 =3.7fm ® My =139MeV, L =5.12fm
@ A7,A8: M, =250MeV,L=2.8-3.7fm | <, -
° -
@ A15: My =137MeV, L =5.5fm =
f(x)=a+b*x.A11:a=0.353(10).b=0.79(11) .A12:a=0.351(12).b=0.92(20. = % 4
240 A1l N
e Al2 S =
Ej; = ;‘%, — N. =140 aMy = 0.3848(10)
5) S
s
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Spectrum summary

177 : gﬁxﬁ,pmm ---- N threshold 065
cd= AMIAS < Nmm threshold
167 a Raio B “-=- Non-Interacting Energies | .
15 = —— Measured Energies :
B, B g =

Irrep
1/2 3/2 1/2,3/2  3/2 1/2,3/2 1/2,3/2  3/2 3/2
J
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Spectrum summary Clover ensembles

M, = 250MeV, L = 2.8fm

. 5 M, = 250MeV, L = 3.7fm

- N7 threshold
N

N

threshold

N7 threshold

N7 threshold

nteracting Energies | | | - Non-Interacting Energies
— Measured Energios | 0 e — Measured Energies
18
10
Z16
o 2
5
L4
08
12 or 12
A, M ¢ @e ¢ KB e H, G G @6 & KRB
Trrep. Irrep
V232 1232 32 1232 1232 32 32 V2ow2 a2 32 1232 1232 32 32
J )
M = 200MeV, L = 2.8fm M =200MeV, L = 3.7fm
- N7 threshold 20 == N threshold
12

threshold

== NowInteracting Energies

— Measured

Nz threshold
Non-Interacting Energies
Measured Energies

G H, G Gy 2)6 G By Fy G Hy G
Trrep

1/23/2 1/2.3/2

095

080
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Getting the phase shift

cher-method

@ Two particle energy levels in a
finite box with size L

@ Volume dependence of the
energy shift related to scattering
observables at L =

det ('/%-.ZMJW[.L’ — SJJ/ 5[{/ Su“/COIEJ[> =0

@ Determinant is taken in angular
momentum space

@ Important: For ¢ = 1 dominant
irreps there is a one-to-one
correspondence between
phase-shift and finite volume
energy levels (ignoring
contributions from higher partial
waves)

Le+00

M — cotd)

0Oe+00;

% -1e+00

£ let00

0Oe-+00
s

T -1e+00

Hy
f
- Fit
= Phys.
Laitice
1100 1200 1300 1400 1500
5[MeV]
Gy
. - Fit

1100
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Parametrization of the resonance

Possible mixing of partial waves
Quantization conditions (QC)

@ Phase shift parametrization:

e /(=0— COtsg:o = 4o Qemf, £=1—tandy_1 = %—:)

@ We restrict ourselves to £ = 0,1 and check for ¢ > 2

20 Spino interpolaior

lQC|
le+00  1le+02  let04

le-02

le-04




LQC fit

Phase shift
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o M,
v Gy
- Gy
(26
o (3)G
- B
F
= /21
S
L<-;‘\~
01 you

sp — wave




Phase shift
[e]e]e] lelelele]

Luescher fits on the physical point ensemble
Performing several fits:
@ p— waveonly

@ Fitting with fixed ag Fitrange dependence

0
[\
@ below-Nrnr =l -
= AA “.fl.
@ Different fit-ranges | A ®»
. . xS
@ Different extraction = 5 &
<SS | t ' 4
@ Model averaging 2 )
~ T T T T
o 0.02 0.04 0.06 0.08

@ Each fit is weighted

CLFR

@ ~ efo~5(X272Ndata+2Nparam)
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Result at the physical point twisted clover

CDF

— s
R —e— Total Stat. + Syst.
—A— Total Stat. + Fitrange sys.
W= Total Stat. + N threshold
2 | M —o— it =
< T T T N N T
1150 1200 1250 1300 1350 1400

Mp[MeV]

o | —

Tot Stat Nrm p.wave a0 Ratio
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Result at the physical point twisted clover

20
(0]
(2]
o
>
)
=}
o
(0]
3
o
=y

ak,
0.46 0.48 0.50 0.52 0.54 0.56 0.58

1.0

=T =1

— L=64
— L=9

L=128

0.8
' &*

<
S
E 50% E
© 5 ¥ LA ]
[==} : A‘A
% R e———

g il 16% 7:‘ —e— Total Stat. + Syst.
3 —a— Total Stat. + Fitrange sys.

Total Stat. + Nom threshold . . . ‘ .
= - Fit 50 100 150 200 250 300

S T T T T ”
-200 0 200 400 600 I'r[MeV]
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Conclusion, outlook

This work (Details [arXiv:2307.12846])

Ensemble mz[MeV] L ma[MeV] 9A_zN
Twisted-Clover 139 MeV  5.12fm  1267(46) MeV

Nf2+1 Clover 200 MeV  3.7fm  1320(10) MeV  17.6(2.7)
Nf2+1 Clover 250 MeV 2.8 fm 1380(7) MeV 13.6(5)
Nf2+1 Clover 250 MeV 3.7 fm 1373(6) MeV 10.3(1.6)

Collaboration mz[MeV]  Methodology ma[MeV] IA_zN
Verduci(2014) 266 Distillation, Lscher 1396(19) 19.9(8)
Alexandrou et.al. (2013) 360 LO pert., Michael & McNeile  1535(25) 26.7(1.5)
Alexandrou et.al. (2015) 180 LO pert., Michael & McNeile  1350(50) 23.7(1.3)
Andersen et.al. (2017) 280 Stoch. distillation, Lischer 1344(20) 37.1(9.2)
Morningstar et.al.(2022) 200 Stoch. distillation, Lischer 1290(7) 14.41(53)pw
Silvi et.al. (2021) 255 Smeared sources, Lischer ~ 1380(7)(9)sw  13.6(5)sw

@ Perform analysis on all the ensembles

@ Perform chiral extrapolations
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