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U.S. - based Electron-Ion Collider

q A long journey, a joint effort of the full community:

… three profound questions:
How does the mass of the nucleon arise?
How does the spin of the nucleon arise?
What are the emergent properties of dense systems of gluons?

“… answer science questions that are compelling,
fundamental, and timely, and help maintain U.S.
scientific leadership in nuclear physics.”

… …

A new era to explore the emergent phenomena of QCD!

q On January 9, 2020:
The U.S. DOE announced the selection of BNL as the site for the Electron-Ion Collider 



U.S. - based Electron-Ion Collider

BNL-EIC

q The winning design - BNL:

• Center of Mass Energies: 
20 GeV – 141 GeV

• Required Luminosity: 
1033  - 1034 cm-2s-1

• Hadron Beam Polarization: 
80%

• Electron Beam Polarization:      
80%

• Ion Species Range: 
p to Uranium

• Number of interaction regions: 
up to 2

Rapid Cycling 
SynchrotronStorage Ring



Many Complementary Probes at One Facility

q A new generation of the “Rutherford” experiment: 

² Semi-Inclusive events:  e+p/A à e’+h(p,K,p,jet)+X
Detect the scattered lepton in coincidence with identified hadrons/jets

(Initial hadron is broken – confined motion! – cleaner than h-h collisions)

² Exclusive events: e+p/A à e’+ p’/A’+ h(p,K,p,jet)
Detect every things including scattered proton/nucleus (or its fragments)

(Initial hadron is NOT broken – tomography! – almost impossible for h-h collisions)

² Inclusive events:  e+p/A à e’+X
Detect only the scattered lepton in the detector

(Modern Rutherford experiment!)

One facility covers all!

² A controlled “probe” – virtual photon
² Can either break or not break the hadron 



Quark Model

1968

q A modern “Rutherford” experiment (over 50 years ago):

Inelastic Lepton-Hadron Scattering

e + p è e + X

Prediction:

Discovery:

² Point-like Partons/Quarks 
² Probability Distributions



q Approximation of one-photon exchange:

Inelastic Lepton-Hadron Scattering

Q2 = - (k-k’)2         à Measure of the resolution
y = P.(k-k’)/P.k à Measure of inelasticity
xB = Q2/2P.(k-k’)

à Measure of momentum fraction
of the struck quark in a proton
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q Deep inelastic scattering (DIS) structure functions:

Wµ⌫(q, P ) =
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Inelastic Lepton-Hadron Scattering

A very successful story of QCD, QCD Factorization, and QCD evolution! 
Extraction of Parton Distribution Functions (PDFs) – hadron structure



q Single scale hard probes is too “localized”:

New-Type Probes for 3D Hadron Structure

bT

kT
xp

1/Q

o Transverse confined motion: kT ~ 1/fm <<  Q

o It pins down the particle nature of quarks and gluons

o But, not very sensitive to the detailed structure of hadron ~ fm

o Transverse spatial position:          bT ~ fm >> 1/Q

q Need new type of “Hard Probes” – Physical observables with TWO Scales:

Q1 � Q2 ⇠ 1/R ⇠ ⇤QCD

Hard scale:           To localize the probe 
particle nature of quarks/gluons

“Soft” scale:          could be more sensitive to the 
hadron structure ~ 1/fm

Hit the hadron “very hard” without breaking it, 
clean information on the structure! 

Q1

Q2



q Semi-inclusive DIS:

Inelastic Lepton-Hadron Scattering

l l'
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Jet, p, J/y, …

Quark TMDs

�[�+]
q h(x, b) = f1(x, b) + i✏µ⌫T bµs⌫Mf?1 (x, b)
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• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentum

§ Gluon: 
§ FFs
§ Nuclei: 

fq ! fg
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In photon-hadron frame!
f(x, kT , Q)
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Parton’s confined motion, …
- TMDs



Inelastic Lepton-Hadron Scattering

q
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q Photon-hadron frame: 

Ph
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q Leptonic + hadronic planes: 
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q Collision of charged particles triggers radiation!

QED Radiative Corrections

§ Inelastic collision breaks the proton:

QCD radiation                     QCD evolution, high order corrections, resummation, …

§ QED radiation – emission of photon from lepton and quark, …

If not precisely observed, emission of real photon will 

o change the inelastic cross section, …
o change the kinematics – the meaning of xB, Q2, …
o make the photon-hadron frame ill-defined – crucial for SIDIS, …
o make the angular modulation between leptonic and hadronic planes 

inaccurate – critical for separating various TMDs, …

Well-studied topic – too many references to list here

How big the effect is? 
How precisely we can account for this effect? 
What could be the impact for the future EIC?, or CEBAF in a near term, … 

L.W. Mo and Y.S. Tsai, 
Rev. Mod. Phys. 41 (1969) 205 
D.Y. Bardin, et al. 
Z. Phys. C 42 (1989) 679 



q Kinematics is smeared by radiative corrections:

QED Radiative Corrections
See Xiaoxuan Chu
@2nd EIC YR workshop

Instead of a straight line – linear correlation, 
the kinematic variables, y, Q2 , xB, from the leptons are smeared so much
to make them different from what the scattered “quark” experienced! 

Trouble with the “photon-hadron” frame?!



q Radiative correction factor is too big to be comfort:

QED Radiative Corrections

See B. Badelek et al.
Z Phys C 66 (1995) 591

Radiative corrections are very large, exceeding 50% at low x and high y region!

Recall: y =
2P · q
2P · l
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2P · q
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larger phase-space for shower (smaller xB), Larger momentum transfer (larger y) 
larger radiative corrections! Fits to EIC kinematics?!

Q2 = xB y S
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q Radiative corrections can cause trouble, …

QED Radiative Corrections

• "HERMES effect", with apparent enhancement of nuclear R=σL/σT ratio 
at xB < 0.03 and Q2 < 2 GeV2

• Original paper: Ackerstaff et al., PLB 475, 386 (2000)
• Erratum: Airapetian et al., PLB 567, 339 (2003)
• Interesting physics interpretations of original data [e.g., Miller, 

Brodsky, Karliner, PLB 481, 245 (2000)]

• Nuclear EMC effect, with discrepancy between early EMC and BCDMS 
data at low xB (enhancement rather than “shadowing”)

• Coulomb corrections have not always been consistently applied [e.g. 
Solvignon, Gaskell, Arrington, AIP Conf. Proc. 1160, 155 (2009)]

• …

Can mimic new/unexpected physics, if not handled correctly, e.g.



q Radiative corrections – Born kinematics:

Questions

�Measured = RC ⌦ �No QED Radiation
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q

• Uniquely determined “q” – a clean and controllable EM probe
• A well-defined hadronic tensor – DIS Structure Functions

• OPE works – QCD factorization to all powers (or twists) 

Wµ⌫(q, P ) =
1

4⇡

X

X

(2⇡)4�4(P + q �X) hP |Jµ(0)|Xi hX|J⌫(0)|P i+ spin...
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= �egµ⌫F1(xB , Q
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P · q F2(xB , Q
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Fi(xB , Q
2) =

X

f

Ci(xB , x;Q
2, µ2)⌦ f(x, µ2) +O(1/Q2)
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But, o Traditional approach of Mo and Tsai:
• depends on unphysical parameter separating soft and hard regions of the 

phase space of radiated photon in order to cancel infrared divergences
• is not easily transferrable to application to other processes, e.g. SIDIS

o Differences between different schemes (e.g., Mo-Tsai and Bardin-
Shumeiko) can be as large or larger than some systematic errors in the 
data analysis [Badelek et al., Z. Phys. C66 (1995) 591]

Is the Born kinematics necessary for extracting PDFs? 



q Radiative corrections – Born kinematics:

Questions

�Measured = RC ⌦ �No QED Radiation
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• The “photon-hadron” frame is critical for SIDIS
• QCD factorization is proved to be valid for all PT, as long as Q2 is sufficiently large
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² Low PhT (PhT << Q) – TMD factorization:

² High PhT (PhT ~ Q) – Collinear factorization:
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² Very high PhT >> Q – Collinear factorization:

�SIDIS(Q,Ph?, xB , zh) =
X
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But, Radiative corrections can change the “direction” and “value” of the “q”
and make the “real” Q2 to be small (and very small ! )
Is the Breit frame experimentally attainable? 
Yes, but with errors, so precision QCD studies depends on how well 
such error is controlled e.g. SIDIS pT(Breit) spectrum?



q Radiative corrections – Born kinematics:

Questions

�Measured = RC ⌦ �No QED Radiation
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• The “photon-hadron” frame is critical for SIDIS
• QCD factorization is proved to be valid for all PT, as long as Q2 is sufficiently large
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Radiative corrections can change the “direction” and “value” of the “q”
and make the “real” Q2 to be small (and very small ! )

Can we achieve the factorization for extracting the same distributions 
without requiring the Born kinematics?



q Do not try to invent any new scheme to treat QED radiation to match 
to the Born kinematics – NO Radiative Correction !

Basic ideas for our new approach

§ QED radiation is a part of the production cross sections 

§ QED radiation is treated in the same way as QCD radiation is treated 

q Develop a reliable formalism that can extract the PDFs, TMDs and 
parton correlation functions, systematically with controllable and 
consistent approximations, without requiring the “one-photon” 
approximation and the “photon-hadron” frame !

q Generalize the QCD factorization to include Electroweak theory

Note: our new approach is more relevant for high-energy process 
where a large GeV scale exists and 

collinear logarithms caused by radiation are important



q Inclusive DIS  
=  Inclusive production of a high transverse momentum lepton

in lepton-hadron collision frame

Inclusive Deep Inelastic Scattering

e(l) + h(P ) ! e0(l0) +X
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Nayak, Qiu, Sterman
PRD72 (2005) 114012q Factorization proof:

=  Factorization proof of single hadron production hadronic collisions

s = (P + l)2 ⇡ 2P · l
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i, j, a
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include all QED and light flavor QCD particles
In the following discussion, we take valence approximation:i = j = e
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Infrared safe, insensitive to me ! 0
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Lepton distribution functions (LDFs)fi/e(⇠)
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include all collinear 
sensitivities as De/j(⇣)
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Lepton fragmentation functions (LFFs)



q Physically measured “hard” scales (in lepton-hadron frame):

Inclusive Deep Inelastic Scattering

l0T � ⇤QCD
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Invariant mass of the “virtual photon” could be very “small” due to photon radiation

Q2 = �(l � l0)2 � ⇤2
QCD
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q Factorization approach to organize QED contribution:
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Real:

Virtual:

o Collinear sensitive to incoming lepton              lepton distribution function (LDF)
o Collinear sensitive to observed lepton              lepton fragmentation function (LFF)
o Collinear sensitive to incoming quark               evolution of PDFs
o The rest                                                                   Infrared safe perturbative hard parts



Inclusive Deep Inelastic Scattering

q Lepton distribution:
fe/l(⇠) =

Z
dy�

4⇡
ei⇠ l

+y�
hl| (0)�+�(0, y�) (y�)|li
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Similar to the definition of quark PDFs

QED gauge link

o Leading order: l
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<latexit sha1_base64="W69YbV9fnUnRyyEzDb+6vE7dzhk=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEurAkpaAuhIIblxXsA5oQJpPbdujkwcxELKG48VfcuFDErV/hzr9x2mah1QMXzpxzL3Pv8RPOpLKsL6OwtLyyulZcL21sbm3vmLt7bRmngkKLxjwWXZ9I4CyClmKKQzcRQEKfQ8cfXU39zh0IyeLoVo0TcEMyiFifUaK05JkHl04AXJGKc89O7ZP5w8uATzyzbFWtGfBfYuekjHI0PfPTCWKahhApyomUPdtKlJsRoRjlMCk5qYSE0BEZQE/TiIQg3Wx2wgQfayXA/VjoihSeqT8nMhJKOQ593RkSNZSL3lT8z+ulqn/uZixKUgURnX/UTzlWMZ7mgQMmgCo+1oRQwfSumA6JIFTp1Eo6BHvx5L+kXava9erFTb3cqOVxFNEhOkIVZKMz1EDXqIlaiKIH9IRe0KvxaDwbb8b7vLVg5DP76BeMj29ZF5a+</latexit>

f (0)
e/l (⇠) =

1

4l · nTr [� · n� · l] �(⇠ � k · n
l · n )d4k�4(k � l)�el

<latexit sha1_base64="HJbKP+KaDPwAqV7ZWN52Xz5lDyM="></latexit>

o Next-to-Leading order (MSbar scheme):

fReal(1)
e/e (⇠, µ2) =

↵em

2⇡


1 + ⇠2

1� ⇠
ln

✓
µ2

(1� ⇠)me

◆�

<latexit sha1_base64="7VsdjJikcaLsQMyAp+PQYWLjS8g="></latexit>

f (1)
e/e(⇠, µ

2) =
↵em

2⇡


1 + ⇠2

1� ⇠
ln

✓
µ2

(1� ⇠)me

◆�

+

<latexit sha1_base64="HWo/9b0ybtUPvfNYLObnG1Zkd/I="></latexit>

q Resummation:

P (1)
e/e(z,↵) =

↵em

2⇡


1 + z2

1� z

�

+

<latexit sha1_base64="eoYTZLI/JWkrxpsOUve3doNGH6w="></latexit>

QED DGLAP evolution with QED kernels



Inclusive Deep Inelastic Scattering

q Lepton fragmentation function:

Dl/e(⇣) =

Z
dy�

4⇡
eil

+y�/⇣ ⇣

2
Tr

⇥
�+h0| (0)�(0,1)|l,Xih (y�)�(y�,1)|0i

⇤

<latexit sha1_base64="cwM+pjWTNxICpla2h7+KdWvaUX0="></latexit>

D(0)
l/e(⇣) = �(⇣ � 1)�el

<latexit sha1_base64="Z4tq8UsyOaQ3xQsSXu6SWRsnnn0=">AAACHHicbVA9SwNBEN3z2/gVtbRZDEJSGO9UUAtB0MJSwRghicfe3iRZsvfB7pwQj/shNv4VGwtFbCwE/42bXAqNPhh4+94MO/O8WAqNtv1lTUxOTc/Mzs0XFhaXlleKq2vXOkoUhxqPZKRuPKZBihBqKFDCTayABZ6Eutc7Hfj1O1BaROEV9mNoBawTirbgDI3kFvfO3FTuQHablu1KVm7eA7IKPW76IJHlT7pNnQrNFTcFmbnFkl21h6B/iTMiJTLChVv8aPoRTwIIkUumdcOxY2ylTKHgErJCM9EQM95jHWgYGrIAdCsdHpfRLaP4tB0pUyHSofpzImWB1v3AM50Bw64e9wbif14jwfZhKxVhnCCEPP+onUiKER0kRX2hgKPsG8K4EmZXyrtMMY4mz4IJwRk/+S+53q06+9Wjy/3Sye4ojjmyQTZJmTjkgJyQc3JBaoSTB/JEXsir9Wg9W2/We946YY1m1skvWJ/fvymf6A==</latexit>

Similar to definition of quark FFs

QED gauge link

o Leading order:

o Next-to-Leading order (MSbar scheme):

D(1)
l/e(⇣) =

↵em

2⇡


1 + ⇣2

1� ⇣
ln

✓
(1� ⇣)µ2

�E2

◆�

+

<latexit sha1_base64="xxCiOPtVye9FtSIFYbruxQD96pU="></latexit>

invariant mass resolution 
of the radiated photon 

q Resummation:
LFFs obey the same QED DGLAP evolution of the LPFs

q Input distributions at the input scale                :µ2
0 ⇠ m2

e

<latexit sha1_base64="ER23wNpjOBQIA0O2tvjaiEzljgU=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVJJQUG8FLx4r2A9o07DZTtqlu0nY3Ygl9K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5YcqZ0o7zbW1sbm3v7Jb2yvsHh0fH9kmlrZJMUmjRhCeyGxIFnMXQ0kxz6KYSiAg5dMLJ7dzvPIJULIkf9DQFX5BRzCJGiTZSYFf6IgucgYf7igksAhh4gV11as4CeJ24BamiAs3A/uoPE5oJiDXlRKme66Taz4nUjHKYlfuZgpTQCRlBz9CYCFB+vrh9hi+MMsRRIk3FGi/U3xM5EUpNRWg6BdFjterNxf+8Xqajaz9ncZppiOlyUZRxrBM8DwIPmQSq+dQQQiUzt2I6JpJQbeIqmxDc1ZfXSdurufXazX292vCKOEroDJ2jS+SiK9RAd6iJWoiiJ/SMXtGbNbNerHfrY9m6YRUzp+gPrM8fbQCTXg==</latexit>

Unlike input distributions for PDFs, which are non-perturbative, 
input distribution for LDFs and LFFs are perturbatively calculable, …

Used in numerical 
calculations



q LO perturbatively calculable hard part:

Inclusive Deep Inelastic Scattering

k'

a�
q

p
k Ĥ

(2,0)
eq!e = e

2
q(4↵

2
EM)


ŝ
2 + û

2

t̂2

�
�(ŝ+ t̂+ û)

<latexit sha1_base64="ZD4F7h0ZT6i+FfPGw6UJdtlNkFU="></latexit>

ŝ = x ⇠ s

<latexit sha1_base64="Llr4XcVfsENy3IFUlWNkUgGGQJA=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwUUpSCupCKLhxWcE+oAllMp22QyeTMHMjraH4K25cKOLW/3Dn3zhts9DWAxcO59zLvfcEseAaHOfbWlldW9/YzG3lt3d29/btg8OGjhJFWZ1GIlKtgGgmuGR14CBYK1aMhIFgzWB4M/WbD0xpHsl7GMfMD0lf8h6nBIzUsY+9AYFUT/A1HnlFb8S9ItYdu+CUnBnwMnEzUkAZah37y+tGNAmZBCqI1m3XicFPiQJOBZvkvUSzmNAh6bO2oZKETPvp7PoJPjNKF/ciZUoCnqm/J1ISaj0OA9MZEhjoRW8q/ue1E+hd+imXcQJM0vmiXiIwRHgaBe5yxSiIsSGEKm5uxXRAFKFgAsubENzFl5dJo1xyK6Wru0qhWs7iyKETdIrOkYsuUBXdohqqI4oe0TN6RW/Wk/VivVsf89YVK5s5Qn9gff4ADLmUSA==</latexit>

t̂ = (⇠/⇣)t

<latexit sha1_base64="C/OoYVux89ofw/cYSlK4YNq/TdE=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDc1KQV1IRTcuKxgH9CEMplO2qGTBzM3Yg3Z+CtuXCji1s9w5984bbPQ6oELh3Pu5d57vFhwBZb1ZRSWlldW14rrpY3Nre0dc3evraJEUtaikYhk1yOKCR6yFnAQrBtLRgJPsI43vpr6nTsmFY/CW5jEzA3IMOQ+pwS01DcPnBGBFDJ8iSvOPT91HhiQEwx9s2xVrRnwX2LnpIxyNPvmpzOIaBKwEKggSvVsKwY3JRI4FSwrOYliMaFjMmQ9TUMSMOWmswcyfKyVAfYjqSsEPFN/TqQkUGoSeLozIDBSi95U/M/rJeCfuykP4wRYSOeL/ERgiPA0DTzgklEQE00IlVzfiumISEJBZ1bSIdiLL/8l7VrVrlcvburlRi2Po4gO0RGqIBudoQa6Rk3UQhRl6Am9oFfj0Xg23oz3eWvByGf20S8YH98kg5Vw</latexit>

û = (x/⇣)u

<latexit sha1_base64="omdMDsAw+XMvyWgdY3TMg64mEi0=">AAAB/nicbVDLSgNBEJyNrxhfq+LJy2AQ4iXuhoB6EAJePEYwD8iGMDuZTYbMPpjpEeMS8Fe8eFDEq9/hzb9xkuxBowUNRVU33V1+IrgCx/myckvLK6tr+fXCxubW9o69u9dUsZaUNWgsYtn2iWKCR6wBHARrJ5KR0Bes5Y+upn7rjknF4+gWxgnrhmQQ8YBTAkbq2QfekECqJ/gSl+5PvQcG5ATrnl10ys4M+C9xM1JEGeo9+9Prx1SHLAIqiFId10mgmxIJnAo2KXhasYTQERmwjqERCZnqprPzJ/jYKH0cxNJUBHim/pxISajUOPRNZ0hgqBa9qfif19EQnHdTHiUaWETniwItMMR4mgXuc8koiLEhhEpubsV0SCShYBIrmBDcxZf/kmal7FbLFzfVYq2SxZFHh+gIlZCLzlANXaM6aiCKUvSEXtCr9Wg9W2/W+7w1Z2Uz++gXrI9vox+UmQ==</latexit>

t = (l � l0)2 ⌘ �Q2

<latexit sha1_base64="WMDUmRTZsvgvDapq1JE+l2bvjzg=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLWBctSSioC6HgxmUL9gFtWibTSTt0Mokzk0IJ3fgrblwo4tbPcOffOG2z0NYDFw7n3Mu993gRo1JZ1reRWVvf2NzKbud2dvf2D8zDo4YMY4FJHYcsFC0PScIoJ3VFFSOtSBAUeIw0vdHdzG+OiZA05A9qEhE3QANOfYqR0lLPPFG3BVZkF5ddB3bIY0zHsAhrXadn5q2SNQdcJXZK8iBFtWd+dfohjgPCFWZIyrZtRcpNkFAUMzLNdWJJIoRHaEDamnIUEOkm8wem8FwrfeiHQhdXcK7+nkhQIOUk8HRngNRQLnsz8T+vHSv/2k0oj2JFOF4s8mMGVQhnacA+FQQrNtEEYUH1rRAPkUBY6cxyOgR7+eVV0nBKdrl0UyvnK04aRxacgjNQADa4AhVwD6qgDjCYgmfwCt6MJ+PFeDc+Fq0ZI505Bn9gfP4ARmyUPw==</latexit>

u = (P � l0)2 ⌘ �(1� y)s

<latexit sha1_base64="PTTNtfggaLGfi9nG1a1cagpnBX0=">AAACA3icbVC7SgNBFJ2Nrxhfq3baDAYxKRJ2Q0AthICNZQTzgGQNs5PZZMjsw3kEliVg46/YWChi60/Y+TdOki008cCFwzn3cu89bsSokJb1bWRWVtfWN7Kbua3tnd09c/+gKULFMWngkIW87SJBGA1IQ1LJSDviBPkuIy13dD31W2PCBQ2DOxlHxPHRIKAexUhqqWceqatCvcTOivcV2CUPio5hCRbsUlwUPTNvla0Z4DKxU5IHKeo986vbD7HySSAxQ0J0bCuSToK4pJiRSa6rBIkQHqEB6WgaIJ8IJ5n9MIGnWulDL+S6Agln6u+JBPlCxL6rO30kh2LRm4r/eR0lvQsnoUGkJAnwfJGnGJQhnAYC+5QTLFmsCcKc6lshHiKOsNSx5XQI9uLLy6RZKdvV8uVtNV+rpHFkwTE4AQVgg3NQAzegDhoAg0fwDF7Bm/FkvBjvxse8NWOkM4fgD4zPH7hclPw=</latexit>

Q2 = xB y s

<latexit sha1_base64="zqXYnWdYQP8IRRdzj9wqdpAgceo=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgQkpSCupCKLpx2YJ9QBvDZDpph04ezEzEGPolblwo4tZPceffOG2z0NYDFw7n3Mu993gxZ1JZ1rexsrq2vrFZ2Cpu7+zulcz9g7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOObqd95oEKyKLxTaUydAA9D5jOClZZcs9S8r149utf9M5Tqkq5ZtirWDGiZ2DkpQ46Ga371BxFJAhoqwrGUPduKlZNhoRjhdFLsJ5LGmIzxkPY0DXFApZPNDp+gE60MkB8JXaFCM/X3RIYDKdPA050BViO56E3F/7xeovwLJ2NhnCgakvkiP+FIRWiaAhowQYniqSaYCKZvRWSEBSZKZ1XUIdiLLy+TdrVi1yqXzVq5Xs3jKMARHMMp2HAOdbiFBrSAQALP8ApvxpPxYrwbH/PWFSOfOYQ/MD5/AIr9kbA=</latexit>

q NLO calculable hard part from QED: 

k

k
pp

a�a� ll

l' l'

ka�

p
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l
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a�

p

k

l

l' l' l' l'
a� a�lll

pp
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Real:

Virtual:

Ĥ
(3,0)
eq!e0 =�

(3,0)
eq!e0 �D

(1)
e0/e0 ⌦ Ĥ

(2,0)
eq!e0 � f

(1)
e/e ⌦ Ĥ

(2,0)
eq!e0 � f

(1)
q/q ⌦ Ĥ

(2,0)
eq!e0

<latexit sha1_base64="lBfRqcKZNWOK3M/LDw6Bettqy5w="></latexit>

Completely IR safe, no dependence on lepton mass

Into QED 
Correction to 
QCD DGLAP 

kernels



q LO Factorized inclusive DIS cross section:

Inclusive Deep Inelastic Scattering

E0 d�
(0)
eh!e0X

d3l0
⇡ 2↵2

EM

s

X

q

Z 1

zL

d⇣

⇣2

Z 1

xL

d⇠

⇠
De/e(⇣)fe/e(⇠)

Z 1

xh

dx

x
e2q fq/h(x) �(x� �⇠t

⇠⇣s+ u
)

<latexit sha1_base64="8ko4+dWXvgnFcD+GhsE+BuiGg98="></latexit>

⇥

(x⇠⇣s)2 + (xu)2

(⇠t)2

� 
⇣

(⇠⇣s) + u

�

<latexit sha1_base64="o736Nw50GGEDnMWa6jbdz+f9rj8="></latexit>

LO in hard part, but include all orders resummation into PDFs, FFs

) 4↵2
em

Q2s


F1(xB , Q

2) +
1� y

xBy2
F2(xB , Q

2)

�

<latexit sha1_base64="BFAHl1devD8yMUZsY+oqwWaMRxg="></latexit>

F2(xB) = 2xBF1(xB) =
X

q

e2q xBfq/h(xB)

<latexit sha1_base64="voEk7mVoD3PUldRyFZrZoOqWIYY=">AAACIHicbVDLSgMxFM3UV62vUZdugkWoIHVmKFQXQlEoLivYB7Q1ZNJMG5p5NMmIZeinuPFX3LhQRHf6NaaPhbYeCDk5515u7nEjzqSyrC8jtbS8srqWXs9sbG5t75i7ezUZxoLQKgl5KBoulpSzgFYVU5w2IkGx73Jad/tXY79+T4VkYXCrhhFt+7gbMI8RrLSEzGIZObkHdHl8AR19wTKyp8+WjH00gBQN7pzWCRx7HkoGp73RxEdm1spbE8BFYs9IFsxQQeZnqxOS2KeBIhxL2bStSLUTLBQjnI4yrVjSCJM+7tKmpgH2qWwnkwVH8EgrHeiFQp9AwYn6uyPBvpRD39WVPlY9Oe+Nxf+8Zqy8s3bCgihWNCDTQV7MoQrhOC3YYYISxYeaYCKY/iskPSwwUTrTjA7Bnl95kdScvF3In98UsiVnFkcaHIBDkAM2KIISuAYVUAUEPIJn8ArejCfjxXg3PqalKWPWsw/+wPj+AfhGn8k=</latexit>

With LO relation: 

q NLO fixed order QED correction:

fe/e(⇠) ⇡ f (0)
e/e(⇠)

<latexit sha1_base64="BNRlJ7lehOubzisEnIC6iiDLanM=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0VINzUpBXVXcOOygn1AG8NketMOnTyYmUhL6C+48VfcuFDErTt3/o1Jm4W2HrhwOOde7r3HjTiTyjS/tcLa+sbmVnG7tLO7t3+gHx61ZRgLCi0a8lB0XSKBswBaiikO3UgA8V0OHXd8nfmdBxCShcGdmkZg+2QYMI9RolLJ0Q3PSeAcZkZ/wiq4T6JIhBOci/eJYVYWVsnRy2bVnAOvEisnZZSj6ehf/UFIYx8CRTmRsmeZkbITIhSjHGalfiwhInRMhtBLaUB8kHYy/2iGz1JlgL1QpBUoPFd/TyTEl3Lqu2mnT9RILnuZ+J/Xi5V3aScsiGIFAV0s8mKOVYizePCACaCKT1NCqGDprZiOiCBUpSFmIVjLL6+Sdq1q1atXt/Vyo5bHUUQn6BQZyEIXqIFuUBO1EEWP6Bm9ojftSXvR3rWPRWtBy2eO0R9onz8L6JvW</latexit>

De/e(⇣) ⇡ D(0)
e/e(⇣)

<latexit sha1_base64="+SSCJ055izwfKSqTC/E15M6KbhE=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0VoQWpSCuquoAuXFewDmhgm09t26OTBzESsoT/hxl9x40IRt4I7/8akjaDVAxcO59zLvfe4IWdSGcanlltYXFpeya8W1tY3Nrf07Z2WDCJBoUkDHoiOSyRw5kNTMcWhEwognsuh7Y7OUr99A0KywL9S4xBsjwx81meUqERy9MNzJ4YjmJSsO1CkjC0ShiK4xZl8HZeM8rdZcPSiUTGmwH+JmZEiytBw9A+rF9DIA19RTqTsmkao7JgIxSiHScGKJISEjsgAugn1iQfSjqdfTfBBovRwPxBJ+QpP1Z8TMfGkHHtu0ukRNZTzXir+53Uj1T+xY+aHkQKfzhb1I45VgNOIcI8JoIqPE0KoYMmtmA6JIFQlQaYhmPMv/yWtasWsVU4va8V6NYsjj/bQPiohEx2jOrpADdREFN2jR/SMXrQH7Ul71d5mrTktm9lFv6C9fwHwpZ1g</latexit>

⇠ = ⇣ = 1

<latexit sha1_base64="PIpNVyGhH3jwCPqabbzhTxWBba4=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KUgroQCm5cVrAPaEKZTCft0MkkzNyIbeiXuHGhiFs/xZ1/47TNQlsPXO7hnHuZOydIBNfgON9WYWNza3unuFva2z84LNtHx20dp4qyFo1FrLoB0UxwyVrAQbBuohiJAsE6wfh27ncemdI8lg8wSZgfkaHkIacEjNS3y94TxzfYmzIgprt9u+JUnQXwOnFzUkE5mn37yxvENI2YBCqI1j3XScDPiAJOBZuVvFSzhNAxGbKeoZJETPvZ4vAZPjfKAIexMiUBL9TfGxmJtJ5EgZmMCIz0qjcX//N6KYRXfsZlkgKTdPlQmAoMMZ6ngAdcMQpiYgihiptbMR0RRSiYrEomBHf1y+ukXau69er1fb3SqOVxFNEpOkMXyEWXqIHuUBO1EEUpekav6M2aWi/Wu/WxHC1Y+c4J+gPr8weU95G1</latexit>

fe/e(⇠) ⇡ f (0)
e/e(⇠) + f (1)

e/e(⇠)

<latexit sha1_base64="4j865cCen7bfvRnJIJ+yj2/izzw=">AAACJXicbZDLSgMxFIYz9VbH26hLN8EitAh1phRUcFFw47KCvUBbSyY904ZmLiQZaRn6Mm58FTcuLCK48lVM21nU6oHAz/efw8n53YgzqWz7y8isrW9sbmW3zZ3dvf0D6/CoLsNYUKjRkIei6RIJnAVQU0xxaEYCiO9yaLjD25nfeAIhWRg8qHEEHZ/0A+YxSpRGXevG6yZwAZN8e8QKuE2iSIQjnMLHJG8XFpZ5vgSdFHatnF2054X/CicVOZRWtWtN272Qxj4EinIiZcuxI9VJiFCMcpiY7VhCROiQ9KGlZUB8kJ1kfuUEn2nSw14o9AsUntPliYT4Uo59V3f6RA3kqjeD/3mtWHlXnYQFUawgoItFXsyxCvEsMtxjAqjiYy0IFUz/FdMBEYQqHaypQ3BWT/4r6qWiUy5e35dzlVIaRxadoFOURw66RBV0h6qohih6Rq/oHU2NF+PN+DA+F60ZI505Rr/K+P4B+W2jBQ==</latexit>

By taking:

De/e(⇣) ⇡ D(0)
e/e(⇣) +D(1)

e/e(⇣)

<latexit sha1_base64="4d4bpBlcR0ltLfh4mGXtYV6WEdY=">AAACK3icbZDLTgIxFIY7eEO8jbp000hMICY4Q0jUHVEXLjGRSwJIOuUADZ1L2o4RJ7yPG1/FhS68xK3vYYHRIHiSJn++/5ycnt8JOJPKst6NxMLi0vJKcjW1tr6xuWVu71SkHwoKZepzX9QcIoEzD8qKKQ61QABxHQ5Vp38+8qu3ICTzvWs1CKDpkq7HOowSpVHLPLtoRXAEw0zjHhTJ4gYJAuHf4RjfRBkr+2OmDqew/YtbZtrKWePC88KORRrFVWqZz422T0MXPEU5kbJuW4FqRkQoRjkMU41QQkBon3ShrqVHXJDNaHzrEB9o0sYdX+jnKTym0xMRcaUcuI7udInqyVlvBP/z6qHqnDQj5gWhAo9OFnVCjpWPR8HhNhNAFR9oQahg+q+Y9oggVOl4UzoEe/bkeVHJ5+xC7vSqkC7m4ziSaA/towyy0TEqoktUQmVE0QN6Qq/ozXg0XowP43PSmjDimV30p4yvb3skpVQ=</latexit>

or:

Ĥ
(m,n) ⇡ Ĥ

(2,0) + Ĥ
(3,0)

<latexit sha1_base64="+iw9Wk+KERaw1nP/NC8FTswjdVA=">AAACInicbZDLSsNAFIYnXmu9RV26GSxCxVKSWtDuCm66rGAv0MYymU7boZNJmJmIJeRZ3Pgqblwo6krwYZy0AWvrDwM/3zmHM+d3A0alsqwvY2V1bX1jM7OV3d7Z3ds3Dw6b0g8FJg3sM1+0XSQJo5w0FFWMtANBkOcy0nLH10m9dU+EpD6/VZOAOB4acjqgGCmNemalO0IqqsV3Ud4r8LMYdlEQCP8B/vJSwdL8fI5cJKRn5qyiNRVcNnZqciBVvWd+dPs+Dj3CFWZIyo5tBcqJkFAUMxJnu6EkAcJjNCQdbTnyiHSi6YkxPNWkDwe+0I8rOKXzExHypJx4ru70kBrJxVoC/6t1QjW4ciLKg1ARjmeLBiGDyodJXrBPBcGKTbRBWFD9V4hHSCCsdKpZHYK9ePKyaZaKdrlYuSnnqqU0jgw4BicgD2xwCaqgBuqgATB4BM/gFbwZT8aL8W58zlpXjHTmCPyR8f0DOBeiJg==</latexit>

or:



Inclusive Deep Inelastic Scattering

�noRC

�RC
$ �1�

�measured
= ⌘(xB , y)

<latexit sha1_base64="8zkfvi0Gey3/KRrMOe/V8pCQkWI="></latexit>
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<latexit sha1_base64="z/6i/ijCK4Bk+GUzRf/Sr6DBHVI=">AAACFHicbVDLSgMxFM3UV62vqks3wSIVhDJTC+pCKBTBZRX7gE4tmUymDU0yQ5IRyjAf4cZfceNCEbcu3Pk3po+Fth64cDjnXu69x4sYVdq2v63M0vLK6lp2PbexubW9k9/da6owlpg0cMhC2faQIowK0tBUM9KOJEHcY6TlDWtjv/VApKKhuNOjiHQ56gsaUIy0kXr5E1fRPke9xJUcivC2luYur4puIBFO/KmXJv79KSumuV6+YJfsCeAicWakAGao9/Jfrh/imBOhMUNKdRw70t0ESU0xI2nOjRWJEB6iPukYKhAnqptMnkrhkVF8GITSlNBwov6eSBBXasQ908mRHqh5byz+53ViHZx3EyqiWBOBp4uCmEEdwnFC0KeSYM1GhiAsqbkV4gEygWiT4zgEZ/7lRdIsl5xK6eKmUqiWZ3FkwQE4BMfAAWegCq5BHTQABo/gGbyCN+vJerHerY9pa8aazeyDP7A+fwCjJJ3k</latexit>

With                                             and  fe/e(⇠) ⇡ f (0)
e/e = �(⇠ � 1)

<latexit sha1_base64="2MsyrYE9JR2TVuhc3Ex7fYpWiDU=">AAACHHicbVC7SgNBFJ2Nrxhfq5Y2g0FICuNuDKiFELCxjGAekI1hdnI3GTL7YGZWEpZ8iI2/YmOhiI2F4N84SbbQ6IGBwznncuceN+JMKsv6MjJLyyura9n13Mbm1vaOubvXkGEsKNRpyEPRcokEzgKoK6Y4tCIBxHc5NN3h1dRv3oOQLAxu1TiCjk/6AfMYJUpLXfPU6yZwApOCM2JF7JAoEuEIp+JdUrCKE3yJnR5wRaYZfGwXu2beKlkz4L/ETkkepah1zQ+nF9LYh0BRTqRs21akOgkRilEOk5wTS4gIHZI+tDUNiA+yk8yOm+AjrfSwFwr9AoVn6s+JhPhSjn1XJ32iBnLRm4r/ee1YeeedhAVRrCCg80VezLEK8bQp3GMCqOJjTQgVTP8V0wERhCrdZ06XYC+e/Jc0yiW7Urq4qeSr5bSOLDpAh6iAbHSGquga1VAdUfSAntALejUejWfjzXifRzNGOrOPfsH4/AZfSZ+b</latexit>

De/e(⇣) ⇡ D(0)
e/e = �(⇣ � 1)

<latexit sha1_base64="vX4ViLp/9GV3NF9xFMg6E0iGKrM=">AAACIHicbVDLSgNBEJz1bXxFPXoZDEJyMO6KoB4EQQ8eFYwK2Rh6Jx0dMvtgpleMSz7Fi7/ixYMietOvcZLswVfBQFFVTU9XkChpyHU/nJHRsfGJyanpwszs3PxCcXHpzMSpFlgTsYr1RQAGlYywRpIUXiQaIQwUngedg75/foPayDg6pW6CjRCuItmWAshKzeL2YTPDDeyV/TskqHAfkkTHtzyXL7OyW+nxPe63UBEMU3zdqzSLJbfqDsD/Ei8nJZbjuFl891uxSEOMSCgwpu65CTUy0CSFwl7BTw0mIDpwhXVLIwjRNLLBgT2+ZpUWb8favoj4QP0+kUFoTDcMbDIEuja/vb74n1dPqb3TyGSUpISRGC5qp4pTzPtt8ZbUKEh1LQGhpf0rF9egQZDttGBL8H6f/JecbVa9reruyVZpfzOvY4qtsFVWZh7bZvvsiB2zGhPsnj2yZ/biPDhPzqvzNoyOOPnMMvsB5/MLUf6hJQ==</latexit>

NLO :

<latexit sha1_base64="prcwdAu0xXJYH1Td/KNF5rqtxwg=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgI9TwIsH0QjmgckSZiezyZCZ2WVmVghL/sKLB0W8+jfe/BsnyR40saChqOqmuyuIOdPGdb+d3Mrq2vpGfrOwtb2zu1fcP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYyupn7riSrNIvlgxjH1BR5IFjKCjZUe064S6PbmbnLZK5bcsjsDWiZeRkqQod4rfnX7EUkElYZwrHXHc2Pjp1gZRjidFLqJpjEmIzygHUslFlT76eziCTqxSh+FkbIlDZqpvydSLLQei8B2CmyGetGbiv95ncSE537KZJwYKsl8UZhwZCI0fR/1maLE8LElmChmb0VkiBUmxoZUsCF4iy8vk2al7FXLF/fVUq2SxZGHIziGU/DgDGpwDXVoAAEJz/AKb452Xpx352PemnOymUP4A+fzB8udkFA=</latexit>

With                                                         and  fe/e(⇠, µ) ⇡ f (0)
e/e(⇠) + f (1)

e/e(⇠, µ
2)

<latexit sha1_base64="q7baTnD3Qkr9dOto42IOQ1xMd8Q="></latexit>

De/e(⇣, µ) ⇡ D(0)
e/e(⇣) +D(1)

e/e(⇣, µ
2)

<latexit sha1_base64="QUCB07Gqlr1eWFhQ+AorSrAxuCM="></latexit>

RESII : DGLAP evolved with input                             ,

RESI : DGLAP evolved with 0th input                      and                        at 

q Numerical impact of QED contribution at EIC (                         ):



Inclusive Deep Inelastic Scattering

q Numerical impact of QED contribution at EIC (                         ):

y=0.4

Almost the same as 

q Renormalization and factorization scale choice:

with:
Weak scale dependence
on the ratios 

Both JAM and CTEQ hadron PDFs were used, not visible difference in the ratios 



Inclusive Deep Inelastic Scattering

q Numerical impact of QED contribution at EIC (                         ):

y=0.4

Almost the same as 

y=0.5

Almost the same as 

q Why the impact of RC is so large?
is not a large number!

p

X

l

l'
k'

k P
It is the shift in kinematics caused by the RC that matters!

o More evolution, more small    lepton 

o Smaller                             , much larger hard cross section! 



Inclusive Deep Inelastic Scattering

�noRC

�RC
$ �1�

�measured
= ⌘(xB , y)
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B. Badelek et al.
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<latexit sha1_base64="z/6i/ijCK4Bk+GUzRf/Sr6DBHVI=">AAACFHicbVDLSgMxFM3UV62vqks3wSIVhDJTC+pCKBTBZRX7gE4tmUymDU0yQ5IRyjAf4cZfceNCEbcu3Pk3po+Fth64cDjnXu69x4sYVdq2v63M0vLK6lp2PbexubW9k9/da6owlpg0cMhC2faQIowK0tBUM9KOJEHcY6TlDWtjv/VApKKhuNOjiHQ56gsaUIy0kXr5E1fRPke9xJUcivC2luYur4puIBFO/KmXJv79KSumuV6+YJfsCeAicWakAGao9/Jfrh/imBOhMUNKdRw70t0ESU0xI2nOjRWJEB6iPukYKhAnqptMnkrhkVF8GITSlNBwov6eSBBXasQ908mRHqh5byz+53ViHZx3EyqiWBOBp4uCmEEdwnFC0KeSYM1GhiAsqbkV4gEygWiT4zgEZ/7lRdIsl5xK6eKmUqiWZ3FkwQE4BMfAAWegCq5BHTQABo/gGbyCN+vJerHerY9pa8aazeyDP7A+fwCjJJ3k</latexit>

With                                             and  fe/e(⇠) ⇡ f (0)
e/e = �(⇠ � 1)

<latexit sha1_base64="2MsyrYE9JR2TVuhc3Ex7fYpWiDU=">AAACHHicbVC7SgNBFJ2Nrxhfq5Y2g0FICuNuDKiFELCxjGAekI1hdnI3GTL7YGZWEpZ8iI2/YmOhiI2F4N84SbbQ6IGBwznncuceN+JMKsv6MjJLyyura9n13Mbm1vaOubvXkGEsKNRpyEPRcokEzgKoK6Y4tCIBxHc5NN3h1dRv3oOQLAxu1TiCjk/6AfMYJUpLXfPU6yZwApOCM2JF7JAoEuEIp+JdUrCKE3yJnR5wRaYZfGwXu2beKlkz4L/ETkkepah1zQ+nF9LYh0BRTqRs21akOgkRilEOk5wTS4gIHZI+tDUNiA+yk8yOm+AjrfSwFwr9AoVn6s+JhPhSjn1XJ32iBnLRm4r/ee1YeeedhAVRrCCg80VezLEK8bQp3GMCqOJjTQgVTP8V0wERhCrdZ06XYC+e/Jc0yiW7Urq4qeSr5bSOLDpAh6iAbHSGquga1VAdUfSAntALejUejWfjzXifRzNGOrOPfsH4/AZfSZ+b</latexit>

De/e(⇣) ⇡ D(0)
e/e = �(⇣ � 1)

<latexit sha1_base64="vX4ViLp/9GV3NF9xFMg6E0iGKrM=">AAACIHicbVDLSgNBEJz1bXxFPXoZDEJyMO6KoB4EQQ8eFYwK2Rh6Jx0dMvtgpleMSz7Fi7/ixYMietOvcZLswVfBQFFVTU9XkChpyHU/nJHRsfGJyanpwszs3PxCcXHpzMSpFlgTsYr1RQAGlYywRpIUXiQaIQwUngedg75/foPayDg6pW6CjRCuItmWAshKzeL2YTPDDeyV/TskqHAfkkTHtzyXL7OyW+nxPe63UBEMU3zdqzSLJbfqDsD/Ei8nJZbjuFl891uxSEOMSCgwpu65CTUy0CSFwl7BTw0mIDpwhXVLIwjRNLLBgT2+ZpUWb8favoj4QP0+kUFoTDcMbDIEuja/vb74n1dPqb3TyGSUpISRGC5qp4pTzPtt8ZbUKEh1LQGhpf0rF9egQZDttGBL8H6f/JecbVa9reruyVZpfzOvY4qtsFVWZh7bZvvsiB2zGhPsnj2yZ/biPDhPzqvzNoyOOPnMMvsB5/MLUf6hJQ==</latexit>

q Numerical impact of QED contribution at CEBAF (                         ):

o Final-state hadronic mass (W > 2 GeV) was imposed
o Difference between curves is small, not much room for shower
o Transverse momentum of scattered electron is a good “hard” scale



q No photon-hadron frame!

Semi-inclusive DIS

Semi-inclusive DIS cross section
=  inclusive electron + hadron (or jet) cross section in lepton-hadron collisions

k

P'

p'

l
p

k'
P

l'

Momentum imbalance between 
two particles (or jet(s))

o Transverse plane to the colliding axis:

o Collinear factorization:

(hadron or jet)

(lepton or lepton jet)

o TMD factorization:

q The “Parton frame”: 
“Soft” scale  = 

“Hard” scale = 

Boost along the collision axis, such that 

Rapidity of the observed lepton (or jet) in the lab frame

Rapidity of the observed hadron (or jet) in the lab frame



q Collinear factorization:

Semi-inclusive DIS

k

P'

p'

l
p

k'
P

l'

Effectively the same as two-jet (or hadron) cross section 
at a hadron collider

CO-Functions

For final-state jet(s): 
or fully calculated HJ without D’s

Only two hadrons (or jet) are observed.  Factorization breaking effect, identified by 
Collins & Qiu (2007) and Mulders & Rogers (2010), is not relevant here

q TMD factorization: 
TMDs

The “+”-direction of the final-state TMDs are defined in the ”parton frame”
where the observed lepton (or jet) and hadron (or jet) are about back-to-back



q Radiative corrections are very important for lepton-hadron scattering

o Especially difficult for a consistent treatment beyond the inclusive DIS
o No well-defined photon-hadron frame, if we cannot recover all QED radiation
o Radiative corrections are more important for events with high momentum 

transfers and large phase space to shower – such as those at the EIC 

q We proposed a factorization based treatment of QED radiation 

o QED radiation is a part of production cross sections, treated in the same way 
as radiation from quarks and gluons

o No artificial and/or process dependent scale(s) introduced other than the 
standard factorization scale

o All perturbatively calculable hard parts are IR safe for both QCD and QED
o All lepton mass or resolution sensitivity are included into ”Universal” lepton 

distribution and fragmentation functions (or jet functions)

Thank you!

Summary and outlook

Special thanks to JLab experimental colleagues for helpful discussions!


