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QCD at a Fermi Scale

q QCD – Color Confinement:
o Do not see any quarks and gluons in isolation
o The structure of nucleons and nuclei – emergent properties of QCD 

Color Confinement Asymptotic freedom

Probing
scale

Q (GeV)

200 MeV (1 fm) 2 GeV (1/10 fm)20 MeV (10 fm)

Asymptotic
regime
PQCD
works

beautifully!

QCD at the Fermi Scale:  Femto-science (0.1-10 fm)

o The most interesting, rich, and complex regime of the theory!
o All emergent phenomena depend on the scale at which we probe 

them!

q QCD – Asymptotic Freedom:
o Force becomes weaker at a shorter-distance – Controllable “Probes” 
o Explore the structure of nucleons and nuclei indirectly by using “local”, “sharp”, 

and “controllable” probes, …   



How to “see” 3D partonic structure of hadrons?

q Hard probes to “catch” the quantum fluctuation:

Hard probe (t ~ 1/Q < fm) Probability to “catch” the parton!

P

Boost = time dilation

q Observables with two momentum scales: Q1 � Q2 ⇠ 1/R ⇠ ⇤QCD

² Hard scale:           “see” particle nature of  “partons” Q1

² Soft scale:            “sensitive” to the fermi-scale structureQ2

DVCS: Q2 >> |t|
t=(p1-p2)2

GPDs – Spatial imagingTMDs – Confined motion

SIDIS:  Q>>PT



Definition of GPDs

q Kinematics:

H̃q(x, ⇠, t, Q), Ẽq(x, ⇠, t, Q)Two more for quarks:
with � · n �! � · n �5

q No color nucleon elastic form factor:

q Quark “form factor”:

with

Gauge link:

P P 0

Mueller et al., 94; 
Ji, 96; 
Radyushkin, 96



Definition of GPDs

q Gluon “form factor”:

with the two gluon field strength contracted anti-symmetrically  

Two more for gluons: H̃
g(x, ⇠, t) Ẽg(x, ⇠, t)

q Forward limit – connection to collinear PDFs:

The factorization scale dependence is suppressed 

Mueller et al., 94; 
Ji, 96; 
Radyushkin, 96



Properties of GPDs

q Connection to Dirac and Pauli form factors:

Where 

And the axial and pseudoscalar version:   

Where 

q Some symmetry properties: 
H

g(x, ⇠, t) = H
g(�x, ⇠, t) Eg(x, ⇠, t) = Eg(�x, ⇠, t)

Ẽg(x, ⇠, t) = �Ẽg(�x, ⇠, t)H̃
g(x, ⇠, t) = �H̃

g(�x, ⇠, t)

H
q,g(x, ⇠, t) = H

q,g(x,�⇠, t), ...

H
q,g(x, ⇠, t)⇤ = H

q,g(x,�⇠, t), ...
GPDs are real value functions



Properties of GPDs

q QCD energy-momentum tensor:

with

q Form factors:

q Light-cone helicity operator:
with

q Connection to the proton spin:
Ji, PRL78, 1997



Spatial imaging from GPDs

q(x, b?, Q) =

Z
d
2�?e

�i�?·b?Hq(x, ⇠ = 0, t = ��2
?, Q)

q Impact parameter dependent quark distribution: M. Burkdart, PRD 2000

Unpolarized proton



Hunting for GPDs – Exclusive DIS

q Experimental access to GPDs:

+ +

GPD

+ …

J/Ψ, Φ, …

DVCS: Q2 >> |t| DVEM: Q2 >> |t| EHMP: Q2 >> |t|

t=(p1-p2)2

g-GPD

q Much more complicated – (x, ξ, t) variables:

² Challenge to derive GPDs from data

q GPDs could tell us: How far does glue 
density spread?

How fast does 
glue density fall?

² Orbital contribution to proton’s spin

² Proton radius of quark & gluon density

² Hints for color confining radius/mechanism

² Origin of nuclear force, …
² …



QCD factorization

q Deep Virtual Compton Scattering (DVCS):

A(�⇤p ! �p) =
X

i

Z 1

�1
dxT i(x, ⇠, ⇢, Q2)F ;(x, ⇠, t)

q Factorization:

⇢ = �(q + q0)2/2(p+ p0) · (q + q0)

q Deep Virtual Meson Production (DVMP):

q Factorization:

q Evolution:

⇥

Factorization naturally leads to evolution equations for GPDs



Data: just the beginning



JLab E12-06-114 DVCS/Hall A experiment at 11 GeV

xB=0.36 xB=0.48 xB=0.60

Sample of cross-section results:



DVCS at future EIC (White Paper)

q Spatial distributions:

q Cross Sections:



Imaging the gluon (White Paper)

q Exclusive vector meson production:

t-dep

J/Ψ, Φ, …

d�

dxBdQ2dt

² Fourier transform of the t-dep

Spatial imaging of glue density
² Resolution ~ 1/Q or 1/MQ

q Gluon imaging from simulation:

Only possible at the EIC
Gluon radius?

How spread 
at small-x?

Color confinement

Gluon radius (x)!



Beyond the 3D picture – confining radius of color?

q Spatial distributions of quarks and gluons:

Bag Model: 

Gluon field distribution is wider than the fast 

moving quarks. 

Gluon radius  > Charge Radius

Constituent Quark Model: 

Gluons and sea quarks hide inside massive 

quarks. 

Gluon radius  ~ Charge Radius 

Lattice Gauge theory (with slow moving 

quarks):

Gluons more concentrated inside the quarks                           

Gluon radius  < Charge Radius

Static                     Boosted

3D confined motion (TMDs) + spatial distribution (GPDs)
Hints on the color confining mechanism

Relation between charge radius, quark radius (x), and gluon radius (x)?



Beyond the 3D picture – Nuclear Landscape?

q EMC discovery:

Nuclear landscape  
Superposition of nucleon landscape6=

² Does the color of nucleon “A” know 
the color of nucleon “B”? 

² What does a nucleus look like if we 
only see quarks and gluons ?

q Simple, but fundamental, questions:

“A” “B”

IF NOT, Observed nuclear effect in 
cross-section is a coherent collision effect

IF YES, Nucleus could act like a bigger 
proton at small-x, and could reaching 
the saturation much sooner!

EIC can tell !

q GPDs of nuclei – diffractive events at EIC?



What lattice QCD can do?

q LQCD is formulated in Euclidean space:

LQCD cannot calculate the leading power x-dependent PDFs, TMDs, GPDs, …, directly! 

q New idea – quasi-PDFs (equal-time correlator):  Ji, arXiv:1305.1539

q̃(x̃, µ2
R, Pz) ⌘

Z
d⇠z
4⇡

e�ix̃Pz⇠z hP | (⇠z
2
)�zexp

(
�ig

Z ⇠z

0
d⌘zAz(⌘z)

)
 (

�⇠z
2
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Boost
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t
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Conjecture:

whenq̃(x̃, µ2
R, Pz) �! q(x, µ2) Pz ! 1
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Based on the Large Momentum Effective Theory (LaMET) – Taylor expansion in 1/Pz

Braun et al. arXiv: 1810.00048

Cautions:

o Mixing with gluon and other flavor contribution beyond LO

o Power corrections could be of the form:

o Power UV divergence:  Non-perturbative renormalization impacts large z behavior

o Pz is limited by 1/a – lattice spacing – Pz < 2-3 GeV 

q Pseudo-PDFs, Lattice x-section, …   
New ideas, new calculations, …



What lattice QCD can do?
Ma, Qiu, 1404.6860, 1709.03018 q Factorization:

=
X

a

Z 1

�1

dx

x
fa(x, µ

2)Ca(x!, ⇠
2, µ2) +O(⇠2⇤2

QCD)

<latexit sha1_base64="P6WCml4fI+2PLmogHBZiRXF2VZ8="></latexit>
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<latexit sha1_base64="GXja7luq8MKkB8DsmrR1CygJdKc="></latexit>

! = P · ⇠

<latexit sha1_base64="g7veh3KWE5W2vZqQ6uAzqqxL4Qg=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiSloC6EghuXFewDmlAmk0k7dB5hZqKW2k9x40IRt36JO//GaZuFth64cDjnXu69J0oZ1cbzvp3C2vrG5lZxu7Szu7d/4JYP21pmCpMWlkyqboQ0YVSQlqGGkW6qCOIRI51odD3zO/dEaSrFnRmnJORoIGhCMTJW6rvlQHIyQFfNAMfSwOCR9t2KV/XmgKvEz0kF5Gj23a8gljjjRBjMkNY930tNOEHKUMzItBRkmqQIj9CA9CwViBMdTuanT+GpVWKYSGVLGDhXf09MENd6zCPbyZEZ6mVvJv7n9TKTXIQTKtLMEIEXi5KMQSPhLAcYU0WwYWNLEFbU3grxECmEjU2rZEPwl19eJe1a1a9XL2/rlUYtj6MIjsEJOAM+OAcNcAOaoAUweADP4BW8OU/Oi/PufCxaC04+cwT+wPn8AcMVk6Y=</latexit>

Necessary condition:  Need a hard scale to “see” particle nature of the parton field
⇠2 ⌧ 1/⇤2

QCD ⇠ R2
N

<latexit sha1_base64="b5zLs5qS3Wat+V8JckngU/CT2vM=">AAACFHicbVDLSgMxFM3UV62vUZdugkUQhDpTCuquUBcuRFqxD+hMh0yatqHJzJBkxDL0I9z4K25cKOLWhTv/xkzbhbYeCBzOuYebe/yIUaks69vILC2vrK5l13Mbm1vbO+buXkOGscCkjkMWipaPJGE0IHVFFSOtSBDEfUaa/rCS+s17IiQNgzs1iojLUT+gPYqR0pJnnjgPtFOEDmPQPnWudbCLvMQRHNYql+PUkZTDW++mU8x5Zt4qWBPARWLPSB7MUPXML6cb4piTQGGGpGzbVqTcBAlFMSPjnBNLEiE8RH3S1jRAnEg3mRw1hkda6cJeKPQLFJyovxMJ4lKOuK8nOVIDOe+l4n9eO1a9czehQRQrEuDpol7MoAph2hDsUkGwYiNNEBZU/xXiARIIK91jWoI9f/IiaRQLdqlwUSvly9asjiw4AIfgGNjgDJTBFaiCOsDgETyDV/BmPBkvxrvxMR3NGLPMPvgD4/MH48OcKQ==</latexit>

q Fourier transform:

q̃(x̃, µ2
R, Pz) /

Z

1/(xPz)<|⇠z|<1

d⇠

2⇡
e�ix̃Pz⇠z Z(⇠z, µ

2
R)hP |O(⇠z)|P i
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A small correctionFactorized contribution

Not factorized,
Hard to control the size,
Sensitive to the      tail of

NP UV renormalization of
the power divergence 

⇠z

<latexit sha1_base64="qf736xIkfG3BzVjDTPv/CU3CEc8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVQvVW8OKxgv2AdinZNNvGZpMlyYp16X/w4kERr/4fb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcp35nQeqNJPizkxj6kd4JFjICDZWavcf2eCpNChX3Ko7B1olXk4qkKM5KH/1h5IkERWGcKx1z3Nj46dYGUY4nZX6iaYxJhM8oj1LBY6o9tP5tTN0ZpUhCqWyJQyaq78nUhxpPY0C2xlhM9bLXib+5/USE176KRNxYqggi0VhwpGRKHsdDZmixPCpJZgoZm9FZIwVJsYGlIXgLb+8StoXVa9WvbqtVRpuHkcRTuAUzsGDOjTgBprQAgL38Ayv8OZI58V5dz4WrQUnnzmGP3A+fwAmMo7Q</latexit>

Similar example: Transverse momentum part of the TMD factorization

Perturbative

High Q

Low Q
for x ⇠ 0.1� 1

<latexit sha1_base64="ttLivYkFOwBkkK3ludP+3e61rbs=">AAACBXicbVBNS8NAEJ34WetX1KMeFovgxZJIQb0VvHisYD+gCWWz3bRLd5OwuxFL6MWLf8WLB0W8+h+8+W/ctDlo64OBx3szzMwLEs6Udpxva2l5ZXVtvbRR3tza3tm19/ZbKk4loU0S81h2AqwoZxFtaqY57SSSYhFw2g5G17nfvqdSsTi60+OE+gIPIhYygrWRevZR5kmBwlhOPOShB+QpJpBTddEZcss9u+JUnSnQInELUoECjZ795fVjkgoaacKxUl3XSbSfYakZ4XRS9lJFE0xGeEC7hkZYUOVn0y8m6MQo/fwUU5FGU/X3RIaFUmMRmE6B9VDNe7n4n9dNdXjpZyxKUk0jMlsUphzpGOWRoD6TlGg+NgQTycytiAyxxESb4PIQ3PmXF0nrvOrWqle3tUrdKeIowSEcwym4cAF1uIEGNIHAIzzDK7xZT9aL9W59zFqXrGLmAP7A+vwBa3qV4w==</latexit>

and Q ⇠ 2 GeV

<latexit sha1_base64="T9jn4x4Zg4aYGllwgAY59cKstJM=">AAACCnicbZDLSsNAFIYn9VbrrerSzWgRXJWkFNRdwYUuW7AXaEKZTCbt0JlJmJkIJWTtxldx40IRtz6BO9/GaZqFtv4w8PGfczhzfj9mVGnb/rZKa+sbm1vl7crO7t7+QfXwqKeiRGLSxRGL5MBHijAqSFdTzcgglgRxn5G+P72Z1/sPRCoaiXs9i4nH0VjQkGKkjTWqnqau5BCJIHOhCzuuohw2DOX2LelllVG1ZtftXHAVnAJqoFB7VP1ygwgnnAiNGVJq6Nix9lIkNcWMZBU3USRGeIrGZGhQIE6Ul+anZPDcOAEMI2me0DB3f0+kiCs1477p5EhP1HJtbv5XGyY6vPJSKuJEE4EXi8KEQR3BeS4woJJgzWYGEJbU/BXiCZIIa5PePARn+eRV6DXqTrN+3WnWWnYRRxmcgDNwARxwCVrgDrRBF2DwCJ7BK3iznqwX6936WLSWrGLmGPyR9fkDS46YsA==</latexit>

Q ⇠ xPz ⇠ 0.2� 2 GeV

<latexit sha1_base64="/Y02fGC4iy1umSxJMKQBZXU7ptg=">AAACDXicbZC7TsMwFIYdrqXcAowsFgWJhSqpKgFbJQYYW4lepCaKHNdprdpOZDuIEvUFWHgVFgYQYmVn421I0gzQ8kuWPv3nHB2f348YVdqyvo2l5ZXVtfXSRnlza3tn19zb76gwlpi0cchC2fORIowK0tZUM9KLJEHcZ6Trj6+yeveOSEVDcasnEXE5GgoaUIx0annmcctRlMP7pvcAc7KqNXgGa9CBiSM5vCadadkzK1bVygUXwS6gAgo1PfPLGYQ45kRozJBSfduKtJsgqSlmZFp2YkUihMdoSPopCsSJcpP8mik8SZ0BDEKZPqFh7v6eSBBXasL9tJMjPVLztcz8r9aPdXDhJlREsSYCzxYFMYM6hFk0cEAlwZpNUkBY0vSvEI+QRFinAWYh2PMnL0KnVrXr1ctWvdKwijhK4BAcgVNgg3PQADegCdoAg0fwDF7Bm/FkvBjvxsesdckoZg7AHxmfP9RzmNM=</latexit>



GPDs from Lattice QCD
Y.-S. Liu et al.
arXiv:1902.00307 q Definition:

q Decomposition:

q Factorization - conjecture:

q Matching coefficient – NLO – RI/MOM renormalization:

where the functions  f1, f2 and δΓ are given in the paper (1902.00307)

GPDs could be extracted from
LQCD calculation of j-j correlation 



GPDs from Lattice QCD

q Matrix element calculated on the lattice:
hN(P3+Q/2)| ̄ (z)�W (0, z) (0) |N(P3�Q/2)i

<latexit sha1_base64="+BwSAhN8gNylcq76GOMmVPVJeoU="></latexit>

q GPDs from the lattice calculation:

M. Constantinou, et al. arXiv: 2006.08636
C. Alexandrou, et al. arXiv:1910.13229 



Summary

q GPDs are fundamental quantum probability distributions

q Need exclusive processes with a unbroken hadron under hard collisions 

² Need lepton-hadron facilities
² Need well-controlled exclusive processes in lepton-hadron collisions
² DVCS, DDVCS, DVMP, Diffractive heavy vector boson production, …
² JLab12, COMPASS, and future EIC will produce a lot of data on GPDs

q GPDs could be extracted from LQCD calculations
Work just got started – more efforts are needed!

Thank you!

Carry important information on spatial imaging of hadron’s partonic structure

The most interesting, rich, and complex regime of the theory

q QCD at the Fermi scale:



Spatial imaging from GPDs

q Impact parameter dependent quark distribution: M. Burkdart, PRD 2000

Proton polarized in +x direction

Sign and magnitude of the averaged shift 
related to the hadron’s magnetic moment:


