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High-Energy Lepton-Hadron Scattering 
q The new generation of “Rutherford” experiments for probing hadron structure: 

High-energy lepton-hadron facilities have been built, 
or to be built, at SLAC, CERN, FNAL, DESY, JLab, BNL, … 

² A controlled “probe” – virtual photon
² Can either break or not break the hadron 

² Inclusive events:    e+p/A à e’+X
Detect only the scattered lepton in the detector

(Modern Rutherford experiment!)
q

X
P

² Semi-Inclusive events:    e+p/A à e’+h(p,K,p,jet)+X
Detect the scattered lepton in coincidence with identified hadrons/jets

(Initial hadron is broken – confined motion! – cleaner than h-h collisions)

P
q

X
P

h

² Exclusive events: e+p/A à e’+ p’/A’+ h(p,K,p,jet)
Detect every things including scattered proton/nucleus (or its fragments)

(Initial hadron is NOT broken – tomography! – almost impossible for h-h collisions)

<latexit sha1_base64="RmXRvQPwRqlzAznKl0DiCWwqlac=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsJuCOox4MVjBPOAZA29k9lkyMzuOjMrhJCf8OJBEa/+jjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFWUNGotYtQPUTPCINQw3grUTxVAGgrWC0c3Mbz0xpXkc3ZtxwnyJg4iHnKKxUrs7QCnx4aJXLLlldw6ySryMlCBDvVf86vZjmkoWGSpQ647nJsafoDKcCjYtdFPNEqQjHLCOpRFKpv3J/N4pObNKn4SxshUZMld/T0xQaj2Wge2UaIZ62ZuJ/3md1ITX/oRHSWpYRBeLwlQQE5PZ86TPFaNGjC1Bqri9ldAhKqTGRlSwIXjLL6+SZqXsXZYrd9VSrZrFkYcTOIVz8OAKanALdWgABQHP8ApvzqPz4rw7H4vWnJPNHMMfOJ8/oiiPqg==</latexit>

�⇤
<latexit sha1_base64="cH+RgP2JyPgLiic0/HbCd62pn3s=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5q90dYCDwoV/yqvwBaJ0FOKpCjOSh/9YeKpIJKSzg2phf4iQ0zrC0jnM5K/dTQBJMJHtGeoxILasJsce0MXThliGKlXUmLFurviQwLY6Yicp0C27FZ9ebif14vtfFNmDGZpJZKslwUpxxZheavoyHTlFg+dQQTzdytiIyxxsS6gEouhGD15XXSrlWDq2rtvl5p1PM4inAG53AJAVxDA+6gCS0g8AjP8ApvnvJevHfvY9la8PKZU/gD7/MHhP+PDg==</latexit>�
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Lepton-Hadron Inclusive Deep Inelastic Scattering
q Approximation of one-photon exchange:

Q2 = - (k-k’)2                  à Measure of the resolution
y = P.(k-k’)/P.k à Measure of inelasticity
xB = Q2/2P.(k-k’)    à Measure of momentum fraction

of the struck quark in a proton
Q2 = S xB y

q Deep inelastic scattering (DIS) structure functions:

Wµ⌫(q, P ) =
1

4⇡

X

X

(2⇡)4�4(P + q �X) hP |Jµ(0)|Xi hX|J⌫(0)|P i+ spin...

<latexit sha1_base64="ZBeh4fvlQvmQStMKeyUH4dLb6jA="></latexit>

= �egµ⌫F1(xB , Q
2) +

ePµ
eP⌫

P · q F2(xB , Q
2) + spin...

<latexit sha1_base64="0V5yo46/qUcGTTC3GisfrITioJI="></latexit>

egµ⌫ = �gµ⌫ + qµq⌫/q
2

<latexit sha1_base64="b5/PFchG0JbyO2Vr7PwztJ5K33w=">AAACHnicbVDLSgMxFM34rPVVdekmWARBrDOloi6EghuXFawKnTpkMrc1NJOZ5qGUoV/ixl9x40IRwZX+jekDfB5IODnnXm7uCVPOlHbdD2dicmp6ZjY3l59fWFxaLqysnqvESAp1mvBEXoZEAWcC6pppDpepBBKHHC7CzvHAv7gBqVgiznQvhWZM2oK1GCXaSkFhz79lEWjGI8ja/SDzY+ML08dHeKf99druBpZiewuz270qB4WiW3KHwH+JNyZFNEYtKLz5UUJNDEJTTpRqeG6qmxmRmlEO/bxvFKSEdkgbGpYKEoNqZsP1+njTKhFuJdIeofFQ/d6RkVipXhzaypjoa/XbG4j/eQ2jWwfNjInUaBB0NKhlONYJHmSFIyaBat6zhFDJ7F8xvSaSUG0TzdsQvN8r/yXn5ZJXKR2eVorV8jiOHFpHG2gLeWgfVdEJqqE6ougOPaAn9OzcO4/Oi/M6Kp1wxj1r6Aec9096aKKg</latexit>

ePµ = egµ⌫P ⌫

<latexit sha1_base64="uXJwFf4kVj+TfXd199mKrYXLHnQ=">AAACHXicbZDLSgMxFIYzXmu9jbp0EyyCqzJTCupCKLhxOYK9QKcOmcxpG5rJDElGKUNfxI2v4saFIi7ciG9jelnU1gMhP99/Dsn5w5QzpR3nx1pZXVvf2CxsFbd3dvf27YPDhkoySaFOE57IVkgUcCagrpnm0EolkDjk0AwH12O/+QBSsUTc6WEKnZj0BOsySrRBgV31H1kEmvEIcm8U5H6cjfAVnqO9KfWFMbz7fHwHdskpO5PCy8KdiRKalRfYX36U0CwGoSknSrVdJ9WdnEjNKIdR0c8UpIQOSA/aRgoSg+rkk+1G+NSQCHcTaY7QeELnJ3ISKzWMQ9MZE91Xi94Y/ue1M9296ORMpJkGQacPdTOOdYLHUeGISaCaD40gVDLzV0z7RBKqTaBFE4K7uPKyaFTKbrV8eVst1SqzOAroGJ2gM+Sic1RDN8hDdUTRE3pBb+jderZerQ/rc9q6Ys1mjtCfsr5/AZOUo28=</latexit>

<latexit sha1_base64="ApWi+kSerlMoKEdl04d+sPvSBPA="></latexit>

Fi(xB , Q
2) ⇡

X

f

Cif (xB , Q
2;x, µ2)⌦ f(x, µ2)

<latexit sha1_base64="tf6pulrKV21Jp34dQjdGNwlaq9U=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahItSkFPVY8OLNFuwHtLFstpt26WYTdjeFEvpPvHhQxKv/xJv/xm2bg1YfDDzem2Fmnh9zprTjfFm5tfWNza38dmFnd2//wD48aqkokYQ2ScQj2fGxopwJ2tRMc9qJJcWhz2nbH9/O/faESsUi8aCnMfVCPBQsYARrI/Vt+yLtEczR/azkXjYeK+d9u+iUnQXQX+JmpAgZ6n37szeISBJSoQnHSnVdJ9ZeiqVmhNNZoZcoGmMyxkPaNVTgkCovXVw+Q2dGGaAgkqaERgv150SKQ6WmoW86Q6xHatWbi/953UQHN17KRJxoKshyUZBwpCM0jwENmKRE86khmEhmbkVkhCUm2oRVMCG4qy//Ja1K2b0qVxvVYq2SxZGHEziFErhwDTW4gzo0gcAEnuAFXq3UerberPdla87KZo7hF6yPbxJGkfQ=</latexit>

+O(1/Q2)

Factorization

<latexit sha1_base64="+xpvIgex1sNNDnKlSCmKghF+its="></latexit>

Lµ⌫(k, k; q) = 2(kµk0⌫ + k⌫k0µ � k · k0gµ⌫) + spin...

<latexit sha1_base64="Z9TLQFL2iG5YZLXpnsg/es1i8DU=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL1FVJalGXBRFcVrAPaGqZTCbt0JlJmJkIJWTjr7hxoYhbP8Odf+O0zUJbD1w4nHMv997jx4wq7TjfVmFldW19o7hZ2tre2d2z9w/aKkokJi0csUh2faQIo4K0NNWMdGNJEPcZ6fjj66nfeSRS0Ujc60lM+hwNBQ0pRtpIA/vopuKFEuE08BQdcpSlwcP5uJIN7LJTdWaAy8TNSRnkaA7sLy+IcMKJ0JghpXquE+t+iqSmmJGs5CWKxAiP0ZD0DBWIE9VPZw9k8NQoAQwjaUpoOFN/T6SIKzXhvunkSI/UojcV//N6iQ6v+ikVcaKJwPNFYcKgjuA0DRhQSbBmE0MQltTcCvEImTy0yaxkQnAXX14m7VrVvajW7+rlRi2PowiOwQk4Ay64BA1wC5qgBTDIwDN4BW/Wk/VivVsf89aClc8cgj+wPn8AWDOWNg==</latexit>

E0 d�

d3k0

<latexit sha1_base64="u6vOw0WjQgqL8PGTouNvkRIyeWg="></latexit>
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Lµ⌫(k, k; q)Wµ⌫(q, P )
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Lepton-Hadron Inclusive Deep Inelastic Scattering

A very successful story of QCD, QCD Factorization, and QCD evolution! 
Extraction of Parton Distribution Functions (PDFs) – 1D hadron structure
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Lepton-Hadron Semi-Inclusive Deep Inelastic Scattering

l l'

P
X

q

Q2

<latexit sha1_base64="gK/lRk8PBeXVCIv3kp6fgiAjCAM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLePGYoHlAsobZSScZMju7zMwKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BbHg2rjut5Pb2Nza3snvFvb2Dw6PiscnLR0limGTRSJSnYBqFFxi03AjsBMrpGEgsB1Mbud++wmV5pF8MNMY/ZCOJB9yRo2V7huPlX6x5JbdBcg68TJSggz1fvGrN4hYEqI0TFCtu54bGz+lynAmcFboJRpjyiZ0hF1LJQ1R++ni1Bm5sMqADCNlSxqyUH9PpDTUehoGtjOkZqxXvbn4n9dNzPDaT7mME4OSLRcNE0FMROZ/kwFXyIyYWkKZ4vZWwsZUUWZsOgUbgrf68jppVcpetXzTqJZqlSyOPJzBOVyCB1dQgzuoQxMYjOAZXuHNEc6L8+58LFtzTjZzCn/gfP4Az0aNdQ==</latexit>

Scale: - PDFs

p
h

P

q

l l'

X

Q2 � P 2
hT

<latexit sha1_base64="2hewL0tH0ed2XFfRTRq1IXZWMNU=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlCQd0V3LhsoS/oI0ymk3To5MHMRCmxn+LGhSJu/RJ3/o3TNgttPXDhcM693HuPl3AmlWV9G4Wt7Z3dveJ+6eDw6PjELJ92ZJwKQtsk5rHoeVhSziLaVkxx2ksExaHHadeb3i387gMVksVRS80SOgxxEDGfEay05Jrl5shBgyBADTebuK35yHHNilW1lkCbxM5JBXI0XPNrMI5JGtJIEY6l7NtWooYZFooRTuelQSppgskUB7SvaYRDKofZ8vQ5utTKGPmx0BUptFR/T2Q4lHIWerozxGoi172F+J/XT5V/M8xYlKSKRmS1yE85UjFa5IDGTFCi+EwTTATTtyIywQITpdMq6RDs9Zc3Scep2rXqbbNWqTt5HEU4hwu4AhuuoQ730IA2EHiEZ3iFN+PJeDHejY9Va8HIZ87gD4zPH6PJku4=</latexit>

In photon-hadron frame!

Jet, p, J/y, …

f(x, kT , Q)

<latexit sha1_base64="TKrzvOlykzxlxB0J4ZT1pfFrRrc=">AAAB8XicbVBNS8NAEJ3Ur1o/WvXoZbEIFUpJSkG9Fbx4bKFf2Iay2W7apZtN2N2IJfRfePGgiFf/jTf/jds2B219MPB4b4aZeV7EmdK2/W1ltrZ3dvey+7mDw6PjfOHktKPCWBLaJiEPZc/DinImaFszzWkvkhQHHqddb3q38LuPVCoWipaeRdQN8FgwnxGsjfTgl57K02Gr3LwaFop2xV4CbRInJUVI0RgWvgajkMQBFZpwrFTfsSPtJlhqRjid5waxohEmUzymfUMFDqhyk+XFc3RplBHyQ2lKaLRUf08kOFBqFnimM8B6ota9hfif14+1f+MmTESxpoKsFvkxRzpEi/fRiElKNJ8Zgolk5lZEJlhiok1IOROCs/7yJulUK06tctusFevVNI4snMMFlMCBa6jDPTSgDQQEPMMrvFnKerHerY9Va8ZKZ87gD6zPHwdFj9A=</latexit>

Parton’s confined motion, …
- TMDs

18 SIDIS
Structure Functions
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Transverse Momentum Dependent PDFs (TMDs)

Quark TMDs

�[�+]
q h(x, b) = f1(x, b) + i✏µ⌫T bµs⌫Mf?1 (x, b)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

b? ⇠ 1

k?<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentum

q Quark TMDs with polarization:

<latexit sha1_base64="WMs6UM7zPVhI1yUGG4tXTmxsn84="></latexit>

AUT =
1

P

�lN(") � �lN(#)
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1 1
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q Polarized SIDIS: 
<latexit sha1_base64="ctUOj+gL0djBoHwQEhUukEl6wsA=">AAACEHicbVBLSwMxGMzWV62vVY9egkW6pVJ2i6jHghdPsoJ9QHdZsmm2Dc0+SLJKWfoTvPhXvHhQxKtHb/4b03YP2joQMsx8H8mMnzAqpGl+a4WV1bX1jeJmaWt7Z3dP3z9oizjlmLRwzGLe9ZEgjEakJalkpJtwgkKfkY4/upr6nXvCBY2jOzlOiBuiQUQDipFUkqdXiMGqtRvDPnXSBHEeP1ShI2Oo5EoV1oaG7Q3V3fX0slk3Z4DLxMpJGeSwPf3L6cc4DUkkMUNC9CwzkW6GuKSYkUnJSQVJEB6hAekpGqGQCDebBZrAE6X0YRBzdSIJZ+rvjQyFQoxDX02GSA7FojcV//N6qQwu3YxGSSpJhOcPBSmDKvG0HdinnGDJxoogzKn6K8RDxBGWqsOSKsFajLxM2o26dV43b8/KzUZeRxEcgWNgAAtcgCa4BjZoAQwewTN4BW/ak/aivWsf89GClu8cgj/QPn8APciZgA==</latexit>

e(l) +N(P, ") ! e(l0) + h(Ph) +X

Two planes
Leptonic plane
Hadronic plane

In photon-hadron frame:

Single Transverse-Spin
Asymmetry

Angular modulation provides the best 
way to separate TMDs
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Collision Induced QED Radiation
q Uncertainty in determining the photon-hadron frame:

XL

<latexit sha1_base64="GENFoHQkKP+yBXiK+jUwQxkgjdU=">AAACAnicbVDNS8MwHE3n15xfVU/iJTgET6MdQz0OvHic4D5gLSXN0i0sSbskFUYZXvxXvHhQxKt/hTf/G9OtB918kPB47/cjeS9MGFXacb6t0tr6xuZWebuys7u3f2AfHnVUnEpM2jhmseyFSBFGBWlrqhnpJZIgHjLSDcc3ud99IFLRWNzraUJ8joaCRhQjbaTAPpkEHk+hBz0d5/cI6Wwyy7XArjo1Zw64StyCVEGBVmB/eYMYp5wIjRlSqu86ifYzJDXFjMwqXqpIgvAYDUnfUIE4UX42jzCD50YZwCiW5ggN5+rvjQxxpaY8NJMc6ZFa9nLxP6+f6ujaz6hIUk0EXjwUpQyauHkfcEAlwZpNDUFYUvNXiEdIIqxNaxVTgrsceZV06jX3sta4a1Sb9aKOMjgFZ+ACuOAKNMEtaIE2wOARPINX8GY9WS/Wu/WxGC1Zxc4x+APr8wdjTZbC</latexit>

qµ ! q̂µ
<latexit sha1_base64="+9alU8OQkh0uINfQUKJEkYdc3Xs=">AAACFnicbZBNS8MwGMdTX+d8q3r0EhyCl412DPUiDLx43MC9wFpHmqZbWJp2SaqMsk/hxa/ixYMiXsWb38Z060E3H0jy4/9/QvL8vZhRqSzr21hZXVvf2CxsFbd3dvf2zYPDtowSgUkLRywSXQ9JwignLUUVI91YEBR6jHS80XXmd+6JkDTit2oSEzdEA04DipHSUt8sN++q8AqWx/pwoKOibH+gPhkilTanmVl2Mh5n3DdLVsWaFVwGO4cSyKvRN78cP8JJSLjCDEnZs61YuSkSimJGpkUnkSRGeIQGpKeRo5BIN52NNYWnWvFhEAm9uIIz9feNFIVSTkJPd4ZIDeWil4n/eb1EBZduSnmcKMLx/KEgYVBPn2UEfSoIVmyiAWFB9V8hHiKBsNJJFnUI9uLIy9CuVuzzSq1ZK9WreRwFcAxOwBmwwQWogxvQAC2AwSN4Bq/gzXgyXox342PeumLkd47AnzI+fwDzVpzA</latexit>

Q2 = �q2 ! bQ2 = �q̂2
<latexit sha1_base64="d2RhEnm7Pbv7im8L5bXEIQMYn4s="></latexit>

xB =
Q2

2P · q ! x̂B =
bQ2

2P · q̂

q Under the “one-photon” approximation:
<latexit sha1_base64="Z9TLQFL2iG5YZLXpnsg/es1i8DU=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL1FVJalGXBRFcVrAPaGqZTCbt0JlJmJkIJWTjr7hxoYhbP8Odf+O0zUJbD1w4nHMv997jx4wq7TjfVmFldW19o7hZ2tre2d2z9w/aKkokJi0csUh2faQIo4K0NNWMdGNJEPcZ6fjj66nfeSRS0Ujc60lM+hwNBQ0pRtpIA/vopuKFEuE08BQdcpSlwcP5uJIN7LJTdWaAy8TNSRnkaA7sLy+IcMKJ0JghpXquE+t+iqSmmJGs5CWKxAiP0ZD0DBWIE9VPZw9k8NQoAQwjaUpoOFN/T6SIKzXhvunkSI/UojcV//N6iQ6v+ikVcaKJwPNFYcKgjuA0DRhQSbBmE0MQltTcCvEImTy0yaxkQnAXX14m7VrVvajW7+rlRi2PowiOwQk4Ay64BA1wC5qgBTDIwDN4BW/Wk/VivVsf89aClc8cgj+wPn8AWDOWNg==</latexit>

E0 d�

d3k0

<latexit sha1_base64="u6vOw0WjQgqL8PGTouNvkRIyeWg="></latexit>

=
2↵2

EM

s

1

Q4
Lµ⌫(k, k; q)Wµ⌫(q, P )

<latexit sha1_base64="Z9TLQFL2iG5YZLXpnsg/es1i8DU=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL1FVJalGXBRFcVrAPaGqZTCbt0JlJmJkIJWTjr7hxoYhbP8Odf+O0zUJbD1w4nHMv997jx4wq7TjfVmFldW19o7hZ2tre2d2z9w/aKkokJi0csUh2faQIo4K0NNWMdGNJEPcZ6fjj66nfeSRS0Ujc60lM+hwNBQ0pRtpIA/vopuKFEuE08BQdcpSlwcP5uJIN7LJTdWaAy8TNSRnkaA7sLy+IcMKJ0JghpXquE+t+iqSmmJGs5CWKxAiP0ZD0DBWIE9VPZw9k8NQoAQwjaUpoOFN/T6SIKzXhvunkSI/UojcV//N6iQ6v+ikVcaKJwPNFYcKgjuA0DRhQSbBmE0MQltTcCvEImTy0yaxkQnAXX14m7VrVvajW7+rlRi2PowiOwQk4Ay64BA1wC5qgBTDIwDN4BW/Wk/VivVsf89aClc8cgj+wPn8AWDOWNg==</latexit>

E0 d�

d3k0

<latexit sha1_base64="uYA4nXCxNGHQO7IRpLQYmwnzotc="></latexit>

=
2↵2

EM

s

Z
d4q̂

✓
1

q̂2

◆2

eLµ⌫(k, k; q̂)Wµ⌫(q̂, P )

<latexit sha1_base64="yCbD4UlX/+VXCAn0tmfdsSP9bDE="></latexit>

eLµ⌫(k, k; q̂) =
X

XL

Z Y

i2XL

d3ki
(2⇡)32Ei

�(4)
⇣
k � k0 � q̂ �

X

i2XL

ki
⌘

<latexit sha1_base64="L7EJL6gC2k2yTdZLY1fj+vXRC7g=">AAACLnicbVDLSgMxFM3UVx1foy7dBItYN2WmFHVZEMGFiwr2AZ1xyKRpG5vJDElGKG2/yI2/ogtBRdz6GabTKtp6IHA451xu7gliRqWy7Rcjs7C4tLySXTXX1jc2t6ztnZqMEoFJFUcsEo0AScIoJ1VFFSONWBAUBozUg97Z2K/fESFpxK9VPyZeiDqctilGSku+de4yxDuMwN4Q3t64YZK3j4a9Q9jwL6ErUsv8iaRymuOT3HfEt3J2wU4B54kzJTkwRcW3ntxWhJOQcIUZkrLp2LHyBkgoihkZmW4iSYxwD3VIU1OOQiK9QXruCB5opQXbkdCPK5iqvycGKJSyHwY6GSLVlbPeWPzPayaqfeoNKI8TRTieLGonDKoIjruDLSoIVqyvCcKC6r9C3EUCYaUbNnUJzuzJ86RWLDjHhdJVKVcuTuvIgj2wD/LAASegDC5ABVQBBvfgEbyCN+PBeDbejY9JNGNMZ3bBHxifX/27pqc=</latexit>

hk|jµ(0)|k0XLihk0XL|j⌫(0)|ki

<latexit sha1_base64="A305hvXJ0kmDbV7wKKfx07Ul5/E="></latexit>

! 2
�
kµk0⌫ + k0µk⌫ � k · k0gµ⌫

�
�(4)(k � k0 � q̂)

<latexit sha1_base64="vMJ7HiN6235lZF2la2iUrfRohec="></latexit>

= �egµ⌫(q̂)L1 +
ekµek⌫

k · k0L2 +
ek0
µ ek0

⌫

k · k0 L3 +
ekµ ek0

⌫
+ ek0

µek⌫

2k · k0 L4

<latexit sha1_base64="8q0PD/H0fnEefFufOK90KraDjwo="></latexit>

egµ⌫(q̂) = gµ⌫ � q̂µq̂⌫

q̂2
<latexit sha1_base64="TS8/b4KO7wmEIgrcoFkTdA5362c=">AAACI3icbZDNSgMxFIUz/tb6V3XpJlgE3ZQZERVBENy4rGC10Kklk7ltQzOZMbmjlGHexY2v4saFIm5c+C6mtYvaeiBw8t17Se4JEikMuu6XMzM7N7+wWFgqLq+srq2XNjZvTJxqDjUey1jXA2ZACgU1FCihnmhgUSDhNuhdDOq3D6CNiNU19hNoRqyjRFtwhha1Sqf+owgBhQwh6+V3fpRSekbHYCe/yyz1VZrv+V2G2X2+T3ste2+Vym7FHYpOG29kymSkaqv04YcxTyNQyCUzpuG5CTYzplFwCXnRTw0kjPdYBxrWKhaBaWbDHXO6a0lI27G2RyEd0vGJjEXG9KPAdkYMu2ayNoD/1Roptk+amVBJiqD470PtVFKM6SAwGgoNHGXfGsa1sH+lvMs042hjLdoQvMmVp83NQcU7qhxeHZbPD0ZxFMg22SF7xCPH5JxckiqpEU6eyAt5I+/Os/PqfDifv60zzmhmi/yR8/0Dge+lYA==</latexit>

ekµ = egµ⌫(q̂)k⌫
<latexit sha1_base64="0VPKt3sObdwQpiewjaSNxL/zE+Y=">AAACJXicbZBNSwMxEIazflu/qh69BIuol7JbRD0oCF48KthW6NaSzU7b0Gx2TWaVsuyf8eJf8eJBEcGTf8W09lCrLwRenplhMm+QSGHQdT+dqemZ2bn5hcXC0vLK6lpxfaNm4lRzqPJYxvomYAakUFBFgRJuEg0sCiTUg975oF6/B21ErK6xn0AzYh0l2oIztKhVPPEfRAgoZAhZbze/9aOU0lM6Rjv5bWapr9J8z+8yzO7yfdrbbVnQKpbcsjsU/Wu8kSmRkS5bxTc/jHkagUIumTENz02wmTGNgkvIC35qIGG8xzrQsFaxCEwzG16Z0x1LQtqOtX0K6ZCOT2QsMqYfBbYzYtg1k7UB/K/WSLF93MyESlIExX8WtVNJMaaDyGgoNHCUfWsY18L+lfIu04yjDbZgQ/AmT/5rapWyd1g+uDoonVVGcSyQLbJN9ohHjsgZuSCXpEo4eSTP5JW8OU/Oi/PufPy0TjmjmU3yS87XN2S+pcI=</latexit>

ek0
µ
= egµ⌫(q̂)k0⌫

4 Lepton structure functions!   Small a leads to                     in lepton back-to-back frame! 
<latexit sha1_base64="IjCfgqSwVYhP4pvrIcDf4kfmScI=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiSlqMuCG5ct9AVNGiaTSTt08nBmopSQlRt/xY0LRdz6De78GydtFtp64MLhnHu59x43ZlRIw/jWSmvrG5tb5e3Kzu7e/oF+eNQTUcIx6eKIRXzgIkEYDUlXUsnIIOYEBS4jfXd6k/v9e8IFjcKOnMXEDtA4pD7FSCrJ0U+tCZLpXeZ0RnVoMQatB+qRXGtno7qjV42aMQdcJWZBqqBAy9G/LC/CSUBCiRkSYmgasbRTxCXFjGQVKxEkRniKxmSoaIgCIux0/kYGz5XiQT/iqkIJ5+rviRQFQswCV3UGSE7EspeL/3nDRPrXdkrDOJEkxItFfsKgjGCeCfQoJ1iymSIIc6puhXiCOMJSJVdRIZjLL6+SXr1mXtYa7Ua1WS/iKIMTcAYugAmuQBPcghboAgwewTN4BW/ak/aivWsfi9aSVswcgz/QPn8At1GYmg==</latexit>

q̂2T ⌧ bQ2
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Collinear Factorization for QED Radiative Conntribution

q Collinear factorization with the “one-photon” approximation: 

l l’
<latexit sha1_base64="9I4q6vQevxUcuCeSO8oDbz5K9Eo="></latexit>

Ek0
d3�kP!k0X

d3k0
⇡

Z 1

⇣min

d⇣

⇣2
De/e(⇣, µ

2)

Z 1

⇠min

d⇠ fe/e(⇠, µ
2)

<latexit sha1_base64="AaK5zS9V9Qd/hVZYQw8hQDlsXnc="></latexit>
El0

d3�̂lP!l0X

d3l0

�

l=⇠k, l0=k0/⇣
<latexit sha1_base64="d55pThMzZdgXLYHk9ZaJ7UCz050="></latexit>

⇡
Z 1

⇣min

d⇣

⇣2
De/e(⇣, µ

2)

Z 1

⇠min

d⇠ fe/e(⇠, µ
2)

<latexit sha1_base64="U2d3wWDkCGnQzkc1a73NYl4g/VM="></latexit>

⇥ ↵2

ŷ bQ4

h
x̂B ŷ

2 F1(x̂B , bQ2) +
⇣
1� ŷ � 1

4
ŷ2�̂2

⌘
F2(x̂B , bQ2)

i

<latexit sha1_base64="cw6NbxeZye+ONiNQM/CEYtwWXr4=">AAACD3icbVDLSsNAFJ34rPEVdekmWJQKUpJS1GXRjcsW7AOaGCbTaTt08mDmRltC/sCNv+LGhSJu3brzb5w+Ftp64MKZc+5l7j1+zJkEy/rWlpZXVtfWcxv65tb2zq6xt9+QUSIIrZOIR6LlY0k5C2kdGHDaigXFgc9p0x9cj/3mPRWSReEtjGLqBrgXsi4jGJTkGSeFoXd1VrsrnToQ6QWnjyEdZkpyHliHjl+1TJmekbeK1gTmIrFnJI9mqHrGl9OJSBLQEAjHUrZtKwY3xQIY4TTTnUTSGJMB7tG2oiEOqHTTyT2ZeayUjtmNhKoQzIn6eyLFgZSjwFedAYa+nPfG4n9eO4HupZuyME6AhmT6UTfhJkTmOByzwwQlwEeKYCKY2tUkfSwwARWhrkKw509eJI1S0T4vlmvlfKU0iyOHDtERKiAbXaAKukFVVEcEPaJn9IretCftRXvXPqatS9ps5gD9gfb5A6FDmyI=</latexit>

(xB , Q
2) ! (x̂B , bQ2)

<latexit sha1_base64="VZBcxJQnxYhmQOoS708UHKX5EMA=">AAACBXicbVC7SgNBFL3rM8ZX1FKLwSBYSNgNQS1DbCwjmAdkl2V2MkmGzM4uM7OSsKSx8VdsLBSx9R/s/BsnyRaaeGDgcM693DkniDlT2ra/rZXVtfWNzdxWfntnd2+/cHDYVFEiCW2QiEeyHWBFORO0oZnmtB1LisOA01YwvJn6rQcqFYvEvR7H1AtxX7AeI1gbyS+cjPyaqyPkDrBORxO/hlwmUMeoF47nF4p2yZ4BLRMnI0XIUPcLX243IklIhSYcK9Vx7Fh7KZaaEU4neTdRNMZkiPu0Y6jAIVVeOksxQWdG6aJeJM0TGs3U3xspDpUah4GZDLEeqEVvKv7ndRLdu/ZSJuJEU0Hmh3oJRyb2tBLUZZISzceGYCKZ+SsiAywx0aa4vCnBWYy8TJrlknNZqtxVitVyVkcOjuEUzsGBK6jCLdShAQQe4Rle4c16sl6sd+tjPrpiZTtH8AfW5w/mTZd/</latexit>

xB ! x̂B 2 [xB , 1]

Liu, Melnitchouk, Qiu, Sato

2008.02895, 2108.13371

§ QED radiation prevents a well-defined “photon-hadron” frame

§ Radiation is IR sensitive as                       , into LDFs & LFFs

§ Hadron is probed by 

<latexit sha1_base64="LzX1q/E47AS2ipsVf5ChcDRj1Mk=">AAAB8nicbVDLSgMxFM34rPVVdekmWARXdaYUdVlw47IF+4B2KJk004bmMSR3hDL0M9y4UMStX+POvzFtZ6GtBwKHc+4l95woEdyC7397G5tb2zu7hb3i/sHh0XHp5LRtdWooa1EttOlGxDLBFWsBB8G6iWFERoJ1osn93O88MWO5Vo8wTVgoyUjxmFMCTurJAbtu4j5o7A9KZb/iL4DXSZCTMsrRGJS++kNNU8kUUEGs7QV+AmFGDHAq2KzYTy1LCJ2QEes5qohkNswWJ8/wpVOGONbGPQV4of7eyIi0diojNykJjO2qNxf/83opxHdhxlWSAlN0+VGcCuwizvPjITeMgpg6Qqjh7lZMx8QQCq6loishWI28TtrVSnBTqTVr5Xo1r6OAztEFukIBukV19IAaqIUo0ugZvaI3D7wX7937WI5uePnOGfoD7/MHz+2QQQ==</latexit>

me/Q ! 0
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Collinear Factorization for QED Radiative Conntribution

q Without the “one-photon” approximation: Liu, Melnitchouk, Qiu, Sato

2008.02895, 2108.13371

<latexit sha1_base64="sf/YuRtJzoq/s3PWcWTmpxNircU="></latexit>

Ek0
d�kP!k0X

d3k0
=

1

2s

X

i,j,a

Z 1

⇣min

d⇣

⇣2

Z 1

⇠min

d⇠

⇠
De/j(⇣, µ

2) fi/e(⇠, µ
2)

<latexit sha1_base64="9kibYu+peAz8OV254QttKhI1hQ4="></latexit>

⇥
Z 1

xmin

dx

x
fa/N (x, µ2) bHia!jX(⇠k, xP, k0/⇣, µ2) + · · ·

~ Inclusive single lepton production at high transverse momentum

No structure functions, but

have PDFs, LDFs, LFFs, …q Calculated hard parts in power of               : 
<latexit sha1_base64="gtytMPf4ws5oyh3QhOsUVneckaI=">AAAB+3icbVBNTwIxEJ31E/EL8ehlIzHxRHYJUY8kXjxiIh8JLGS2dKGh7W7arpEQ/ooXDxrj1T/izX9jgT0o+JLJvLw3k05fmHCmjed9OxubW9s7u7m9/P7B4dFx4aTY1HGqCG2QmMeqHaKmnEnaMMxw2k4URRFy2grHt3O/9UiVZrF8MJOEBgKHkkWMoLFSv1DsIk9G2BPL3tc9K5a8sreAu078jJQgQ71f+OoOYpIKKg3hqHXH9xITTFEZRjid5buppgmSMQ5px1KJgupgurh95l5YZeBGsbIljbtQf29MUWg9EaGdFGhGetWbi/95ndREN8GUySQ1VJLlQ1HKXRO78yDcAVOUGD6xBIli9laXjFAhMTauvA3BX/3yOmlWyv5VuXpfLdUqWRw5OINzuAQfrqEGd1CHBhB4gmd4hTdn5rw4787HcnTDyXZO4Q+czx84SJSF</latexit>

↵m↵n
s

LO NLO:

Beyond one-photon 

exchange



9

QED Radiative Corrections vs Radiative Contributions
q Lepton distribution function: 

q Lepton evolution – e.g., valence: 
+ nonperturbative contributions …

q Lepton fragmentation function: 

+ nonperturbative contributions …
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QED Radiative Corrections vs Radiative Contributions
Liu, Melnitchouk, Qiu, Sato
2008.02895, 2108.13371

q QED radiative corrections: 

§ The correction factors RQED and σX should not depend on the hadron structure that we wish to 
extract, and they can be systematically calculated in QED to high precision; 

§ The effective scale Q2
true for the Born cross section σBorn should be large enough to 

keep the “true” scattering within the DIS regime. 

q QED radiative contributions: 

§ Infrared sensitive QED contributions – divergent as                      , are absorbed to universal LDFs and LFFs 
<latexit sha1_base64="WEoGmGN0MrQDooeWikerNll6LZk=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqs6Uoi4Lbly2YB/YDiWT3mlDM5khyQil9C/cuFDErX/jzr8xbWehrQcCh3PuJfecIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYPZpKgH9Gh5CFn1FjpMerjVaNnYuL2iyW37C5A1omXkRJkqPeLX71BzNIIpWGCat313MT4U6oMZwJnhV6qMaFsTIfYtVTSCLU/XVw8IxdWGZAwVvZJQxbq740pjbSeRIGdjKgZ6VVvLv7ndVMT3vpTLpPUoGTLj8JUEBtxHp8MuEJmxMQSyhS3txI2oooyY0sq2BK81cjrpFUpe9flaqNaqlWyOvJwBudwCR7cQA3uoQ5NYCDhGV7hzdHOi/PufCxHc062cwp/4Hz+AHgmkBc=</latexit>

me/Q ! 0

§ Infrared safe QED contributions – finite as                      , are calculated order-by-order in power of a
<latexit sha1_base64="WEoGmGN0MrQDooeWikerNll6LZk=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqs6Uoi4Lbly2YB/YDiWT3mlDM5khyQil9C/cuFDErX/jzr8xbWehrQcCh3PuJfecIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYPZpKgH9Gh5CFn1FjpMerjVaNnYuL2iyW37C5A1omXkRJkqPeLX71BzNIIpWGCat313MT4U6oMZwJnhV6qMaFsTIfYtVTSCLU/XVw8IxdWGZAwVvZJQxbq740pjbSeRIGdjKgZ6VVvLv7ndVMT3vpTLpPUoGTLj8JUEBtxHp8MuEJmxMQSyhS3txI2oooyY0sq2BK81cjrpFUpe9flaqNaqlWyOvJwBudwCR7cQA3uoQ5NYCDhGV7hzdHOi/PufCxHc062cwp/4Hz+AHgmkBc=</latexit>

me/Q ! 0

§ Power suppressed contributions as                      , are neglected
<latexit sha1_base64="WEoGmGN0MrQDooeWikerNll6LZk=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqs6Uoi4Lbly2YB/YDiWT3mlDM5khyQil9C/cuFDErX/jzr8xbWehrQcCh3PuJfecIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYPZpKgH9Gh5CFn1FjpMerjVaNnYuL2iyW37C5A1omXkRJkqPeLX71BzNIIpWGCat313MT4U6oMZwJnhV6qMaFsTIfYtVTSCLU/XVw8IxdWGZAwVvZJQxbq740pjbSeRIGdjKgZ6VVvLv7ndVMT3vpTLpPUoGTLj8JUEBtxHp8MuEJmxMQSyhS3txI2oooyY0sq2BK81cjrpFUpe9flaqNaqlWyOvJwBudwCR7cQA3uoQ5NYCDhGV7hzdHOi/PufCxHc062cwp/4Hz+AHgmkBc=</latexit>

me/Q ! 0

Predictive power:  Universality of LDFs and LFFs, their evolution, calculable hard parts
Neglect power corrections

§ Extraction of             is an inverse problem                  
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Lepton-Hadron Semi-Inclusive Deep Inelastic Scattering
q Inclusive production of a lepton and a hadron: 

Momentum imbalance between the lepton and the hadron could be sensitive to
both parton TMDs and lepton TMDs

Typical parton transverse momentum: 
<latexit sha1_base64="EfuztTMqWtAGnhXvc/+cJ9LxIlM="></latexit>

k2T ⇠ ⇤2
QCD + hk2T igenerated by QCD shower

q Estimate of lepton transverse momentum generated by QED shower: 

Resummation
to lepton TMD

QED broadening for lepton is so much smaller than typical parton kT!
Collinear factorization for high order QED contributions

Liu, Melnitchouk, Qiu, Sato
2008.02895, 2108.13371
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Lepton-Hadron Semi-Inclusive Deep Inelastic Scattering

Liu, Melnitchouk, Qiu, Sato

2008.02895, 2108.13371
q QED factorization of collision induced radiation – collinear: 

<latexit sha1_base64="7t0shu7Z3Srz9B8g10vvQGRQBnI=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahIpSkFHVZcOPOFuwDmhgm00k7dDIJMxOhhGzc+CtuXCji1n9w5984bbPQ1gP3cjjnXmbu8WNGpbKsb6Owsrq2vlHcLG1t7+zumfsHHRklApM2jlgkej6ShFFO2ooqRnqxICj0Gen64+up330gQtKI36lJTNwQDTkNKEZKS555fJ46GDF4m1WcQCCchh6551na0u3MM8tW1ZoBLhM7J2WQo+mZX84gwklIuMIMSdm3rVi5KRKKYkaykpNIEiM8RkPS15SjkEg3nV2RwVOtDGAQCV1cwZn6eyNFoZST0NeTIVIjuehNxf+8fqKCKzelPE4U4Xj+UJAwqCI4jQQOqCBYsYkmCAuq/wrxCOkwlA6upEOwF09eJp1a1b6o1lv1cqOWx1EER+AEVIANLkED3IAmaAMMHsEzeAVvxpPxYrwbH/PRgpHvHII/MD5/AOtZmC0=</latexit>

+O(
mn

e

Qn
)

§ Leading power IR sensitive contribution is universal, as                      ,  factorized into LDFs and LFFs

§ IR safe contributions are calculated order-by-order in powers of a
§ Neglect               power suppressed contributions

§ Collinear QED factorization for both inclusive DIS and SIDIS, or e+e-, … [global fits of LDFs, LFFs]

<latexit sha1_base64="LzX1q/E47AS2ipsVf5ChcDRj1Mk=">AAAB8nicbVDLSgMxFM34rPVVdekmWARXdaYUdVlw47IF+4B2KJk004bmMSR3hDL0M9y4UMStX+POvzFtZ6GtBwKHc+4l95woEdyC7397G5tb2zu7hb3i/sHh0XHp5LRtdWooa1EttOlGxDLBFWsBB8G6iWFERoJ1osn93O88MWO5Vo8wTVgoyUjxmFMCTurJAbtu4j5o7A9KZb/iL4DXSZCTMsrRGJS++kNNU8kUUEGs7QV+AmFGDHAq2KzYTy1LCJ2QEes5qohkNswWJ8/wpVOGONbGPQV4of7eyIi0diojNykJjO2qNxf/83opxHdhxlWSAlN0+VGcCuwizvPjITeMgpg6Qqjh7lZMx8QQCq6loishWI28TtrVSnBTqTVr5Xo1r6OAztEFukIBukV19IAaqIUo0ugZvaI3D7wX7937WI5uePnOGfoD7/MHz+2QQQ==</latexit>

me/Q ! 0

<latexit sha1_base64="c5ct7iI7JcuEMS8qr0mM9YCqp9E=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBE81aQU9Vjw4rEF0xbaUDbbabt0dxN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZelHCmjed9OxubW9s7u4W94v7B4dFx6eS0peNUUQxozGPViYhGziQGhhmOnUQhERHHdjS5n/vtJ1SaxfLRTBMMBRlJNmSUGCsFoo/XzX6p7FW8Bdx14uekDDka/dJXbxDTVKA0lBOtu76XmDAjyjDKcVbspRoTQidkhF1LJRGow2xx7My9tMrAHcbKljTuQv09kRGh9VREtlMQM9ar3lz8z+umZngXZkwmqUFJl4uGKXdN7M4/dwdMITV8agmhitlbXTomilBj8ynaEPzVl9dJq1rxbyq1Zq1cr+ZxFOAcLuAKfLiFOjxAAwKgwOAZXuHNkc6L8+58LFs3nHzmDP7A+fwBVk6OVg==</latexit>

me/Q

q “One photon”-approximation: 

Evaluated in a “virtual photon-hadron” frameApply a           -dependent Lorentz transformation: 
<latexit sha1_base64="HUdm0sxI6FUvVw5dabz4DU0hQxo=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahgpSkFPVY8OKxgv2AJJTNdtMu3WzC7kSsoT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxLBNdj2t1VYW9/Y3Cpul3Z29/YPyodHHR2nirI2jUWsegHRTHDJ2sBBsF6iGIkCwbrB+Gbmdx+Y0jyW9zBJmB+RoeQhpwSM5Fa9R37hPTEg5/1yxa7Zc+BV4uSkgnK0+uUvbxDTNGISqCBau46dgJ8RBZwKNi15qWYJoWMyZK6hkkRM+9n85Ck+M8oAh7EyJQHP1d8TGYm0nkSB6YwIjPSyNxP/89wUwms/4zJJgUm6WBSmAkOMZ//jAVeMgpgYQqji5lZMR0QRCialkgnBWX55lXTqNeey1rhrVJr1PI4iOkGnqIocdIWa6Ba1UBtRFKNn9IreLLBerHfrY9FasPKZY/QH1ucPcOmQqw==</latexit>

(⇠, ⇣)
<latexit sha1_base64="otOqmqlPkAUA6HVzuilc8pbVqUk=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgopSkFHVZcOMygn1AE8JkMmmHTh7OTJQSsnLjr7hxoYhbv8Gdf+OkzUJbD1w4c869zL3HSxgV0jC+tcrK6tr6RnWztrW9s7un7x/0RJxyTLo4ZjEfeEgQRiPSlVQyMkg4QaHHSN+bXBV+/55wQePoVk4T4oRoFNGAYiSV5OrHdmaPkczu8ga0GtB+oD4p3lbuju3c1etG05gBLhOzJHVQwnL1L9uPcRqSSGKGhBiaRiKdDHFJMSN5zU4FSRCeoBEZKhqhkAgnm52Rw1Ol+DCIuapIwpn6eyJDoRDT0FOdIZJjsegV4n/eMJXBpZPRKEklifD8oyBlUMawyAT6lBMs2VQRhDlVu0I8RhxhqZKrqRDMxZOXSa/VNM+b7Zt2vdMq46iCI3ACzoAJLkAHXAMLdAEGj+AZvII37Ul70d61j3lrRStnDsEfaJ8/1w2YsQ==</latexit>

{q̂, P, bPh}
<latexit sha1_base64="bdRtBkVpddCQF6/oZhwcFejdSnY=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KCUpRV0W3LiMYB/QhjCZTtqhk4czE6XEfIobF4q49Uvc+TdO2yy09cCFwzn3cu89fsKZVJb1baytb2xubZd2yrt7+weHZuWoI+NUENomMY9Fz8eSchbRtmKK014iKA59Trv+5Hrmdx+okCyO7tQ0oW6IRxELGMFKS55ZGWTZfV5DTg1lTu6NB7lnVq26NQdaJXZBqlDA8cyvwTAmaUgjRTiWsm9biXIzLBQjnOblQSppgskEj2hf0wiHVLrZ/PQcnWlliIJY6IoUmqu/JzIcSjkNfd0ZYjWWy95M/M/rpyq4cjMWJamiEVksClKOVIxmOaAhE5QoPtUEE8H0rYiMscBE6bTKOgR7+eVV0mnU7Yt687ZZbTWKOEpwAqdwDjZcQgtuwIE2EHiEZ3iFN+PJeDHejY9F65pRzBzDHxifP1a5k14=</latexit>

{q, P, Ph}
In a frame to compare with exp. measurements<latexit sha1_base64="HUdm0sxI6FUvVw5dabz4DU0hQxo=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahgpSkFPVY8OKxgv2AJJTNdtMu3WzC7kSsoT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxLBNdj2t1VYW9/Y3Cpul3Z29/YPyodHHR2nirI2jUWsegHRTHDJ2sBBsF6iGIkCwbrB+Gbmdx+Y0jyW9zBJmB+RoeQhpwSM5Fa9R37hPTEg5/1yxa7Zc+BV4uSkgnK0+uUvbxDTNGISqCBau46dgJ8RBZwKNi15qWYJoWMyZK6hkkRM+9n85Ck+M8oAh7EyJQHP1d8TGYm0nkSB6YwIjPSyNxP/89wUwms/4zJJgUm6WBSmAkOMZ//jAVeMgpgYQqji5lZMR0QRCialkgnBWX55lXTqNeey1rhrVJr1PI4iOkGnqIocdIWa6Ba1UBtRFKNn9IreLLBerHfrY9FasPKZY/QH1ucPcOmQqw==</latexit>

(⇠, ⇣)
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q Two-step approach to SIDIS: 

<latexit sha1_base64="EKkM9EiL7AwkMh0AUqVUTcT2sl4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahgpakFHVZcOOygn1AE8pkOmkHJ5M4cyO2ofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/gxZwps+9vILS2vrK7l1wsbm1vbO+buXlNFiSS0QSIeybaPFeVM0AYw4LQdS4pDn9OWf3c18VsPVCoWiVsYxtQLcV+wgBEMWuqaB+4AQ3o/LrmP7NQdUcAnZ3HXLNplewprkTgZKaIM9a755fYikoRUAOFYqY5jx+ClWAIjnI4LbqJojMkd7tOOpgKHVHnp9PqxdayVnhVEUpcAa6r+nkhxqNQw9HVniGGg5r2J+J/XSSC49FIm4gSoILNFQcItiKxJFFaPSUqADzXBRDJ9q0UGWGICOrCCDsGZf3mRNCtl57xcvakWa5Usjjw6REeohBx0gWroGtVRAxE0Qs/oFb0ZT8aL8W58zFpzRjazj/7A+PwB6vCU1Q==</latexit>

q̂(⇠, ⇣)� p
<latexit sha1_base64="QBOU8OLH1v3bcbAhL7aqhJdGyo8=">AAACCnicbZDLSsNAFIZPvNZ6i7p0M1oEVyUpRV0W3LhsoTdoaplMJu3QyYWZiVJC1258FTcuFHHrE7jzbZy0QbT1h4Gf75zDmfO7MWdSWdaXsbK6tr6xWdgqbu/s7u2bB4dtGSWC0BaJeCS6LpaUs5C2FFOcdmNBceBy2nHH11m9c0eFZFHYVJOY9gM8DJnPCFYaDcwT5555dIRVWp/eVgZN5HCOflgjY2bJKlszoWVj56YEueoD89PxIpIENFSEYyl7thWrfoqFYoTTadFJJI0xGeMh7Wkb4oDKfjo7ZYrONPGQHwn9QoVm9PdEigMpJ4GrOwOsRnKxlsH/ar1E+Vf9lIVxomhI5ov8hCMVoSwX5DFBieITbTARTP8VkREWmCidXlGHYC+evGzalbJ9Ua42qqVaJY+jAMdwCudgwyXU4Abq0AICD/AEL/BqPBrPxpvxPm9dMfKZI/gj4+MbzeCaSg==</latexit>

bP 2
T ⌧ bQ2

<latexit sha1_base64="C6NVpfhEGrenCmlSsnd+n/mDFeU=">AAACC3icbZDLSgMxFIYzXmu9jbp0E1oEV2WmFHVZcOOyhd6gM5ZMJtOGJpkhyShl6N6Nr+LGhSJufQF3vo2Ztoi2/hD4+c45nJw/SBhV2nG+rLX1jc2t7cJOcXdv/+DQPjruqDiVmLRxzGLZC5AijArS1lQz0kskQTxgpBuMr/N6945IRWPR0pOE+BwNBY0oRtqggV3y7mlIRkhnjeltddCCnqIc/sBmDu2yU3FmgqvGXZgyWKgxsD+9MMYpJ0JjhpTqu06i/QxJTTEj06KXKpIgPEZD0jdWIE6Un81umcIzQ0IYxdI8oeGM/p7IEFdqwgPTyZEeqeVaDv+r9VMdXfkZFUmqicDzRVHKoI5hHgwMqSRYs4kxCEtq/grxCEmEtYmvaEJwl09eNZ1qxb2o1Jq1cr26iKMATkEJnAMXXII6uAEN0AYYPIAn8AJerUfr2Xqz3ueta9Zi5gT8kfXxDavQmsU=</latexit>

bP 2
T ⇠ bQ2

1) In “virtual-photon” frame, defined by  

§ TMD factorization when
§ CO factorization when
§ Matching to get the        -distribution  

<latexit sha1_base64="l8gtmhBO+o/zZkJi+KcEkqTNLO8=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0Q1GPAi8cIeUGyhtnZ3mTI7IOZWUNY8h9ePCji1X/x5t84SfagiQUNRVU33V1eIrjStv1tbWxube/sFvaK+weHR8elk9O2ilPJsMViEcuuRxUKHmFLcy2wm0ikoSew443v5n7nCaXicdTU0wTdkA4jHnBGtZEe+xPu44jqrDEbNMmgVLYr9gJknTg5KUOOxqD01fdjloYYaSaoUj3HTrSbUak5Ezgr9lOFCWVjOsSeoRENUbnZ4uoZuTSKT4JYmoo0Wai/JzIaKjUNPdMZUj1Sq95c/M/rpTq4dTMeJanGiC0XBakgOibzCIjPJTItpoZQJrm5lbARlZRpE1TRhOCsvrxO2tWKc12pPdTK9WoeRwHO4QKuwIEbqMM9NKAFDCQ8wyu8WRPrxXq3PpatG1Y+cwZ/YH3+AFU4klw=</latexit>

bPT

2) Lorentz transformation from the “virtual-photon” 
frame to any experimentally defined frame 
– lepton-hadron Lab frame, Breit frame (xB,Q2), …

One-photon approximation

QED contribution (not correction) can be
systematically improved order-by-order in power a!

q Case study FUU: 
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q Case study FUU: 

Evaluated in a “virtual photon-hadron” frame
Unpolarized structure function:

- Dependent Lorentz transformation
<latexit sha1_base64="HUdm0sxI6FUvVw5dabz4DU0hQxo=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahgpSkFPVY8OKxgv2AJJTNdtMu3WzC7kSsoT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxLBNdj2t1VYW9/Y3Cpul3Z29/YPyodHHR2nirI2jUWsegHRTHDJ2sBBsF6iGIkCwbrB+Gbmdx+Y0jyW9zBJmB+RoeQhpwSM5Fa9R37hPTEg5/1yxa7Zc+BV4uSkgnK0+uUvbxDTNGISqCBau46dgJ8RBZwKNi15qWYJoWMyZK6hkkRM+9n85Ck+M8oAh7EyJQHP1d8TGYm0nkSB6YwIjPSyNxP/89wUwms/4zJJgUm6WBSmAkOMZ//jAVeMgpgYQqji5lZMR0QRCialkgnBWX55lXTqNeey1rhrVJr1PI4iOkGnqIocdIWa6Ba1UBtRFKNn9IreLLBerHfrY9FasPKZY/QH1ucPcOmQqw==</latexit>

(⇠, ⇣)

Effectively, a rotation in hadron-rest frame 

Solid – with rotation
Dashed – without rotation
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Lepton-Hadron Semi-Inclusive Deep Inelastic Scattering
q Case study – single transverse spin asymmetry: Liu, Melnitchouk, Qiu, Sato

2008.02895, 2108.13371
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Lepton-Hadron Semi-Inclusive Deep Inelastic Scattering
q QED radiative corrections: 

§ Our formalism is different.  It does not depend on 
hadronic input, which is what we want to probe!

§ Our formalism is organized in terms of IR safe 
quantities and universal functions 
– advantage of factorization
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Summary and Outlook

q Radiative corrections are very important for lepton-hadron scattering

o Especially difficult for a consistent treatment beyond the inclusive DIS
o No well-defined photon-hadron frame, if we cannot recover all QED radiation
o Radiative corrections are more important for events with high momentum transfers and large phase 

space to shower – such as those at the EIC 

q We proposed a factorization based treatment of QED radiation, along with QCD factorization 

o QED radiation is a part of production cross sections, treated in the same way as QCD radiation 
from quarks and gluons

o No artificial and/or process dependent scale(s) introduced for treating QED radiation, other than 
the standard factorization scale

o All perturbatively calculable hard parts are IR safe for both QCD and QED
o All lepton mass or resolution sensitivity are included into “Universal” lepton distribution and 

fragmentation functions (or jet functions)

Thank you!
Special thanks to experimental colleagues for helpful discussions!


