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Track A Factorization:

2

• Operator definition of the pdf from the beginning.

– The only divergences are ultraviolet.
– Deal with them using standard UV renormalization techniques. 

• Factorization (e.g., inclusive DIS): 

– Obtained from general region analysis.
– Beyond parton model: Higher order hard scattering constructed 

from nested subtractions.
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• Operator definition of the pdf from the beginning.

– The only divergences are ultraviolet.
– Deal with them using standard UV renormalization techniques. 

• Factorization (e.g., DIS): 

– Obtained from general region analysis.
– Beyond parton model: Higher order hard scattering constructed 

from nested subtractions.

Two views of factorization

• Track A:
– Start with the operator definition of the pdf
• Deal with UV divergences with renormalization

– Derive factorization by analyzing dominant regions

– Higher orders are constructed from nested 
subtractions 
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the technical framework of factorization had been fully
developed. We will explain how these diverging concep-
tual tracks formed: One track, which we call track-A
or the “renormalized light-front” view originated in ef-
forts to give the earliest parton ideas a concrete realiza-
tion in quantum field theory. The second track (track-
B) we will call the “collinear absorption” view, and it
arose early out of the practical need to perform practical
calculations with limited available techniques. A descrip-
tion and comparison of the two tracks will be provided in
Sec. II and Sec. III. We will argue that track-A is actually
the correct one in Sec. IV.2 Our larger goal for this arti-
cle is a critical assessment of these two tracks, with the
positivity question being only one convenient example of
how the track-A/track-B distinction can have practical
relevance.

N.B. a. Same issue in calculation of renormalization of
bare coupling in QCD for a lattice theory: It must be a
pure UV quantity, in contrast to what is obtained with
the classic on-shell renormalization scheme in QED.

N.B. b. Refer to R⇤ operation; what track-A does
to construct short-distance coe�cient function is essen-
tially R⇤, but with a conceptual formulation that can be
more general. (I think — CHECK!! — that standard R⇤
makes use of the Smirnov trick with dimensional regular-
ization.

II. TRACK-A: RENORMALIZATION AND
LIGHT-CONE PDFS

As mentioned in the introduction, track-A is based on
operator definitions for light-cone pdfs, defined in terms

of elementary fields, and it originates in e↵orts to provide
a field-theoretical basis, heavily influenced by light-cone
quantization techniques [17], for the original pdf con-
cept. Early examples are from Soper [13] and Collins [18]
(which includes transverse momentum dependence), and
the formalism of pdfs and fragmentation functions was
developed in [15]. At least for collinear pdfs, this form
of the definition has continued to be used to the present,
without modifications.

The factorization approach in track-A was consciously
inspired by the leading-power application of the already
known and applied operator-product expansion (OPE).
Indeed the overall structure of collinear factorization and
of the OPE are very similar, and much of the factor-
ization work was inspired by the work of Wilson and
Zimmermann (e.g. [19, 20]). Moreover, when one takes
certain integer moments of DIS structure functions, the
results of factorization give the same result as the OPE
for the same quantity.
For unpolarized quark pdfs, one first defines a bare

quark pdf,

f
bare,a(⇠) ⌘

Z
dw�

2⇡
e
�i⇠p+w�

hp|  ̄0(0, w
�
,0T)

�
+

2
W [0, w�] 0(0, 0,0T) |pi . (1)

where  0 is the bare quark field from the bare Lagrangian
density that defines the theory. The W [0, w�] is a light-
like Wilson line, also defined with bare field operators.
To simplify the discussion, we have dropped flavor sub-
scripts. Because of the bare field operators in Eq. (1),
this definition is closely associated with a quark number
density operator [16, Chapt. 6]. The “a” superscript is to
distinguish this track-A bare pdf from a di↵erent track-B
concept to be discussed later in Sec. III.

An MS renormalized pdf is defined in terms of the bare
pdf by including a renormalization factor Za,

f
renorm,a(⇠) ⌘ Z

a ⌦ f
bare,a

. (2)

with Z
a defined by analogy with renormalization factors

for parameters in the QCD Lagrangian,

Z
a = �(1� ⇠) +

1X

j=1

Cj

✓
S✏

✏

◆j

, (3)

with Cj being the coe�cients necessary to subtract only
the powers of S✏/✏, with S✏ ⌘ (4⇡)✏/�(1� ✏) ' (4⇡�E)✏.
The ⌦ symbol is the usual convolution over collinear mo-
mentum fraction,

[A⌦B] (⇠) ⌘
Z 1

⇠

d⇠0

⇠0
A(⇠/⇠0)B(⇠0) . (4)

Notice that we carefully distinguish parton momentum
fraction (⇠) from process specific kinematic variables like
Bjorken xbj, although below we will frequently drop ⇠

Track A Factorization:



Track B Factorization:
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• Assert(?):

• Collinear divergences!

• So…

• Absorb:

• Then: 

d�̂ = C ⌦ d�̂finite
<latexit sha1_base64="G6GQ8v2aCTaJffWX6tKTcGtCCYc=">AAACOnicbVC7SgNBFJ31bXxFLW0Gg2AVdlXQRhBtLBWMCtkQ7k7uJoOzs8vMXTEs+102foWdhY2FIrZ+gJNH4evAwOGce5l7TpQpacn3n7yJyanpmdm5+crC4tLySnV17dKmuRHYEKlKzXUEFpXU2CBJCq8zg5BECq+im5OBf3WLxspUX1A/w1YCXS1jKYCc1K6eh4R3VHRKHvaAitDKbgIlP+RhAtQToIoTZ6UkE7T839n2SI2lloQl5+1qza/7Q/C/JBiTGhvjrF19DDupyBPUJBRY2wz8jFoFGJJCYVkJc4sZiBvoYtNRDe6UVjGMXvItp3R4nBr3NPGh+n2jgMTafhK5yUEg+9sbiP95zZzig1YhdZYTajH6KM4Vp5QPeuQdaVCQ6jsCwkh3Kxc9MCDItV1xJQS/I/8llzv1YLe+c75XOzoe1zHHNtgm22YB22dH7JSdsQYT7J49s1f25j14L9679zEanfDGO+vsB7zPLwsAr2E=</latexit>

d� = f ⌦ d�̂finite
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d� = f“bare,b” ⌦ d�̂
<latexit sha1_base64="MRLW8toQsTyshFUFOEMH5IYHKVg=">AAACLHicbVDLSgNBEJz1GeMr6tHLYBA9SNiNgl6EoBePEUwUkhB7J73J4OyDmV4xLPkgL/6KIB4U8ep3OHmAz4KBoqqani4/UdKQ6746U9Mzs3PzuYX84tLyymphbb1u4lQLrIlYxfrKB4NKRlgjSQqvEo0Q+gov/ZvToX95i9rIOLqgfoKtELqRDKQAslK7cNokvKOsM+BNI7sh8GMetMfa9bUPGvf8nR1rxiRDNPwr3QPKxiODdqHoltwR+F/iTUiRTVBtF56anVikIUYkFBjT8NyEWhlokkLhIN9MDSYgbqCLDUsjsKtb2ejYAd+2SocHsbYvIj5Sv09kEBrTD32bDIF65rc3FP/zGikFR61MRklKGInxoiBVnGI+bI53pEZBqm8JCC3tX7nogQZBtt+8LcH7ffJfUi+XvP1S+fygWDmZ1JFjm2yL7TKPHbIKO2NVVmOC3bNH9sJenQfn2Xlz3sfRKWcys8F+wPn4BPryqLA=</latexit>

d� = f“bare,b” ⌦ C ⌦ d�̂finite
<latexit sha1_base64="S+R8+KbOhiQ+OD5Y09krcNsLpKU="></latexit>

f = f“bare,b” ⌦ C
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Massless partonic

E.g., Curci, Furmanski, Petronzio (1980) 



Track B:

• Questions:

– Derivation of factorization for step 1 
(                                 )   ?

– Bare pdf (                  ) of step 1 is undefined 

– Interpretation of collinear divergences?

– Can we reverse engineer                      ?
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f“bare,b”
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d� = f“bare,b” ⌦ d�̂
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Track A vs. Track B Logic

6

• In the most standard situations, Track B simply amounts to an algorithm 
for implementing track A.

• Do the differences have practical consequences? 

• Example: Track-B leads to arguments that pdf positivity is an absolute 
property of pdfs in certain schemes (MS-bar).

What happens when you integrate transverse 
momentum?

• Positivity/Sum Rules for ordinary pdfs?

• TMD/Twist-3 correspondence

• Matching small and large transverse momentum

• Lorentz-invariance relations

• Equations of motion relations

f(x;µ) � 0
<latexit sha1_base64="Pu//CuM4yZwCsZFc6Nif41HORpA=">AAAB+HicbVDJSgNBEO2JW4xLRj16aQxCvISZKCh4CXrxGMEskBlCT6cnadLdM/YixiFf4sWDIl79FG/+jZ3loIkPCh7vVVFVL0oZVdrzvp3cyura+kZ+s7C1vbNbdPf2myoxEpMGTlgi2xFShFFBGppqRtqpJIhHjLSi4fXEbz0QqWgi7vQoJSFHfUFjipG2UtctxuXHy4CbExj0yT30um7Jq3hTwGXiz0kJzFHvul9BL8GGE6ExQ0p1fC/VYYakppiRcSEwiqQID1GfdCwViBMVZtPDx/DYKj0YJ9KW0HCq/p7IEFdqxCPbyZEeqEVvIv7ndYyOL8KMitRoIvBsUWwY1AmcpAB7VBKs2cgShCW1t0I8QBJhbbMq2BD8xZeXSbNa8U8r1duzUu1qHkceHIIjUAY+OAc1cAPqoAEwMOAZvII358l5cd6dj1lrzpnPHIA/cD5/AO2nkfY=</latexit>
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• Stress-test assertions about DIS factorization in other finite-
range renormalizable theories.

• Exact 𝑂 𝜆! DIS cross section is easy to calculate exactly.

21

• Stress-test assertions in any finite-range  renormalizable 
theory

• Exact Ο(#!) DIS cross section is easy to calculate exactly
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FIG. 1: Contributions to DIS from Eq. (16) at O (↵ a�). Graph (a) is the handbag diagram that contributes at leading power

and small transverse momentum. Graphs (b) and (c) contribute at leading power to large kT (the Hermitian conjugate for (c)

is not shown). The momenta of the virtual photon is (q) and the target nucleon is (p).

where cWµ⌫
f/f 0(x/⇠, q) is a partonic structure tensor for a massless, on-shell partonic target of flavor f 0, ff 0/p(⇠;µ) is a

pdf for a parton flavor f 0 in target p, µ is a renormalization group scale, and
P

f,f 0 is a sum over all flavors. The last
line defines the usual convolution notation:
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Z 1

x

d⇠

⇠
A(x/⇠)B(⇠) . (13)

The analogous expressions for structure functions are
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In the limit that O
�
m

2
/Q

2
�
terms are negligible, the structure functions have process-specific parts, F̂1,2, and pdfs,

ff 0/p, that are intrinsic to the target. The separation and identification of these pieces when m
2 ⌧ Q

2 is the
factorization we aim to illustrate in Secs. V–VI.

III. MASSIVE SCALAR YUKAWA THEORY

We will use the Yukawa field theory with the following interaction term:

Lint = �� N  q � + H.C. . (16)

A  N particle is taken to be the spin-1/2 target, and we will refer to it as a “nucleon” with mass mp. In addition,
there is a spin-1/2 “quark” field  q with mass mq, and a zero charge scalar “diquark” or “gluon” state � with a mass
ms. The numerical value of � fixes the strength of this interaction. We will find it useful to use the notation

a�(µ) ⌘
�
2

16⇡2
, (17)

in analogy with similar notation, as = g
2
s/(16⇡

2) perturbative in QCD. We will assume that a� is very small at some
initial scale. There are no infrared divergences since masses are non-zero, and ultra-violet divergences are handled by
standard renormalization.

The lowest order graphs that contribute to W
µ⌫ away from the x = 1 elastic limit are shown in Fig. 1. We will

calculate them in two ways:

1. By an exact evaluation of the graphs. This can be done without much di�culty in the Yukawa theory1

1 This was done in [1], so we do not discuss the details further here.
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A  N particle is taken to be the spin-1/2 target, and we will refer to it as a “nucleon” with mass mp. In addition,
there is a spin-1/2 “quark” field  q with mass mq, and a zero charge scalar “diquark” or “gluon” state � with a mass
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2) perturbative in QCD. We will assume that a� is very small at some
initial scale. There are no infrared divergences since masses are non-zero, and ultra-violet divergences are handled by
standard renormalization.

The lowest order graphs that contribute to W
µ⌫ away from the x = 1 elastic limit are shown in Fig. 1. We will

calculate them in two ways:

1. By an exact evaluation of the graphs. This can be done without much di�culty in the Yukawa theory1

1 This was done in [1], so we do not discuss the details further here.
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• Operator definition of the pdf from the beginning.

– The only divergences are ultraviolet.
– Deal with them using standard UV renormalization techniques. 

• Factorization (e.g., DIS): 

– Obtained from general region analysis.
– Beyond parton model: Higher order hard scattering constructed 

from nested subtractions.

Two views of factorization

• Track A:
– Start with the operator definition of the pdf
• Deal with UV divergences with renormalization

– Derive factorization by analyzing dominant regions

– Higher orders are constructed from nested 
subtractions 

2

the technical framework of factorization had been fully
developed. We will explain how these diverging concep-
tual tracks formed: One track, which we call track-A
or the “renormalized light-front” view originated in ef-
forts to give the earliest parton ideas a concrete realiza-
tion in quantum field theory. The second track (track-
B) we will call the “collinear absorption” view, and it
arose early out of the practical need to perform practical
calculations with limited available techniques. A descrip-
tion and comparison of the two tracks will be provided in
Sec. II and Sec. III. We will argue that track-A is actually
the correct one in Sec. IV.2 Our larger goal for this arti-
cle is a critical assessment of these two tracks, with the
positivity question being only one convenient example of
how the track-A/track-B distinction can have practical
relevance.

N.B. a. Same issue in calculation of renormalization of
bare coupling in QCD for a lattice theory: It must be a
pure UV quantity, in contrast to what is obtained with
the classic on-shell renormalization scheme in QED.

N.B. b. Refer to R⇤ operation; what track-A does
to construct short-distance coe�cient function is essen-
tially R⇤, but with a conceptual formulation that can be
more general. (I think — CHECK!! — that standard R⇤
makes use of the Smirnov trick with dimensional regular-
ization.

II. TRACK-A: RENORMALIZATION AND
LIGHT-CONE PDFS

As mentioned in the introduction, track-A is based on
operator definitions for light-cone pdfs, defined in terms

of elementary fields, and it originates in e↵orts to provide
a field-theoretical basis, heavily influenced by light-cone
quantization techniques [17], for the original pdf con-
cept. Early examples are from Soper [13] and Collins [18]
(which includes transverse momentum dependence), and
the formalism of pdfs and fragmentation functions was
developed in [15]. At least for collinear pdfs, this form
of the definition has continued to be used to the present,
without modifications.

The factorization approach in track-A was consciously
inspired by the leading-power application of the already
known and applied operator-product expansion (OPE).
Indeed the overall structure of collinear factorization and
of the OPE are very similar, and much of the factor-
ization work was inspired by the work of Wilson and
Zimmermann (e.g. [19, 20]). Moreover, when one takes
certain integer moments of DIS structure functions, the
results of factorization give the same result as the OPE
for the same quantity.
For unpolarized quark pdfs, one first defines a bare

quark pdf,

f
bare,a(⇠) ⌘

Z
dw�

2⇡
e
�i⇠p+w�

hp|  ̄0(0, w
�
,0T)

�
+

2
W [0, w�] 0(0, 0,0T) |pi . (1)

where  0 is the bare quark field from the bare Lagrangian
density that defines the theory. The W [0, w�] is a light-
like Wilson line, also defined with bare field operators.
To simplify the discussion, we have dropped flavor sub-
scripts. Because of the bare field operators in Eq. (1),
this definition is closely associated with a quark number
density operator [16, Chapt. 6]. The “a” superscript is to
distinguish this track-A bare pdf from a di↵erent track-B
concept to be discussed later in Sec. III.

An MS renormalized pdf is defined in terms of the bare
pdf by including a renormalization factor Za,

f
renorm,a(⇠) ⌘ Z

a ⌦ f
bare,a

. (2)

with Z
a defined by analogy with renormalization factors

for parameters in the QCD Lagrangian,

Z
a = �(1� ⇠) +

1X

j=1

Cj

✓
S✏

✏

◆j

, (3)

with Cj being the coe�cients necessary to subtract only
the powers of S✏/✏, with S✏ ⌘ (4⇡)✏/�(1� ✏) ' (4⇡�E)✏.
The ⌦ symbol is the usual convolution over collinear mo-
mentum fraction,

[A⌦B] (⇠) ⌘
Z 1

⇠

d⇠0

⇠0
A(⇠/⇠0)B(⇠0) . (4)

Notice that we carefully distinguish parton momentum
fraction (⇠) from process specific kinematic variables like
Bjorken xbj, although below we will frequently drop ⇠
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• Collinear Factorization

11

FIG. 2: Example calculations of F1(x,Q) and F1,fact(x,Q) calculated in the Yukawa theory. The solid curves are the exact

calculation (the graphs in Fig. 1) and the dashed curves are the factorized calculation in Eq. (52). For the largest values of Q,

the distinction between the factorized and exact curves becomes invisible.

Dropping the O
�
m

2
/Q

2
�
and O

�
a
2
�

�
in Eq. (51), we can define the factorized approximation to the O (a�):

F
(1)
1,fact(x,Q) ⌘

X

f

Z 1

x

d⇠

⇠
⇥

⇥ 1

2

8
><

>:
�

✓
1� x

⇠

◆
�qf + a�(µ)

✓
1� x

⇠

◆
2

64ln (4)�

⇣
x
⇠

⌘2
� 3x

⇠ + 3
2

⇣
1� x

⇠

⌘2 � ln
4xµ2

Q2(⇠ � x)

3

75 �pf

9
>=

>;
| {z }

F̂1,q/f (x/⇠,µ/Q;a�(µ))

⇥

⇥
⇢
� (1� ⇠) �fp + a�(µ)(1� ⇠)


(mq + ⇠mp)2

�(⇠)2
+ ln

✓
µ
2

�(⇠)2

◆
� 1

�
�fq

�

| {z }
ff/p(⇠;µ)

. (52)

So

F
(1)
1 (x,Q) = F

(1)
1,fact(x,Q) +O

✓
m

2

Q2

◆
(53)

for any x away from elastic scattering, x = 1.
The validity of the factorization above, as an approximation with errors strongly suppressed by powers of m2

/Q
2,

is confirmed in direct comparisons between the exact calculation of F
(1)
1 (x,Q) and the approximate F

(1)
1,fact(x,Q)

calculated with Eq. (52). (By an exact calculation of F (1)
1 (x,Q), we mean an direct calculation of the graphs in

Fig. 1 with no approximations.) Fig. 2 shows numerical results for F
(1)
1 (x,Q) and F

(1)
1,fact(x,Q) as a function of x

for a range of Q and with mp = ms = .938 GeV and mq = .3 GeV. These numerical values are chosen to represent
typical hadronic mass scales and a typical bound state quark mass, and to get a transition to factorizable kinematics
at around Q = 1 GeV. Some features to note are the following: The exact results have a sharp kinematical upper
bound on x (see the blue curve for Q = 1 GeV) while the factorized expressions are real for all x < 1. The transition
to the region where factorization works tends to be slower at large x, due to the 1/(1 � x) factors in Eq. (52). The
large Q Q-dependence is logarithmic, and this can be seen in the weak variation between the curves for largest values
of Q.

The e↵ect of the factorization approximation is easier to visualize on a graph of the percent error itself, defined as

Percentage Error = 100%

����1�
F1,fact(x,Q)

F1(x,Q)

���� . (54)

13

let us implement them anyway by choosing µ = Q
4 in Eq. (51):

F
(1)
1 (x,Q) =

X

f

Z 1

x

d⇠

⇠
⇥

⇥ 1

2

8
><

>:
�

✓
1� x

⇠

◆
�qf + a�(Q)

✓
1� x

⇠

◆
2

64ln (4)�

⇣
x
⇠

⌘2
� 3x

⇠ + 3
2

⇣
1� x

⇠

⌘2 � ln
4x

(⇠ � x)

3

75 �pf

9
>=

>;
| {z }

F̂1,q/f (x/⇠,1;a�(Q))

⇥

⇥
⇢
� (1� ⇠) �fp + a�(Q)(1� ⇠)

✓
(mq + ⇠mp)2

�(⇠)2

◆
+ ln

✓
Q

2

�(⇠)2

◆
� 1

�
�fq

�

| {z }
ff/p(⇠;Q)

+O
�
a�(Q)2

�
+O

�
m

2
/Q

2
�
. (55)

Looking inside the F̂1,q/f (x/⇠, 1; a�(Q)) expression hints at what happens in the QCD case: The powers of the coupling
coupling vanishes as Q � ⇤QCD while the coe�cients remain fixed (for fixed x), and a good fixed order perturbative
treatment of the partonic structure function is obtained. In an asymptotically free theory like QCD, this justifies
viewing partonic quarks and gluons as the relevant degrees of freedom for the short distance, partonic part of the
interaction.

In the pdf, Eq. (55) again hints at what happens. In ff/p(⇠;Q), the logarithm diverges as Q grows much larger
than intrinsic mass scales like �(⇠). So with the above choice for µ, despite the smallness of as(Q) (in the QCD
version), a truncated perturbative treatment is almost certainly not reasonable in the large Q limit. If one instead
tries a small scale like µ = �(⇠) to eliminate these large logarithms, then the as(µ) becomes large due to the strong
coupling of QCD at small scales. So renormalization group improvement does not appear to help in providing a reliable
perturbative treatment of the pdf. That should not be surprising given that the pdf deals with large scale structure
where QCD is non-perturbative. Fortunately, however, the factorization derivation tells exactly what f/p(⇠;Q) is
to arbitrary order in a�(Q) (it is Eq. (23)) and this justifies simply replacing the third line of Eq. (55) by a non-
perturbative calculation of Eq. (23) using specifically non-perturbative techniques. Alternatively, if the same Eq. (23)
appears in factorization theorems for multiple experimental observables, it can be extracted from one observable and
be used in calculations for another. This is what is meant by the common assertion that pdfs are universal.

Note that the last strategy for using factorization is complicated by the fact that the pdf is not completely universal
due to its dependence on µ, and the optimal value of µ is process specific. For example, say that the ff/p(⇠;Q1) above
is extracted from a measurement perform with Q1. The renormalization group improvement in QCD implies that we
use µ = Q1 in the factorization formula. However, say that we then wish to use the result to make a prediction for a
measurement at another value, say Q2. In the second of these experiments, renormalization group improvement again
prescribes µ = Q2. However, the two pdfs ff/p(⇠;Q1) and ff/p(⇠, Q2) will di↵er by terms with powers of ⇠ ln(Q2

2/Q
2
1),

and these terms can be non-negligible if Q1 and Q2 are very di↵erent. Fortunately, there is a renormalization group
equation for Eq. (23) that relates di↵erent values of µ via a perturbatively well-behaved kernel, and can be derived
by considering the properties of the renormalization factors like the Z in Eq. (23) under changes in µ. In QCD, this
results in the DGLAP evolution equation.

VIII. EXTENSION TO TRANSVERSE MOMENTUM DEPENDENT FACTORIZATION

The above results provide an easy way to demonstrate some of the subtleties that can arise when extending
factorization beyond the collinear case. Let us see how the same steps can be used to describe the semi-inclusive cross
section:

proton(pµ) + �
⇤(qµ) �! quark(pµB) +X (56)

4 Generally, the proportionality between µ and Q can be di↵erent from 1, i.e. µ = CQ with C being a numerical constant. We have used
1 for simplicity.
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FIG. 1. Lowest order contribution to f
renorm,A
q/p (⇠;µ).

QCD is clearly non-perturbative.
For our example, we will use a scalar Yukawa field

theory with two separate fermion fields and the following
interaction term:

Lint = �� N  q � + H.C. . (51)

 N particle is a field that we will refer to as correspond-
ing to a “nucleon” or a “‘proton”, of spin-1/2 and mass
mp; we will use the particle as a target in our calcula-
tions. In addition, there is a spin-1/2 quark” field  q

with mass mq, and a zero charge scalar “diquark” or
“gluon” field � with a mass ms.9 We will use the no-
tation a�(µ) ⌘ �2/(16⇡2) in analogy with a similar no-
tation, as = g2

s
/(16⇡2) from perturbative QCD. Keep-

ing all masses nonzero ensures that the theory is finite
range like full QCD. We may choose the coupling � small
enough that the low order graphs in perturbation theory
approximate DIS structure functions across a wide range
of distance scales to a su�cient accuracy for any xbj < 1,
with controllable sizes of error.

The bare fermion pdf is Eq. (2), but with flavor indices
now that we have two types of fermion without the Wil-
son line, i.e.

fbare,A

i/p
(⇠) =

Z
dw�

2⇡
e�i⇠p

+
w

�
hp|  ̄0,i(0, w�,0T)

�+

2
 0,i(0, 0,0T) |pi ,

(52)

where the i label indicates either the  q or the  N field.
The renormalized collinear parton density is

f renorm,A

i/p
(⇠; µ) = ZA

i/i0 ⌦ fbare,A

0,i0/p

⌘
X

i0

Z
dz

z
ZA(z, a�)i/i0 fbare,A

0,i0/p
(⇠/z) .

(53)

The lowest order quark-in-proton pdf follows from the
graph in Fig. 1. The ZA renormalization factor is Eq. (3)

9 The sole purpose of these names is to indicate how we will use
the model theory to construct analogs of what in QCD are the
standard pdfs on hadronic targets.

in the MS scheme. A direct computation gives

f renorm,A

q/p
(⇠; µ)

= a�(µ)(1 � ⇠)

✓
(mq + ⇠mp)2

�(⇠)2
+ ln


µ2

�(⇠)2

�
� 1

◆

+ O
�
a2

�

�
, (54)

where in the last line

�(⇠)2 ⌘ ⇠m2

s
+ (1 � ⇠)m2

q
� ⇠(1 � ⇠)m2

p
. (55)

The MS counterterm is

MS C.T. = �a�(µ)(1 � ⇠)
S✏

✏
. (56)

This gives ZA

q/p
= �a�(µ)(1 � ⇠)S✏/✏ + O(a2

�
), thereby

matching the general form of Eq. (3).
The full structure functions are exactly independent

of µ, so considerations outside of the pdfs themselves are
needed to fix a numerical value for µ. In the analogous
calculation in QCD, its value would be chosen to exploit
asymptotic freedom and minimize perturbative higher or-
ders by setting µ to some large external physical scale.
For DIS, higher orders in QCD contain logarithmic terms,
e.g.,

⇠ ↵s(µ)n lnm Q

µ
(57)

so one typically fixes µ / Q.
There are similar logarithms in the perturbative expan-

sion of pdfs, but with logarithms of masses divided by µ
instead of Q/µ. To handle these one can use DGLAP
evolution to evaluate pdfs at a high scale Q from those
at some fixed low scale. However, if the coupling is small,
one has to go to quite a high scale before the logarithms
become large enough to require the use of DGLAP evo-
lution to get su�cient accuracy. To illustrate the issues
of principle that are our concern it is su�cient to give
results in one-loop perturbation theory.

Figure 2(a) displays curves for the (one-loop) quark
pdf in Eq. (54) in the Yukawa theory with particular
values for masses (mq = 0.3 GeV, mp = 1.0 GeV and
ms = 1.5 GeV) and at two di↵erent values µ. A common
way to test the impact of scale-dependence is re-scale µ
by factors of 2, so we have shown the result of both µ = Q
and µ = Q/2. We consider a DIS scale of Q2 = 2.0 GeV2,
which is typical for the lowest scales considered in DIS
phenomenologogy.

The DIS factorization theorem for the Yukawa the-
ory is valid up to errors of size m2

q
/Q2, xbjm2

s
/Q2 and

m2

p
/Q2. Indeed, for xbj ⇡ .1 and the combination of

masses used in Fig. 2, it is straightforward to confirm that
the factorized approximation with the pdf in Eq. (54)
is a reasonable approximation of the exact, unfactorized
cross section for at least some regions of target momen-
tum fraction – see Appendix A.
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with mass mq, and a zero charge scalar “diquark” or
“gluon” field � with a mass ms.9 We will use the no-
tation a�(µ) ⌘ �2/(16⇡2) in analogy with a similar no-
tation, as = g2

s
/(16⇡2) from perturbative QCD. Keep-

ing all masses nonzero ensures that the theory is finite
range like full QCD. We may choose the coupling � small
enough that the low order graphs in perturbation theory
approximate DIS structure functions across a wide range
of distance scales to a su�cient accuracy for any xbj < 1,
with controllable sizes of error.

The bare fermion pdf is Eq. (2), but with flavor indices
now that we have two types of fermion without the Wil-
son line, i.e.
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where the i label indicates either the  q or the  N field.
The renormalized collinear parton density is
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The lowest order quark-in-proton pdf follows from the
graph in Fig. 1. The ZA renormalization factor is Eq. (3)

9 The sole purpose of these names is to indicate how we will use
the model theory to construct analogs of what in QCD are the
standard pdfs on hadronic targets.

in the MS scheme. A direct computation gives

f renorm,A

q/p
(⇠; µ)

= a�(µ)(1 � ⇠)

✓
(mq + ⇠mp)2

�(⇠)2
+ ln


µ2

�(⇠)2

�
� 1

◆

+ O
�
a2

�

�
, (54)

where in the last line

�(⇠)2 ⌘ ⇠m2

s
+ (1 � ⇠)m2

q
� ⇠(1 � ⇠)m2

p
. (55)

The MS counterterm is

MS C.T. = �a�(µ)(1 � ⇠)
S✏

✏
. (56)

This gives ZA

q/p
= �a�(µ)(1 � ⇠)S✏/✏ + O(a2

�
), thereby

matching the general form of Eq. (3).
The full structure functions are exactly independent

of µ, so considerations outside of the pdfs themselves are
needed to fix a numerical value for µ. In the analogous
calculation in QCD, its value would be chosen to exploit
asymptotic freedom and minimize perturbative higher or-
ders by setting µ to some large external physical scale.
For DIS, higher orders in QCD contain logarithmic terms,
e.g.,

⇠ ↵s(µ)n lnm Q

µ
(57)

so one typically fixes µ / Q.
There are similar logarithms in the perturbative expan-

sion of pdfs, but with logarithms of masses divided by µ
instead of Q/µ. To handle these one can use DGLAP
evolution to evaluate pdfs at a high scale Q from those
at some fixed low scale. However, if the coupling is small,
one has to go to quite a high scale before the logarithms
become large enough to require the use of DGLAP evo-
lution to get su�cient accuracy. To illustrate the issues
of principle that are our concern it is su�cient to give
results in one-loop perturbation theory.

Figure 2(a) displays curves for the (one-loop) quark
pdf in Eq. (54) in the Yukawa theory with particular
values for masses (mq = 0.3 GeV, mp = 1.0 GeV and
ms = 1.5 GeV) and at two di↵erent values µ. A common
way to test the impact of scale-dependence is re-scale µ
by factors of 2, so we have shown the result of both µ = Q
and µ = Q/2. We consider a DIS scale of Q2 = 2.0 GeV2,
which is typical for the lowest scales considered in DIS
phenomenologogy.

The DIS factorization theorem for the Yukawa the-
ory is valid up to errors of size m2

q
/Q2, xbjm2

s
/Q2 and

m2

p
/Q2. Indeed, for xbj ⇡ .1 and the combination of

masses used in Fig. 2, it is straightforward to confirm that
the factorized approximation with the pdf in Eq. (54)
is a reasonable approximation of the exact, unfactorized
cross section for at least some regions of target momen-
tum fraction – see Appendix A.
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FIG. 2. (a) An example of the MS quark-in-proton pdf in Eq. (54) for several values of µ, with mq = 0.3 GeV, mp = 1.0 GeV,
and ms = 1.5 GeV. (b) Similar curves but in a form applicable to use in factorization for DIS with µ

2 = ŝ/4, given Q = 2.5 GeV
and several values for xbj. The pdfs are only used in the range xbj  ⇠  1, so the curves are restricted to this region.

loses accuracy when µ is so large11 that the logarithms of
µ/mass in higher orders of perturbation theory compen-
sate the smallness of the coupling, and use of DGLAP
evolution becomes necessary; that is not a concern here.

So that the results of calculations give suggestions as
to what happens in QCD, we choose mass parameters
to be in a range reminiscent of masses in QCD: mq =
0.3 GeV, mp = 1.0 GeV and ms = 1.5 GeV. Thus the
quark mass is similar to the “constituent mass” [38] of
a light quark in QCD, and similarly the hadron mass
is similar to a nucleon mass. But we choose the diquark
mass to be somewhat larger than might be expected were
we to treat the calculation as an actual model for a pdf
in non-perturbative QCD; this diquark mass allows us to
illustrate that more than one mass scale could be relevant
in a ⇠-dependent way.

From Eq. (54), it immediately follows that for any
given value of ⇠, the pdf is negative for low enough µ
and positive for large µ. This is illustrated in Fig, 2(a)
which shows the ⇠-dependence of the quark pdf for three
di↵erent values of µ. The values are chosen to be repre-
sentative of the low end of the range of µ used in QCD
fits. At fairly low values of µ, there is a range of moder-
ately large ⇠ where the pdf is negative. As µ increases,
the range of negativity shrinks and eventually disappears.
Later we will interpret these results in terms of scales in
the shape of the transverse momentum distribution.

One might worry that the strong negativity might be
incompatible with the momentum and flavor sum rules,
which entail that some of the pdfs are su�ciently posi-
tive. This issue is resolved by observing that the nucleon

11 The calculation also loses accuracy when µ is very small. But
that is irrelevant to the uses of pdfs, which are in factorization
for hard processes where µ is chosen to be proportional to a large
scale Q.

in our Yukawa model is a possible parton, and that a first
approximation to the corresponding pdf fp/p (diagonal
in parton/particle labels) is the free-field value �(⇠ � 1),
which is positive, and does not involve any UV renor-
malization. Thus the quark-in-nucleon pdf that we have
calculated is a minority contribution, i.e., much smaller
than the other pdf at large ⇠.

B. Systematics of why the pdf becomes negative

To understand how and where the MS pdf becomes
negative, we relate it to an integral over transverse mo-
mentum of the corresponding transverse momentum de-
pendent (TMD) pdf. Calculating Eq. (54) involves cal-
culating the following integral in dimensional regulariza-
tion:

a�(µ)

Z 1

0

dk2

T
k�2✏

T

(1 � ⇠)
⇥
k2

T
+ (mq + ⇠mp)2

⇤
⇥
k2

T
+ �(⇠)

⇤2 . (57)

Suppose that instead of using dimensional regularization
and subtracting the MS pole to define a scale-dependent
pdf, we simply applied a cuto↵ on transverse momentum
in the unregulated integral:12

a�(µ)

Z
k
2
cut,T

0

dk2

T

(1 � ⇠)
⇥
k2

T
+ (mq + ⇠mp)2

⇤
⇥
k2

T
+ �(⇠)

⇤2 . (58)

The new pdf is an ordinary integral with a positive inte-
grand everywhere when 0 < ⇠ < 1, with no further sub-
traction term. So, this pdf is guaranteed to be positive.
It can be verified that when k2

cut,T
is set to equal µ2, the

12 Such a definition is used by Brodsky and collaborators [39, 40].

mq = 0.3 GeV

mp = 1.0 GeV

ms = 1.5 GeV
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FIG. 3. A comparison between Eq. (A1) and the unfactorized
graphs in Fig. 4 for the F1 structure function (droppingO
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terms), for three values of Q. The graphs are independent of
the choice of µ. The zero in the blue curve just above xbj = 0.5
is the kinematical upper bound on Bjorken-xbj.

is reasonably good. Recall that as xbj gets small, the
invariant mass of the final state gets large, so that the
collision is quite inelastic and there is another larger scale
in the problem than Q.

In contrast, at the larger xbj values, the factorized ap-
proximation is not merely a poor approximation, but in
some places gives an unphysical negative value to F1,
while the true value is zero because the final state mass
is below threshold.

As Q increases, the range of xbj where the factorized
approximation is good increases, while the range of neg-
ative values for the approximation decreases. But the
range of negative values does not closely match the range
of negative values for the pdf. This is to be expected,
since the calculation contains contributions from the one-
loop coe�cient function as well as directly from the neg-
ative pdf. At the highest value Q = 2.5 GeV, the factor-
ized approximation is positive everywhere. But at large
xbj it increases. Much of the increase is where the true
value F1 is zero because the final state is below the quark-
diquark threshold, so that the factorized approximation
is very incorrect.

From our calculation of the pdf in Sec. VIII B, we
saw that at small values of parton momentum fraction
⇠, the width of the internal transverse momentum inte-
gration in the pdf is governed by the quark mass, which
is 0.3 GeV, a typical value for a constituent light quark
mass, whereas at large ⇠ the width is governed by the
larger diquark mass. The approximation that leads to
factorization involves neglecting quark transverse mo-
mentum in the hard scattering; in addition kinematic
approximations involve neglecting xbjmp with respect to
Q.

This suggests that at small enough xbj, the power error
in factorization involves a relatively low mass, while at

larger xbj it involves a relatively high mass.

Now a standard choice of scale is µ = Q. But, as ob-
served in [3] for example, this is quite inappropriate at
large xbj. The partonic transverse phase space is limited
by ŝ/4 = Q2(1 � xbj)/4xbj, which produces large loga-
rithms of ŝ/Q2 at larger values of xbj in the coe�cient
function. A consequence [3] is that choosing µ = Q gives
considerable oversubtraction in the coe�cient function.
A more sensible would be µ2 = ŝ/4, at least at large xbj.
For a given value of Q, this gets very small as xbj ! 1.
Although this choice of µ should improve the perturba-
tive treatment of hard parts, it substantially exacerbates
the possibility that the value of a pdf in a calculation
will turn negative, as illustrated in Fig. 2(b). This is the
same as Fig. 2(a) but with µ2 = ŝ/4 and a sequence of
large values for xbj, with Q2 = 2GeV. But with such low
values of the final state’s invariant mass, we must also ex-
pect that factorization also gives a poor approximation
to the actual cross section.

Regardless of the details, we see that, given the mass
scales mp, mq, and/or ms, low values of µ result in a pdf
that turns negative. The example is enough, therefore,
to show that a pdf defined in the MS scheme is not con-
strained by general principles to be positive everywhere.
As mentioned in the Introduction, the result of calcula-
tions of heavy-quark pdfs provides one example of this
phenomenon in QCD.

We have also seen that when the negative pdf occurs in
a region of momentum fraction ⇠ where power corrections
cause factorization to be a poor approximation if ⇠ = xbj.
Recall, however, that pdfs in the range xbj  ⇠  1 enter
calculations at higher orders. So ⇠ ⇠ 1 pdfs are relevant
even for small xbj calculations.

D. “Bare” pdf of track B

We now find the corresponding bare pdf in track B.
From the treatment in Sec. IV, we know that fbare,B is
just Eq. (54), but before the MS pole in Eq. (56) has
been subtracted:

fbare,B

q/p
(⇠; µ) = f renorm,A

BPHZ0

= a�(µ)(1 � ⇠)

✓
(mq + ⇠mp)2

�(⇠)
+ ln


µ2

�(⇠)

�
� 1

◆

+ a�(µ)(1 � ⇠)
S✏

✏

����
IR

+ O
�
aa2

�

�
, (62)

with terms of O(✏) ignored, and with the pole identified
as collinear rather than UV. In the methods of track B,
dimensional regularization is used to regulate collinear
(and IR) divergences, so that ✏ < 0. Then the bare pdf
in Eq. (62) is negative for small negative ✏.
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• Why does track B seem to imply properties like positivity?

• ”Bare” pdf is not “parton model pdf.” It inherits the properties of the 
UV regulator. 

• Dimensional regularization violates positivity

• Vanishing of dimensionless integrals

Z
d2�2✏kT

(k2T �Q2)2

k2T (k
2
T +Q2)2

✏!0
= �4⇡
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• Instead try cutoff scheme
(but be careful!)

17

p

k

FIG. 1. Lowest order contribution to f
renorm,A
q/p (⇠;µ).

QCD is clearly non-perturbative.
For our example, we will use a scalar Yukawa field

theory with two separate fermion fields and the following
interaction term:

Lint = �� N  q � + H.C. . (51)

 N particle is a field that we will refer to as correspond-
ing to a “nucleon” or a “‘proton”, of spin-1/2 and mass
mp; we will use the particle as a target in our calcula-
tions. In addition, there is a spin-1/2 quark” field  q

with mass mq, and a zero charge scalar “diquark” or
“gluon” field � with a mass ms.9 We will use the no-
tation a�(µ) ⌘ �2/(16⇡2) in analogy with a similar no-
tation, as = g2

s
/(16⇡2) from perturbative QCD. Keep-

ing all masses nonzero ensures that the theory is finite
range like full QCD. We may choose the coupling � small
enough that the low order graphs in perturbation theory
approximate DIS structure functions across a wide range
of distance scales to a su�cient accuracy for any xbj < 1,
with controllable sizes of error.

The bare fermion pdf is Eq. (2), but with flavor indices
now that we have two types of fermion without the Wil-
son line, i.e.

fbare,A

i/p
(⇠) =

Z
dw�

2⇡
e�i⇠p

+
w

�
hp|  ̄0,i(0, w�,0T)

�+

2
 0,i(0, 0,0T) |pi ,

(52)

where the i label indicates either the  q or the  N field.
The renormalized collinear parton density is

f renorm,A

i/p
(⇠; µ) = ZA

i/i0 ⌦ fbare,A

0,i0/p

⌘
X

i0

Z
dz

z
ZA(z, a�)i/i0 fbare,A

0,i0/p
(⇠/z) .

(53)

The lowest order quark-in-proton pdf follows from the
graph in Fig. 1. The ZA renormalization factor is Eq. (3)

9 The sole purpose of these names is to indicate how we will use
the model theory to construct analogs of what in QCD are the
standard pdfs on hadronic targets.

in the MS scheme. A direct computation gives

f renorm,A

q/p
(⇠; µ)

= a�(µ)(1 � ⇠)

✓
(mq + ⇠mp)2

�(⇠)2
+ ln


µ2

�(⇠)2

�
� 1

◆

+ O
�
a2

�

�
, (54)

where in the last line

�(⇠)2 ⌘ ⇠m2

s
+ (1 � ⇠)m2

q
� ⇠(1 � ⇠)m2

p
. (55)

The MS counterterm is

MS C.T. = �a�(µ)(1 � ⇠)
S✏

✏
. (56)

This gives ZA

q/p
= �a�(µ)(1 � ⇠)S✏/✏ + O(a2

�
), thereby

matching the general form of Eq. (3).
The full structure functions are exactly independent

of µ, so considerations outside of the pdfs themselves are
needed to fix a numerical value for µ. In the analogous
calculation in QCD, its value would be chosen to exploit
asymptotic freedom and minimize perturbative higher or-
ders by setting µ to some large external physical scale.
For DIS, higher orders in QCD contain logarithmic terms,
e.g.,

⇠ ↵s(µ)n lnm Q

µ
(57)

so one typically fixes µ / Q.
There are similar logarithms in the perturbative expan-

sion of pdfs, but with logarithms of masses divided by µ
instead of Q/µ. To handle these one can use DGLAP
evolution to evaluate pdfs at a high scale Q from those
at some fixed low scale. However, if the coupling is small,
one has to go to quite a high scale before the logarithms
become large enough to require the use of DGLAP evo-
lution to get su�cient accuracy. To illustrate the issues
of principle that are our concern it is su�cient to give
results in one-loop perturbation theory.

Figure 2(a) displays curves for the (one-loop) quark
pdf in Eq. (54) in the Yukawa theory with particular
values for masses (mq = 0.3 GeV, mp = 1.0 GeV and
ms = 1.5 GeV) and at two di↵erent values µ. A common
way to test the impact of scale-dependence is re-scale µ
by factors of 2, so we have shown the result of both µ = Q
and µ = Q/2. We consider a DIS scale of Q2 = 2.0 GeV2,
which is typical for the lowest scales considered in DIS
phenomenologogy.

The DIS factorization theorem for the Yukawa the-
ory is valid up to errors of size m2

q
/Q2, xbjm2

s
/Q2 and

m2

p
/Q2. Indeed, for xbj ⇡ .1 and the combination of

masses used in Fig. 2, it is straightforward to confirm that
the factorized approximation with the pdf in Eq. (54)
is a reasonable approximation of the exact, unfactorized
cross section for at least some regions of target momen-
tum fraction – see Appendix A.
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FIG. 2. (a) An example of the MS quark-in-proton pdf in Eq. (54) with mq = 0.3 GeV, mp = 1.0 GeV, and ms = 1.5 GeV.
Q would correspond in DIS to the virtual photon o↵shellness �q

2 = Q
2 = 2.0 GeV2 in a DIS a structure function calculation.

Curves for two di↵erent O (Q) values of µ are shown: Blue-solid is for µ = Q and brown-dashed is for µ = Q/2. Note that both
choices produce exactly the same result for the DIS structure function. (b) The same curve but with µ

2 = ŝ/4 and a range of
values for xbj in DIS.

As Q/m grows very large, the pdf in Eq. (54) even-
tually does become strictly positive for all xbj. Note,
however, that certain regions of ⇠ can stay negative even
for relatively large Q/m. In the example of Fig. 2, Q is
at least a factor of two larger than mq, xbjms and mp

(assuming xbj ⇠ .1) with the pdf still going negative at
large momentum fractions.

In QCD, there are more refined methods for assigning
optimal physical values to µ in specific processes. In DIS,
for example, the partonic transverse phase space is limit
by ŝ/4 = Q2(1 � xbj)/4xbj, which produces diverging
logarithms of ŝ/µ2 at larger values of xbj in the hard
part. Therefore, as pointed out in [3], it might be more
sensible to fix µ2 = ŝ/4. But note that, although this
could potentially improve the perturbative treatment of
hard parts, it actually exacerbates the chance that a pdf
will turn negative. Figure 2(b) is the same as Fig. 2(a)
but with µ2 = ŝ/4 and a sequence of large values for xbj.

Regardless, for any µ there exist low energy scales mp,
mq, and/or ms that result in a pdf that turns negative.
The example is enough, therefore, to show that a pdf
defined in the MS scheme is not constrained by general
principles to be everywhere positive.

To fully match to track B, note that fbare,B in the
Yukawa theory is just Eq. (54), but before the MS pole
in Eq. (56) has been subtracted:

fbare,B

q/p
(⇠; µ) = f renorm,A

BPHZ0

= a�(µ)(1 � ⇠)

✓
(mq + ⇠mp)2

�(⇠)2
+ ln
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� 1
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����
IR

+ O
�
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�
, (58)

and now with the pole identified as collinear rather than

UV.
Another example with practical relevance is the case

of a massive quark-in-gluon pdf in QCD. The calculation
is similar to the above.

Notice that calculating Eq. (54) involves calculating
the following integral in dimensional regularization:

a�(µ)

⇡

Z
d2�2✏kT

⇥
(1 � ⇠)

⇥
k2

T
+ (mq + ⇠mp)2

⇤
⇥
k2

T
+ ⇠m2

s
+ (1 � ⇠) m2

q
+ ⇠(⇠ � 1)m2

p

⇤2 . (59)

Instead of using dimensional regularization and subtract-
ing the MS pole, we could instead use a scheme that de-
fines the pdf with a cuto↵ on transverse momentum:
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Now the pdf is an ordinary integral with an absolutely
positive integrand everywhere when 0 < ⇠ < 1, and there
is no subtraction term that might cause a negative pdf
through over-subtraction. So, the pdf in this scheme is
guaranteed to be positive. (And it matches the MS re-
sult in Eq. (54) in the limit that powers of m2/k2

cut,T

are negligible.) The pdf in this scheme is defined to be
the cuto↵ integral of a transverse momentum dependent
(TMD) pdf. In a gauge theory, such a scheme has other
serious problems [34], but the example above neverthe-
less helps to illustrate why pdfs can become negative in
the MS scheme.

To convert to MS , subtract
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Equation (59) is a very intuitive way to represent a pdf
in terms of hadron structure, and it is reminiscent of non-
perturbative models (e.g., spectator models). If we wish
for it to include all the physics associated with hadron
structure, then the numerical value of kcut,T should be
chosen at least large enough that all k2

T
comparable to

or smaller than hadronic mass scales are included in the
integration. Converting (60) into an MS pdf at a scale µ
amounts to subtracting the term
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and keeping only the lowest order term in a m2/k2

cut,T

expansion. Thus, the MS pdf can turn negative when
the numerical choice of hard scale µ is smaller than the
maximum transverse momentum we allow inside the def-
inition of the original cuto↵ pdf. The MS pdf can be
made strictly positive by choosing a µ equal to or larger
than kcut,T. Notice that there is a tradeo↵ in doing this,
however, because many DIS-type measurements are at
relatively low and fixed Q but with broad perturbative
tails in final state hadron momentum. See, for exam-
ple, Ref.[35].

Now consider the model just discussed at a fixed hard
scale Q and with a fixed MS scale µ. Then, both the va-
lidity of the factorization theorem and the tendency for a
pdf to turn negative depend on the intrinsic mass scales
involved, ms, mq, and mp, and on the range of kinemat-
ical xbj under consideration.10 If xbj is small, then the
factorization theorem remains valid even for relatively
large ms and small Q (see Fig. 4). One way to see this
is to note that power suppressed factorization violations
involving ms are of the form xbjm2

s
/((1 � xbj)Q2). In-

deed, factorization remains valid in the Yukawa model
even when ms ⇠ Q if xbj

<⇠ 0.1, but in that case the pdf
becomes negative over a wide range of larger momentum
fractions ⇠. In actual small-xbj DIS, remnant masses can
be quite large, so that a small ms is unrealistic. Recall
that calculations beyond lowest order in ↵s involve con-
volution integrals over ⇠ up to one. Therefore, pdfs that
turn negative at large ⇠ are phenomenologically relevant
even when xbj is small.

To use the model to describe xbj close to one, we would
need to instead use a very small ms, approaching zero as
xbj ! 1.

Of course, the Yukawa theory is a very di↵erent the-
ory from QCD, so these calculations are not meant to
illustrate properties of real DIS. Instead they are meant
to illustrate the following points: First, there is nothing
in the definition of the MS pdfs, or in the factorization
theorems, by themselves that ensures absolute positivity

10 For the discussion here, it is critical to distinguish between xbj =
Q2/(2p · q), which is a kinamatical variable specific to DIS, and
the quark momentum fraction ⇠ ⌘ k+/p+, which is the argument
of the pdf.

for MS pdfs. Second, it is at least plausible given the dis-
cussion above that pdfs can turn negative in practically
relevant phenomenological scenarios where factorization
remains valid. The most interesting cases are near the
boundaries of the regions where QCD factorization starts
to break down.

When extended to the transverse momentum distribu-
tion in Eq. (60), the model examples also points to poten-
tial methods for estimating where positivity assumptions
begins to be reliable. The MS µ (call it µ

MS
), must be

significantly larger than the characteristic intrinsic trans-
verse momentum mass scales for positivity to be guaran-
teed.

IX. CONCLUSION

One of our main goals with this article has been to
draw attention to gaps in one particularly common ap-
proach to QCD factorization. However, the issues are
abstract and it is tempting to view them as only for-
mal, with no impact on practical phenomenology. We
have focused on the positivity question, therefore, to il-
lustrate how those gaps can influence practical consid-
erations. The positivity example shows that the track
A/track B dichotomy is especially relevant to questions
about the properties of the pdfs themselves. Other inter-
esting examples likely exist.

Past approaches to pdf phenomenology have mainly fo-
cused on the universal nature of pdfs to constrain them
experimentally. But increasingly sophisticated methods
are being used to study pdfs and their properties directly
using nonperturbative techniques like lattice QCD, and
to combine those approaches with more traditional phe-
nomenological approaches. It is important to check the
derivation of properties that originally relied on a track
B view before they are adopted unchecked into larger
phenomenological programs.

As regards the positivity issue itself, there are several
final points to make. First, we emphasize that we have
not argued that MS pdfs must be negative for any par-
ticular choice of scales or µ

MS
, only that nothing in the

definition of pdfs or in the factorization theorems them-
selves excludes negativity as a possibility, especially at
low or moderate input scales. Answering the question of
whether a particular pdf turns negative depends on its
large distance/low energy nonperturbative properties, as
the sensitivity of the question to mass scales in the exam-
ple of Sec. VIII illustrates. Also, the failure of absolute
positivity in the MS scheme does not necessarily imply
that other schemes do not exist which exactly preserve
positivity.

Instead, we argue that imposing strict positivity on
MS pdfs as an absolute phenomenological constraint is
an excessive theoretical bias. As our examples show, this
is especially relevant to the question of how low Q may
be before factorization theorems become unreliable. Ap-
plications of factorization to low or moderate Q are often

Yukawa theory



Summary
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• Historically, two alternative ways to view divergences and their role in pdf 
definitions.

– Track A: UV renormalization – no collinear divergences
– Track B: Collinear absorption – absorb collinear divergences 

• Track A is more complete. Differences between tracks have practical 
consequences.

• Positivity is not a general property of MS-bar renormalized parton densities

• Other ways to get positivity via TMD functions?


