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Main Take-Away Points

Main Take-Away Point 1: Radiative leptonic decays are interesting in the regions of small
and large photon energies

Main Take-Away Point 2: We have developed methods to achieve high precision for small
computational cost

for more details: D. Giusti, CFK, C. Lehner, S. Meinel, A. Soni, PRD 2023 / arXiv:[2302.01298]

Main Take-Away Point 3: Working on physical calculation of Ds — ~fvy, out soon
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Radiative leptonic decays of pseudoscalar mesons

Flavor changing charged current (FCCC)
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Radiative leptonic decays of pseudoscalar mesons
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Knowledge of structure dependent QCD form factors are of interest for both small and large

photon energies
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Regions of small photon energies



Precision determinations of CKM matrix elements

Determinations of CKM matrix elements V;, 4, require meson decay constants fy
2

G2 m2\ 2 .
T(H— ) = 8_;|vqlq2|2m§ (1 - m_g) myfy?, (0JAL|H) = ip,fiy
H
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Precision determinations of CKM matrix elements

Determinations of CKM matrix elements V;, 4, require meson decay constants fy
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Measure [ (H — (v) experimentally _ )
_ _ determine |V, 4, |
Calculate fy with lattice QCD
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Precision determinations of CKM matrix elements

Determinations of CKM matrix elements V4, require meson decay constants fy
% 2,2 mj ’ 2
(H—>€’/):§|Vq1qz| my (1_mg> mufy*, (O[AulH) = ipuf
H

Measure [ (H — (v) experimentally _ )
_ _ determine |V, o, |
Calculate fy with lattice QCD

@ Sub-percent precision for fyy require O(aem) electromagnetic corrections H — (v(7)

@ Radiative leptonic decay rate H — /v required to subtract IR divergences in H — (v(7)
— by the Bloch-Nordsieck mechanism [sioch, Nordsieck, PRD 1937]
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@ Sub-percent precision for fyy require O(aem) electromagnetic corrections H — (v(7)

@ Radiative leptonic decay rate H — /v required to subtract IR divergences in H — (v(7)
— by the Bloch-Nordsieck mechanism [sioch, Nordsieck, PRD 1937]

Approx. m—, K~ as point-like
o m —pu pyyand KT — u v,y
[N. Carrasco et. al, PRD 2015 / arXiv:1502.00257]
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Precision determinations of CKM matrix elements

Determinations of CKM matrix elements V4, require meson decay constants fy
% 2,2 mj ’ 2
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H

Measure [ (H — (v) experimentally

_ _ determine |V, , |2
Calculate fy with lattice QCD

@ Sub-percent precision for fyy require O(aem) electromagnetic corrections H — (v(7)

@ Radiative leptonic decay rate H — /v required to subtract IR divergences in H — (v(7)
— by the Bloch-Nordsieck mechanism [sioch, Nordsieck, PRD 1937]

Approx. w~, K~ as point-like Structure dependent form factors required
o m —pu pyyand KT — u v,y @ T — e Uegyand K~ — e ey
[N. Carrasco et. al, PRD 2015 / arXiv:1502.00257]
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Regions of large photon energies



FCNC processes BY — ("(~~ and B® — (*( Bg ~ bs
B~ bd

O9.10

@ Hard photon removes helicity suppression (my/mg)?
@ This process sensitive to all operators in the b — s¢™¢~ weak effective Hamiltonian
including Og, where slight tension with SM prediction exists

[Greljo, Salko, Smolkovic, Stangl, JHEP 2023 / arXiv:2212.10497]
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FCNC processes BY — ("(~~ and B® — (*( Bg ~ bs
B~ bd

O9.10

Hard photon removes helicity suppression (my/mg)?

This process sensitive to all operators in the b — s/~ weak effective Hamiltonian
including Og, where slight tension with SM prediction exists

[Greljo, Salko, Smolkovic, Stangl, JHEP 2023 / arXiv:2212.10497]

B(Bo — E*K*’y) < 0(1077) for ¢ = €, |4 [BABAR: PRD 2008 / arXiv:0706.2870]
B(Bg — ,u*,uf’y) < 2.0 x 1072 for my,, > 4.9 GeV [LHCb: PRD 2022 / arxiv:2108.00283]
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FCCC process B~ — (v B~ ~bi

B~ Ju

AN

@ Hard photon removes helicity suppression (m;/mg)?

o For large EW(O), simplest decay that probes the inverse moment of the B meson lightcone

distribution amplitude
j‘ ¢B+(W
0 w

@ \pg important input in QCD factorlzatlon approach to exclusive B decays, currently not

well known
[See e.g., Beneke, Braun, Ji, Wei, arXiv:1804.04962/JHEP 2018;

Beneke, Buchalla, Neubert, Sachrajda, arXiv:hep-ph/9905312/PRL 1999]
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FCCC process B~ — (v B~ ~bi

B~ Ju

AN

@ Hard photon removes helicity suppression (m;/mg)?

o For large EW(O), simplest decay that probes the inverse moment of the B meson lightcone

distribution amplitude
j‘ ¢B+(W
0 w

@ \pg important input in QCD factorlzatlon approach to exclusive B decays, currently not

well known
[See e.g., Beneke, Braun, Ji, Wei, arXiv:1804.04962/JHEP 2018;

Beneke, Buchalla, Neubert, Sachrajda, arXiv:hep-ph/9905312/PRL 1999]

@ Belle: B(B+ — £+V’y) < 3.0 x 10_6 (E’go) >1 GeV) [arXiv:1810.12976 /PRD 2018]
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Experimental status of radiative leptonic decays

o KT —we iy, KT 5 u oy, m~ —e vy, n —u by
— K~ ,m~ partial branching fractions, photon-energy spectra, and angular distributions
knOWn from mu|t|p|e eXperiments. [See PDG review by M. Bychkov and G. D’Ambrosio, 2018]
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Experimental status of radiative leptonic decays

o KT —we iy, KT 5 u oy, m~ —e vy, n —u by
— K~ ,m~ partial branching fractions, photon-energy spectra, and angular distributions
knOWn from mu|t|p|e eXperiments. [See PDG review by M. Bychkov and G. D’Ambrosio, 2018]

(<) DSJ" — e+V'y: B(E—so) > 10 MeV ) <13x 10_4 [BESIII: PRD 2017 / arXiv:1702.05837]
o Dt — e+1/’y: B(Eso) > 10 MeV ) < 3.0 x 10_5 [BESIII: PRD 2019 / arXiv:1902.03351]

9/41


http://pdg.lbl.gov/2019/reviews/rpp2018-rev-form-factors-radiative-pik-decays.pdf
https://arxiv.org/abs/1702.05837
https://arxiv.org/abs/1702.05837
https://arxiv.org/pdf/1810.12976.pdf
https://arxiv.org/pdf/1810.12976.pdf
https://arxiv.org/abs/0706.2870
https://arxiv.org/abs/2108.09283

Experimental status of radiative leptonic decays

o KT —we iy, KT 5 u oy, m~ —e vy, n —u by
— K~ ,m~ partial branching fractions, photon-energy spectra, and angular distributions
knOWn from mu|t|p|e eXperiments. [See PDG review by M. Bychkov and G. D’Ambrosio, 2018]

(<) DSJ" — e+yfy: B(E—go) > 10 MeV ) <13x 10_4 [BESIII: PRD 2017 / arXiv:1702.05837]
o Dt — e+1/’y: B(Eso) > 10 MeV ) < 3.0 x 10_5 [BESIII: PRD 2019 / arXiv:1902.03351]

B(BJr — EJFV’)/) < 3.0 x 1076 (En(/o) >1 GeV) [Belle: PRD 2018 / arXiv:1810.12976]
Belle Il expected to measure B(B™ — ¢*v~y) with 3.6% statistical uncertainty

[Belle: PRD 2018 / arXiv:1810.12976]

9/41


http://pdg.lbl.gov/2019/reviews/rpp2018-rev-form-factors-radiative-pik-decays.pdf
https://arxiv.org/abs/1702.05837
https://arxiv.org/abs/1702.05837
https://arxiv.org/pdf/1810.12976.pdf
https://arxiv.org/pdf/1810.12976.pdf
https://arxiv.org/abs/0706.2870
https://arxiv.org/abs/2108.09283

Experimental status of radiative leptonic decays

o KT —we iy, KT 5 u oy, m~ —e vy, n —u by
— K~ ,m~ partial branching fractions, photon-energy spectra, and angular distributions
knOWn from mu|t|p|e eXperiments. [See PDG review by M. Bychkov and G. D’Ambrosio, 2018]

(<) DSJ" — e+V'y: B(E—go) > 10 MeV ) <13x 10_4 [BESIII: PRD 2017 / arXiv:1702.05837]
o Dt — e+1/’y: B(Eso) > 10 MeV ) < 3.0 x 10_5 [BESIII: PRD 2019 / arXiv:1902.03351]

B(BJr — EJFV’)/) < 3.0 x 1076 (En(/o) >1 GeV) [Belle: PRD 2018 / arXiv:1810.12976]
Belle Il expected to measure B(B™ — ¢*v~y) with 3.6% statistical uncertainty
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Review of lattice calculations of radiative leptonic decays

Lattice 2019
present first results

CFK, et. al, [arXiv:1907.00279]
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QOutline for section 2

© Extracting the hadronic tensor with Euclidean correlation functions
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Decay amplitude

To calculate decay amplitude:
@ use effective Hamiltonian for weak current

@ use lst order perturbation theory for QED piece
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Decay amplitude

To calculate decay amplitude:
@ use effective Hamiltonian for weak current

@ use lst order perturbation theory for QED piece

Decay amplitude given by

_ GF Vcs

A="5

eeZE’y,,(l —5)v - TH — jeQfp, - Zefﬁ“(l — ’)/5)V]

QCD physics left to calculate is Hadronic tensor T,
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Hadronic Tensor and Form Factors

Lfﬁrn 5 (]zyeak
f k ——__--ll--~\?\‘~\ em
H ) Sy H S Ji
M= eq@nd B =G (1 - s)a

T = =i [ d &P (0T (4(4(0)) [H(5i))
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Hadronic Tensor and Form Factors

‘]Ern i (]zyeak
i k —-__--—ll--\~?“\\ em
H)Jyea H\_/ Ji
A= geadua L= a1 s)a

T = =i [ d &P (0T (4(4(0)) [H(5i))

Yy

. .V
= €urpP VP Fy + i = gu (v - py) + vulpy)u] Fa — I(vlfpy)meH + (py)pu-terms

Fasp = Fa—(~Qufir/EY), £ = pg - p,/m

[ Goal: Calculate Fy and Fp sp as a function of Ev(o)
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Euclidean CorrEIation function ( * all times are now Euclidean )

C3,p,u(tema tH) _ /d3X /d3y e—iﬁq~>?eiﬁf-/~}7'<_/;m(tem,)—(')J,\jveak(o)(pL(tH’y»

¢L ~ Qsu
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Euclidean Correlation function ( * all times are now Euclidean )

C3,p,1/(tema tH) _ /d3X /d3y e—iﬁq~ieiﬁH~7<JZm(tem,;)Jxveak(o)(bL(tH’y»

¢L ~ Qsu

Define time-integrated correlation functions for each time ordering
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Euclidean Correlation function ( * all times are now Euclidean )

Ga o (tem, tH) = / d3x / d3y e—fﬁvfe"ﬁW(J;m(tem,z)J;veak(O)qsL(tH, 7))

¢L ~ Qsu

Define time-integrated correlation functions for each time ordering

0
l,u,<l/(Ta tH) = / dtemeE’YtEm C3,/u/(tema tH)
T

T
I;L>V(Ta tH) = / dtc—:‘meEwtem C3,,u1/(tema tH)
0
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Euclidean Correlation function ( * all times are now Euclidean )

C3,p,u(tema tH) _ /d3X /d3y e—iﬁq~ieiﬁH~7<JZm(tem7)—(')J,\jveak(o)(bL(tH,y»

d)L ~ Qsu

Define time-integrated correlation functions for each time ordering

0

l,u,<l/(Ta tH) = / dtemeE’YtEm C3,/u/(tema tH)
-T

T
I;L>1/(Ta tH) = / dtemeEwtem C3,,u1/(tema tH)
0

Show relation between /,,(T, ty) and Ty,
— compare spectral decompositions of both time orderings of /,, and T,
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Euclidean spectral decomposition of llfy

Jweak :
Time ordering: tem > 0 Y
em weak N H’—.\\ JZm
=% (0[4™(0)[n(py)) (n(py)| S ()| H(pH)) N
we 2E, 5 (Ey— En ) ’

n
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Euclidean spectral decomposition of llfy
Time ordering: tem, >0

. (0[J5™(0)[n(B5)) (n(B5)14*2* (0)| H(Bk))
TMV:Z; - 2E (EW’y E”’ﬁw)

T
I;i/(tHv T) = / dtem eEA/tem C;u/(tema tH)
0

weak
Jl/ '

’—.\'\ Jem
I
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Euclidean spectral decomposition of //j/

Time ordering: tem, >0

. (0[J5™(0)[n(B5)) (n(B5)14*2* (0)| H(Bk))
TMV:Z - 2E (EW’y E”’ﬁw)

n

T
I,u>1/(tH7 T) = / dtem eEA/tem C;u/(tema tH)
0

o (m(Br)6},(0)]0)
_ZE 2EH

m,pH

2E, 5 (Ey — Enp,)

n

H

weak
Jl/ H

;_.\'\ Jem
"

o 37 QUPOUGHAENE Ol _ e s
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Euclidean spectral decomposition of llfy

Jweak :
Time ordering: tem > 0 5
em weak = H’_'\\ Jletm
=% (0[J5™(0)[n(py)) (n(py) S (0)|H(PH)) N
e s 2E, 5 (Ey— En ) ‘

. T £ ty — —oo to achieve
b (th, T) = 0 dtem €77 Cu(tem, th) ground state saturation

o, (m(Br)|},(0)]0)
_Z ) 2F .

m,pH

LB (B OB [, (e s
X Z K 2;5):7,37(551 Er) PH [1_6(5 E",P—y)T:|

n
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Euclidean spectral decomposition of /~

1224 Jweak ;
Time ordering: tem > 0 5
em weak = H’_.\\ Jletm
=% (0[J5™(0)[n(py)) (n(py) S (0)|H(PH)) N
e s 2E, 5 (Ey— En ) ‘

- T £ ty — —oo to achieve
I th, T) :/0 dtem €% Cpuy (tem, th) ground state saturation

., (m(Br)|0},(0)]0)
_Z - 2F .

m,pH

LB (B OB [, (e s
X Z K 2IEJ:7I37(E,:)W_ Er) PH [1_6(5, En,pw,)T}

n

@ Require E, — E, 5 <0

nvﬁ"/
@ Because the states |n(p,)) have mass, \/m2 + p2 > |p,| is automatically satisfied
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Euclidean spectral decomposition of llfy

Jweak H
Time ordering: tem > 0 5
em weak = H’—.\\ sz
=% (0[J5™(0)[n(py)) (n(py )| (0) | H(PH)) \_//
g E (EW E,,’F—,’W) '

n

. T £ ty — —oo to achieve
b (th, T) = 0 dtem €77 Cu(tem, th) ground state saturation

. Z Eth PH)’¢H( )|0) T — oo to remove unwanted exponentials
2Em 5, that come with intermediate states
3 QU OUEN N QImFD [, _ o6
- 2E, PW(E — En,ﬁy)

@ Require E, — E, 5 <0

@ Because the states |n(p,)) have mass, \/m2 + p2 > |p,| is automatically satisfied
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Final relation

Forp, #0,
dtem eEWtem C3,;w(tem7 tH)

—2FE, e Entn T
e

T—)octHI—iIEOO H = T 0
(H(PH)|oyl0) /=T

IALLV(T7tH)
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QOutline for section 3

© Methods study
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Calculating /,,(T, ty)

—OF, e Entn T
Tw= lim lim He /

— dtem eE’Ytem C3”u,1/(tem7 tH)
Tg»octH49‘*°0<f{(;y4)’¢ﬁg|0>

-T

I,LLV(T7tH)

Two methods to calculate /,, (T, ty):
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Calculating /,,(T, ty)

. ) _2FE e*EHtH T
T/“, = |im lim _‘HT/ dtem eE’Ytem C3,,U<l/(tem7 tH)
T=octu==0 (H(p)|py|0) /-7
I,LLV(T7tH)
Two methods to calculate /,, (T, ty): Jem _
,u initial gsoun:e
1: 3d (timeslice) sequential propagator through (Z)}L_, — o
calculate G (tem, tH) on lattice, fixed t get all =
ten for free .
time
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Calculating /,,(T, ty)

T = lim lim _2’::”eETHtH/T dtem €575 C3 1 (tem, t11)
TR () 610) J-1
Lu (T, tH)
Two methods to calculate /,, (T, ty): Jem I
St - |

1: 3d (timeslice) sequential propagator through (Z)}L_, — ¢T
calculate G (tem, tH) on lattice, fixed t get all = _
tem for free 13
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Calculating /,,(T, ty)

. —2F e*EHtH T
Ty = lim lim _‘HT/ dtem eE’YtemC3,,u1/(tema tH)
T () 0}10) 7
I,LLV(T7tH)
Two methods to calculate /,, (T, ty): Jem N
,u initial Esoun:e
Setn
1: 3d (timeslice) sequential propagator through (Z)}L_, — o

i
calculate G (tem, tH) on lattice, fixed t get all Pu
tem for free

time

2: 4d sequential propagator through Ji™ — calculate Jﬂ et souree
L (T, ty) on lattice, fixed T get all ty for free

time
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Calculating /,,(T, ty)

. —2F e*EHtH T
Ty = lim lim _‘HT/ dtem eE’YtemC3,,u1/(tema tH)
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Calculating /,,(T, ty)

. —2F e*EHtH T
Ty = lim lim _‘HT/ dtem eE’YtemC3,,u1/(tema tH)
Tectn==02 (H(ph)|¢yy[0) /-1
I,LLV(T7tH)
Two methods to calculate /,, (T, ty): Jem N
,u initial :soun:e
0,
1: 3d (timeslice) sequential propagator through (Z)}L_, — i

i
calculate G (tem, tH) on lattice, fixed t get all Pu
tem for free

time
_ Jem
2: 4d sequential propagator through Ji™ — calculate 1
L (T, ty) on lattice, fixed T get all ty for free

Limitation of 4d method: cannot resolve time orderings

time
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Calculating /,,(T, ty)

. —2F e*EHtH T
T/“, = |im lim _‘HT/ dtem eE’Ytem C3,,U<l/(tem7 tH)
T (M) o 0) T
I,LLV(T7tH)
Two methods to calculate /,, (T, ty): Jem N
,u initial Esoun:e
Setn
1: 3d (timeslice) sequential propagator through (Z)}L_, — o

i
calculate G (tem, tH) on lattice, fixed t get all Pu
tem for free

time

2: 4d sequential propagator through Ji™ — calculate Jﬂ et souree
L (T, ty) on lattice, fixed T get all ty for free

Limitation of 4d method: cannot resolve time orderings

—> 4d”'< method: perform two sequential solves to time
p q
resolve tem < 0 and tem > 0
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Past lattice studies

, _ —2EneButn T
Ty = lim lim L / dtem eftem G, (tem, tH)

T (H(Bi) 0110) -1

I,u,u(Tth)

@ [1] we presented results at Lattice 2019 using 3d method
o fitting to a constant looking for plateaus in T and ty

@ [2,3] use 4d method to perform realistic physical calculation
e set T = Ny/2 and fit to constant in ty where data has plateaued

@ [4] perform a methods study comparing 3d and 4d methods
o data does not always plateau in 7 and ty
— develop fit methods to extrapolate to T — oo and ty — —00
[1] [CFK, Lehner, Meinel, Soni, arXiv:1907.00279]
[2] [Desiderio, Frezzotti, Garofalo, Giusti, Hansen, Lubicz, Martinelli, Sachrajda, Sanfilippo, Simula, Tantalo, PRD 2021, arXiv:2006.05358]
[3] [Frezzotti, Gagliardi, Lubicz, Martinelli, Mazzetti, Sachrajda, Sanfilippo, Simula, Tantalo, PRD 2021, arXiv:2306.05904]

[4] [D. Giusti, CFK, C. Lehner, S. Meinel, A. Soni, PRD 2023 / arXiv:2302.01298]
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https://arxiv.org/pdf/1907.00279.pdf
https://arxiv.org/abs/2006.05358
https://arxiv.org/abs/2306.05904
https://arxiv.org/abs/2302.01298

Comparison of 3d and 4d methods

Show fit methods to take lim7_,., and limy,
o fitting only 4d~< method data
o fitting only 3d method data
@ performing global fits to both 3d and 4d”'< method data

Goal: find methods with best control over lim7_,, and lim¢, . limits for cheapest cost



Simulation parameters for 3d/4d method comparison

e Nf =2+ 1 DWF, RBC/UKQCD gauge ensemble

ensemble (L/a)3><(T/a) Ls/a =~ a '(GeV) amy amg ~ M;(MeV)  Ncons
241 243 x 64 16 1.785 0.005 0.04 340 25

Use local currents with mostly non-perturbative renormalization
charm valence quarks — Mobius domain-wall with “stout” smearing
u/d/s valence quarks — same DWF action as sea quarks

Neglect disconnected diagrams

Use all-mode averaging with 1 exact and 16 sloppy solves per configuration

Z»> random wall sources
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Parameters for D; — /v runs

Meson and photon momenta:

Method  Source Meson Momentum Photon Momentum
3d Zo-wall pp. = (0,0,0) Iy |* € (2n/L)?{1,2,3,4}
4d Zo-wall  pp, . € 2r/L{-1,0,1,2} Dy,» = 2m/L

4d~< method:
@ 3 values of integration range T /a € {6,9,12}

3d method:

@ 3 values of source-sink separation ty/a € {—6,—9,—12}

Fit form factors F(ty, T) directly instead of time-integrated correlation function /., (ty, T)
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Fit form: 4d”~ method

Include terms to fit

(1) unwanted exponential from first intermediate state
(2) first excited state
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Fit form: 4d”~ method

Include terms to fit
(1) unwanted exponential from first intermediate state

(2) first excited state

Time ordering te, > 0:
F>(tu, T) = F~ + Bf e&7EDT 4 ¢ eAEtH

B fit parameters
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Fit form: 4d”~ method

Include terms to fit
(1) unwanted exponential from first intermediate state

(2) first excited state

lme ordering te, > O:
>
F>ﬁ',T) > BEeM%fE )T CEeAEm

B fit parameters
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Fit form: 4d”~ method

Include terms to fit
(1) unwanted exponential from first intermediate state

(2) first excited state

Time ordering te, > 0:
—— e
F>(ty, T) = F~ + Bf e&7ET 4 ¢ eAEtH

B fit parameters
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4d~ < method: Fits to F for to, > 0 time ordering

—0.066

—0.068

—0.070

—0.072

—0.074

—0.076

e N ——
F>(ty, T) = F~ + B eE=E )T .7 eAEm

ST T

(_tDs.minz _tDs,max)/a

—0.05

DaT

¥ _0.06

~

t

Fy

—0.07

Fy
T/a=12

o Haf b

—15.0

—12.5

-100 =75 =50 =25
t]_)#/a,
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Fit form: 3d method

Include terms to fit

(1) unwanted exponential from first intermediate state
(2) first excited state
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Fit form: 3d method

Include terms to fit

(1) unwanted exponential from first intermediate state
(2) first excited state

Time ordering tem, < 0:
F<(ty, T) = F~ + B (L + Bf e*ETH) Y o (Br=ButEDT | o oAEtH

F ,exc

B fit parameters
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Fit form: 3d method

Include terms to fit

(1) unwanted exponential from first intermediate state
(2) first excited state

Time ordering te, < 0:
N - —N
F<(ty, T)=F~ + Bs(1+ Bf eAE(T+ty) )ef(EWfEHJrE )T CF ALy

F ,exc

B fit parameters
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Fit form: 3d method

Include terms to fit

(1) unwanted exponential from first intermediate state
(2) first excited state

Time ordering te, < 0:

—~
F<(tH7 T) - F< + BE(]. + Blf,exc eAE(T+tH) )ef(EWfEH+E<)T _|_ Cl_f eAEtH

B fit parameters
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Fit form: 3d method

Include terms to fit

(1) unwanted exponential from first intermediate state
(2) first excited state

Time ordering te, < O:

—~
F<(tH7 T) = F< + BE(]. + B,_?exc eAE(T+tH) )ef(EWfEH+E<)T _|_ Cl_f eAEtH

B fit parameters
To help stabilize the fits

— Determine AE from the pseudoscalar two-point correlation function
— use result as Gaussian prior in form factor fits
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3d method: Fits to Fy for t.,, < 0 time ordering

< < < < AE(THty)\ o—(Ey—EH+E=)T < JAEt
Fy(tp, T)=Fy +B-(1+B7, e H)) e \ErTEH +Cp e™ M

0.01925

0.01900

Y 0.01875
S
9

0.01850

0.01825

0.01800

0.0175

—

&~ 0.0150

)

tp

&;0.0125

0.0100

,LAmEidiie
Y
S
<
3 Fs
I —tp,/a =12
¥ —tpla=9
:% I —t[)‘/a =06
0.0 2.5 5.0 7.5 10.0 12.5

Summation range 7'/a
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Fv as function of £\” using 3d and 4d methods

0 T — .
—0.021 'y
i B t 0<x <1- 1
Ds
—0.041
. #
—0.061
—0.081 iodams
¢ 3d
—0.101 T 4=+ 3d

0.0 0.2 04 06 0.8 1.0
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Fv as function of £\” using 3d and 4d methods

0.00] ==-mmmmmmmm e o
= Xy = 2E57 [ mp,
—0.021 'y
i B t 0<x <1- 1
Ds
—0.04
. #
Summary:
—0.061
—0.081 Boddee
4 3d
—0.101 I 4= +3d

0.0 0.2 04 06 0.8 1.0
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Fv as function of £\” using 3d and 4d methods

. -atii’I
= Xy = 2E§O)/mDs
—0.021 'y
i [’ I 0<x,<1- :2%
Ds
—0.04
. #
0,06 Summary:
’ @ 3d and 4d~= methods offer
0.08. [T B good control over
' ¥oad systematics
—0.101 I 4d><+3d

0.0 0.2 04 06 0.8 1.0
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Fv as function of £\” using 3d and 4d methods

. -atii’I o
= Xy = 25" /mp,
—0.021 X 2
i E I 0<x,<1- n'%f
—0.04 H s
~
& 0.06 Summary:
- @ 3d and 4d”>'< methods offer
—0.08- [t good control over
$ 3d systematics
—0.101 I oad>=+3d @ Combined fits offer small
: : : : : : improvement relative to
0.0 0.2 0.4 0.6 0.8 1.0 individual
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Fv as function of £\” using 3d and 4d methods

. -atii’I o
Es Xy = 25" /mp,
—0.021 'Y 2
i E { 0<x,<1- n'%f
—0.04 H s
~
& 0.06 Summary:
- @ 3d and 4d”>'< methods offer
—0.08- [t good control over
$ 3d systematics
—0.10 I 4d><+3d @ Combined fits offer small
: : : : : : improvement relative to
0.0 0.2 0.4 0.6 0.8 1.0 individual

Ly

[ Compare computational cost of 3d and 4d”'< methods ]
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Number of propagator solves per configuration

3d method 4d~°< method

em em
initial source initial source
“ . seq. prop. M .

seq. source X } Jweak

b,

time time

Source 3d 4d>-<
point 2(1+ Ny, Npy,)
Zy wall  2(1+ Ny, Ny, + Np,N,.)
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Number of propagator solves per configuration

3d method 4d~< method
em initial source em initial source
6t . seq. prop. JI"L a l seq. prop. i]gp' I
tH — ——
+ o seq. source Jweak
H >y
time time
Source 3d 4d>-<
point 2(1 + Ng, Np,,) 2(1+2x4N7N,)

Zo wall  2(1+ Ny, Ny, + Ny N,.)

2(1+2 x 4NTN,, + N, Np,)
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Number of propagator solves per configuration

Y. in sequential

3d method 4d~°< method
/ source
em . em o
T J[J initial Esource I JIJ// initial Esource
6t,tH — e—
‘i‘ / seq. source \\\ H Jweak
H v
time time
Source 3d 4d4>-<
point 2(1 + Ng, Np,,) 2(1+2x4N7N,)

Zy wall  2(1 + Ny Np,, + Np, Ny )

2(1+2 x 4NTN,, + N, Np,)
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Number of propagator solves per configuration

3d method 4d>< method Y 1N sequential

/ source

Jem o Jem -
initial source initial source
seq. prop. IVL seq. prop. IJ'/
Ottp e
T seq. source } Weak
. B2
time time two sequential
solves to resolve
Source 3d 4d~< time orders
point 2(1 + Ng, Np,,) 2(1+2x4N7N,)

Zy wall  2(1 + Ny, Ny, + Np, Np.) 2(1+2 x 4NTN,, + N, Np,)

27 /41



Number of propagator solves per

configuration

Y. in sequential

3d method 4d~< method
/ source
em o €1m -
. J[J initial Esource I J[J/ initial Esource
6t,tH //—f’*’ o
T seq. source \\\ i Weak
ol T
time time two sequential
solves to resolve
Source 3d 4d~= time orders
point 2(1 + Ng, Np,,) 2(1+2x4N7N,)
Zy wall  2(1 + Ny, Ny, + Np, Np.) 2(1+2 x 4NTN,, + N, Np,)

@ 4d>< method generally more expensive than 3d method if cover full E,(YO) range
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Number of propagator solves per configuration
3d method Y. in sequential
/ source
I sz initial isource - J/jm initial :source
Ot b -—
T -\ Tweak T seq. source i Tweak
¢H seq. source Y ¢H w Jy
time time

Source 3d 4d><
point 2(1 + N, Np,,) 2(14+2 x4NTN,,)
Zy wall  2(1 + Ny Np,, + Np, Ny ) 2(1 4+ 2 x 4NN, + N, Np,)

@ 4d” < method generally more expensive than 3d method if cover full E,(YO) range

3d method offers good control over systematics for cheapest cost
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Improved estimators using 3d method



Simulation parameters for final 3d method dataset
e Nf =2+ 1 DWF, 3 RBC/UKQCD gauge ensembles

ensemble (L/a)® x (T/a) Ls/a =~ a '(GeV) amy amg ~ Mz(MeV)  Neonf
241 243 x 64 16 1.785 0.005 0.04 340 25
321 323 x 64 16 2.383 0.004 0.03 304 26
481 483 x 96 24 1.730 0.00078 0.0362 139 7

@ Use local currents with mostly non-perturbative renormalization

@ charm valence quarks — Mobius domain-wall with “stout” smearing
@ u/d/s valence quarks — same DWF action as sea quarks

@ Neglect disconnected diagrams

@ Use all-mode averaging 4 exact and 64 sloppy solves per config

28/41



Simulation parameters for final 3d method dataset
e Nf =2+ 1 DWF, 3 RBC/UKQCD gauge ensembles

ensemble (L/a)® x (T/a) Ls/a =~ a '(GeV) amy amg ~ Mz(MeV)  Neonf
241 243 x 64 16 1.785 0.005 0.04 340 25
321 323 x 64 16 2.383 0.004 0.03 304 26
481 483 x 96 24 1.730 0.00078 0.0362 139 7

Use local currents with mostly non-perturbative renormalization
charm valence quarks — Mobius domain-wall with “stout” smearing
u/d/s valence quarks — same DWF action as sea quarks
Neglect disconnected diagrams
@ Use all-mode averaging 4 exact and 64 sloppy solves per config
Final improved estimators using 3d method:
@ Z» random wall sources and point sources
e Two datasets: J**¥(0) or J5m(0)
@ For point-sources use translational invariance to fix em/weak operator at origin
— use “infinite-volume approximation” to generate data at arbitrary photon momenta
(only exponentially small FVEs introduced)
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Alternate correlation function

e Fix em current at origin: Ji™(0)

—~= Y Lo
C3EAI\L/IV(tW’ ty) = eEHtw / d3x /d3y e 1PHX elpwxelpH.y<J2m(O)Jxveak(tW7)—(»)(ﬁL(tH,y»»
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Alternate correlation function

e Fix em current at origin: Ji™(0)
~= e JFPEVENE
C3EAI\L/IV(tW’ ty) = eEHtw / d3x /d3y e 1PHX elpwxelpH.y<J2m(O)Jxveak(tW7)—(»)(ﬁL(tH,y»»

o efHtw and e~'PHX shift weak current relative to other operators
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Alternate correlation function

e Fix em current at origin: Ji™(0)
~= e JFPEVENE
C3Ell\t/lV(tW’ ty) = eEHtw / d3x /d3y e 1PHX elpwxelpH.y<J2m(O)Jxveak(tW7)?)¢L(tH’y)>

o efHtw and e~'PHX shift weak current relative to other operators

@ using point sources, can reuse sequential propagators to get for free
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Alternate correlation function
e Fix em current at origin: Ji™(0)
~—= P S
CE(tw.t) = 500 [ ax [ Py e P e (m(0) 1 e X)o1n. )

o efHtw and e~'PHX shift weak current relative to other operators
@ using point sources, can reuse sequential propagators to get for free

@ define analogous time-integrated correlation function I,fl,’EM(T, ty) and I,f,)EM(T, th)
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Alternate correlation function

e Fix em current at origin: Ji™(0)
~= e JFPEVENE
C&MV(tW’ ty) = eEHtw / d3x /d3y e 1PHX elpw-xelpH.y<J2m(O)Jxveak(tW7)?)¢L(tH’y)>

o efHtw and e~'PHX shift weak current relative to other operators
@ using point sources, can reuse sequential propagators to get for free

@ define analogous time-integrated correlation function I,fl,’EM(T, ty) and I,f,)EM(T, th)
Spectral decompositions show us
I:,;EM( T,ty) = 15,(T, ty) + excited state effects
I EM(T ty) = 15,(T, ty) + excited state effects

Perform combined fits to take advantage of this relation
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Alternate correlation function

T

§ I /z<u

0.61 =

0.81

o
EE A s E A EEEEEEL L

T/a=—tp,/a

021 *®

i ______________________.H._________

0 3 6 9 12 15 18 21 24
Summation range 7'/a

@ Can integrate past T = —ty using alternate correlation function
30/41



Alternate correlation function: vector form factor

0.000] =mmmmmmmm e e e e e e
5 %
—0.0251 - - -
-
—0.0501 i :
& —0.0751 %
~0.1001
ﬂ ¥ combined
—0.1251 4+ weak
$  em
—0.1501___— ‘ ‘ ‘ ‘ ‘ ‘
0.0 0.2 0.4 0.6 0.8 1.0 1.2
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Non-perturbative subtraction of IR divergent lattice artifacts
Ju
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Taking ratios of correlation functions
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Averaging over £p,
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QOutline for section 4

o Ds — Ly preliminary form factor results
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Ds; — (v, preliminary results
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Ds; — (v, preliminary results

[1] [C. Donald, et. al, PRL 2014 /arXiv:1312.5264]

[2] [Pullin, Zwicky, JHEP 2021 /arXiv:2106.13617]
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Ds; — (vyy comparison
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Ds; — (vyy comparison
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Ds; — (vyy comparison
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Future work

@ Investigating different fit models to parameterize lattice form factors

@ Improving statistics with new computing allocation from ACCESS

@ Go to the B using new RBC-UKQCD a~! ~ 3.5 GeV and 4.5 GeV lattices
°

Have data for w, K, D, analyze this and compare our results to physical calculation in
[Desiderio et. al, PRD 2021, arXiv:2006.05358] and eXperiment as was done in [Frezzotti et. al, PRD 2021, arXiv:2012.02120]
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Summary

@ Radiative leptonic decays are physically interesting
at large and small photon momentum
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Summary

@ Radiative leptonic decays are physically interesting
at large and small photon momentum

@ Two sources of systematic errors inherent in lattice
QCD calc., need to take T — oo and ty — —o00

@ Compared 3d sequential propagator and 4d
sequential propagtors
— found 3d method to offer good control over
systematic uncertainties for cheapest cost

Ty = lim

Je

_2EHe—EHfH
lim ————
Teotn==o0 (H(pu)| o},|0)

Je

(T, tH)

Sty

time

time

40/41



Summary

@ Radiative leptonic decays are physically interesting
at large and small photon momentum

—2EHe_EHtH
_ _ _ _ Tuw = lim lim —== (T, ty)
@ Two sources of systematic errors inherent in lattice 7oty ——oo (H(By)| ¢k, |0)
QCD calc., need to take T — oo and ty — —o0 , F I e
@ Compared 3d sequential propagator and 4d o Q"fmk i Q"f‘w‘k
sequential propagtors time time

— found 3d method to offer good control over
systematic uncertainties for cheapest cost

@ Implemented number of improvements to 3d
method
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Summary

@ Radiative leptonic decays are physically interesting
at large and small photon momentum

Ty = lim  lim ﬂl (T, th)
@ Two sources of systematic errors inherent in lattice 7oty ——oo (H(B)| ¢, |0)
QCD calc., need to take T — o0 and tyy — —00 , I A
@ Compared 3d sequential propagator and 4d & Q"L‘"\"k & Q"f“'k
sequential propagtors time i
— found 3d method to offer good control over i = )
systematic uncertainties for cheapest cost ﬁlwhhhﬁ ' : ]
o] Fa,sp
@ Implemented number of improvements to 3d N
method e
@ Presented preliminary results for Ds — ~fv on three o f?il Fv
RBC/UKQCD ensembles using DWF for all flavors il L
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Main Take-Away Points

Main Take-Away Point 1: Radiative leptonic decays are interesting in the regions of small
and large photon energies

Main Take-Away Point 2: We have developed methods to achieve high precision for small
computational cost

for more details: D. Giusti, CFK, C. Lehner, S. Meinel, A. Soni, PRD 2023 / arXiv:[2302.01298]

Main Take-Away Point 3: Working on physical calculation of Ds — ~fvy, out soon
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Time order visualization

Jye(0)

tg <tem <0 tg <0< tem

Ol (tn)

tem <tg <0

aNT/2

aN7/2 — |tx]|
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Minkowski spectral decomposition of T,

Time ordering tem < O:

N 3
1= 00+ [ 55E 1) (7

0 . o~
TS = i / oy e / x &P (0] S22 (0)1 7 (x)| B~ (5s))

1 1
= 2En py—p, By + Enpy—p, — BB — i€

x (0]J<*(0) n(Ps — B))(n(Pa — )| (0)| B(Pe))

(In infinite volume, the sum over n includes an integral over the continuous spectrum of multi-particle states.)
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Euclidean spectral decomposition of /,,

Time ordering tem < 0: (for large negative tg)
0

Io(te, T) = / dtem €58y (tem, tB)
-T ( * all times are now Euclidean )
. 1
= (B(58)|0p(0)]0) 57 e
B7ﬁB
1 (0]4*%(0)|n(ps — B4))(n(Ps — F+)IJ5(0)|B(pB))
2B, pe—p, Ey+ Enpe—p, — EBjps

X |:]. — e(E7+E"’EBﬁWEBﬁB)T:|

Require Ey + E, 5,5, — Eg,s; > 0 to get rid of unwanted exponential

States |n(pg — p)) has same flavor quantum numbers as B meson

— Enpg—p, = EBpy—p, = \/m2B + (ps — pw)z

For p, #0, [p,| + \/m,2, +(pg —p,)? > \/m2B + pg is automatically satisfied
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Comparison to experiment and lattice: [PRD 2021/arXiv:2012.02120]

Depends on F*(x,) = Fy(xy) £ Fasp(xy), at O(em), three pieces

@ Point-like (pt): universal, does not probe internal structure of meson
@ Structure-dependent: SD ~ SD*((F)2) 4+ SD™((F)?)
o Interference between (pt) and (SD): INT ~ INT=(F )+ INT(F )

KLOE experiment
@ K — evey: perform cuts so senstive to mainly SD* = (F)?)
@ K — pv,~y: perform cuts so senstive to

E787 experiment:

® K — pv,y: perform cuts so senstive to mainly SD™ = (F")?), slight dependence on
SD™ 4+ INT™ at small x,

@ Tension between prediction for F(x,)* between KLOE and E787
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Rough summary

Let F¥(xy) = Fv(xy) & Fasp(xy), then

: Experiment ‘ Process ‘ Sensitive to Theory vs Exp.
Piece | QCD FF KLOE | K — evey SDF Agree
PT none :
sp+ (FF)2 E787 K — pvyy SDT, SD™ 4+ INT™ Tension
SD™ | (F)? ISTRA+ | K = pv,y INT— Tension
INT F+ _ :
OKA K — pvyy INT Tension
INT™ F~
PIBETA T — eley SD* Tension
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Fit form: 4d method

Use fit ranges where data has plateaued in ty, i.e. ty — —00

Include terms to fit
(1) unwanted exponential from first intermediate state

Limitation of 4d method — cannot resolve the two time orderings
— Fit sum of both time orderings Fv(T,ty) = Fy(T,th) + F, (T, th)

F(ty, T)=F + Bf e~ (Ey—En+ES)T +BZ o(Ey—EX)T
tem <0 tem>0

M fit parameters

Only have three values of T, fitting multiple exponentials not possible
— Use broad Gaussian prior on E~ exclude unphysical values
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Comparison of 4d and 4d~<
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Summary:
@ Cost 4d”°< method roughly twice 4d
method

@ 4d”'< resolves time orders, allows
better control over T — oo limit

@ 4d~'< method smaller uncertainty
than 4d method
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Infinite volume approximation
For point-sources use translational invariance to fix em/weak operator at origin

— use “infinite-volume approximation” to generate data at arbitrary photon momenta
— only exponentially small FVEs introduced
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@ Work in rest frame of Ds meson

@ Calculate correlation function for arbitrary values of photon momentum
@ Propagator solves per config
— 2(1 4 Ny,)

9/13



Infinite volume approximation

For point-sources use translational invariance to fix em/weak operator at origin

— use “infinite-volume approximation” to generate data at arbitrary photon momenta
— only exponentially small FVEs introduced

Strategy:
@ Work in rest frame of Ds meson

@ Calculate correlation function for arbitrary values of photon momentum
@ Propagator solves per config
— 2(1 4 Ny,)

Photon momenta for 24| ensemble:

py..=2m/L x {0.1,0.2,0.4,0.6,0.8,1.0,1.4,1.8,2.2,2.4}

Ca,p(tems tr) = / d®x / d®y e P (S (tem, X) S (0) 0L, (th, 7))
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Infinite volume approximation

We assume there exist ¢,d, A, A’ € R* and Ly € N for which
L/2-1
Chgy= > Cha)e'

x=—L/2

for all z with —L/2 <2z < L/2 and L > Ly and
0% ()| < deN

for all « with |z| > L/2. We now define

|C*®(z) — CL(x)| < ce™™F  and C>(q) = Z C*(z)et”

Under the above assumptions, it then follows that there is a ¢ € R™ for which
[C=(q) = C*(q)| < & oF

for all ¢ € [—m, x| and all L > Ly, with Ag = min(A,A’/2).
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Fits to 3d data for F,, with improved methods
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Fits to 3d data for F4 sp with improved methods
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Simulation parameters

Physical calculation for m, K, D, Ds [pesiderio, Frezzotti, Garofalo, Giusti, Hansen, Lubicz, Martinelli, Sachrajda, Sanfilippo, Simula,
Tantalo, PRD 2021, arXiv:2006.05358]

@ 3 ETMC gauge ensembles with Nf =2+ 1+1

@ twisted mass fermions in sea?

@ 3 lattice spacings a € {0.089,0.082,0.062} fm

o Lightest

@ twisted boundary conditions to assign arbitrary p,, pmeson
Physical calculation for Dy — ~£vy for full kinematic range of E [Frezzotti, Gagliardi, Lubicz, Martinelli, Mazzetti
Sachrajda, Sanfilippo, Simula, Tantalo, PRD 2021, arXiv:2306.05904]

@ 4 ETMC gauge ensembles with Nf =24+ 1+1

@ twisted mass fermions

@ 4 lattice spacings a € [0.058,0.09] fm

@ physical pion mass

@ twisted boundary conditions to assign arbitrary p,, pp,
°

Osterwalder-Seiler fermions
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